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Abstract. In this paper, a numerical method is developed for solving time-fractional differential equa-
tions. By applying the weighted and shifted Grünwald-Letnikov approximation, the time-fractional dif-
fusion equation is transformed into a semi-discrete scheme. Subsequently, least squares support vector
regression (LS-SVR) and spectral methods are applied to solve the resulting semi-discrete scheme. The
collocation LS-SVR approach is proposed for training the network. The resulting optimization problem
is subsequently simplified to a linear system.
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1 Introduction

Differential equations commonly arise in mathematical models used to describe various phenomena
across a broad spectrum of scientific and engineering applications. Partial differential equations (PDEs)
are used to model a diverse range of physical, biological, and engineering phenomena where quantities
vary continuously over space and time. While classical PDEs are extremely useful for modeling systems
that exhibit local, smooth changes, they often fail to capture more complex behaviors like memory ef-
fects, fractal geometries, or non-local interactions. Accordingly, fractional partial differential equations
(FPDEs) can be used. The FPDEs generalize classical PDEs by incorporating fractional-order derivatives
in time or space. These fractional derivatives enable more precise and adaptable modeling of complex
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systems characterized by non-local behavior, either spatially or temporally, as well as memory effects,
which cannot be captured by integer-order PDEs. Memory or non-locality is one of the most important
concepts in FPDEs. In classical PDEs, the solution at any point in time depends only on the current state.
However, FPDEs account for memory effects or non-local interactions, where the future state depends on
the entire history of the system or spatial influences over a larger domain. So their flexibility and broad
applicability make them valuable in fields like physics, engineering, biology, finance, and environmental
science. The foundational concepts and practical uses of fractional differential equations (FDEs) have
been extensively explored in the literature, including works such as [28,43,64]. The numerical methods
for fractional calculus are developed in [7, 29]. The analysis of existence, uniqueness, and structural
stability of solutions to nonlinear FDEs is conducted in [17]. A physics-informed neural network ap-
proach is introduced in [51] to address time-varying impulsive FDEs without relying on labeled data. In
[3], Abbaszadeh et al. proposed an innovative numerical method for solving two-dimensional FPDEs on
irregular geometries by integrating machine learning techniques with an improved MLS approximation.
A numerical technique integrating the finite element method (FEM) and an interpolating element-free
Galerkin method for solving time-fractional diffusion-wave phenomena in two spatial dimensions over
irregular domains was introduced in [16]. Authors of [34] developed a numerical technique to solve the
time-fractional Sobolev equation, using the enriched Galerkin method, which combines aspects of both
continuous and discontinuous Galerkin methods. Biranvand et al. [9] proposed a numerical solution
technique based on energy estimates for a class of impulsive fractional advection–dispersion equations
arising in anomalous diffusion. The linear and nonlinear fuzzy impulsive FDEs have been solved using
the reproducing kernel Hilbert space method [36]. A local meshless numerical technique for solving
Galilei-invariant fractional advection–diffusion equations was proposed in [10]. The compact local inte-
grated radial basis functions (RBFs) technique is introduced in [1] to simulate a diffusion-wave system
with the fourth-order time-fractional component. A novel spectral method utilizing fractional hybrid
Jacobi functions is presented for solving a wide range of FDEs [8]. Pell operational matrix approach
is applied in [50] to estimate the numerical solution of the stochastic fractional differential equation.
In [2], the authors proposed a robust numerical method for solving time-fractional advection–diffusion
equations with distributed-order derivatives. A fast high-order numerical algorithm is introduced in
[58] for solving the time-fractional Swift-Hohenberg model. A discrete least squares meshless collo-
cation approach for handling nonlinear multi-term time-FDEs was proposed in [26]. For solving the
time-fractional Huxley equation, authors of [48] introduced a new fractional physics-informed neural
networks (FPINNs). A numerical method for the valuation of American and European options, grounded
in the time-fractional Black–Scholes equation, was developed in [37]. Authors of [30] developed nu-
merical methods to solve two-dimensional time-fractional Allen-Cahn equation. Authors of [19] estab-
lished a robust and computationally efficient numerical scheme for solving nonlinear distributed-order
space–time fractional PDEs. A meshless numerical solution for the time-fractional diffusion-wave equa-
tion is proposed and analyzed using a generalized finite difference method (FDM) in [44]. A temporal
second-order fast finite difference scheme, incorporating different boundary conditions, is developed in
[42] to numerically solve time-fractional generalized Burgers’ equations. In [65], a fast second-order
predictor–corrector scheme was proposed for the numerical solution of the nonlinear time-fractional
Benjamin–Bona–Mahony–Burgers equation. In [54], a PINN framework incorporating time-fractional
derivatives was developed to extract key physical parameters from noisy and sparse datasets. Authors of
[45] proposed a novel numerical framework that extends high-order approximation formulas for handling
distributed-order fractional derivatives. A FDM for solving the time-fractional Liouville–Caputo and
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space-Riesz fractional diffusion equation is presented in [24]. In [21], a novel homotopy perturbation
method is introduced for solving a fractional-order nonlinear cable equation. This approach linearizes
the nonlinear equation at each iteration, after which the resulting problems are solved via the separation
of variables method. In [23], a modified variational iteration method based on He’s formulation is de-
veloped for solving FDEs. In [25], a numerical scheme for solving the nonlinear fractional differential
equation is developed using Chebyshev cardinal functions. The authors of [5] introduced a novel and
unconditionally stable numerical method to solve the fractional time advection-dispersion equation. A
new numerical approach, referred to as flatlet oblique multiwavelets, was introduced by [22] to solve
fractional-order stochastic integro-differential equations. Authors of [60] introduced a Galerkin spectral
element method for the solution of a fractional diffusion equation. In [49], a numerical approach lever-
aging cubic B-splines is effectively developed for solving the time-fractional Black–Scholes European
option pricing model. A new fourth-order finite difference weighted essentially non-oscillatory (WENO)
scheme for FDEs is developed in [4]. In [6], a numerical algorithm is proposed for solving an inverse
problem of a time-fractional inverse heat conduction equation featuring an unknown nonlinear boundary
function.

