Journal of Mathematical Modeling
Vol. 13, No. 2, 2025, pp. 235-249. Research Article CJ MM >

Exponential decay for a general class of nonautonomous
abstract semilinear evolution equations with time-varying
delay feedback

Houria Chellaoua’**, Yamna Boukhatem?:*

TDepartment of Mathematics and Computer Science, Faculty of Science and Technology, University of
Ghardaia, Ghardaia, Algeria
fLaboratory of Pure and Applied Mathematics, University of Laghouat, Laghouat, Algeria
S National Higher School of Mathematics, Mahelma, Sidi Abdellah, Algeria
Email(s): chellaoua.houria@univ-ghardaia.dz, yamna.boukhatem @nhsm.edu.dz

Abstract. In this paper, we consider a general class of nonautonomous abstract delayed evolution equa-
tions with a nonlinear source term. Under appropriate assumptions on the time-independent operator and
the initial data, we establish global existence using the method of steps and employing classical results
from the theory of inhomogeneous evolution problems. Then, by assuming that the operator associated
with the non-delayed part of the system generates an exponentially stable semigroup, we obtain an expo-
nential decay estimate. This is achieved through a direct proof based on Duhamel’s formula combined
with Gronwall’s inequality, under Lipschitz continuity conditions on the nonlinear source term. Finally,
we conclude the paper by providing illustrative examples that validate the generalized setting of our
system.
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1 Introduction

This paper addresses a class of nonautonomous evolution equations with time-varying delays and a
nonlinear source term

U(t) =A0)U(t) +a(t)BU(t —t(t)) + F(U(t)), t€ (0,400),

BU(t) = f(t) t € [—7(0),0], )
U(0) = U,
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where A(f) be the infinitesimal generator of Cy semigroup {S;(s)}s>0 on %" and B: .7 — ¢ is a
continuous linear operator. ¢ : Ry — R is a function from the space L™, for all + > 0. The function of
time delay 7 : R, — (0,-+o0) belonging to W>=([0,T]), for all T > 0, moreover, we suppose there exist
two positive constants 71, 7p and d < 1 such that

0<1 <1(t) <!\ (2)

and
T(1) <d <1, 3)

for all # > 0. The initial datum (Uy, f) belongs to .7 and C([—7(0),0];.7), respectively. The nonlinear
function F' defined from .57 into itself satisfies some Lipschitz continuity assumption.

The study of evolution equations with delays has attracted significant attention in recent years due to
its applications in various fields such as control theory, population dynamics, and neural networks. The
inclusion of delays in the evolution of the system introduces significant challenges in terms of stability,
well-posedness, and the long-term behavior of solutions, see for example, [3, 10,22]. In the autonomous
case, where the operator A is not time-dependent, many papers have focused on global existence and
asymptotic behavior of solutions in the presence of memory terms. Various estimates of decay have
been established depends on the growth of memory kernel at infinity. For similar results, we refer to
[5,6,27,30] and the references therein.

On the other hand, works such as [19] studied the exponential stability of solutions under a suitable
condition between the coefficient of the delay and undelayed terms, for the following problem, for all
xeQandt >0,

t
utl‘(xat) —AM(X,Z) +A g(Z—S)AM()QS) ds+“1ut(x7t) +.u2ut<x7t - T) = 07

where Q C R”" is a regular domain, A denotes the Laplacian operator, g be a given function representing
the kernel of memory term defined on R into itself, T represents the time delay, u, is a positive constant
and W is a real number. A similar result is obtained in [15] by considering an abstract operators and
setting i1 = 0. The exponential stability in the presence of delay is proven by showing that the memory
term is strong enough to stabilize the system, which is the unique dissipation. Related works, such
as [7,8,11,14,19,20,23-25], investigate the stability of delayed evolution equations, both in abstract and
non-abstract settings, for cases involving delays, whether constant, time-varying or distributed delay. In
these studies, the authors demonstrated that, under appropriate conditions on the relation between the
coefficients of the delayed and undelayed dissipative terms, stability can be guaranteed.

In the nonautonomous case of systems where the operators A is time-dependent, this type of equations
has a practical significance in various fields: biological, mechanical, engineering and economic systems.
The earlier papers have interested by evolution equations, evolution families and their applications. An
evolutionary family is defined by a two-parameter family {% (¢,s) }o<s<; of bounded linear operators on
a Banach space 7. It is called an evolution family (or strongly continuous evolution), if it satisfies the
following conditions

1. % (t,t) =0, forallsr >0.

