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Abstract

Micropolar plasticity provides the capability to carry out post-failure simulations of geo-structures
due to microstructural considerations and embedded length scale in its formulation. An essential part
of the numerical implementation of a micropolar plasticity model is the integration of the rate
constitutive equations. Efficiency and robustness of the implementation hinge on the type of
integration scheme employed. In this paper, two types of algorithms are developed for a critical-state
micropolar plasticity model based on cutting plane and substepping integrations procedures.
Performance of the two integration algorithms is first assessed in triaxial and biaxial compression
tests at an element level. To evaluate the two integration schemes in a strain localization problem,
biaxial compression simulations on a slightly heterogeneous specimen of sand are conducted. In all
cases the substepping method performs better than the cutting plane method.

Keywords: Integration schemes; Cutting plane method; Substepping method; Micropolar plasticity model;
Granular soil.

1. Introduction

Response of granular soils in the pre-failure regime is successfully captured using realistic
constitutive models such as the critical state two-surface plasticity model proposed by
Manzari and Dafalias [1,2]. However, beyond the pre-failure regime, during further shearing
the heterogenous distributions of void ratio and stresses within the soil mass as well as the
boundary conditions may lead to formation of highly localized shear zones. This is
commonly known as strain localization phenomenon. The thickness of the localized zone
normally depends on the average grain size of the soil. It has been observed that the soil
grains may undergo significant rotations within the localized band. The energy dissipation
due to grain rotations cannot be accounted for in the constitutive models that are formulated
in the framework of classical continuum. Therefore, at the onset of strain localization,
numerical simulations using the models that are based on classical continuum framework
may face convergence difficulties. A suitable framework for post-failure analyses of granular
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soils is micropolar continuum in which any point of the medium undergoes displacements
and rotations. It incorporates the characteristic length that relates the couple-stresses and
micro-curvatures in the constitutive model. This approach is used by Manzari and Dafalias
[3] to enhance their non-polar version of the model in order to capture the post-failure
response of geo-structures.

In order to use the micropolar plasticity model proposed by Manzari and Dafalias [3] in
nonlinear finite element analysis for solving boundary value problems the rate constitutive
equations must be numerically integrated over a discrete sequence of time steps. The
integration schemes and the algorithms used in the simulations control the accuracy,
convergence and stability characteristics of the global iterative solution. Therefore, an
appropriate integration scheme with its proper implementation is important for the overall
efficiency and robustness of the numerical simulation code. Generally, a robust
implementation requires implicit integration which for a realistic constitutive model can be
fairly lengthy and cumbersome. Therefore, explicit and semi-explicit integration schemes
may be attractive alternatives to the implicit schemes.

Implicit integration schemes such as Closest Point Projection Method (CPPM) have
become popular because it provides unconditionally stable integration of plasticity models
[4]. Implicit integration schemes are successfully used for integration of various constitutive
models for soils [5-10]. With implicit integration schemes a quadratic convergence and
unconditional stability for Newton-Rhapson iterations can be obtained with the use of
consistent (algorithmic) tangent operator. While stability and quadratic convergence are
guaranteed for simple classical plasticity models such as J,-plasticity, this may not be true for
more complex models. The second derivatives of the yield and plastic potential function are
needed in the algorithm as well as for the formation of the consistent tangent operator. It is
often lengthy and cumbersome procedure to obtain the closed-form derivatives for complex
models, if they can be derived at all, and their implementation is not always straightforward.

In the explicit integration schemes higher order derivatives of yield and plastic potential
functions are not needed and the implementation of the algorithms is generally easy and
straightforward. While its simplicity and general applicability seem to be attractive features,
a major drawback of explicit integration schemes is that the algorithm is conditionally stable
which means that an appropriate step size must be used to retain numerical stability. Due to
this limitation, explicit schemes are usually less efficient than implicit schemes.

In recent years a new class of explicit integration schemes has been proposed that includes
automatic substepping and error control techniques to alleviate the problem of step size
requirement. In this category the one that has been popularly used in the past years is that
proposed by Sloan [11], and the enhanced and complete form is presented by Sloan et al [12].
Two schemes that are generally applicable to elastoplastic constitutive models are presented
by Sloan et al [12]. One approach is based on a modified Euler method and the other is based
on the high order Runge-Kutta formula. The first scheme is recently used for integration of
more complex models and is shown to be accurate and efficient both at the element and
structural levels [13-16].

