
Online version is available on http://research.guilan.ac.ir/cmce 

Comp. Meth. Civil Eng, Vol. 2, 2 (2011) 219-230 
©Copyright by the University of Guilan, Printed in I.R. Iran 
 
 
 
 
 
Axial buckling analysis of an isotropic cylindrical shell using the meshless 

local Petrov-Galerkin method 
 

A. Arjangpay, M. Darvizeh, R. Ansari∗, Gh. Zarepour 

 
 Department of Mechanical Engineering, University of Guilan, P.O. Box 3756, Rasht, Iran 

 
Received 13 September 2011; accepted in revised form 11 December 2011 

 
 

Abstract 
In this paper the meshless local Petrov-Galerkin (MLPG) method is implemented to study the buckling 

of isotropic cylindrical shells under axial load. Displacement field equations, based on Donnell and first 
order shear deformation theory, are taken into consideration. The set of governing equations of motion are 
numerically solved by the MLPG method in which according to a semi-inverse method, a new variational 
trial-functional is constructed to derive the stiffness matrices and critical buckling loads are obtained in 
various boundary conditions.  

 The moving least squares interpolation is employed to construct both trial and test functions. The 
present method is a truly meshless method based on a number of randomly located nodes upon which no 
global background integration mesh is needed and no element matrix assembly is required. In the present 
MLPG formulation, a local variational form is constructed over a local sub-domain instead of using the 
conventional weighted-residual procedure. The influences of some commonly used boundary conditions 
and effects of shell geometrical parameters are studied. The results show the convergence characteristics 
and accuracy of the mentioned method. 
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1.  Introduction 
 
In recent years there is a growing interest in the meshless methods, which do not require a 

finite element mesh for the definition of the approximation and decrease the difficulties 
caused by meshing and remeshing. Because of the high order of continuity of meshless 
approximation functions, meshless methods can express the face and displacement of a shell 
very well.   

Several meshless methods have been reported in the literature, such as the smooth particle 
hydrodynamics (SPH) [1] to which the initial idea of meshless methods dates back, the 
diffuse element [2], the element-free Galerkin (EFG) [3], the reproducing kernel particle 
method (RKPM) [4], hp-clouds [5], the partition of unity method (PUM) [6], the natural 
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element method (NEM) [7] and the meshless local Petrov–Galerkin (MLPG) [8,9]. The major 
difference in these meshless methods comes from the interpolation techniques used. These 
methods, except for the MLPG which is local in character, need shadow elements to evaluate 
the domain integrals over the entire domain of the problem. As a matter of fact, the 
background cell integration does not lead to a truly meshless method. The major contribution 
of the MLPG method is its establishment based on the local weak form for which no 
background mesh is required to numerically evaluate the integrands in the MLPG 
formulation. This means that the weak form is satisfied at each node in the problem domain 
in a local integral sense. Accordingly, the MLPG method is regarded as a truly meshless 
method not only in terms of the non-element interpolation, but also in terms of the non-mesh 
integration. It can also include the other meshless methods based on global formulation, as 
special cases. In the MLPG formulation, test functions may be chosen from a different space 
than the space of trial solutions. Since the MLPG concept is a general framework to 
formulate various meshless methods with a greater degree of flexibility, variants of the 
MLPG formulation labeled as MLPG1 – MLPG6 for different trial-function interpolant 
schemes, or different choices of test functions have been appeared in the literature [10,11]. 
The present method is also more flexible and easier in dealing with nonlinear problems than 
the conventional FEM, EFG and BEM. Furthermore, for the same accuracy, the 
computational cost in MLPG can be also lower than that in the FEM. Thus, the MLPG 
method, due to its speed, accuracy and robustness, has shown a great promise in engineering 
applications and may be expected to replace the FEM in the near future [10]. Cylindrical 
shells are commonly used in practical engineering such as underground mining, subsurface 
building and petrol conveying. The main purpose of the present study is to predict axial 
buckling characteristics of isotropic cylindrical shells with arbitrary boundary conditions. 
 