In recent years, the use of machine learning algorithms has significantly expanded, becoming a pre-
ferred approach for addressing a wide range of complex problems across various disciplines, including
healthcare, finance, autonomous vehicles, image and video analysis and cybersecurity. Support vector
machine (SVM) is a supervised machine learning algorithm, which operates by identifying the optimal
hyperplane that maximally separates data points of different classes was developed by Corinna Cortes
and Vladimir Vapnik in the early 1990s, building on earlier theoretical work, to provide an effective
machine learning algorithm for binary classification and regression tasks [14]. Least squares SVM (LS-
SVM) classifiers were developed by Johan A. K. Suykens and Joos Vandewalle in the late 1990s. The
LS-SVM is a modification of the standard SVM that simplifies the optimization problem by convert-
ing it into a set of linear equations, making it computationally more efficient for certain applications
[53]. Least squares support vector regression (LS-SVR) is a machine learning technique that extends
support vector machines to regression tasks by minimizing a least squares error function, making it ef-
ficient for predicting continuous variables while maintaining a balance between model complexity and
prediction accuracy. The LS-SVR has a variety of applications across different fields due to its effi-
ciency in handling regression tasks, for instance in signal processing, time series prediction, biomedical
engineering, numerical optimization and solving differential equations. The LS-SVR is applied to solve
differential equations on unbounded domains in [38]. New methodologies have been introduced for
solving Fredholm and Volterra integral equations numerically in [39, 41]. Authors of [40] proposed a
numerical approach for simulating Volterra-Fredholm integral equations using LS-SVR. Authors of [15]
proposed a novel numerical algorithm for systems of fractional Fredholm-Volterra integro-differential
equations, utilizing a hybrid approach that combines LS-SVR, the Ritz method, and piecewise shifted
Vieta-Lucas functions. In [11], the authors proposed a novel approach to optimal control problems by
employing LS-SVR. The method utilizes Legendre basis functions to perform feature mapping into a
higher-dimensional space. A machine learning algorithm based on LS-SVR is developed in [33] with
the aim of numerically simulating the time-fractional KdV-Burgers equations.

Spectral methods represent a family of highly accurate numerical approaches commonly applied to
the solution of differential equations, especially PDEs. These methods represent the solution to a prob-
lem as a series of smooth basis functions, typically using Fourier series, Chebyshev polynomials, or
other orthogonal polynomials. The key feature of spectral methods is that they achieve very high accu-
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racy, especially for problems with smooth solutions, often requiring fewer grid points or basis functions
compared to other methods like finite difference or finite element methods. A comprehensive collec-
tion of algorithms, analyses, and applications of spectral methods is represented in [12, 20, 47, 56].
Spectral methods comprise the collocation, Galerkin, Petrov-Galerkin and Tau approaches. The spectral
collocation method is a numerical technique that approximates solutions to differential equations by en-
forcing the equations to hold at a set of discrete collocation points, typically using global basis functions
like polynomials or Fourier series, providing high accuracy for both problems. Spectral method-based
FPINNs were proposed by the authors of [61] as a solution for FPDEs. In [57], a new collocation method
is introduced to efficiently and accurately evaluate the two-dimensional elliptic PDEs. An efficient ap-
proach for solving Hadamard-type FDEs is formulated in [63] using a spectral collocation method, with
mapped Jacobi logarithmic orthogonal functions as the basis functions. A new spectral method is pro-
posed in [59] to study the stability behavior and provide numerical solutions for systems that involve
stochasticity, fractional derivatives, and time delays. The spectral collocation method is applied in [27]
to solve the space fractional KdV equation as well as the space fractional KdVB equation. In [31],
Marzban et al. introduced an innovative spectral collocation approach for the investigation of nonlinear
control systems with delay governed by fractional mixed Volterra–Fredholm integral equations. In [46],
an efficient numerical scheme is presented for the 2D time-fractional telegraph equation. The proposed
method couples the Laplace transform with a Chebyshev-based spectral collocation method to achieve
high accuracy. An efficient method based on the shifted Chebyshev collocation spectral method for ap-
proximating the solution of the fractional model of human T-cell lymphotropic virus I (HTLV-I) was
proposed by the authors of [35].

