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Abstract. In this article, we consider an elliptic system of partial differential equations in the general

form

Z %At (X, 77 V7)+B(X, 7, V7) =0

i=1,....,n
under fair general conditions on its structural coefficients. We study the regularity properties of the
solutions to this system, and we establish the existence of a Holder solution by the modified Leray-
Schauder fixed-point method and the application of the apriori estimations obtained with utilization of
form-boundary conditions.
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1 Introduction

In this paper, we consider elliptic systems of partial differential equations presented in the form

Z %Al ()C, 77 V7)+B(X, 7, V7) =0

i=1,...,n

for the unknown vector-function @ : Q — RV , where € is a bounded, Lipschitz smooth domain in R".
We consider the modification of the Leray-Schauder fixed-point method, which provides a possibility
to prove the existence of solutions to elliptic partial differential equations and elliptic systems by means
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of apriori estimates. The developments presented in this paper in quasilinear theory become possible due
to the recent breakthrough in the linear perturbation theory of elliptic and parabolic operators, which is
based on the classical works of DeGiorgi, Moser, and Nash [5,6, 11, 13], who studied the non-perturbed
cases of elliptic and parabolic equations. Namely, an elliptic equation which is given by

V,-a,-jVju (X) = 0,

and a parabolic equation
duu(x, t) —V,a;jVu(x, 1) =0.

In recent years, the perturbation theory of the classical DeGiorgi-Moser-Nash results was developed
by many authors [1-4,7-10, 12, 14-28]. There were studied the properties of general linear operators

~V-a-Vj+b-V+V-b+V

with measurable uniformly elliptic matrix, the estimations of heat kernel were established under the
rather general assumptions on the structural coefficients. Such conditions on coefficients are formulated
in terms of functional Kato, Gevrey, and Nash classes, and form-boundary conditions, see [11]. Gener-
ally, these kinds of problems are considered with an application of some variants of Duhamels principle
and the Lie product formula for propagators. Let us consider an example of the elliptic equation with the
Gilbarg-Sirrin matrix presented in the form

Cu(x) = Vi(aij (x) Vju(x)) + Viaij (x) o Vju(x) =0
where VixV jx n—1
EEA )
A<1,n>3,and { >0, f € L'NLP, p > 1. The form boundary condition is given in the explicit form

b2 (1+b)"" <”|;|1>2<p

a,-j = 5ij+b

2
<B|VE|>+cB) [P
2

with form-boundary constant

b n—1)\° 2\’
B_4<b—|-1'n—2> _4<1+n—2> '

a,-jV,-Vju =0

Thus, the equation

has always two solutions for all B > 4, and assuming p > ¢, 2 < g < p then |x|;L ¢ Ll”:? (R") with
A= % that excludes unbounded solutions. For B > 4 the equation a;;V;V ju = 0 has always two licitus
solutions [13].

The same situation relative to singularities of the structural coefficients appears in the case of systems,
however, there is an additional complication connected with the growth of structural coefficients, which
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can be explained in the following example [ | 3]. The pair of functions u (x) = cos (xx) and v (x) = sin (}x)
satisfies the E. Heinz elliptic system

- () +(2))-
() (@)

The E. Heinz example shows the impossibility of obtaining apriori estimates of

max 1%
max { bl

in terms of [max] {|ul, |v|}. The E. Heinz accentuates the difference between equations and systems, in
0,27

d2
dx?

N <<

du
dx

dv
dx

)

o, Q

the case of equations such estimates are possible [13].
In this paper, we establish sufficient conditions on the structural coefficients under which generalized
solutions i/ € WP (Q)NLY(Q), M, = essmax || < oo to the system
Q

diA,. (v, @, V@) +B(x, @, Vi) =0

Xi

estimated by number depending only on M;, V, B, mes(Q), ][7|]Lq, e. This solution ¥ satis-
fies the Holder continuity condition of order @, where constant @ > 0 depends only on M;, V, S8,
mes (Q), |74 e.

