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Abstract 
 

In this paper, three dimensional (3D) static and dynamic analysis of thick plates based on the 
Meshless Local Petrov-Galerkin (MLPG) is presented. Using the kinematics of a three-dimensional 
continuum, the local weak form of the equilibrium equations is derived. A weak formulation for the 
set of governing equations is transformed into local integral equations on local sub-domains by using 
a unit test function. Nodal points are distributed in the 3D analysis domain and each node is 
surrounded by a cubic sub-domain to which a local integral equation is applied. The meshless 
approximation based on the three dimensional Moving Least-Square (MLS) is employed as the shape 
function to approximate the field variable of scattered nodes in the problem domain. The Newmark 
time integration method is used to solve the system of coupled second order ODEs. The essential 
boundary conditions are enforced by the direct interpolation method. Numerical examples for solving 
the static and transient response of elastic thick plates are demonstrated. The numerical efficiency of 
the proposed meshless method is demonstrated by comparing the results obtained with the available 
analytical and/or numerical solutions in the literature. 
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moving least square approximation; Thick plates. 
 

1.  Introduction 
 
Plates and plate-type structures have gained special importance and notably increased 

applications in recent years. A large number of structural components in engineering 
structures and aerospace, civil and ship engineering can be classified as plates. They may be 
homogeneous, laminated or functionally graded and their thickness depends upon the 
applications. In this regards, static and dynamic response of plates is very important in 
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computational mechanics. Exact analyses of these types of boundary and initial value 
problems are usually very complicated. Analytical solutions are available for very few 
problems with very simple geometry and boundary and initial conditions. Therefore, 
numerical techniques with different discretization schemes, such as FEM, have been widely 
used in solving practical static and dynamic problems in science and engineering.  

During recent years, meshless approaches have attracted considerable attention due to 
their capability to solve a boundary value problem without a meshing procedure. In contrast 
to the finite element formulation, computational model is described only by a set of nodes 
which don’t need to be connected into elements. Thus, the nodes can be easily added and 
removed without burdensome remeshing of the entire structure. Furthermore, by using the 
meshless formulation many other difficulties associated with the finite element method may 
also be overcome. A variety of these methods have been developed which include element-
free Galerkin method [1], the reproducing kernal particle method [2], hp-clouds [3], the 
partition of unity method [4], meshless Galerkin using radial basis functions [5], the diffuse 
element [6], the natural element [7], the smoothed particle hydrodynamics [8], the collocation 
technique employing radial basis functions [9] and the modified smoothed particle 
hydrodynamics [10]. Of these, the last three methods do not require any mesh whereas others 
generally need a background mesh for the evaluation of integrals appearing in the weak 
formulation of the problem. But, the other methods use a background mesh to numerically 
evaluate integrals appearing in the global weak formulation of the problem.  

The meshless local Petrov–Galerkin (MLPG) method developed by Atluri and his 
colleagues [11–14] is based on local weak rather than the global weak formulation of the 
problem, and does not require a background mesh for the evaluation of integrals in the weak 
formulation of the problem. The MLPG methods have been employed in a wide range of 
applications, for example elasto-statics [15], elasto- dynamics [16], fluid mechanics [17], 
convection–diffusion problems [18], thermoelasticity [19], beam problems [20-21], fracture 
mechanics [22-23] and strain gradient theory [24].  

MLPG method has been used to analyze deformations of plate-type structures. Gu and Liu 
[25] used the MLPG method to study static and free vibration analyses of thin plates. Long 
and Atluri [26] utilized MLPG method for solving the bending problem of a thin plate. Qian 
et al. [27] developed two MLPG methods for elastostatic deformations of a thick plate by 
using a Higher-Order Shear and Normal Deformable Plate Theory (HOSNDPT). Soric et al. 
[28] used separate interpolation in thickness direction for analysis of thick plates. Li et al. 
[29] developed a locking-free MLPG formulation for thick and thin plates. Xiao et al. [30] 
combined MLPG method with the Higher-Order Shear and Normal Deformable Plate Theory 
(HOSNDPT) with radial basis functions to analysis of plates. Sladek et al. [31] used MLPG 
method for Reissner–Mindlin plates under dynamic load.  

After many pioneering research studies were successfully carried out for 2D problems, the 
MLPG methods are becoming more attractive for solving 3D problems, because of their 
distinct advantages over the element-based methods. The representative 3D works include the 
papers [32-35] for 3D elastic problems by using MLPG domain methods. It has been reported 
that the MLPG methods give better accuracy with lesser CPU time and lesser system 
resources, than the element-based methods [14,33,36]. It makes the MLPG method to be 
more efficient, in solving large-scale dynamic problems. 

