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Abstract

In this paper the meshless local Petrov-Galerkin (MLPG) method is implemented to study the buckling
of isotropic cylindrical shells under axial load. Displacement field equations, based on Donnell and first
order shear deformation theory, are taken into consideration. The set of governing equations of motion are
numerically solved by the MLPG method in which according to a semi-inverse method, a new variational
trial-functional is constructed to derive the stiffness matrices and critical buckling loads are obtained in
various boundary conditions.

The moving least squares interpolation is employed to construct both trial and test functions. The
present method is a truly meshless method based on a number of randomly located nodes upon which no
global background integration mesh is needed and no element matrix assembly is required. In the present
MLPG formulation, a local variational form is constructed over a local sub-domain instead of using the
conventional weighted-residual procedure. The influences of some commonly used boundary conditions
and effects of shell geometrical parameters are studied. The results show the convergence characteristics
and accuracy of the mentioned method.
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1. Introduction

In recent years there is a growing interest in the meshless methods, which do not require a
finite element mesh for the definition of the approximation and decrease the difficulties
caused by meshing and remeshing. Because of the high order of continuity of meshless
approximation functions, meshless methods can express the face and displacement of a shell
very well.

Several meshless methods have been reported in the literature, such as the smooth particle
hydrodynamics (SPH) [1] to which the initial idea of meshless methods dates back, the
diffuse element [2], the element-free Galerkin (EFG) [3], the reproducing kernel particle
method (RKPM) [4], hp-clouds [5], the partition of unity method (PUM) [6], the natural
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element method (NEM) [7] and the meshless local Petrov—Galerkin (MLPG) [8,9]. The major
difference in these meshless methods comes from the interpolation techniques used. These
methods, except for the MLPG which is local in character, need shadow elements to evaluate
the domain integrals over the entire domain of the problem. As a matter of fact, the
background cell integration does not lead to a truly meshless method. The major contribution
of the MLPG method is its establishment based on the local weak form for which no
background mesh is required to numerically evaluate the integrands in the MLPG
formulation. This means that the weak form is satisfied at each node in the problem domain
in a local integral sense. Accordingly, the MLPG method is regarded as a truly meshless
method not only in terms of the non-element interpolation, but also in terms of the non-mesh
integration. It can also include the other meshless methods based on global formulation, as
special cases. In the MLPG formulation, test functions may be chosen from a different space
than the space of trial solutions. Since the MLPG concept is a general framework to
formulate various meshless methods with a greater degree of flexibility, variants of the
MLPG formulation labeled as MLPGl — MLPG6 for different trial-function interpolant
schemes, or different choices of test functions have been appeared in the literature [10,11].
The present method is also more flexible and easier in dealing with nonlinear problems than
the conventional FEM, EFG and BEM. Furthermore, for the same accuracy, the
computational cost in MLPG can be also lower than that in the FEM. Thus, the MLPG
method, due to its speed, accuracy and robustness, has shown a great promise in engineering
applications and may be expected to replace the FEM in the near future [10]. Cylindrical
shells are commonly used in practical engineering such as underground mining, subsurface
building and petrol conveying. The main purpose of the present study is to predict axial
buckling characteristics of isotropic cylindrical shells with arbitrary boundary conditions.

2. Field equations for isotropic shells
2.1. Kinematics relations

Based on the first order shear deformation (FOSD) theory, the three-dimensional
displacement components u, v and w in the x,0 and z directions respectively, as shown in
Figure 1, are assumed to be

u (x,0,z) =u(x,0)+zy (x,0)
uy(x,0,2) =v(x,0)+ zy ,(x,0) (1)
u,(x,0,z) = w(x,0)

where u,v,w are the reference surface displacements andy _, v, are the rotations of transverse
normal about the x-and 6 -axes, respectively. The middle surface strains &, ¢,and ¢ , the
shear strains y_ and y, and the middle surface curvaturek_ .k, and k , are given by
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2.2. Stress resultant-strain relations

The force and moment intensities for cylindrical shear deformation, can be found in
following form [12]
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where E and v are Young’s modulus and Poisson’s ratio respectively.
2.3. Cylindrical shell equations