The organization of the paper is as follows. Section 2 outlines the essential background material,
covering fundamental concepts of Hermite functions, spectral methods, fractional calculus, and LS-SVR.
In Section 3, we propose a time-discrete scheme for discretizing the fractional derivative in time-FDEs
and derive a semi-discrete formulation. Section 4 presents a numerical approach for solving the resulting
semi-discrete formulation. In Section 5, we present numerical results for several problems. The paper
concludes with a discussion presented in Section 6.

2 Preliminaries

In this section, the basic concepts of Hermite functions, spectral methods, fractional calculus and LS-
SVR are presented.

2.1 Hermite functions

Hermite polynomials are a fundamental set of orthogonal polynomials with significant applications in
probability theory, physics, and numerical analysis. Hermite polynomials Hn(x), defined over the entire
real line R, satisfy the following recurrence relation:

Hn+1(x) = 2xHn(x)−2nHn−1(x), n ≥ 1, (1)

with the initial members of the Hermite polynomial sequence

H0(x) = 1,
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H1(x) = 2x.

Hermite functions are closely related to Hermite polynomials and are widely used in quantum me-
chanics, signal processing, and numerical analysis. They are defined as Hermite polynomials multiplied
by a Gaussian function, providing orthogonal basis functions that are highly suitable for problems in-
volving the Gaussian weight or for use in spectral methods. Therefore, the Hermite functions are defined
by

Ĥn(x) =
1

π
1
4
√

2nn!
e−

x2
2 Hn(x), x ∈ R, n ≥ 0, (2)

such that ∫ +∞

−∞

Ĥm(x)Ĥn(x)dx = δmn,

where δmn represents the Kronecker delta, defined as follows:

δmn =

{
1, m = n,
0, m ̸= n.

Hermite functions can be recursively generated using the following relation:

Ĥn+1(x) = x

√
2

n+1
Ĥn(x)−

√
n

n+1
Ĥn−1(x), n ≥ 1, (3)

with the first two Hermite functions

Ĥ0(x) = π
− 1

4 e−
x2
2 ,

Ĥ1(x) =
√

2xĤ0(x).

2.2 Spectral methods

Numerical techniques for solving PDEs are generally classified into local and global approaches. The
FDM and FEM rely on local principles, whereas spectral methods are inherently global. In practical
applications, FEMs are especially effective for problems involving complex geometries, while spectral
methods provide higher accuracy, albeit with less flexibility in handling diverse domain shapes.

Spectral methods, within the framework of numerical methods for differential equations, belong
to the class of weighted residual methods (WRMs), which have traditionally served as the foundation
for several numerical techniques, including the FEM, finite volume method (FVM), boundary element
method (BEM), and spectral methods [18]. The WRMs comprise a specific group of approximation
techniques designed to minimize residuals (errors) in a particular way, leading to methods such as collo-
cation, Galerkin, Petrov-Galerkin, and tau formulations.

First, let us consider a differential equation in its general operator form given by

Lu(x) = f(x), x ∈ Ω, (4)
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where L denotes a differential operator, u represents the unknown function to be determined, and f is a
given function.

The WRM begins by expressing the solution u of (4) as an approximation through a finite sum

u(x)≈ uN(x) =
N

∑
i=0

ωiφi(x), (5)

where {φi(x)} are the basis functions and {ωi} are unknown coefficients. Replacing u with uN in the (4)
yields the residual

RN(x) = LuN(x)− f(x), x ∈ Ω. (6)

The unknown coefficients can be determined using either the spectral collocation method or spectral
methods of Galerkin type, and we have chosen the spectral collocation method, using Hermite functions
as the basis functions. Thus, the approximate solution will be in the form

uN(x) =
N

∑
i=0

ωiĤi(x), (7)

where {Ĥi(x)}N
i=0 are the Hermite functions. We aim to determine uN(x) at the collocation points

{xi}N
i=0, which are selected as the roots of Hermite polynomial HN+1(x).

2.3 Fractional calculus

Fractional calculus is an extension of classical calculus that generalizes the concepts of differentia-
tion and integration to non-integer orders. This advanced mathematical framework provides a powerful
tool for modeling complex phenomena that exhibit memory-dependent behavior and inherit past system
states, or nonlocal interactions, which are beyond the scope of traditional calculus. Fractional calculus
is particularly effective in capturing the dynamics of various phenomena, such as anomalous diffusion,
viscoelastic behavior, and power-law scaling, commonly observed in natural and engineered systems. Its
versatility has established its significance across a broad range of disciplines, including physics, biol-
ogy, engineering, and finance, where systems often exhibit long-term dependencies or intricate scaling
behaviors. The growing prominence of fractional calculus underscores its critical role in addressing the
complexities of modern scientific and engineering challenges.