Another type of integration scheme is the semi-explicit methods, such as the cutting plane
method proposed by Simo and Ortiz [17]. The simplicity and efficiency of this method are
quite attractive. However, its major deficiency lies in the weak enforcement of the
consistency condition that often produce drift-off errors.

In this paper two integrations schemes, cutting plane method (CPM) and the substepping
method (SSM) based on the second order modified Euler method are considered for the
integration of the micropolar plasticity model proposed by Manzari and Dafalias [3]. These
two algorithms are implemented in the widely used commercial finite element code,
ABAQUS, via the user-defined subroutine, UMAT. The performance of the two integration
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schemes is first evaluated in one-element simulations. To evaluate the performance of the
two schemes in problems involving strain localization, drained and globally undrained biaxial
compression tests on a slightly heterogenous granular soil specimen are considered.

2. Micropolar plasticity model

A brief description of this constitutive model, previously proposed by Manzari and
Dafalias [3], are outlined in the following subsections.

2.1. Elastic response

Assuming a small perturbation the additive decomposition of the strain and curvature

tensors denoted by € andk , respectively, are given by ¢ =¢° +¢” and k =k° +k” where the
subscripts “e” and “p” indicate the elastic and plastic components, respectively.
The general isotropic elastic relationship for a micropolar continuum are given by [18]

6, = A&,0, +2G&(, +2G &, [, = aK, 0, + 2PK; +2yK (1)

in which the subscript “(ij)” and “{ij}” of the strain and curvature tensors denote the
symmetric and skew symmetric parts, respectively. Four additional elastic constants are
introduced in addition to the usual Lame constants. To simplify the elastic stress-strain

relations we assume o =g =0and 2y = (4GGC)€f / (G+ Go) where ¢, is a characteristic

length scale and G¢ is a material constant. Thus equations (1) is reduced to

6, =A&,0, +(G+G )&, fu, =2yK; ()

g

In the non-polar version of Dafalias-Manzari model a hypoelastic relation is adopted for a
more realistic behavior of granular soils in which shear modulus G is not only a function of
pressure, but also a function of current void ratio e and is given by

G=G.p (2.97-¢) (Lj )

0
T 1te D,

where Gy is a material constant and py is the reference pressure for normalization, usually the
atmospheric pressure.

2.2. Yield function
The yield function is given by

f=[7]" V273pm=o0 )

where m represents the size of the yield surface. Here J ,, unlike that in the non-polar version
of the model, takes the form

J,=a3,5, +a,5,5, +bpp, + b, (5)

e} §e i
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wheres =s — pa; s=¢'— pl, and here the back-stress tensor @ is unsymmetric. The four

parameters a;, a,, a3 and a4 may be obtained considering the micromechanics of particles
displacements and rotation in a granular material [19]. Here assuming

a,=1;a,=0; b=1/03;b,=0, J, is simplified toJ, =33, +(u,u,)/ (5 where ¢, is a
second characteristic length corresponding to plastic deformation. Although we can set
¢, =/, in the present formulation we keep the option of assigning different values to these

length scales. The derivatives of the yield function with respect to force-stress and couple-
stress tensors are given as

La—izn”—lN“I; n”:—sl/z; N"=n":a+\/gm (6)

o6 3 A

of hu
L#:a_:nu: ~1 — Rl
ke[

The dilatancy, critical, and bounding surfaces can be written as

and

a, =2/3a,n’; a,=g(0,c)M exp(¥n’¥)—m ®

where n? =§/ (]2 )1/2, the superscript s = b, ¢, and d, in which b is for bounding surface, ¢ for

critical state surface, and d is for dilatancy surface. + corresponds to s = b and d,
respectively, and n° = 0. The surfaces are dependent on the Lode angle & through the

relation
2c

2 = 1= 0)c0s(30) ©)

where ¢c=M./M. in which M. and M, are the critical shear stress ratios in triaxial extension
and compression, respectively. The Lode angle is defined by

r—a S

s Y=—3
[(r—a):(r—u)] p
where € varies from 0 to 7 /3 as the loading transitions from triaxial compression to
extension, and “:” denotes the tensor contraction.