In this paper, 3D static and dynamic analysis of thick plates based on the MLPG 
approaches is presented. Galerkin weak-form formulation is applied to derive the discrete 
governing equilibrium equations in a three dimensional continuum. A weak formulation for 
the set of governing equations is transformed into local integral equations on local sub-
domains by using a unit test function. The meshless approximation based on the three 
dimensional Moving Least-Square (MLS) is employed as shape function to approximate the 
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field variable of scattered nodes in the problem domain. The Newmark time integration 
method is used to solve the system of coupled second order Ordinary Differential Equations 
(ODEs). The essential boundary conditions are enforced by the direct interpolation method. 
As results, the influence of the size of the weight function support on the plate central 
deflection is investigated and the convergence rate of the central deflection of the plate for 
different nodal distributions is introduced. The numerical efficiency of the proposed meshless 
method is demonstrated by comparing the results obtained with the available analytical 
and/or numerical solutions in the literature. 

 
2. MLPG formulation for 3D solids 
 

According to a three dimensional solid concept, the equilibrium equations in a domain of 
the volume Ω, which is bounded by the surface Γ, are given by: 

, ,             in  (1) 

where σij are the components of the symmetric stress tensor, bi are the body forces, the 
indices i, j which take the values 1, 2 and 3 refer to the  coordinates x, y, z  on the boundary Γ. 
The following boundary conditions are assumed: 

,           (2a) 

,            (2b) 

where  are the prescribed displacements,  are the prescribed surface tractions, nj are the 
components of a unit outward normal to the global boundary, Γu is the part of global 
boundary with prescribed displacements, and Γt is the part of global boundary with prescribed 
surface tractions. 
Initial conditions for dynamic analysis are:  

, | , 0      Ω (3a) 

, | , 0      Ω    (3b) 

where  and  are the values of the initial displacements and velocities, respectively. 
Based on the local Petrov-Galerkin approaches, a generalized local weak form of the 

equilibrium equation over a local sub-domain Ωq, can be written as: 

, 0  (4) 

Herein ui is the trial function describing the displacement field, while  is the test function. 
In the MLPG method applied, the test and trial functions may be chosen from different 
functional spaces.  
By applying the divergence theorem, equation (4) may be rewritten in as: 

 , , ,      (5) 

  

, 0  (6) 

By imposing the natural boundary conditions in equation (2b) one obtains:   
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, 0 (7) 

where Ωq has composed by three parts, i.e. , in which Γqi is the internal 
boundary of the local sub-domain, which does not intersect with the global boundary Γ; Γqt is 
the part of the natural boundary that intersects with the local sub-domain and Γqu is the part of 
the essential boundary that intersects with the local sub-domain. Figure 1, shows the local 
sub-domain used in the MLPG method. 

 

 
 

Figure 1. Local domains used in the MLPG method. 
 

Equation (7) may be rewritten as:  

,

 
(8) 

which represents a set of three equations for each local sub-domain. The test function  is 
chosen such that it is positive inside the local sub-domain Ωq and vanishes outside of Ωq. 

 
3. Numerical discretization 
 

The plate continuum is discretized by the nodes located on the problem domain. The nodal 
variables are three fictitious displacement components in the Cartesian coordinate system x, 
y, z. The axes x and y lie in the middle surface, while z is directed over the thickness. Using 
the MLS shape functions, we can approximate the trial function for the displacement at each 
point. The MLS approximation of u(x) is defined at x as: 

Ω  (9) 

where  , , … ,  is a vector of complete basis functions of order m 
and is a vector containing the coefficients , 1, 2, … ,  , which are functions of 
the space coordinates x = [x, y, z] T. In 3D problems, the linear basis is defined as: 
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1, , , ;  4  (10) 

and the quadratic basis is defined as: 

1, , , , , , , , , ; 10 (11) 