2. Ut,s)U (s,r) =% (t,r),forall 0 <r<s<r.
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3. The map (t,s) — % (t,s)x is continuous for every x € J7Z.
The solution of the linear part of system (1) without delay (@ = 0 and F = 0) is given by
U(t)=%(t,s)v, forall 0<s<¢t<T with U(s)=w.

For further details, the reader is referred to [2,9, 17,29]. Since then, many papers have been appeared,
see [4,12,16,21,26]. In [1], the authors abstained the global existence and the exponential stability for
the following nonautonomous second-order hyperbolic equations with infinite memory

oy () +A(1)u(t) — /0 " o(s)B(t)ult —s)ds =0, t>0, )

where A(t) : D(A(t)) CH — H and B(t) : D(B(t)) C H — H, be linear operators with H an Hilbert space.
For non abstract setting, the same results have been obtained in [13] for constant delayed viscoelastic
wave equations under some appropriate conditions between the coefficients of dissipative terms.

In this paper, we extend these results to a more general setting by considering a class of nonau-
tonomous evolution equations with both time-varying delays and nonlinear source terms. We assume
that the operator associated with the non-delayed part of the system generates an exponentially stable
semigroup, and we use classical results from the theory of inhomogeneous evolution problems to prove
the well-posedness of system (1). Furthermore, we establish an exponential decay estimate for the so-
lution by applying Duhamel’s formula combined with Gronwall’s inequality, under the assumption of
Lipschitz continuity for the nonlinear source term. This provides a comprehensive framework that gen-
eralizes the previous works [13,15,19,23-25,28,30] for studying the long-term behavior of solutions to
delayed evolution equations.

The structure of our paper is outlined in the coming manner. In Section 2, we introduce the as-
sumptions on the given data. We then demonstrate the global existence of the solution using the theory
of semi-group, and the stability result is established through a direct proof using Duhamel’s formula;
these results are presented in Section 3. Finally, Section 4 is dedicated to presenting some practical
applications.

2 Assumptions
In order to derive the main results and ensure their validity, we begin by stating the key assumptions
underlying our framework. These assumptions are stated below

(H;) The domain of A is independent on time.

(H») Forallt € [0,T], A(t) generates a strongly continuous semigroup on .7, and the family A = {A() :
t € [0,T]} is stable with stability constants ¢ and m independent of ¢.

(Hz) dAbelongsto Ly ([0,T],B(Y,.#)) the space of equivalent classes of essentially bounded, strongly
measurable functions from [0, 7] into the set (Y, .7 ) of bounded operators from Y into 7.

(H4) The source term F is globally Lipschitz continuous, meaning that there exists a positive constant
7N, such that
\F(U)—-F(V)||<n|lU-V|, VU,Ve. 5)

In addition, we suppose that F(0) = 0.
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In the coming theorem, we state a classical result concerning the nonautomonous case of systems.

Theorem 1. [2,29] Let A(t), 0 <t < T, be the infinitesimal generator of Cy semigroup {S;(s)}s>0 on
HC. If A(t) satisfies the conditions (Hy), (Hy) and (Hz), for all 0 <t < T, then there exists a unique
evolution system {% (t,s)}, 0 <s <t <T.

Remark 1. 1. We can drop the assumptions (H))-(H3) and instead assume that there exists a unique
evolution system{ (t,s)}, 0 < s <t < T generated by A(t). Note that those assumptions are very
classical, see [29], this as enriching our abstract and general setting.

2. Under (Hy)-(H3), The triplet {A,77,Y}, where A = {A(t), t € [0,T|} for some T fixed and Y =
D(A(0)), forms a constant domain system, which leads to some existence and uniqueness results, see

[17,18].
We denote the growth bound
(%) =inf{ow: IM =M(w) > 1 such that |Z (t,5)[| () < Me= U= for ¢ > s}.

Definition 1. The evolution family {% (t,s) }o<s<; is (uniformly) exponentially stable if the growth bound
(% ) is positive.

For more details, we refer to [2,9,29]. The following assumption is crucial in our setting, we assume
that the linear and non-delayed part of the system (1) described by the evolution operator A(¢) in equation
(1) is exponentially stable.