Note that the in the calculation of the @ Lode angle only symmetric part of the deviatoric
stress tensor is used, and € is assumed to be independent of the couple-stress tensor.

A novel feature of the model is the incorporation of critical state behavior through the use
of the state parameter ¥ =e—e, which is a measure of how far the material state, i.e, void

cos30=+/6trn’; n=

(10)

ratio, is from the critical state. The critical void ratio is given by
5
ec:eo_ﬂ’c(&J (11)
Pau
where e, p, , p,, are initial void ratio, pressure at critical state, and atmospheric pressure for

normalization respectively, and finally 4 and & are material constants. The bounding and

dilatancy surfaces are function of the state parameter W as shown in equation (8). The latter
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feature allows the model to be used with a single set of model parameters for all confining
pressures and densities.

2.3. Flow rule

The flow rule is non-associative for the plastic strain, but it is assumed to be associative
for the plastic curvature:
1

¢ =(A)R’; R7=n"+_DI
3 (12)

K’ =(A)R"; R“=L
where A >0 is a non-negative plastic multiplier, and < > is the Macaulay bracket which is
defined by <A> = A, if A>0 and 0 for all other values of A. The magnitude of plastic strain

and curvature tensor is provided by A while the direction of the plastic flow is given by R
and R*. D is the dilatancy which is defined in the following section.

2.4. Hardening laws

The hardening laws are similar to those used in the non-polar version, and they are
assumed to be independent of the couple-stress tensor. The force-stress, back-stress, and
fabric-dilatancy tensors are asymmetric. The back-stress tensor @ evolves as follows

a= <A>E (13)
where
_ 2 b
azgh(al;—a); hzm (14)
in which
-1/2
@ = \/gl:g(é’, )M, exp(_nb\{l)—m]n”; by = Gyh, (l—che)(pij (15)

and a,,is the initial value of @ at initiation of a new loading process and is updated when the

denominator in the definition of h (equation 14) becomes negative. hy, c, n® are model
parameters.
The evolution of the fabric-dilatancy tensor is given as [3]:

z=—c (=& )(zpn” +2) (16)
Substituting &” = <[\>D in equation (16) we have the familiar form
Z= <A>i; Z=-—c, <—D>(zmaxn" + z) 17)

in which ¢, and z,,x are model parameters. The former controls the pace of evolution of z in
equation (16) while the latter represents the maximum value z can attain. D is also a function
of the fabric tensor and is defined by
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D:Ad(ag—a):n“ (18)

where

ol :\/g[g(e,c)Mc exp(nd‘P)—m]n"; A, = AO(1+<z:n">) (19)

3. Incremental stress-strain relations

A general form of the elastoplastic constitutive equations in rate form can be obtained in
the standard procedure utilizing the essential components of the model discussed in previous
sections. The equations are derived as:

G’; ep é’d . 6’ ep g
=pp || |=p7| (20)
£ K 1 K

where

ep 72 e
Dy, =| G |, DEP{(DP Lﬂ 1)
LB M EY  M”

The four components of D is given as follows
(D2 :R%)®(L7: D)

D7 = D¢ (22)
Kp+L" :D! R + L :DZ :R”
o (D¢ :R7)®(L": D)) 23)
K,+L7:D;:R°+1L7:D) :R”
. (D, :R*)®(L7: D) 24)
K,+L7:D;:R7+L":D; :R*
" D (D, :R*)®(L: D) 05)

“ K, +L7:D.:R°+L*:D’:R”

where the superscript “ep” refer to “elastoplastic,” and “® “denotes the tensor product. The
second terms in equations (22) and (25) and those in equations (23) and (24) are the terms
that appear during plastic yielding in which L and R are respectively the derivatives of the
yield function and plastic potential function with respect to ¢’ or p indicated by the

corresponding superscript used. K, is the plastic modulus. D and DZ are tensors of

elastic constants for elastic relationship where “e” denotes ‘“elastic” and the subscripts
denotes the relation corresponding to force-stress or couple-stress. They are given as

D¢ =1, ®1, +2GL}" +2G I} (26)

D =2y1, ®I, 27)
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where the I]" = (é’iké'j, +5i,5jk)/2 , and I} = (é’iké‘j, —é‘i,é'jk)/2 are the symmetric and skew

symmetric fourth rank identity tensor, respectively, and I, =4, is the second rank identity

J

tensor. The plastic modulus is given by K, = —(af / 8(1) Q.