2. Field equations for isotropic shells 
 
2.1. Kinematics relations 
 

Based on the first order shear deformation (FOSD) theory, the three-dimensional 
displacement components ݑ, ,ݔ in the ݓ and ݒ  directions respectively, as shown in ݖ  and ߠ
Figure 1, are assumed to be 

(1)  
),(),(),,( θψθθ xzxuzxu xx +=  

),(),(),,( θψθθ θθ xzxvzxu +=   
),(),,( θθ xwzxuz =      

where wvu ,,  are the reference surface displacements and xψ , θψ are the rotations of transverse 
normal about the x-and θ -axes, respectively. The middle surface strains xε , θε and θε x  the 
shear strains xzγ  and zθγ and the middle surface curvature θkkx ,  and θxk  are given by 
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2.2. Stress resultant-strain relations 
 

The force and moment intensities for cylindrical shear deformation, can be found in 
following form [12] 

(3) 
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where ܧ and ߭ are Young’s modulus and Poisson’s ratio respectively. 
 
2.3. Cylindrical shell equations 
 

Consider a cylindrical elastic shell of radius R, length L, thickness h, as shown in Figure 1. 
If x and θ  represent the longitudinal and circumferential coordinates respectively the 
governing equations on the basis of the Donnell shell theory are given as [12] 
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Figure 1. Coordinate system and shell geometry. 
 

2.4. Variational form of the field equations 
 

Constructing the underlying quadratic functional of the shell theory is not a 
straightforward procedure. Thus, a semi-inverse method [13-15] is used to construct a 
variational trial-functional of the form ),,,,( θψψ xwvuΠ  as follows 

),,,,(),,,,( θθ ψψψψ xKxK wvuwvu
g
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in which xN~ presents axial buckling load. 

3. Solution procedure 
 
3.1. The MLPG method and MLS interpolation 
 

The MLPG method, based on a local formulation, can include all the other meshless 
methods based on a global formulation, as special cases, if the trial and test functions and the 
integration methods are selected appropriately. In the MLPG, the nodal trial and test 
functions can be different. Herein the moving least squares (MLS) approximation is chosen 
as both trial and test functions. Employing MLS, a function )(xv in a domain Ω can be 
approximated by )(xvh  in the sub-domain  and 
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where ݍ௜ሺ࢞ሻ are the monomial basis functions, ܾ௜ሺ࢞ሻ are the corresponding coefficients, h is a 
factor that measures the domain of influence of the nodes and ݉ is the number of basis 
functions. The commonly used basis functions are the polynomial, such as: 

(10)[ ] 4  ,  ,,,1 32 == mxxxqT  
In this method, we use the quadratic basis. The unknown coefficients ܾ௜ሺ࢞ሻ are obtained 

by the minimization of a weighted discrete ܮଶ norm 

(11)2

1
))()()(( II

T
n

I
I vxbxqxx −−=Γ ∑

=
ω  

where )( Ixx −ω or )( Ixω is the weight function that is associated with node I, 0)( =Ixω outside
, n is the number of nodes in  that makes the weight function 0)( fIxω  and Iv  are the 

nodal parameters. The minimization of Γ in equation (11) with respect to ܾሺݔሻ leads to a set 
of linear equations 
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The coefficients b(x) are then derived from equation (12) 
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By substituting equation (15) into equation (9), the approximation ݒ௛ሺݔሻ is expressed in a 
standard form as 

(16)  I

n

I
I

h vxNxv ∑
=

=
1

)()(  
where the shape function ூܰሺݔሻ is given by 

(17)  )()()()( 1 xAxBxqxN I
T

I
−=  

From equation (13), we obtain 

(18)  )()()( xqxxxA III −=ω  

and thus equation (17) can be rewritten as 

(19)  )()()()()( 1
II

T
I xxxqxBxqxN −= − ω  

A cubic spline function 

(20)  

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

>

−
=≤<−+−

≤+−

=

1,0

,1
2
1,

3
444

3
4

2
1,44

3
2

)( 32

32

s

d
xx

sssss

sss

s
w

Iω

 

can be used as the weight function. 
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In the conventional MLPG method, weighted residual is often used to create the system of 
discrete equations. In the present MLPG formulation a local variational form is constructed 
over a local sub-domain instead of using the conventional weighted-residual procedure. The 
local sub-domains covering the whole global domain are located entirely within the global 
domain and may overlap each other. The sub domain is taken to be a circle, a rectangle, or an 
ellipse in two dimensions centered at a node ݔ௜. The main idea of MLPG is that the 
variational form is satisfied at each node in the problem domain in a local integral sense. 