(Hs) The evolutionary family {% (z,s) }o<s<: generated by A(r) is (uniformly) exponentially stable, i.e.,
there exist positive constants M and ® such that

”%(tvs)”f(jf) SMe_w(t_s), 0<s<t. (6)

3 Main results

This section is devoted to stating and proving the global existence and exponential decay results for the
solution of the system (1), by applying classical results from the theory of evolution equations based on
semigroup theory.
3.1 Well-posedness
The existence of the solution of the system (1) is given by the following theorem.
Theorem 2. Given Uy € .7 and a continuous function f : [—7(0),0] — S, the problem (1) has a unique
(weak) solution U (t) € C(]0,00); 5 ), which is expressed by Duhamel’s formula, for all t > 0
t
U(t)=%(t,0)Uy —|—/ U (t,s)o(s)[BU (s—(s)) + F(U(s))]ds. (7)
0

Proof. We aim to establish the existence and uniqueness of a continuous solution U for the system (1)
over the entire time domain [0, 4-c0). To do so, we divide the time domain into intervals of length 7; and
analyze each interval iteratively.
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Firstly, let us partition the time domain [0, +oc0) into intervals of length 7y, i.e.,

oo

[0,400) = | J [k71, (k+ 1)7].
k=0

We will show that a solution exists on each subinterval [kt,(k+ 1)7;], and use the solution on one
interval to construct the solution on the next interval.
Let justify the choice of the length 7|, we note that for ¢ > 0

t—1(t) <t—m1,
which ensures that for any 7 € [kt;, (k+ 1) 7], we have
t—1(t) <kT.
Furthermore, by differentiating  — 7(r) with respect to 7, we get
(t—1()) =1-7(t)>0, ae., V>0,

which implies that
t—1(t) > —1(0), Vr>0.

On other hand, we have
t—1(t)<t—1, Vt>0.

Therefore, if t € [kT;, (k+ 1)7], we deduce
t—1(t) < kt.
Let’s first consider the interval [0, 7;]. Forz € [0, 7], we define the function
Gi(t)=o(t)BU(t —1(t)),
where U (t — ©(¢)) is evaluated at times in the past. For k = 0, we have
—1(0) <t—1(t) <0,

and so, the term G (¢) = «(z) f(¢), where f(¢) is given in the problem statement.

Next, we rewrite the system (1) as a standard non-homogeneous problem, which is given by the
following system

{ Ut)=At)U(t)+Gi(t) +F(U(t)), Vte(0,m), ®
U(0) = Up.

According to Theorem 1, there exists a unique evolution system % (,s), 0 < s <t < T under the as-
sumptions are verified for all T > 0. Note that G, € L!((0,7); %), since k € L([0,);R) and f €
C([—7(0),0];.7¢), and under the hypothesis (5), the system (8) admit a unique solution U € C([0, 71];.7¢)
on the interval [0, 7], based on the results of Theorems 5.3,1.2 , 2.1 in [29]. This solution satisfies the
Duhamel’s formula

U(t) :%(t,O)Uo—l—/ot%(t,s)[Gl(t)+F(U(s))]ds, vt € [0, 7],
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and then, it gives
V() =2 10000+ [ (0,5)as)BU (5= (5)) +FU(s)lds, Vi € [0, ©)
Now, for the next interval [7},27;], we define
G>(t) = a(t)BU(t — (1)),

where U(t — t(t)) is given by the solution on the previous interval [0, 7;]. Therefore, the system on
[71,2’1'1] 18

{UKﬂ:AQﬂMﬂ+Gﬁﬂ+FUKﬂ) in (1,271), (10)

U(Tl):U'ﬁ?

The value of Uy, is determined from the solution on the previous interval [0, 7], and it satisfies
T
Ur, =% (11,0)Up +/ U (t1,5)0(s) [BU (s —t(s)) + F(U(s))] ds.
0

By the standard theory for Cauchy problems and applying the same arguments, the system on [7},27]
admits a unique solution U € C([11,271];.7), and we can apply Duhamel’s formula again

U(t)=%(t,n)Uy —i—/;gi/(t,s) [Ga(s)+F(U(s))]ds, te][t,21)].
Thus, we obtain
U(t)=%(t,711)Uy —i—/;?/(t,s)a(s) [BU(s—1(s))+F(U(s))]ds, t€][r,2n].

By iterating this process over subsequent intervals, we construct a continuous solution U (¢) on the entire
time domain [0, o). Specifically, for any ¢ € [0, (k+ 1)7;], we can express U (¢) in the form

Ut) = % (1,0)Us +/Ot@/(t,s)oc(s) BU (s — t(s)) + F(U(s))] ds.