4. Integration schemes

The constitutive model is integrated using the cutting-plane and sub-stepping algorithms.
It is convenient to combine together the components of strain and curvature tensors, and the
components of force-stress and couple-stress tensors into a single vector in the vector-matrix
representation (for implementation purpose) of the second and fourth order tensors,

respectively. The following notations are used to indicate the combined variables: &€= <s K>T,
~ , T o yu T . u T N, . . .
o:<c p) ,L=<L L> , R=<R R > . D° also combines the respective elastic
constants which is given in the Appendix. Thus in this section “stress” includes both force-
stress and couple-stress, and “strain” includes curvature as well. The two algorithms are

described in the next subsections.

4.1. Cutting-plane method

A schematic illustration of cutting plane method is shown in Figure 1. In the cutting-plane
method the first step involves an elastic predictor in which a trial stress is calculated by
assuming an elastic response. This state of stress may fall inside the yield surface in which
case the response is elastic. However, if the predicted stress state lies outside the yield
surface in order to satisfy the consistency condition the stress state must be corrected and
brought on the yield surface. To state it mathematically

of

f:0:>L:&+£d:0 (28)

Substituting the hardening law @ = Aa, plastic modulus, and K, =—(8f / Gu)&in equation

(28), we can express it compactly as

f=L:6+AK, =0 (29)

otal = g + Ac®
(elastic predictor)

(plastic correction)

(new yield surface)

Elastic Domain

....... -
(original yield surface)

f=0

Figure 1. Schematic illustration of Cutting Plane Method.
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Now using a Taylor series expansion the first order approximation of the yield function may
be written as

Sf=f,+L:66+5NK, =0 (30)

where f) is the value of yield function obtained at the current stress state. Assuming no
change in the total strain increment during plastic corrector step we substitute the relationship

between stress and plastic strain, i.e.06 =—-D* :§A(R), in equation (30) and derive the

plastic multiplier as

Jo
ON=——"20
Kp+L:De:R G

The stress state and internal variables are then brought onto the yield surface by generation
of plastic strain and internal variables whose magnitudes and direction are given by A and
the tensors R, @ andz . However, because of the linearization of the Taylor series expansion
of the consistency condition the stress state may not always lie on the yield surface so an
iterative procedure has to be used.

The main steps of the algorithm at t,.; time increment and iteration, k, are as follows:

1. Initialize:

k=0; A&?Y =0; 0 =a,; 2% =2; A =0

n+l n+l = “no n+l

2. Calculate trial stresses:

Ak _ A ne A e
G,, =6, tAc —cn+(D )

n+l

® (k) N

(A, —ARIY ) =61 - (f)‘—’ ) plh

n+l n+l n+l

n+l n+l

where
A trial A ne (k) A
6, =6 + (D ) At

n+l n+l
n+l

3. Calculate and check if yield condition is satisfied:

P [FA M

IF %) < fTol then EXIT

n+l —

ELSE

4. Compute plastic multiplier:
AA®) = v
n+ (k) n, (k)
(K,),, +L:(D) R

n+l * n+l
+1

(k) of “ ()
(Kp )n+1 - _(aj ) an+]

n+l

5. Update plastic strain and internal variables:
ap(k+l) _ A ap(k) KR (k)
AEPTT = AEPTY + AN R

n+l n+17 " n+l

o) =, + ANV G

n+l n+l n+l

(k) _ (k) (k) (k)
Zn+1 - Zn+1 + AA”+1ZH+1

(k+1) _ A (k) (k)
An+1 - An+1 + A/\nJrl

Setk — k+1and GOTO Step 2.
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4.2. Substepping method

A schematic illustration of the substepping method is shown in Figure 2. The automatic
substepping method proposed by Sloan ef al [12] can be summarized in four key steps. In the
first step the trial stress state is calculated by assuming it to be elastic. If the trial stress state
is on or inside the yield surface the stress state is updated with the trial stress state.