The coefficient vector function  is determined by minimizing a weighted discrete L2 
norm, which is defined as: 

w  (12) 

where  are the fictitious nodal values and wI is the weight function associated with the node 
I. N is the number of nodes in the support domain for which the weight function w 0. 
The Gaussian weight function with compact supports is considered in the present work. The 
Gaussian weight function corresponding to node I may be written as: 

 w
exp ⁄ exp ⁄

1 exp ⁄ 0

0                    
 (13) 

where  is the distance from node xI to point x; cI is a constant controlling the 
shape of the weight function wI and determines the support of node xI. In the present 
computation, k=1 and cI=lI was chosen, where lI is defined as the Ith smallest distance 
between node I and the other nodes. Even though the definition of all constant cI is more or 
less arbitrary, they do affect the computational results significantly [13]. rI is the size of 
weight function support in which the weight function wI associated with node xI is non-zero.  
The stationary condition of J in equation (11) with respect to , 

⁄ 0    (14) 

leads to the following linear relation between fictitious ( ) and approximated ( ) nodal 
displacements: 

 (15) 

where  can then be described as the shape function associated with the nodes and is 
given as: 

  (16) 

where, 

w  (17) 

w , w , … , w  (18) 

where, 
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 (19) 

and, 
w 0

0 w
 (20) 

The stress tensor components σij may be written in a Cartesian coordinate system as a 
column matrix σ: 

          (21) 

Using the generalized Hooke’s law, the stress tensor components may be expressed in terms 
of the nodal unknown variables by the relation: 

 
 

 (22) 

where D is the three-dimensional stress-strain matrix and Bj denotes the strain-displacement 
matrix obtained by differentiation of the shape function in a three dimensional space: 

1 1 1 0 0 0

1 1 1 0 0 0

1 1 1 0 0 0

0 0 0
1 2

2 1 0 0

0 0 0 0
1 2

2 1 0

0 0 0 0 0
1 2

2 1

       (23) 

1
1 1 2      (24) 
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0 0 … 0 0

0 0 … 0 0

0 0 … 0 0

0 … 0

0 … 0

0 … 0

         (25) 

The surface traction components ti may also be expressed in a vector form by the relation: 

 

 (26) 

which N is the matrix describing the outward normal on Γq , 
0 0 0

0 0 0
0 0 0

 (27) 

By means of equations (15), (22) and (26), equation (6) is transformed in the discretized 
system of ordinary differential equations which may be written in the matrix form: 

  (28) 

where M, K and F are equivalent mass, stiffness and force matrix, respectively which are 
described in the following: 

Ω  
Ω

 (29) 

  (30) 

 (31) 

By using weight function as test function we have: 

, 0 0
0 , 0
0 0 ,

 (32) 

, 0 0 , 0 ,
0 , 0 , , 0
0 0 , 0 , ,

 (33) 
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Equations similar to equation (28) with mass, stiffness and force matrix as equations (29- 
31) are obtained for each cubic local sub-domain Ωq whose centre is at the node xi. The 
Gauss quadrature rule of an appropriate order is employed to evaluate integrals over each 
local sub-domain. 

 
4. Time integration 
 

The Newmark β method [37], well known and commonly applied in computations, is used 
in the present study to integrate the governing equations in time. The recursive relation 
among displacements, velocities at times t and ∆  are:  

Δ
Δ

2 1 2 2  (34) 

Δ 1  (35) 

where  and  are constant, for zero damping system, this method is unconditionally stable 
if: 

2
1
2       (36) 

and conditionally stable if: 

γ
1
2  , β

1
2  (37) 

Δt
1

ω γ
2 β

   (38) 

where ωmax is the maximum frequency in the structural system.  
By setting β 1 4⁄  , γ 1 2⁄  it results in the constant acceleration scheme. It is non-

dissipative, second-order accurate and unconditionally stable. Writing equation (28) at 
time ∆ , and substituting from equations (34) and (35) give the following system of 
algebraic equations: 

∆ ∆ ∆     (39) 

where, 

∆ ∆ 4
∆t

∆       (40) 

and, 

∆ ∆ ∆ 4
∆t u

4
∆t u u  (41) 

having computed ∆  from equation (39), ∆  and ∆  are obtained from: 

∆ 4
∆

∆ 4
∆  (42) 

∆ ∆
2

∆  (43) 
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5. Enforcement of essential boundary conditions 
 

To enforce essential boundary conditions, the direct interpolation method is used [38]. 
Note that, in MLPG, the system equation is constructed node by node. There are only three 
rows in the global stiffness matrix and the global force vector that are related to each field 
node in the 3D formulation. With this structural feature of the system equation of MLPG, the 
following procedure can be implemented. 