For applying the MLPG method on shell theory, a one dimensional problem is considered 
in which the domain is discretized by a set of regular distributed nodes, as in Figure 2. The 
mass and stiffness matrices are obtained from the corresponding variational forms 
constructed. The present MLPG formulation leads to symmetric matrices, as in FEM, without 
requiring an assembly process. 

 
 
 
 

 
 
 
 

 
 

Figure 2. Schematics of nodes arrangement on the shell. 
 

 
3.2. Discretization procedure 

 
The field variables can be expressed in the circumferential direction by the Fourier series 

as 
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where n is circumferential mode number and )(),(),(),( xxWxVxU xΨ and )(xθΨ are axial 
modal functions. By introducing the foregoing equations into the variational statements given 
by equations (6-8), discretizing the resulting equations by the MLPG method and then 
recasting them into a generalized eigenvalue problem, one would arrive at 

(22)[ ] [ ]( ){ } 0~
=− XKNK gx  

where the nodal vector { }X  is defined as  
(23)[ ]θψψ xwvuX =  

And the stiffness matrix K and geometrical stiffness matrix gK in equation (22) are given by 
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where ܧ and ߭ are Young’s modulus and Poisson’s ratio, respectively. Moreover, the 
interpolation function IN can be constructed by the MLS approximation. 

A numerical integration is needed to evaluate the integration in Eqs.(24)-(25). The gauss 
quadrature is used in the MLPG. For a node ix a local integration domain is needed to employ 
Gauss quadrature. For each Gauss quadrature point Qx , the point interpolation is performed 
to obtain the integrand. Therefore, as shown in the Figure 3, for node ix  there exist three 
local domains: local integration domain, test function domain, and interpolation domain for 

Qx . It should be noted that the integration domain and test function domain are considered to 
be the same. 
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Figure 3. The support domain υΩ  and integration domain QΩ  for node i; interpolation domain   iΩ  
for Gauss integration point Qx . 

 
3.3. Boundary conditions 
  

Variety of boundary conditions may be considered by the combination of simply-
supported (S), clamped (C) and free (F) edges. For instance, the following boundary 
conditions are taken  
Simply supported -Simply supported (SS) 

ݒ ൌ ݓ ൌ ߰ఏ ൌ ௫ܯ ൌ ௫ܰ ൌ 0,                              at edges  ݔ ൌ 0 , ݔ ൌ    (30)                      ܮ

Clamped-Clamped (CC)  

ݑ ൌ ݒ ൌ ݓ ൌ ߰௫ ൌ ߰ఏ ൌ 0,                                 at edges ݔ ൌ 0 , ݔ ൌ  (31)                      ܮ
Clamped-Free (CF) 

ݑ ൌ ݒ ൌ ݓ ൌ ߰௫ ൌ ߰ఏ ൌ 0,    at edge ݔ ൌ 0 
௫ܰ ൌ ௫ܰఏ ൌ ௫ܯ ൌ ௫ఏܯ ൌ ܳ௫ ൌ 0, at edge ݔ ൌ ܮ

 
(32) 

 
4. Results and discussion 
 

The comparison of results from the present numerical method and exact solution for the 
isotropic cylindrical shell with simply supported ends is shown in Figure 4. ሺோ

௛
ൌ 100, ܧ ൌ

7.2݁10 ே
௠మ , ߩ ൌ 2700 ௞௚

௠య , ߥ ൌ 0.27ሻ . Good agreement is achieved that shows the ability and 
accuracy of present method. Figure 5 is presented to study the convergence of the critical 
axial buckling load of an isotropic shell with simply supported ends over a wide range of 
aspect ratio (the ratio of length to radius) for different number of nodes in the problem 
domain. The effects of geometrical parameters are graphed in Figure 6. As the ratio of radius 
to thickness is increased, the critical buckling loads tend to decrease. In Figure 7, the 
influence of boundary conditions on the critical buckling load is clearly demonstrated. 
According to this figure, in the limited area of length-to-radius ratio, for example between 0.1 
to 90 for a simply supported shell, the buckling load is almost independent of this ratio but in 
greater ratios the load is strongly sensitive. Figure 8 is presented to show the influence of 
different weight functions for instance the cubic and quartic spline functions and exponential 
weight function which are used in present meshless method. Obviously, by applying the 
quartic spline weight function in the MLPG formulation, the axial buckling load is decreased 
and there is less agreement between the exact solution and the numerical solution by using 
other weight functions. 
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Figure 4. Comparison of MLPG method with exact solution. 