2 Notations and the Leray-Schauder approach

Let x = (x|, ..., x,) be a n-dimensional real vector, i.e. x € R", W be a vector-function u (x) =
(u! (x),....,u" (x)) defined and measurable in a bounded simply connected domain Q C R".
We study the solvability of a quasilinear elliptic system given by

A, VT 4B T V) =0, (1)

Xi

where A; and B is N-dimensional vector-functions for each i =1 ,..., n. The boundary condition is given
by @lsq = ¥ (¥)ls0:

We assume that vector-functions A; and B satisfy the following conditions

A (5 7, ) Eezv (@D €| = n (), @

% e - =\ P
i_;ﬁ‘A’(x’ . k>’<1+”“>+‘3(% u, k)}ﬁu(!ﬂ)(u]k)) : 3)

where v and p are positive monotone functions, and 1 < p < n.
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We denote 24, ( - v 7)
B Rva o .k i\ X, 9
aij(x, @, VAV, d = (V,V,u ) P )
(7))
dA; (x k 0A; (x k
—) % . 12 ) ) . k 1 ) ) —)
b (x, 7, k) - SVl + " +B(x, @, k). (5)
Then, we rewrite system (1) in the form
AR =ai(x, D)V 0+ B (x, @, Vi) =0, 6)
We assume - -
V(v @, %) T <10+ @) 7
and
VEX <ayj(x, W)EE; < RE?, (3

where ¥ and }, are positive continuous functions.
In order to apply the Leray-Schauder approach to establish the existence of the solutions to the system
(1), we study a family of differential operators for all 7 € (0, 1)

AY(U)=1A(W)+(1—1)(6,AU —6,), )
where we denote N
A()=aij(x, W, VA)VV;d+ b (x, 4, V) (10)
for arbitrary numbers 6, and 6,.
We multiply the system A (7) = 0 by the vector 27 and obtain the equation
((1-7) 8,6y + Ta;j) (vivj <|7|2) (Vi vﬁ)) 2 ((1 — 1) 6| 7> 1?7) =0. (11

If the function ]7]2 achieves its maximum at point xo € €, then

[((1 — 1) 861 + Ta;)) (ViVj (|7|2) —2(Vid, V,~7))} <0.

X=X(

Therefore, we have N
(1-0)6,|H|*—tb W <0

and
(=06 (W[ +7 (77~ 1) <o,
SO ~
A — —
S in{or, 7]

From the last inequality, we have that the inequality

_ 1
M, :max|7| < max max\7\, # i
Q 20 min{6,, 7}

holds for all classical solutions for system (1).
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3 The estimation of the |vecu|,

We assume that the structural coefficients of system (6) satisfy the following conditions

V(M) E? <ay(x, W) EE; < f(M1)E? (12)
— —
B (x %) < () +¢ (b1, % (1+‘ ‘) (13)
where the value € (M) is a small enough constant and ‘ lim § ( ) 0. The derivatives satisfy the
k —o0
conditions
daij(x, ) daii (x, U)
2 A <M S S < (My). 14
2 D <o, |25 <o) 14
Let  be a vector-function defined and measurable on the set Q. Then, a function % is said to belong
to the class BII\’, if there exist NV, functions ¢ ( LoV ), e, (pN ! (ul, o uN ), which are continuously
differentiable on the domain \7\ < Mj and satlsfy the following conditions:
1) all functions are essentially bounded, namely essglax|(p | <M, ¢' € W (Q) for all | =
1, ey N1;

2) for all concentric balls B(r), B(2r) C Q there exists a number sy such that

osc{@* (x), B(2r)}> 51k nllaxNosc {uk B (2r)}

and

mes{ 0 (3) < maxg (1) - Bosc 9 (0), B} | > (1-8)e)”

for some positive numbers 8;, &, 03 and such that &, d; € (0, 1), where osc{u(x), Q} means the
oscillation of the function u in the domain Q, which is defined by

osc{u(x), Q}=essmax(u(x))—essmin(u(x)),
Q Q

where the Lebesgue measure is denoted by mes;
3) for each function ¢! € W/ (Q), =1, ..., Ny and all balls B (r) C Q, the inequality

I

/E(L, r(1-0)) }V(p ["ax <@ <oprl(‘ n(ﬂLz})r(){(‘Pl ~L)"}+ 1) (mes (E (L, r)))(—F)

holds for all numbers L such that
max {(pl} —L<9¢

E(L,r)

for o € (0, 1) and 1 < p < n, where we denote

E(L, r):{xeB(r): (p’(x)>L}.