Three popular definitions of fractional calculus were introduced by Grünwald-Letnikov (GL), Riemann-
Liouville (RL), and Caputo. The left and right GL fractional derivatives of order α for a function u(x, t)
with respect to t are defined as follows, respectively:

GL
a Dα

t u(x, t) = lim
ξ→0

1
ξ α

[
t−a
ξ

]
∑

κ=0
(−1)κ

(
α

κ

)
u(x, t−κξ ), (8)

GL
t Dα

b u(x, t) = lim
ξ→0

1
ξ α

[
b−t
ξ

]
∑

κ=0
(−1)κ

(
α

κ

)
u(x, t+κξ ), (9)
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where α is the fractional order of the derivative, a and b are the lower and upper limits of the fractional
derivative, respectively, ξ is the time step size, and

(
α

κ

)
is the generalized binomial coefficient.

The left and right RL fractional derivatives of order α for a function u(x, t) with respect to t are
defined as follows, respectively:

RL
a Dα

t u(x, t) =
1

Γ(n−α)

∂ n

∂ tn

∫ t

a

u(x,s)
(t− s)α−n+1 ds, n−1 < α < n, (10)

RL
t Dα

b u(x, t) =
(−1)n

Γ(n−α)

∂ n

∂ tn

∫ b

t

u(x,s)
(s− t)α−n+1 ds, n−1 < α < n, (11)

where n is the smallest integer greater than α , and Γ(·) is the gamma function, which for a complex
number z is defined as

Γ(z) =
∫

∞

0
sz−1e−sds.

The left and right Caputo fractional derivatives of order α for a function u(x, t) with respect to t are
defined as follows, respectively:

C
a Dα

t u(x, t) =
1

Γ(n−α)

∫ t

a

∂ nu(x,s)
∂ sn

1
(t− s)α−n+1 ds, n−1 < α < n, (12)

C
t Dα

b u(x, t) =
(−1)n

Γ(n−α)

∫ b

t

∂ nu(x,s)
∂ sn

1
(s− t)α−n+1 ds, n−1 < α < n. (13)

2.4 Least squares support vector regression

The LS-SVR is a variation of SVR designed to simplify solving regression problems. In LS-SVR, the
traditional hinge loss function used in SVR is replaced by a squared loss function, and the inequality
constraints are substituted with equality constraints. These adjustments allow LS-SVR to adopt a least-
squares approach, making the optimization process more straightforward. As a result, it transforms the
original quadratic programming problem into a set of linear equations, which reduces computational
complexity while retaining strong generalization capabilities. The LS-SVR is particularly beneficial for
handling large datasets or when high computational efficiency is critical.

A significant advantage of LS-SVR lies in its ability to reduce computational complexity in compar-
ison with standard SVR. By solving linear equations instead of complex quadratic problems, LS-SVR
scales efficiently to larger datasets while delivering precise regression performance. Additionally, LS-
SVR utilizes the kernel trick, similar to SVR, enabling it to capture nonlinear relationships through kernel
functions like RBFs or polynomial kernels. This versatility makes LS-SVR a popular choice in fields
such as finance, engineering, and machine learning, where accurate regression models are required for
tasks such as prediction, time series forecasting, and function approximation.

Consider a given dataset {(xi,yi)}N
i=0. The LS-SVR model based on the works of Suykens et al.

[52], aims to solve the following optimization problem:

min
w,b,e

1
2

wT w+
ζ

2
eT e, (14)
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s.t. y j = wT
φ(x j)+b+ e j, j = 0,1, · · · ,N,

where x j ∈ Rκ such that κ is the dimension of the feature space, φ(·) : Rκ → Rκh denotes the feature
mapping that transforms input data into a higher-dimensional representation (in this case, we should
have κh = κ), w ∈ Rκh is the weight vector, ζ ∈ R+ is a regularization parameter related to Tikhonov
regularization that controls the trade-off between the training error and the model complexity, b ∈ R is
the bias term, and e j are the error terms.

Theorem 1. The solution to problem (14) is uniquely determined by the following linear system
0 1T

N+1

1N+1 Φ+
1
ζ

IN+1


 b

β

=

 0

y

 , (15)

where Φ ∈R(N+1)×(N+1) is the positive definite kernel such that Φi j = φ(xi)
T φ(x j), 1N+1 = [1, · · · ,1]T ∈

RN+1, IN+1 is the identity matrix of size (N+1)×(N+1), β = [β0,β1, · · · ,βN ]
T , and y= [y0,y1, · · · ,yN ]

T .

Proof. See [52].

3 Time-discrete formulation of time-fractional differential equations

The time-fractional diffusion equation (TFDE) is a specialized form of time-fractional differential equa-
tion that models diffusion processes with non-standard, typically slower, diffusion rates compared to
those predicted by classical models. It is especially useful in describing anomalous diffusion, which
occurs in fields such as geophysics, porous media flow, and biological systems. In this equation, the time
derivative is of fractional order, allowing it to capture the memory effects that influence particle move-
ment within a medium. This approach provides a more accurate representation of diffusion in complex
systems where classical diffusion equations fail to account for the underlying dynamics.