By induction, this gives a unique solution U(r) € C([0,0);.7) to the problem expressed by (7), com-
pleting the proof. 0

3.2 Exponential stability

The next theorem proves that the solution to the problem (1) is exponentially stable under a suitable
condition on the system’s parameters. This stability result is established based on the exponentially
stable semigroup of the non-delayed part of the system.

Theorem 3. Assume that, for allt > 0,

[0k}

e

+n><w. (11)

Hence, there exist two positive constants M' and @' such that the solution of (1) is exponentially stable,
namely
U <Me®" ¥V t>0. (12)
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Proof. The proof starts by expressing the solution U (¢) using Duhamel’s formula and then analyzing the
bounds of each term. From the formula for the solution, the estimate (7), it follows that

@)l < ]?/(t,O)UoH—|—H/Ot%(t,s)a(s)BU(s—r(s))ds /Ol%(t,s)F(U(s))ds .

i

By using (6), it results in
t t
U@ < Me—“"HUoHJr/ Me_w(t_s)||OC(S)BU(S—T(S))||dS+/ Me U [F(U (s))]lds,
0 0
t t
< Me“‘”HUoHJrMe_“”/ ¢ ||ou(s)BU (s—r(s))||ds+Me_“”/ O ||F (U (5))]| ds,
0 0

So, by using the fact that F is a globally Lipschitz continuous function with F(0) =0 and & € L*([0,); R),
we deduce

t !
U@l < MHU0||+MH06H«»/O e“""HBU(s—T(S))IIdHMn/O e ||U (s)| ds.
Then,

U] < MU+ Ml [ 550 B (s~ () ds+Mn [ e U ()] ds,
and by using (2), we get

e U0) M 0]+ Mi|ae®® [ e B (s —2(s) | ds -+ [ e U )5 (13)
Now, using the change of variable 0 = s — 7(s), and the fact that 7/(¢) < d, we obtain

t t=7(t) do
o(s—(9) || BL (5 — :/ 0 || g _ 40
/Oe |BU (s —1(s)) || ds o © | U(O')||1_T,(S)

1

t—1(1) 06
< — BU(o)|do. 14
<= IR (14)

By inserting (14) in (13), we arrive at

ot e(m’z 1) s
e U@ SMHUollJrMHallwf/ e ||BU (s)]|ds
1—d J—(0)

1
+MnAemHU@wd&

e 0 s
< MUl + Moo — [ e BUs)|ds
1=d J ()
ew12

+MHO‘”°°1_d

t—1(1) t
| e iBu)lasam [ e |us)ds.
0 0
ewTZ 0 s d
g B ol

ewTZ ! s ! s
[ e BUs) s+ [ U 9] ds.
- 0 0

< M||Ul|+M|lex]|o

+M |||
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By using the fact that B is continuous, we conclude

ewr 0
U@ < M||Uo|| +M|atfoo— e[| f(s)llds
1-d /-« 0)

[0 )%

e T s
ot (a8 £~ ) [ e Ul a5

At this position, for all # > 0, define u(t) := e® ||U(t)||. Then, we have the inequality

u(t) < Oc—l—/otﬁ(s)u(s)ds, >0

= (ol + el [ e rtolas)

B(s) = (e I8l £+

As a result, the inequality (15) takes the form

where

and

t
(1) < o+ / B(s)u(s)ds, Vi>0.
0
By applying the Gronwall inequality, we come to
u(t) < P’

for all + > 0. Thus,
U@ < o= i >0,

Finally, by considering the condition (11), we conclude that @’ = @ — f8 is positive, ensuring the expo-
nential stability of the solution, where

/ e®n 0 s
M =M (10l + s — [ e f)lds),
1 —d J—z()

and

, eo)’L’z
O =0-M||c|-|B .
(1181 1= +n)

This completes the proof. O

4 Applications

In this section, we apply the theoretical results presented in the previous section to practical problems:
the study of a nonautonomous delayed wave equation with a variable delay in time and a nonlinear source
term and other classes.
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4.1 Nonautonomous delayed wave equation

In this subsection, we consider a regular domain Q of R" and the Hilbert space H = L?(Q) where {.,.)
and ||.|| are the inner product and norm associated with it, respectively. Moreover, we define the space V
by V = H?*(Q)NH;} (Q).