However, if the trial stress state is outside the yield surface plastic yielding has occurred
and thus the yield surface intersection with the stress path must be determined which is the
second step. This is done by finding a scalar parameter indicating the proportion of the total
strain increment that produces plastic yielding. To satisfy the yield function the current stress
state that lies outside the yield surface is scaled by a factor whose value is obtained by either
solving the single non-linear equation of the yield function in a closed-form or numerically
using methods such as bisection, regula-falsi, secant, Pegasus, etc. The scalar parameter
takes the inclusive value between 0 and 1, where the two extreme values represent pure
plastic or elastic deformation, respectively.

gtrial = Gy + Ac®
(elastic predictor)

. New

(1-n) A;'e.‘(plastic yielding)

\.s =
A Z fnew =0
(new yield surface)

Elastic Domain

------ f=0
(original yield surface)

f>0

Figure 2. Schematic illustration of the Substepping Method.

The actual stress integration is then carried out in the third step. In this step automatic
substepping and an error control algorithm are used. A local error measure that represents
errors in the stresses and internal variables due to the approximate integration is computed at
each subincrement by taking the difference between the second order accurate modified Euler
solution and the first order accurate Euler solution. Based on the dominant error term the
next step size is determined thus allowing variable step size throughout the integration
process.

Depending on the constitutive model and the nature of the problem being solved the final
stress state may lie outside the updated yield surface. This yield surface drift must be
corrected by projecting the stress back onto the yield surface to avoid inaccuracy and
numerical difficulties that may arise at the global level.

The substepping algorithm is given in the following steps at t,.; time increment and iteration
k:
1. Initialize:
k=0, T =0; AT?” =1; o =a,; AN =z,

n+l n+l

2. Calculate trial stresses:



b
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n+l n+l n

6" =6" =6 +A6° =6, +(D6) : AR

A\ .
where (De) is the secant elastic modulus tensor.

n+l

. Evaluate the yield function and see if it is satisfied:

IF /) (67,0l ) < fTol EXIT

ELSE

 IF f(6,,0,) <—fTol and f, (k)(””"l * ) > fTol (Elastic-to-plastic transition):

n+1 H n+1

Calculate the intersection parameter 77 by solving the equations
A (6 +D¢ ( »1(As,) ) (nAg,,,), a0l ) =0

ELSEIF |/ (6,.a,) < fTol and [t ( 6" a flkﬁl) > fTol (purely plastic)

Set n=0

Update stress and the total strain increment portion that causes plastic yielding
6% =6 +D° ( 1(AE,) ) ((nAE,,)
A, = (1 - 77) Ag,,,

WHILE T < 1 Repeat (6-13):
. Calculate the first and second order estimates of the increments of stresses and internal
variables as follows:

A k ~ k k .
Using (6,)" =6%, (0,)" =a'*) and (z,)" =2} calculate the first order increment

n+l 2 n+l n+l n+l

of stresses and internal variables

(18,)" = (D@P )( "oash)

n+l

where (ﬁep ) is the continuum tangent modulus defined in the next section.

n+l
(Aa,) = (AA)),) (@),
(A7), = (8A),(7),)
AE[) = ATAE,

in which:

A N6
(L)0 (D) ae)
(AA1 )(k) - 3 : »

) ) (B ()

n+l
(k)
w (o —h)
(Kpl)n_H - a .an+1
a
n+l

1

Update the stresses and state variables:
(&2 )( ) A~ (k) +(A6 )(k)

= Oun +1
(@) =0 +(A0,))

(k) 75 (k)
(Z2 )n+l =7, +(A ) +1
Using the updated stresses and internal variables calculate the second order increment

of stresses and internal variables repeating the same steps used for the calculation of
the first order increments.
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7. Calculate new stresses and internal variables and temporarily store them:

é® =g® +%((A&1 )(k) +(A&2 )(k) )

n+l n+l n+l1 n+l1

1
a® =a® +E((Aal)(k) +(Aa2)(k))

n+l n+l n+l n+l1

70— 40 +l((Azl)(") +(AZ2)(k))

n+l n+l 2 n+l n+l

8. Calculate relative error, R :

n+l *
{”A&z ~A6)| A0, - Aw,| Az, - Az
s o |2]
where EPS is a machine constant indicating the smallest relative error.
IF R') > STOL , then the substep has failed and a smaller pseudo-time step needs to be

(k)

1
R™ = —max

n+l

,EPS }

n+l

computed by means of an extrapolation. STOL is a user-specified tolerance with a
value normally in the range 10°-10. First compute

¢ = max {0.9,/ST0L /R™ 0. 1}

and then set
AT < max {gAT,AT,; } GOTO Step 5

ELSE
9. Update stresses and internal variables:
~(k) _ (k). (k) _ Sk . (k) _ (k)
6n+1 - Gn+l’ un+1 - o’n+l > Zn+1 - Zrl+]

10. Use drift correction if

fn(fl) (&;ﬁ)l ’afqﬁ)l) > fTol
11. Extrapolate the size of the next substep:

g= min{O.9JSTOL/R}§’3 ,1.1}

If the previous step failed, limit the step size growth further by enforcing
g =min{g,1}
Update pseudo-time and compute new step size:
AT®D = gAT®; TED = 70 L ATH
12. Minimize step size:
AT* = max {AT* AT, }
AT* = min {AT*,1- AT**}

where AT . < AT**Y <1 must hold true.

min

Setk —> k+1 GOTO Step 4

13. At T=1 exit with updated stresses and internal variables.

4.3. Continuum Jacobian

The continuum Jacobian is derived following the same procedure as in the classical
continuum utilizing the consistency condition, flow rule, hardening laws, and stress-strain
relationship. It is computed after the integration step is successfully completed with the
updated stresses and internal variables passed to the global finite element routine to update
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the global stiffness matrix and residual force vector. The continuum Jacobian for the
micropolar constitutive model takes the form presented in equation (21).

5. Performance of the integration schemes
5.1. One element simulations

To evaluate the performance of the two implemented integration schemes, triaxial
compression tests are simulated using a single axisymmetric element. Although the micro-
rotations at the bottom nodes may be fixed for bottom nodes in a finite element mesh with
more elements, in a single element case fixing the micro-rotations leads to over-constrained
system. After the isotropic consolidation of the specimen vertical displacement is applied to
the top nodes of the element to shear the specimen. The vertical displacement is applied in
several numbers of steps, i.e., varying the increment of strain. The finite element formulation
used in these simulations is fully coupled and utilizes mixed elements that couple
displacements, micro-rotation, and pore water pressure (u-p-¢ elements). Both drained and
globally undrained simulations are conducted. In the globally undrained simulations, the
water flux is prevented from all sides of the specimen.

The force-displacement plots for the two integration schemes in drained and undrained
conditions are shown in Figures 3 and 4, respectively. In the drained case up to 50 steps can
be used for the substepping method and the results are almost identical to those obtained with
2000 steps. There is a slight difference in results at the peak of the curve because more data
points are needed to capture the peak. However, the solution does not converge for the
cutting plane method, if the number of steps is not larger than 300. For the undrained case
about 100 steps could give as accurate results as larger steps for the substepping method
while for the cutting-plane there is a significant difference in the solution between 150 steps
and 500 steps. These simulations clearly demonstrate that the substepping method is more
robust and efficient than the cutting-plane method.

For both the drained triaxial and biaxial compression simulations iso-error maps are
constructed to compare the errors in estimated stress states using the substepping and cutting-
plane methods. In both the triaxial and biaxial simulations first the specimen is isotropically
consolidated by applying a confining pressure of 100 kPa. Then in the second step the
specimen is sheared to bring it to plastic stage. The strain probes of different sizes were
imposed by simultaneously applying displacements in horizontal and vertical directions. For
each strain probe the exact solution is obtained by dividing the desired displacement
increment into 1000 steps. The error, ¢, is calculated by using:

(o)
where o' is the exact solution and ¢ is the calculated stress tensor for the strain probe.
Figures 5 and 6 show the iso-error maps for the two integration schemes, respectively. The
computed iso-error maps show same order of magnitude for the biaxial simulations
conducted by using the two integration schemes, but the error of substepping method is much
smaller than that of the cutting-plane method. For both methods the largest error occurs in
tension when the horizontal and vertical strain increments are greater than 65 times the
vertical yield strains. Vertical yield strain is used for normalization because it has much
larger value than that of the horizontal component. The largest value of the error for

substepping method is about 0.25% while for the cutting plane method it is about 0.4 %.
Note that the patterns of the iso-error maps are different for the two methods.
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Figure 3. Force-displacement plots for drained triaxial compression simulations using a micropolar
model: (a) Cutting-Plane Method, (b) Substepping Method.
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Figure 4. Force-displacement plots for undrained triaxial compression simulations using a micropolar
model: (a) Cutting-Plane Method, (b) Substepping Method.
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Figure 5. Comparison of iso-error map for biaxial compression simulations using a micropolar model:

(a) Substepping Method, (b) Cutting-Plane Method.
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Figure 6. Comparison of iso-error map for triaxial compression simulations using a micropolar model:
(a) Substepping Method, (b) Cutting-Plane Method.

For the triaxial simulations substepping method has relatively smaller error than that of
cutting-plane method. The largest error 0.05% for substepping method occurs in the region
where the radial strain increments are about 20 times the axial yield strain, and the axial
strain increments are between 30 to 40 times the axial yield strain. In the case of cutting-
plane method 0.5% error takes place in two zones: one where both the axial and radial strain
increments are in tension and greater than 75 and 80 times the axial yield strain, and second
where the axial strain increment is greater than 10 times axial yield strain in compression, and
radial strain increments are greater than 80 times the axial yield strain in tension.
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Considering all the comparisons of the performance of the two integration schemes, it is
observed that substepping approach is clearly more robust than the cutting plane method.

5.2. Biaxial compression simulations

For the biaxial compression tests, a 4™"x14“™ specimen of Toyoura sand is considered as
shown in Figure 7. The finite element meshes used in these simulations consisted of 228
elements.
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Figure 8. Random distribution of initial void ratio within the specimen.

These simulations were conducted for a relatively dense specimen of Toyoura sand that is
slightly heterogeneous with an average initial void ratio of 0.735 (Dr = 63%). Initial void
ratios at different integration points within the elements were randomly assigned using a
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random number generator. The average void ratio is 0.735 with a variance of 0.01. The
random distribution of initial void ratios within the specimen is shown in Figure 8. The
values of initial void ratios vary from 0.725 to 0.745. All non-polar model parameters are the
same as those proposed in Dafalias and Manzari [2] for Toyoura sand.

The boundary conditions and simulation steps are shown in Figure 7. The micro-rotations
(d,) at the top and bottom edges of the specimen are set to zero. The specimen is
isotropically consolidated first by applying a confining pressure of 100 kPa, and then it is
sheared by applying a vertical displacement of 3 cm on the top edge.

Biaxial compression simulations in drained and globally undrained conditions were
conducted by using substepping and cutting-plane algorithms. In drained simulations a
length scale of 1,=],=4 mm is used, and in undrained simulations a length scale of 1,=l,=1
mm. In undrained biaxial simulations the pore water is prevented from seeping out of the
boundaries of the soil specimen, but it is allowed to flow within the specimen. Therefore, it
is undrained in a global sense.

Figure 9 shows the force-displacement plot for drained simulations using the two
integration schemes. The simulation using substepping method successfully completes while
the simulation using cutting plane method fails at the peak of the force-displacement curve,
i.e., at the onset of strain localization. The solution does not converge regardless of the step
size used. This divergence problem is caused by the accumulation of the drift-off errors
which is due to the weak enforcement of the consistency condition used in the cutting-plane
algorithm. The force-displacement curve using the cutting-plane method is identical to that
obtained by using the substepping method up to the point where the former fails. Note that
because the size of the yield surface for this model is small the specimen undergoes plastic
deformation in a relatively few steps.
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Figure 9. Force-displacement curves for drained biaxial simulations using the two integration
schemes.