Consider a cylindrical elastic shell of radius R, length L, thickness 4, as shown in Figure 1.
If x and @ represent the longitudinal and circumferential coordinates respectively the
governing equations on the basis of the Donnell shell theory are given as [12]
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Figure 1. Coordinate system and shell geometry.
2.4. Variational form of the field equations

Constructing the underlying quadratic functional of the shell theory is not a
straightforward procedure. Thus, a semi-inverse method [13-15] is used to construct a
variational trial-functional of the form Il(u,v,w,y ,y,) as follows

IV URATR N7 B3 S P URATA A7) (6)

I (u,v, W,y W) :%S__[(L fﬁZ u, +%%(Vﬂ + w)}uyx + 2(1E—ilv) (%+ v, +

[liEfz u, +% I—Eﬁz (vy+ w)}%(vﬂ +w)+D(y, +%l//gﬂ)l//x’x + (7)
T R e R e L A R R R

My, vy, wy) =3 [§,00,)'de )

in which N, presents axial buckling load.

3. Solution procedure
3.1. The MLPG method and MLS interpolation

The MLPG method, based on a local formulation, can include all the other meshless
methods based on a global formulation, as special cases, if the trial and test functions and the
integration methods are selected appropriately. In the MLPG, the nodal trial and test
functions can be different. Herein the moving least squares (MLS) approximation is chosen
as both trial and test functions. Employing MLS, a function v(x)in a domain () can be

approximated byv"(x) in the sub-domain Q_ and

v ()= q,(0b,(0) = 47 (b(x) 9)
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where g;(x) are the monomial basis functions, b; (x) are the corresponding coefficients, /4 is a
factor that measures the domain of influence of the nodes and m is the number of basis
functions. The commonly used basis functions are the polynomial, such as:

q" :[l,x,xz,x3] , m=4 (10)

In this method, we use the quadratic basis. The unknown coefficients b;(x) are obtained
by the minimization of a weighted discrete L, norm

F= Yot —x)g (x)b(x) ~v,) (11)

where w(x-x,)or w(x,)is the weight function that is associated with node /, w(x,)=0outside
Q_, n is the number of nodes in Q_ that makes the weight functionw(x,)>0 and v, are the

nodal parameters. The minimization of I' in equation (11) with respect to b(x) leads to a set
of linear equations

B(x)b(x) = A(x)v (12)
where

B(x) = Yol —x)q(x,)g” (x)) (13)
and

Ax) = [0(x = x)g(x)srs 0(x — x,)q (x,)] (14)
The coefficients b(x) are then derived from equation (12)

b(x) =B (x)A(x)v (15)

By substituting equation (15) into equation (9), the approximation v"*(x) is expressed in a
standard form as

vh(x)=1§n::1N1(x)v1 (16)
where the shape function N;(x) is given by

N, (x)=¢" (B (x)4, (x) (17)
From equation (13), we obtain

A;(x) = o(x = x;)q,(x) (18)

and thus equation (17) can be rewritten as
N,(x)=¢" (0B (x)q, (x)eo(x ~x,) (19)

A cubic spline function

£—4s2+4s3, ssl
3 2
4 4, 1 e —x,|
o(s)={——4s+4s’ ——5*, —<s<1 ,s="J1M
(s) 3 3 2 d, (20)
0, s>1

can be used as the weight function.
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In the conventional MLPG method, weighted residual is often used to create the system of
discrete equations. In the present MLPG formulation a local variational form is constructed
over a local sub-domain instead of using the conventional weighted-residual procedure. The
local sub-domains covering the whole global domain are located entirely within the global
domain and may overlap each other. The sub domain is taken to be a circle, a rectangle, or an
ellipse in two dimensions centered at a node x;. The main idea of MLPG is that the
variational form is satisfied at each node in the problem domain in a local integral sense.

For applying the MLPG method on shell theory, a one dimensional problem is considered
in which the domain is discretized by a set of regular distributed nodes, as in Figure 2. The
mass and stiffness matrices are obtained from the corresponding variational forms
constructed. The present MLPG formulation leads to symmetric matrices, as in FEM, without
requiring an assembly process.

Figure 2. Schematics of nodes arrangement on the shell.