Assume the displacements at the Ith field node on the boundary where the essential 
boundary are prescribed as: 

    (44) 

where  ,  and  are approximated displacements in x, y and z direction, respectively. 
Using the MLS approximation, one has, 

0 0
0 0
0 0

… 0
… 0
… 0 0

0
0

 

(45) 

where n is number of nodes in the support domain of the Ith node. equation (45) produces 
three linear equations for the Ith field node, and can be rewritten explicitly as: 

 (46) 

Equation (46) is assembled directly into the system equations for the field nodes to obtain 
the modified global system equations of, 

∆ ∆ ∆  (47) 

where ∆  and ∆  are modified global stiffness matrix and force vector, respectively.  
 

6. Results and Discussion 
 

Numerical results are presented for plates under static and dynamic loading. To test the 
convergence and the accuracy of the present method, the influence of the size of the weight 
function, order of basis function and number of nodes in thickness direction for different 
nodal distributions are investigated. In dynamic loading, by using obtained value of weight 
function support size from static loading, a clamped and a cantilever square plate subjected to 
different loading conditions are analyzed. 
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6.1. Static load 
 

A clamped square plate subjected to the uniformly distributed load over the upper surface 
is considered. Figure 2 shows the geometry, boundary conditions and loading surface of the 
plate. The plate thickness to span ratio is /   0.1. The material data are Young’s modulus 
E=1 MPa and Poisson’s ratio   0.3. Due to symmetry, only one quarter of the plate is 
discretized by the various uniformly distributed nodal points on the domain of the plate. The 
discretization by 9 9 3 nodes is shown in Figure 3. 

The influence of the size of the weight function support on the plate central deflection is 
investigated. It is found that the weight function support significantly affects the numerical 
solutions. Dependency of the plate central deflection on the ratio of the support radius to the 
radius of local sub-domain for different number of nodal points with quadratic basis is plotted 
in Figure 4. 

 

 
 

Figure 2. Clamped square plate subjected to uniform load. 
 

 

 
 

Figure 3. Discretization of one quarter of the square plate. 
  
 
In the present analysis, cubic support domain is used as weight function domain of 

influence and also local sub-domain is used for quadrature domain. For a cubic support 
domain, the dimensions of the support domain can be determined by  ,  and  in x, y 
and z directions, and similarly, for a cubic quadrature domain, by  ,  and  in x, y and z 
directions, respectively. equations (48) and (49) show the relation of these domains with 
respect to local nodal spacing. 

     (48) 
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     (49) 

where  and  are dimensionless sizes of the support domain and quadrature domain, 
respectively, and dx, dy and dz are the local nodal spacing in x, y and z directions. The ratio 
between support and local sub-domain radius can be obtained as: 

   (50) 

The deflection is normalized by using the exact analytic solution from reference [39]. The 
convergence to the exact solution with the increase of the node numbers is achieved for the 
ratio of support radius to the radius of local sub-domain in 3.375. 

The convergence rate of the central deflection of the plate for different nodal distributions 
with linear and second order basis is plotted in Figure 5. In this figure, the curve representing 
the linear basis function shows the significant locking effect which is eliminated by using the 
second order basis function.  

 

 
 

Figure 4. Normalized centeral deflection of the clamped plate for different values of ratio of the 
support radius to the radius of local sub-domain with different number of nodal points and quadratic 
basis. 
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Figure 5. Convergence rate of the centeral deflection of the clamped plate. 
 
In Figure 6 the convergence rate of the central deflection of the plate with linear basis 

function and different nodal points in thickness direction is plotted. As may be seen, by 
increasing the number of nodes in thickness direction, the convergence to the exact solution 
is improved, but the effect of thickness locking is not eliminated. In this regard, by 
comparison of Figure 5 and 6, it may be seen that by implementing second order basis 
function without the need of increasing the nodal points in thickness direction, the effect of 
thickness locking can be eliminated. 

 

 
 

Figure 6. Convergence rate of the central deflection of the clamped plate with linear basis function. 
 

6.2. Dynamic load 
 

At first a clamped square plate subjected to an instantaneously applied load is analyzed 
(Figure 2). The amplitude of the uniformly distributed load q0 is equal to 2.07 10  N/m   . 
The plate thickness to span ratio is h/a = 0.1. For comparison, the same values of the 
geometrical and material parameters as used by J. Sladek et al.  [31] are chosen. In particular, 
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the following parameters are selected: side length of the plate a = 0.254 m, thickness h = 
0.0254 m, mass density 7.166 10  kg m⁄ , modulus of elasticity 6.895 GPa, and 
Poisson’s ratio ν = 0.3. Due to symmetry, only one quarter of the plate is discretized by the 
various uniformly distributed nodal points on the plate domain. The discretization by 
9 9 3 nodes is shown in Figure 3. 