Some of the properties of the functions of B]’\’,] -classes are given in the following theorem.
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Theorem 1. Let the vector-function 0 belongs to Bf,’ tand let ', 1 =1,....N; on dQ satisfy the Holder
conditions

osc{(pl (x), B(r)ﬂaﬂ} <Cr® I=1,..,Ni.
Then, the inequality
osc{ul (x), B(r) QQ} <Cr* 1=1,..,.N
holds for some constants C and o is determined by the class Bf,’ L,

Now, we assume that the function o € C (Q), ess Iax | % (x)| < My is a solution of the system (6).
By multiplying system (6) by the vector-function & € W/ (Q) NCJ (), we obtain the scalar equality

/a,-j( WYV AV Edx +/ a“” 7)v TAValEdx
Q

+/Qa“”§ )y 7§dx+/ b Edx =0,

dajj(x, ’

3a;,-x,7 ~
(M), | 2450 < i ().

Jni
)n where the vector ¢! is the unit vector in RV the I-
Q

here, we assumed the conditions I

We select the function § = (27 +¢N
component of which is not zero, and n € W/’ ( ) nCy ( ) So, we have

<
Ne!

/2a,mv UV, 7dx+/ ainV,e.V; ndx+/ i ”v u*V ;0! ndx
+/ 0l dx — /(2b7+ch7l>ndx:o,

where we denote b @' = b, ¢! (W) = Nut + \7\2 and @' (W) = EN(1—u') + |7|2 Let ¥ be a
cutoff for the ball B(r). We take 7 (x) = 92 (x) max { @/, (x) —L, 0}, and obtain

/ 2(1,']'1_92 ((Pi —L) V17Vl7dx+/ aijﬁZVj(ini(pidx
E(L,r) E(L,r) Ja

[ l aij 2y .k l
+/ 26[1']' ((P+ —L> ﬁVj(p+Vi19dx+/ L) (9I/tk vV Vj(p+dx

+ / 9aij 425 0l dx = / (277+c1vb ?’) 52dx,
E(L,r) ax,

where we denote E (L, r) = {x € B(r) : @', (x) > L}. Next, we estimate
2v/ ¥? (<pl+—L) |V7\2dx+v/ 192|V<pl+}2dx
E(L,r) E(L,r)
gzu/ (¢} —1)0|ve!] \Vﬂ\dx+u/ 02 |Vuk| |Vl | dx
E(L,r) E(L,r)
i / 92|Vol |dx+ / (207 +aND ") 0%dx.
E(L,r) Q
By applying conditions (13), we have

’(277+5N7?1) 192’ < (2My+aN) (2 (1) + ¢ (1, ?)) (1+ (?D ,
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we take (2M +¢N) e (M) < v.
Therefore, there exists a positive constant ¢ such that the inequality

2|vel |’ ¢ ! 2 \voP A 2( o 2o 2
V/E@,r)ﬁ Vol | dec/E(Lar) (o} —L) 7o) dx+c/E(L7r) (19 (0l —L) Vol +1>dx

holds for all L, which satisfies the inequality m(a;( {(pfr — L} < ¢ for small enough positive numbers o.
B(r

Similarly, we estimate the value [V¢! | forall ¢, [=1,...,N. Thus, we obtain that & € B3,

Theorem 2. Let U € C> () be a solution of system (6) whose coefficients satisfy (13)—(14) for an inter-
nal subset Q C Q, max | (x)| < My and let the boundary dQ be smooth enough. Then, the Holder norm

%
]7](179 can be estimated by the constant depending on v (M), u (M;), € (M;), ¢ <M1, k) , My, n, N.

Proof. To obtain an estimation of the Holder norm \7\ o, o 10 Q, we consider a ball B (r) that intersects
the boundary dQ. In this ball, we obtain