Let us consider the following delayed wave equation

g (x,8) — b(t)Au(x,1) + CC*uy(x,t) = ot(t)Duy (x,t — 7(2)) + w(u(x,t)), x€Q 1>0.
u(x,t)=0, x€9dQ, t>0,

u(x,0) =up, u(x,0)=uy,

Duy(t) = fo(t) 1 €[=7(0),0],

(16)

where
e b is a given function belongs to W' (R,,R* ) and A design the Laplacian operator;
e C and D are linear bounded operators from H into itself;

e The time-varying delay function 7: R — R* belonging to W>([0,T1]), for all T > 0 and satisfies
the inequalities (2) and (3);

e The nonlinear function y : H — H is globally Lipschitz continuous with y(0) = 0;
e The initial datum (uo,u;, f) belongs to V x H x C([—7(0),0];H).

Remark 2. 1. For U = (u,u;)", the system (16) can be reformulated in the more abstract form of
equation (1), where the Hilbert space 7 =V x H and the operator A(t) is defined by

0 1
Al = < b(t)A —CC* > {1
with domain
D(A(1)) = {(@1,92) € 7, b(t)p1 €V} (18)

while F and B are defined by
B0 = (pyg) ot FOO= ()

2. The operator B is continuous and linear, and the nonlinear function F is globally Lipschitz continuous
on ¢ with the Lipschitz constant M, based on the assumptions previously made on D and .
3. For getting the desired results, we introduce the following time-dependent inner product on 7€

(@, w) = b(1)(Vor, Vi) + (@2, w2),

for @ = (@1, 0)" and w = (wy,w)T.

Proposition 1. The time independent operator A(t) given by (17) satisfies the hypothesis (H;), (H,) and
(H3), fort € [0,T] with T > 0.
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Proof. Let us check if the hypothesis (H,), (H») and (H3) are satisfied.

Firstly, according to (17), the domain of A(r) is independent on time, which means D(A(t)) =
D(A(0)).

Secondly, the linear operator A(z) generates a linear Cy—semi-group on 7. Let us start by proving
that A(¢) is dissipative. For all ¢ = (¢1,¢,)" € D(A(t)), we have

(A(1)@, ) = b(1) (Vor, Vo) +b(1) (Ap1, 92) = (CC 92, 92),
and using the Green’s formula we arrive at
(Ap1, @) = = (Vo1,Ven).
Consequently, for all # > 0, it result in
(A)e.0) < —[IC*e|>. (19)

So, A(r) is dissipative operator. Next, we show that Al — A(r) is surjective, for A > 0. Indeed, for
k = (k1,ky) € A, there exists ¢ = (@1, ¢2) € D(A(r)) that satisfies

(AI—A(t)) o =k. (20)
which is equivalent to
AQr— @2 =ki, 1)
A@y—a(t)A@, +CC* @, = k.

The first equation of (21) gives
¢ =A@ —ki, (22)

and by substituting in the second equation of (21), we get

A2 —a(t)Ag; +ACC* Q| = ky + Aky +CC*k;. (23)
Thus, we need to solve the equation (23). Indeed, we take the duality brackets (.,.)y’ v, with ¢ € V:

(A*@1 —b(t)Agy +)LCC*(p1,¢>V,7V = (k, ¢>V,7V
where k = ky + ki +CC*k;. By using Green’s formula, we get

(A2@1,0)yy + BEOVPLVO)yy ++A(CT01,C )iy = (K, @)y, - (24)
The left hand of (24) is bilinear, coercive and continuous form, then
(A1 —b()AG +2.CC"01,0)y,, < clign v 19y
Forg =¢ €V,
[(A2@1 — b(t)A@ + ACC @1, 1), | > A% [(@1,01)y| = A*| @17

Applying the Lax-Milgram’s theorem, we know that the equation (23) has a unique solution for
@) € V. Once ¢ is determined, we can find ¢, from the equation (22). Thus, Al —A(¢) is surjective.
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Finally, (19) and (20) affirm that A(¢) is maximal monotone operator. Then, using Lummer-Phillips’s
theorem ( [29], Theorem 1.4.6), we deduce that A(¢) generates a Cp—semi-group of contraction on 7.
Lastly, let ¢ = (¢1,¢,)" € D(A(0)). Then

%A(l‘)‘P = (b/(t?Nm)

Since b € WI*(R, ), we know that b’ is essentially bounded. Therefore, the operator &'(t)A acting on ¢;
is also bounded, and so

%AW € L™([0,T], Z(D(A(0)), ).