Consider the TFDE of order 0 < α < 1 as follows:

C
0 Dα

t u(x, t) = γuxx(x, t)+ f(x, t), x ∈ Ω, t ∈ (0,T ], (16)

where f(x, t) is a known function.
The weighted and shifted GL approximation, introduced by Tian et al. [55], is an advanced numerical

method for solving fractional derivatives, particularly in fractional differential equations. It improves
upon the traditional GL approximation by incorporating a weighting scheme and shifting the grid points
to enhance both accuracy and stability.

Theorem 2. Suppose M is the number of time steps such that 1 ≤ η ≤ M and ξ is the time step size. The
weighted and shifted GL difference operator for the time-fractional derivative of υ(x, t) is proposed by

C
0 Dα

t υ(x, tη) =
1

ξ α

η

∑
κ=0

ω
(α)
κ υ(x, tη−κ)+O(ξ 2), (17)

in which

h(α)
0 = 1,
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h(α)
κ =

(
1− α +1

κ

)
h(α)

κ−1, κ ≥ 1,

and

ω
(α)
0 =

(
1+

α

2

)
h(α)

0 ,

ω
(α)
κ =

(
1+

α

2

)
h(α)

κ − α

2
h(α)

κ−1, κ ≥ 1.

Proof. See [55].

By using the second order approximation (17) for the time-fractional derivative term in equation (16),
we have

C
0 Dα

t u(x, tη) =
1

ξ α

η

∑
κ=0

ω
(α)
κ u(x, tη−κ)+O(ξ 2),

therefor

C
0 Dα

t u(x, tη)≈
1

ξ α

η

∑
κ=0

ω
(α)
κ u(x, tη−κ). (18)

Now, by replacing the approximation (18) in TFDE (16), we have

1
ξ α

η

∑
κ=0

ω
(α)
κ u(x, tη−κ) = γuxx(x, tη)+ f(x, tη).

With some simplifications, we further have

ω
(α)
0

ξ α
uη(x)− γuη

xx(x) = fη(x)− 1
ξ α

η

∑
κ=1

ω
(α)
κ uη−κ(x).

By defining

ψ
η(x) = fη(x)− 1

ξ α

η

∑
κ=1

ω
(α)
κ uη−κ(x),

we have time-discrete scheme as follows:

ω
(α)
0

ξ α
uη(x)− γuη

xx(x) = ψ
η(x). (19)

This can be represented in differential operator form as follows:

Luη(x) = ψ
η(x). (20)
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4 Hermite collocation LS-SVR for the numerical solutions of time-discrete
scheme

Consider a differential equation at time step η in the resulting operator form as follows:

Luη(x) = ψ
η(x).

According to [32], we can consider the optimization problem as follows:

min
w,e

1
2

wT w+
ζ

2
eT e, (21)

s.t. Luη(x j)−ψ
η(x j) = eη

j , j = 0,1, · · · ,N,

where the constraints are written as

N

∑
i=0

wη

i Lφ
η

i (x j)−ψ
η(x j) = eη

j , j = 0,1, · · · ,N,

where {φ
η

i (x)}N
i=0 are the Hermite functions at time step η , and {x j}N

j=0 are the collocation points given
as the roots of Hermite polynomial HN+1(x).

Now, consider the Lagrangian function of constrained problem (21) as follows:

L (w,β ,e) =
1
2

wT w+
ζ

2
eT e (22)

−
N

∑
j=0

β
η

j

(
N

∑
i=0

wη

i Lφ
η

i (x j)−ψ
η(x j)− eη

j

)
,

where {β
η

j }N
j=0 are Lagrange multipliers at time step η . According to the Karush-Kuhn-Tucker condi-

tions, compute the partial derivatives of (22) as follows:

∂L

∂wη

κ

= 0 =⇒ wη

κ −
N

∑
j=0

β jLφ
η

κ (x j) = 0, (23)

∂L

∂eη

κ

= 0 −→ ζ eη

κ +β
η

κ = 0 =⇒ eη

κ =− 1
ζ

β
η

κ , (24)

∂L

∂β
η

κ

= 0 =⇒
N

∑
i=0

wη

i Lφ
η

i (xκ)−ψ
η(xκ)− eη

κ = 0. (25)

First, consider (23). Thus we have

wη −Dηβ
η = 0, (26)
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where

Dη =



Lφ
η

0 (x0) Lφ
η

0 (x1) Lφ
η

0 (x2) · · · Lφ
η

0 (xN)

Lφ
η

1 (x0) Lφ
η

1 (x1) Lφ
η

1 (x2) · · · Lφ
η

1 (xN)

Lφ
η

2 (x0) Lφ
η

2 (x1) Lφ
η

2 (x2) · · · Lφ
η

2 (xN)

...
. . .

...

Lφ
η

N (x0) Lφ
η

N (x1) Lφ
η

N (x2) · · · Lφ
η

N (xN)


,

and

wη =



wη

0

wη

1

wη

2

...

wη

N


, β

η =



β
η

0

β
η

1

β
η

2

...

β
η

N


.

Now, consider (24). So we have

eη =− 1
ζ

β
η , (27)

where

eη =



eη

0

eη

1

eη

2

...

eη

N


.