The contours of micro-rotation at the peak in drained simulations using the two integration
schemes are shown in Figure 10. The localized band is not yet formed at this point. The
distribution of the micro-rotation within the specimen is similar.
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(b)
Figure 10. Contours of micro-rotation at the peak in drained biaxial simulations for: (a) Substepping
Method, (b) Cutting-Plane Method.
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Figure 11. Force-displacement curves for undrained biaxial simulations using the two integration
schemes.

Figure 11 shows the force-displacement plots for the two integrations schemes for the
undrained simulations. The simulation using the cutting plane method converges up to about
90% of the prescribed vertical displacement. The force-displacement curve of the cutting
plane method slightly deviates from that of the substepping method after 15% nominal strain.
This might be because no drift-off errors correction is used for the cutting plane algorithm.
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(a) (b)

Figure 12. Contours of micro-rotation in undrained biaxial simulations for: (a) Substepping Method,
(b) Cutting-Plane Method.

The contours of micro-rotation for the undrained simulations using the substepping and
cutting plane schemes, up to where the latter fails, are shown in Figure 12. The shear
localization modes obtained from the two simulations are similar, but due to the random
nature of shear band formation directions of the bands are mirror images of one another. In
the case using substepping method the localized band cuts the specimen diagonally from left
to right edge where the band initiates at the center of the left edge. In the case using cutting
plane method the localized band initiates at the center of the right edge and the band crosses
diagonally from right to left edge. The micro-rotations within the shear band using the two
schemes are of the same magnitude (about 102 degrees), but in opposite directions
(counterclockwise for substepping method and clockwise for cutting plane method). The
thickness and the inclination of the band with respect to horizontal axis are the same for the
two simulations.

The CPU usage for the undrained biaxial simulations using the two integration schemes is
shown in Table 1. Cutting plane method requires much smaller step size compared to the
substepping method for the solution to converge which adds computational cost. Even
though the simulation using cutting plane method completes only up to 90% of the prescribed
displacement its CPU usage is over twice that of the substepping method. Clearly, for
simulations of larger problems the substepping method is much more efficient than the
cutting plane method.

Table 1. CPU usage for undrained biaxial simulations.

Algorithm Global Iterations CPU (sec)
Substepping 5193 6424
Cutting Plane 11472 12129

6. Conclusion

The micropolar plasticity model proposed by Manzari and Dafalias [3] is integrated using
substepping and cutting plane methods. The performances of the two integration schemes are
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compared in a series of one-element simulations as well as biaxial compression tests on
slightly heteregenous specimens of Toyoura sand. Both cases show that the performance of
the substepping method is superior to that of the cutting-plane method. In strain localization
problem, where the cutting-plane method faces convergence difficulties, the substepping
method is able to produce complete solution at a lesser computational cost.
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Appendix-A

The general elastic stress-strain relationship is given by:

A

6, =Dy 6=D i

ik i

(A1)

Here the stresses and strains are asymmetric. For plane strain and axisymmetric case we
can write the stress-strain relationship as:

| k+3%6 k-2 k-2 o
. 3 3 3
o, 1?—%(_; 1?+§c‘; 1?—%6 0
GZZ — _ _ _ _ _
o |L|E-2G &-2G k+%G o
v 3 3 3
o, 0 0 0 G+G,
U 0 0 0 G-G,
u, 0 0 0 0
0 0 0 0
Here:
k+36 k-2 £-26 o
3 3 3
K-2G k+%6 £-2G6 o
3 3 3
b o|K-2G K-2G K+2G6 o
3 3 3
0 0 0 G+G,
0 0 0 G-G,
0 0 0 0
0 0 0 0
in which:
_ 2
\/;+KOA€V —p
= 2\ p. - é_3(1—21/) —
- Ag, S 2(l+v)
_ 3(1-2v) . (297-¢) [p
Ty T e\,

Ql QI
| o

o o +
'\QHQ

(=]

QQ K‘:Q

QI QI

o o *+

0 0
0 0
0 0
0 0
0 0
27 0
0 27
0 0
0 0
0 0
0 0
0 0
27 0
0 27

(A2)

(A3)

(A4)

(AS)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