Consequently, the proof of Proposition 1 is completed. Thus, by using Theorem 1, we assure the exis-
tence of a unique evolution system {% (¢,s)}, 0 <s <t <T with T > 0. O

Proposition 2. Let b satisfies
36 >0 suchthat b'(t) < —0b(t), Vt>0. (25)

Then, the evolutionary family {7 (t,s) }o<s<: generated by A(t) given in (17) is (uniformly) exponentially
stable.

Proof. To demonstrate that the evolutionary family {% (,s) }o<s<: generated by A(z) is uniformly ex-
ponentially stable, we will examine the decay of the energy function E. The goal is to show that E, the
total energy of the linear and non delayed part of the system (16), decays exponentially as time increases,
indicating that the system is stable.

The linear and non delayed part of the system (16) is given as follows

ugr (x,1) — b(t)Au(x,t) +CC*us(x,t) =0, x€Q >0,
ulx,t)=0, x€dQ, t>0, (26)
u(x,0) =up, u;(x,0)=u;.

The energy function E is given by
1 1
E(r)= 5b(;)HVu(z)H2 + EHut(Z)HZ, vt eR,. (27)
To investigate the stability of the system, we need to calculate the time derivative of the energy function.

We differentiate E with respect to time,

%E(f) = %b’(f)\lw(t)ll2 +b(0)(Vult), Viur (1)) + (e (1), 14 (1))

From the first equation of (26), we have

(e (1), (1)) = b(2) {Aut),ur (1)) = (CC7uy (2) 14 (1))
Using Green’s formula and inserting this last in the derivative of E, we conclude that

S E() = 36 0)Vu@) P~ o) < 30 [Vuto) P
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and so
d b'(1) 2 V()
—E(t) < b()||Vu(t)||- < E(t).
EO < gy POIVHOI < 35 EW)
By a simple integration over 0 and ¢, we obtain
"b'(s)
E(t)—E(0) < E(s)ds.
0-E©0) < | b0s) (s)ds

Using the fact that b is exponential stable; the inequality (25) and applying Gronwall’s inequality yield
E(t) <E(0)e 0045 v >0. (28)
Thus, the evolutionary family {% (z,s) }o<s<; satisfies the assumption (6) with M = 1 and @ = 6. O

Based on the previous results, the solution to (16) exists globally and decays exponentially. The
exponential decay rate is ensured by the fact that b has an exponential decay rate, which is provided in
the following.

Theorem 4. For (ug,ui, fo) €V x H x C([—7(0),0]; H), the nonautonomous delayed wave equation (16)
admits a unique global solution U € C([0,+oo[;.5) and if (25) and

9‘52

e
.|D 0,
(1Dl = +1) <

hold. Thus, the solution of (16) is exponentially stable.

Remark 3. The stability result obtained in Theorem (4), is very general where it is established without

any conditions between the dissipative non-delayed and delayed term while in the [13, 19, 23, 24], they
have been considered to guaranty the dissipation of energy and thus the stability result. Moreover, the
autonomous and the constant delay cases fall within the scope of our abstract model, see [25, 25].

4.2 Nonautonomous Petrovsky equation

Let us consider the next nonautonomous Petrovsky system which can be described within the framework
of our abstract model

Uy (x,8) — b(t)A2u(x,t) + CC*u (x,t) = ot(t)Duy (x,t — T(t)) + w(u(x,1)), x€Q >0,
u(x,t) = 9 (x,t) =0, x€9Q, >0,

u(x,0) =up, u;(x,0)=uy,

Duy(t) = fo(t) t€[—7(0),0],

(29)

where b is a given function which belongs to W1=°°(R+,Ri) and A. In this case, we consider V =
HY(Q) ﬂHg (Q) and by following the same arguments in the previous application under some technical
modifications, we get the exponential stability.
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4.3 Nonautonomous viscoelastic wave equation

Furthermore, this viscoelastic nonautonomous wave equation is compatible with our abstract setting, for
xeQandt >0,

uge (x,1) — b(t)Au(x,1) + /Ooog(s)c(t)Au(x,t —s) ds=o(t)Du; (x,t — 7(t)) + y(u(x,t)),

with
u(x,t)=0, x€dQ, t>0,
u(x,—t)=up(t), w(x,0)=u;, x€Q, >0 (30)
Du,(t) = fo(t) te€[—1(0),0],

where b, c are given functions of class C' (R4,R%). The decreasing function g : R, — R represents the
kernel of the viscoelastic term. The stability result is established under some conditions on b, ¢ and g,
for more details, we refer to [, 13].
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