Finally, consider (25). Then we have

DT
η wη −Ψ

η − eη = 0, (28)
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where

Ψ
η =



ψη(x0)

ψη(x1)

ψη(x2)

...

ψη(xN)


.

Now, by combining the equations (26), (27) and (28), we have the following linear system(
DT

η +
1
ζ
D−1

η

)
wη = Ψ

η . (29)

Finally, using the obtained vector wη , we can obtain the unknown uη

N(x) at collocation points
{xκ}N

κ=0 using the following equation

uη

N(xκ) = wη T
Φ

η(xκ), (30)

where

Φ
η(xκ) =



φ
η

0 (xκ)

φ
η

1 (xκ)

φ
η

2 (xκ)

...

φ
η

N (xκ)


.

4.1 Algorithm of collocation LS-SVR

1. Input the number of training data N, number of time steps M, regularization parameter ζ , and
fractional order α .

2. Compute the collocation points {xκ}N
κ=0 using the roots of Hermite polynomial HN+1(x).

3. Compute the matrix Dη and vector Ψη .

4. Solve the linear system
(
DT

η +
1
ζ
D−1

η

)
wη = Ψη .

5. Compute the unknown uη

N(x) at collocation points {xκ}N
κ=0.
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5 Numerical results

This section presents several test problems to demonstrate the accuracy and computational efficiency
of the proposed machine learning algorithm. First, we consider two examples to compare spatial and
temporal accuracy. Then, we demonstrate the accuracy using additional examples. In all examples,
the collocation points {xκ}N

κ=0 being the roots of the Hermite polynomial HN+1(x), have been mapped
to the computational domain Ω. All errors are evaluated using the infinity norm, which represents the
maximum absolute error over the entire domain. The algorithms were implemented in MATLAB and
executed on a notebook computer with a 2.60 GHz CPU and 16 GB of RAM.

Example 1. Consider the TFDE (16) with the parameters 0 < α < 1 and γ = 1, where the exact solution
is

u(x, t) = t4 sin(2πx).

The associated source function f(x, t) is defined as follows:

f(x, t) =
(

Γ(5)
Γ(5−α)

t4−α +4π
2t4
)

sin(2πx),

where x ∈ [0,1] and t ∈ (0,T ].
We compare the collocation LS-SVR method with the compact finite difference method (CFDM) [13]

to evaluate the spatial accuracy for various fractional orders α . This comparison involves selecting
different values of N while keeping M fixed, to approximate {uη

N(xκ);0 ≤ κ ≤ N,1 ≤ η ≤ M} at the
final time T = 1. For this purpose, we choose N = 2ℓ for ℓ = 4,5,6 and M = 211. For the collocation
LS-SVR method, the regularization parameter is set to ζ = 10−5. To assess the spatial accuracy, the
numerical errors for different numbers of collocation points are provided in Table 1 for α = 0.3, Table 2
for α = 0.5, and Table 3 for α = 0.7.

Table 1: The numerical errors of the collocation LS-SVR method and CFDM for fractional order α = 0.3 in
Example 1

N collocation LS-SVR CFDM
16 1.8176e−04 9.5917e−05
32 3.2701e−06 5.9674e−06
64 6.0087e−07 3.7257e−07

Table 2: The numerical errors of the collocation LS-SVR method and CFDM for fractional order α = 0.5 in
Example 1

N collocation LS-SVR CFDM
16 1.4571e−04 9.4733e−05
32 1.4813e−06 5.8940e−06
64 5.9454e−07 3.6834e−07
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Table 3: The numerical errors of the collocation LS-SVR method and CFDM for fractional order α = 0.7 in
Example 1

N collocation LS-SVR CFDM
16 1.1006e−04 9.3250e−05
32 8.7428e−07 5.8041e−06
64 3.6545e−07 3.6505e−07

According to the results presented in Tables 1-3, the collocation LS-SVR method exhibits good spa-
tial accuracy and convergence behavior. In comparison with the CFDM, the proposed method achieves
smaller or comparable errors using the same number of spatial points across various fractional orders α .
This superior performance confirms the effectiveness of combining spectral methods with LS-SVR for
the spatial discretization of TFDEs.

Example 2. Consider the TFDE (16) with the parameters 0 < α < 1 and γ = 1, where the exact solution
is

u(x, t) = t2 sin(πx).

The corresponding source function f(x, t) is defined as follows:

f(x, t) =
(

Γ(3)
Γ(3−α)

t2−α +π
2t2
)

sin(πx),

where x ∈ [0,1] and t ∈ (0,T ].
We compare the collocation LS-SVR method with the FDM on a uniform mesh [62] to evaluate

temporal accuracy for different fractional orders α . In this comparison, a fixed value of N is selected
such that the spatial discretization error remains negligible in comparison to the temporal error, and
various values of M to approximate {uη

N(xκ);0 ≤ κ ≤ N,1 ≤ η ≤ M} at the final time T = 1. For
this purpose, we set N = 100 and M = 10,20,40,80. The regularization parameter for the collocation
LS-SVR method is set to ζ = 10−5. To determine temporal accuracy, the numerical errors for different
numbers of time steps are provided in Table 4 for α = 0.3, Table 5 for α = 0.5, and Table 6 for α = 0.7.