3.2. Discretization procedure

The field variables can be expressed in the circumferential direction by the Fourier series
as
u(x,0) =U(x)cos(n®)
v(x,0) =V (x)sin(nb)
w(x,0) =W (x)cos(nf) (21)
v, (x,0) =¥, (x)cos(nb)
W (x,0) =¥y (x)sin(n0)

where n is circumferential mode number and U(x),V (x), W (x),"Y (x)and ¥,(x)are axial

modal functions. By introducing the foregoing equations into the variational statements given
by equations (6-8), discretizing the resulting equations by the MLPG method and then
recasting them into a generalized eigenvalue problem, one would arrive at

(1. [k Jix} = (22)
where the nodal vector {X} is defined as
X=[U vow Y, ‘//9] (23)

And the stiffness matrix K and geometrical stiffness matrix x,in equation (22) are given by

K = %;sz B" DBdx (24)
Q
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where E and v are Young’s modulus and Poisson’s ratio, respectively. Moreover, the
interpolation function N, can be constructed by the MLS approximation.

A numerical integration is needed to evaluate the integration in Eqs.(24)-(25). The gauss
quadrature is used in the MLPG. For a node x, a local integration domain is needed to employ

Gauss quadrature. For each Gauss quadrature point x,, the point interpolation is performed
to obtain the integrand. Therefore, as shown in the Figure 3, for node x, there exist three

local domains: local integration domain, test function domain, and interpolation domain for
x, . It should be noted that the integration domain and test function domain are considered to

be the same.
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Qi X
Figure 3. The support domain Q, and integration domain Q, for node i; interpolation domain Qi
for Gauss integration point x,, .

3.3. Boundary conditions

Variety of boundary conditions may be considered by the combination of simply-
supported (S), clamped (C) and free (F) edges. For instance, the following boundary
conditions are taken
Simply supported -Simply supported (SS)

v=w=19Yg=M,=N, =0, atedges x =0,x =1L (30)
Clamped-Clamped (CC)
u=v=w=1y, =1y =0, atedgesx =0,x =1L (31)

Clamped-Free (CF)

u=v=w=1y, =9y =0, atedgex =0 1
Ny, =Nyg =M, =My =0Q, =0, atedgex =L (32)

4. Results and discussion

The comparison of results from the present numerical method and exact solution for the
isotropic cylindrical shell with simply supported ends is shown in Figure 4. (% = 100,E =

7.2e10 iz, p = 2700 k—gs, v = 0.27) . Good agreement is achieved that shows the ability and
m m

accuracy of present method. Figure 5 is presented to study the convergence of the critical
axial buckling load of an isotropic shell with simply supported ends over a wide range of
aspect ratio (the ratio of length to radius) for different number of nodes in the problem
domain. The effects of geometrical parameters are graphed in Figure 6. As the ratio of radius
to thickness is increased, the critical buckling loads tend to decrease. In Figure 7, the
influence of boundary conditions on the critical buckling load is clearly demonstrated.
According to this figure, in the limited area of length-to-radius ratio, for example between 0.1
to 90 for a simply supported shell, the buckling load is almost independent of this ratio but in
greater ratios the load is strongly sensitive. Figure 8 is presented to show the influence of
different weight functions for instance the cubic and quartic spline functions and exponential
weight function which are used in present meshless method. Obviously, by applying the
quartic spline weight function in the MLPG formulation, the axial buckling load is decreased
and there is less agreement between the exact solution and the numerical solution by using
other weight functions.
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Figure 4. Comparison of MLPG method with exact solution.
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Figure 5. Convergence of the critical buckling load for simply supported shell.
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Figure 6. Influence of geometrical parameters on critical buckling load.
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Figure 7. Influence of boundary conditions on critical buckling load.
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Figure 8. Influence of various weight functions on critical buckling load.

5. Conclusion

The axial buckling of isotropic cylindrical shell with different boundary conditions was
studied in this article. The governing equations were developed based on the Donnell theory
and then the variational form of the field equations was constructed by applying semi-inverse
methods. The meshless local Petrov-Galerkin method was used to solve them numerically.
The present method was successfully adopted to study the axial buckling of shell .The
influences of different boundary conditions, geometrical parameters and the effects of using
various weight functions were fully investigated which clearly show the accuracy of the
present method.
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