Figure 7 shows the time-variation of central deflection of the clamped square plate. The 
dynamic deflection is normalized by the static one, which for the considered geometry and 
load is wstatic

 = 0.00105 m. Time is normalized by 4 ⁄⁄ 1.35 10  s 
and ∆ 1.5 10  s used as time step. 

In the second example, a clamped square plate subjected to two different loading 
conditions is analyzed. The geometry and nodal distributions are same the as the previous 
example (Figure 2 and 3). These two different loading conditions can be seen in Figure 8. 
The amplitude of the uniformly distributed load is 1000  N/m  . The plate 
thickness to span ratio is h/a = 0.1. In this example, the following material constants are 
considered: Young’s modulus 1 Mpa, Poisson’s ratio ν = 0.3 and the mass density 
1000 kg m⁄ . At first the plate is subjected to an impact load which can be seen in Figure 8a. 
Afterwards the time-step load is applied to the plate (Figure 8b). In the first loading 
conditions 0 s, ∆ 0.01 s  and for the next 0.125 s, ∆ 0.02 s are considered. 

 

 
 

Figure 7. Time-variation of central deflection of the clamped square plate. 
 
 

 
 

Figure 8. Applied load in two different loading conditions; a) Impact load, b) Time-step load. 
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Figure 9, shows time-variation of central deflection of the clamped square plate under 
impact and time-step loads. Here again, dynamic deflection is normalized by the static value. 

 

    
                            (a)                                                               (b) 

Figure 9. Time-variation of central deflection of the clamped square plate. a) Impact load, b) Time-
step load. 

 
In the impact loading condition, a steady harmonic vibration should be observed around 

the zero. In the time-step loading, until t0 dynamic deflection of the plate fluctuate around the 
static deformation given by static analysis and after this around the zero, according to the 
equilibrium position. 

In the last example, a square cantilever plate subjected to a shear load along the free end is 
analyzed (Figure 10). The material constants are considered as follows: Young’s 
modulus 69 Gpa, Poisson’s ratio ν = 0.33 and the mass density 2900 Kg m⁄ . The 
shear wave velocity for the considered material is c2 = 2990 m/s and ∆ 2 10  s is used 
as time step. The following geometrical parameters are used in our numerical calculations: 
the side length of the plate a = 0.2 m and the thickness h =0.02 m. The same plate problem 
was analysed by J. Sladek et al.  [31].The time-variations of the plate deflections at the end of 
the plate are presented in Figure 11. Here again, the numerical results are normalized by their 
static value wstatic

 = 1.08 × 10-9 m corresponding to a shear loading   q0 = 1 N/m2. The plate 
geometry is discretized by 13 3 3 nodes. 

 

 
 

Figure 10. A cantilever square plate subjected to shear load along the free end. 
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Figure 11. Time-variation of central deflection of the cantilever square plate subjected to a suddenly 
applied shear load. 

 
It can be seen that the results obtained by the present method are in good agreement with 
those obtained by J. Sladek et al.  [31]. 

 
7. Conclusion 
 

In the present paper, Meshless Local Petrov-Galerkin method is developed for three 
dimensional static and dynamic analyses of thick plates. This numerical method is truly 
meshless because no elements or background cells are involved in either interpolation or 
integration.  Local weak form of equilibrium equation is derived based on kinematics of a 
three dimensional continuum. Nodal points are distributed in the 3D analysis domain to 
discrete the geometry of plate. Three dimensional Moving Least Square (MLS) 
approximation is used as shape function to approximate the field variable of scattered nodes 
in the problem domain. Linear and quadratic basis functions are implemented in MLS 
formulation. It is shown that by using the quadratic basis, the effect of thickness locking is 
eliminated. The Newmark time integration method is used to solve the system of coupled 
second order ODEs. The essential boundary conditions are enforced by the direct 
interpolation method. As results, the influence of the size of the weight function support on 
the plate central deflection is investigated and the convergence rate of the central deflection 
of the plate for different nodal distributions is introduced. Numerical examples for solving the 
static and transient response of the elastic thick plates are demonstrated. The numerical 
efficiency of the proposed meshless method is illustrated by comparing the results obtained 
with the reference results . These comparisons have shown that this meshless method is very 
effective in producing good results.   
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