Table 4: The numerical errors of the collocation LS-SVR method and FDM for fractional order α = 0.25 in
Example 2

M collocation LS-SVR FDM
10 9.3013e−05 3.5481e−04
20 2.2570e−05 1.1159e−04
40 5.2912e−06 3.4703e−05
80 1.1376e−06 1.0700e−05
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Table 5: The numerical errors of the collocation LS-SVR method and FDM for fractional order α = 0.5 in Example
2

M collocation LS-SVR FDM
10 1.5808e−04 1.3218e−03
20 3.8378e−05 4.7736e−04
40 9.1865e−06 1.7126e−04
80 4.9408e−05 6.1171e−05

Table 6: The numerical errors of the collocation LS-SVR method and FDM for fractional order α = 0.75 in
Example 2

M collocation LS-SVR FDM
10 1.4752e−04 3.8471e−03
20 3.5669e−05 1.6274e−03
40 8.4410e−06 6.8665e−04
80 3.0657e−06 2.8929e−04

Based on the results presented in Tables 4-6, the collocation LS-SVR method exhibits strong tem-
poral accuracy and convergence performance. Compared to the FDM, the proposed method achieves
smaller errors for the same number of time steps. This superior performance highlights the effectiveness
of combining the weighted and shifted GL approximation with the LS-SVR approach for time-fractional
problems.

Example 3. Consider the TFDE (16) with the parameters 0 < α < 1 and γ = 1, where the exact solution
is

u(x, t) = tp cos(πx).

The associated source function f(x, t) is defined as follows:

f(x, t) =
(

Γ(p+1)
Γ(p+1−α)

tp−α +π
2tp
)

cos(πx),

where x ∈ [0,1] and t ∈ (0,T ].
To analyze the spatial accuracy for different fractional order α , we vary N while keeping M fixed

to approximate {uη

N(xκ);0 ≤ κ ≤ N,1 ≤ η ≤ M} at the final time T = 1. For this purpose, we set
N = 5,10,20,40 and M = 210. The regularization parameter is chosen as ζ = 10−5. The numerical
errors and CPU times for different numbers of collocation points and various values of p are presented
in Table 7 for α = 0.25, Table 8 for α = 0.5, Table 9 for α = 0.75. Figure 1 illustrates numerical errors
obtained based on the different fractional orders α and parameter p= 4, for various numbers of nodes N.
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Table 7: The numerical errors and CPU times of the collocation LS-SVR method for fractional order α = 0.25 in
Example 3

p= 3 p= 4 p= 5

N E∞ CPU-T(s) E∞ CPU-T(s) E∞ CPU-T(s)

5 5.4500e−04 20.07243 5.4227e−04 20.00604 5.4001e−04 19.52457
10 2.2991e−05 28.21557 2.2946e−05 28.25700 2.2904e−05 27.22121
20 5.5092e−06 55.86149 5.4989e−06 56.54565 5.4869e−06 58.08762
40 8.5667e−07 194.13622 8.5294e−07 195.93890 8.4744e−07 203.17477

Table 8: The numerical errors and CPU times of the collocation LS-SVR method for fractional order α = 0.5 in
Example 3

p= 3 p= 4 p= 5

N E∞ CPU-T(s) E∞ CPU-T(s) E∞ CPU-T(s)

5 5.0012e−04 19.61594 4.9287e−04 19.74157 4.8667e−04 20.25583
10 1.6999e−05 24.29448 1.6877e−05 25.31449 1.6753e−05 25.67332
20 4.2587e−06 49.40230 4.2324e−06 49.54202 4.1976e−06 47.81303
40 1.0689e−06 166.16599 1.0568e−06 167.53989 1.0385e−06 165.33069

Table 9: The numerical errors and CPU times of the collocation LS-SVR method for fractional order α = 0.75 for
Example 3

p= 3 p= 4 p= 5

N E∞ CPU-T(s) E∞ CPU-T(s) E∞ CPU-T(s)

5 4.6797e−04 21.46464 4.5408e−04 20.69291 4.4200e−04 19.74179
10 8.7988e−06 27.04170 8.6116e−06 28.78288 8.4006e−06 28.58350
20 3.2333e−06 56.50055 3.1816e−06 57.80940 3.1045e−06 58.34600
40 8.5895e−07 199.88857 8.3353e−07 201.42734 7.9103e−07 213.78422

The numerical results presented in Tables 7-9 demonstrate that the collocation LS-SVR method
achieves excellent spatial accuracy using relatively few collocation points. As the number of collocation
points increases, the maximum absolute errors decrease rapidly, which confirms the spectral accuracy
property of the Hermite function approximation. This significant error reduction with modest increases
in the number of basis functions highlights the computational efficiency of the proposed method. Fur-
thermore, the consistency of the results across different values of the fractional order α and the parameter
p illustrates the robustness and reliability of the collocation LS-SVR approach for solving TFDEs. Ad-
ditionally, the CPU times reported in these tables reveal that the proposed method exhibits a favorable
balance between accuracy and computational cost, as the increase in computational effort remains mod-
erate with respect to the number of collocation points. This further confirms the practical efficiency of
the collocation LS-SVR approach for problems requiring high-precision solutions.



co
rre

ct
ed

Pr
oo

fAn efficient numerical method for solving TFPDEs using LS-SVR 17

Figure 1: The maximum absolute errors of the collocation LS-SVR method across various fractional orders α and
parameter p= 4

Example 4. Consider the TFDE (16) with the parameters 0 < α < 1 and γ = 1, where the exact solution
is

u(x, t) = tp cos(2πx).