 
Figure 5. Convergence of the critical buckling load for simply supported shell. 
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Figure 6. Influence of geometrical parameters on critical buckling load. 

 

 
Figure 7. Influence of boundary conditions on critical buckling load. 
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Figure 8. Influence of various weight functions on critical buckling load. 

 
5. Conclusion 

 
The axial buckling of isotropic cylindrical shell with different boundary conditions was 

studied in this article. The governing equations were developed based on the Donnell theory 
and then the variational form of the field equations was constructed by applying semi-inverse 
methods. The meshless local Petrov-Galerkin method was used to solve them numerically. 
The present method was successfully adopted to study the axial buckling of shell .The 
influences of different boundary conditions, geometrical parameters and the effects of using 
various weight functions were fully investigated which clearly show the accuracy of the 
present method.  
 
References 
 

[1] R.A. Gingold, J.J. Monaghan, Smoothed particle hydrodynamics: theory and application to non-spherical 
stars, Mon. Not. Roy. Astron. Soc., 181 (1977) 375-389.  

[2] B. Nayroles, G. Touzot, P. Villon, Generalizing the finite element method: diffuse approximation and 
diffuse elements, Computational Mechanics, Vol. 10, 5 (1992) 307–318.  

[3] T. Belytschko, Y.Y. Lu, L. Gu, Element-free Galerkin methods, International Journal for Numerical 
Methods in Engineering, Vol. 37, 2 (2005) 229–256.  

[4] W.K. Liu, S. Jun, Y. Zhang, Reproducing kernel particle methods, International Journal for Numerical 
Methods in Fluids, Vol. 20, 8-9 (2005) 1081–1106.  

[5] C.A. Duarte, J.T. Oden, An h-p adaptive method using clouds, Computer Methods in Applied Mechanics 
and Engineering, Vol. 139, 1-4 (1996) 237–262.  

[6] I. Babuska, J. Melenk, The partition of unity method, International Journal for Numerical Methods in 
Engineering, Vol. 40, 4 (1998) 727–758. 

[7] N. Sukumar, B. Moran, T. Belytschko, The natural element method in solid mechanics, International 
Journal for Numerical Methods in Engineering, Vo. 43, 5 (1998) 839–887.  

[8] S.N. Atluri, T. Zhu, A new meshless local Petrov–Galerkin (MLPG) approach in computational 
mechanics, Computational Mechanics, Vol. 22, 2 (1998) 11–27.  

10-2 10-1 100 101 102 103
10

2

103

104

10
5

106

107

10
8

Aspect ratio (L/R)

C
rit

ic
al

 b
uc

kl
in

g 
lo

ad
 [N

/m
]

 

 
Cubic spline weight function 
Quartic spline weight function
Exponential weight function



A. Arjangpay, M. Darvizeh, R. Ansari, Gh. Zarepour / Comp. Meth. Civil Eng., Vol. 2, 2 (2011) 219-230 

230 

[9] S.N. Atluri, The Meshless Local Petrov-Galerkin (MLPG) Method for Domain & Boundary 
Discretizations, Tech Science Press, 2004.  

[10] S.N. Atluri, S. Shen, The meshless local Petrov-Galerkin (MLPG) method: a simple & less-costly 
alternative to the finite element and boundary element methods, Tech Science Press, Vol.3, 1 (2002) 11-
51.  

[11] S.N. Atluri, S. Shen, The basis of meshless domain discretization: the meshless local Petrov–Galerkin 
(MLPG) method, Advances in Computational Mathematics, Vol. 23, 1-2 (2005) 73–93.  

[12] M.N. Naeem, Prediction of natural frequencies for functionally graded cylindrical shells, Ph.D. 
Dissertation, UMIST, UK, 2004. 

[13] S. Adali, Variational principles for multi-walled carbon nanotubes undergoing buckling based on 
nonlocal elasticity theory, Physics Letter A, Vol. 372, 35 (2008) 5701–5705. 

[14] J.H. He, Variational principles for some nonlinear partial differential equations with variable 
coefficients, Chaos, Solitons& Fractals, Vol. 19, 4 (2004) 847-851. 

[15] J.H. He, Variational approach to (2+1)-dimensional dispersive long water equations, Physics Letters A, 
Vol. 355, 2-3 (2005) 182-184. 

 
 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