The corresponding source function f(x, t) is defined as follows:

f(x, t) =
(

Γ(p+1)
Γ(p+1−α)

tp−α +4π
2tp
)

cos(2πx),

where x ∈ [0,1] and t ∈ (0,T ].
To evaluate the temporal accuracy for various fractional orders α , we fix N at a sufficiently large

value so that the spatial error is negligible compared to the temporal error and vary M to approximate
{uη

N(xκ);0 ≤ κ ≤ N,1 ≤ η ≤ M} at the final time T = 1. For this purpose, we set M = 5,10,20,40,80
with the regularization parameter ζ = 10−5. The numerical errors and temporal convergence orders for
different numbers of time steps and various values of p are presented in Table 10 for α = 0.25 and
N = 100, Table 11 for α = 0.5 and N = 150, and Table 12 for α = 0.75 and N = 100. Figure 2 illustrates
numerical errors obtained based on the different fractional orders α and parameter p = 4, for various
numbers of time steps M.

Tables 10-12 indicate that the temporal convergence order approaches 2 for various fractional orders
α , which confirms the theoretical result established in Theorem 2. Specifically, as the number of time
steps M increases, the numerical errors decrease at a rate consistent with second-order accuracy. This
behavior is observed across different values of the fractional order α and the parameter p, demonstrating
the robustness and reliability of the proposed method. Furthermore, the computed convergence orders
presented in these tables are in excellent agreement with the theoretical convergence rate of the weighted
and shifted GL approximation, thereby validating the accuracy of the time discretization scheme em-
ployed in this study.
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Table 10: The numerical errors and temporal convergence orders of the collocation LS-SVR method for fractional
order α = 0.25 in Example 4

p= 3 p= 4 p= 5

M E∞ C-Order E∞ C-Order E∞ C-Order

5 6.7137e−04 − 1.3689e−03 − 2.2385e−03 −
10 1.7507e−04 1.9392 3.7534e−04 1.8667 6.4375e−04 1.7979
20 4.4362e−05 1.9805 9.7730e−05 1.9413 1.7194e−04 1.9046
40 1.1583e−05 1.9373 2.5389e−05 1.9446 4.4917e−05 1.9365
80 3.1507e−06 1.8783 6.6552e−06 1.9317 1.1658e−05 1.9459

Table 11: The numerical errors and temporal convergence orders of the collocation LS-SVR method for fractional
order α = 0.5 in Example 4

p= 3 p= 4 p= 5

M E∞ C-Order E∞ C-Order E∞ C-Order

5 1.6109e−03 − 3.6734e−03 − 6.3883e−03 −
10 4.1693e−04 1.9500 1.0117e−03 1.8604 1.8622e−03 1.7784
20 1.0641e−04 1.9701 2.6542e−04 1.9304 5.0249e−04 1.8898
40 2.6171e−05 2.0236 6.7223e−05 1.9812 1.2974e−04 1.9535
80 6.9500e−06 1.9129 1.7373e−05 1.9521 3.3412e−05 1.9572

Table 12: The numerical errors and temporal convergence orders of the collocation LS-SVR method for fractional
order α = 0.75 in Example 4

p= 3 p= 4 p= 5

M E∞ C-Order E∞ C-Order E∞ C-Order

5 2.7822e−03 − 7.2066e−03 − 1.3325e−02 −
10 7.1055e−04 1.9692 1.9880e−03 1.858 3.9309e−03 1.7612
20 1.7966e−04 1.9836 5.2084e−04 1.9324 1.0655e−03 1.8833
40 4.5345e−05 1.9863 1.3339e−04 1.9652 2.7738e−04 1.9416
80 1.1481e−05 1.9816 3.3807e−05 1.9803 7.0789e−05 1.9703

6 Conclusions

In this study, a machine learning-based numerical scheme was introduced for solving time-fractional
differential equations. The method employs least squares support vector regression with a collocation
approach, utilizing Hermite functions as basis functions and the roots of Hermite polynomials HN+1(x)
as collocation points. The weighted and shifted Grünwald-Letnikov approximation was applied for the
discretization of the time-fractional derivative. By considering several benchmark problems with known
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Figure 2: The maximum absolute errors of the collocation LS-SVR method across various fractional orders α and
parameter p= 4

analytical solutions and examining the accuracy and computational efficiency of the proposed method, it
is shown that the numerical scheme achieves second-order temporal convergence. This result is consis-
tent with the theoretical order of accuracy established for the time discretization technique. Additionally,
the method exhibits good spatial accuracy and computational efficiency across various test problems.
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