/ 2(1,']'192 (0)1 — L> V]7V,7dx+/ a,-jﬁzvja)lvia)’dx
E(L,r) E(L,r)

daij

+/ 2a,-j (o'-1) ﬁijlViﬁdx+/ 192V 1k ool dx
E(L,r) alfi

+/ %4 g2y, w’dx_/ (277+c1vb7’) §dx,
E(L,r) axl

for both @' = q)i and @' = ¢’ . Therefore, the estimation

2 2
v[ o vollax<e [ (o -1) VoParre [ <192 (o 1) wa’\2+1>dx
E(L,r) E(L,r) E(L,r)

holds for E (L, r) = {x € B(r): ®'(x)>L} if max o'(x) <L, max o'(x) <L+3. Thus, we con-
B(r)noQ B(r)NQ

clude that 7 € B%N . O

4 The estimation of the generalized solution to (1) under form-boundary
conditions on its coefficients

Let @ € W/ (Q)NLI(Q), —pp g, p < n and satisfies the integral equality
/A 7, V) V?dx—/ X, @, Vi) Gdx=0 (15)

forall @ € Wfo (Q).
We assume that coefficients satisfy the following conditions

A (e @ K) Kz v (@D E] = (1417 P) 30 ), (16)
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B(x @K )| < (@) 700+ (1417 ) ) K] (7

for x € clos [Q] C R" and arbitrary W and k xXN>2,0>1, 53> > £ _1and %, 71, » € PK(B); where
V is a positive bounded continuous function.
In (15), we put @' (x) = max {u' (x) =L, 0}, L>max{M,, 1} and obtain the inequality

v/ \V7]”dx§5</ \7\7‘1)70dx+/ @7 |7 — L dx
E(L,r) E(L,r) E(L,r)

(18)
+ / | L \vm“dx)
E(L,r)

where we assume € < p.
Next, we estimate each term of (18) individually. By Young inequality, we have

U Pl —L||VU|P~ 8<gp*15-*\7\ W — L P & sp=¢|vi |’

and assuming Sie (p—€)p~' =271, we have the inequality

g p(x +) ,
/ VU |P dx <& (/ % | }7odx—|—/ |7|"2“ydx+/ : 72’sdx).
E(L.7) E(L,7) E(L,7)

Applying the form-boundary condition, we have

/E(L’r) (|7|ZT] }70%>2dx§ ();1)2[3/E(L,r)|7|x12|V7’2dx+c(ﬁ)/E(L,r)‘7‘xl dx,

/E(L " <|7|%2+1 1z> x < <}(22+1>2[$/E(L7r)|7|%21|V72dx+c(ﬁ)/E(L’r)|7|x2+1dx

/E<Lr('7'”’““ 7) dx < (35 (1 +1) B/ @ |E B2 7 P dx
e [ qafE g

E(L,r)

and

By the Holder inequality, we obtain

_p=2
/ @2V Pdx<e, 7 P;Z/ 17|02 gy P 81/ V7| dx,
E(L,7) ’Jg 2 E(L,7)

(L,r)

_p=2 4
[oE vatdese, 752 [ e bef [ v ax
E(L,7) PJEWL) 27 JEw)
and

/ ‘7‘ (x3+1)— ]V7| dx<8 p P 2/ ‘7‘(% x3+1)— )%dx—i— 83/ ’V7|de'
E(L, E(L, 27 JEw,r
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Next, we apply the inequality of the type
/E(L | 2|25 gy < /E(L 1 — L) B x4 LPmes (E (L, 1))
r s T

and applying the Holder estimation

17— Ll < ( /E - |7—L|”dx)§<mes<E (L, M),

we obtain

/E(LJ) VU |Pdx <& ((/E(LJ) ]7—L|adx>§+i_z LS (mes (E (L, r))))

where §;, i=1,..., 6dependony;, i=1,..3.
We are going to use the following statement.

Statement 1. Let f € W/ (Q) N L7 (Q), essmax {f (x)} < 0. Also, the estimation

/ VfI"dx<c <</ (fL)adx) ‘ + LS (mes (E (L, r)))l,';ﬂf)
E(L,r) E(L, ) )

i=1,....,m

holds for some positive constants ¢, a, ¢, &, n; such that =2 < £ & > 0 forall i =1, ..., n;. Then,
the value essmgx {f (x)} can be estimated above by constant depending only on ¢, a, ¢, &, n;,p, n, q,

mes () and || f{| 11 gz, ))-

So, we obtained the statement about the boundedness of the generalized solutions.

Theorem 3. Let i/ € W/ (Q)NLI(Q), M, = essmax |7 | < oo, % < q, p < nbe a generalized solution
Q

of system (1) in the sense of (15). Let functions A;, B satisfy conditions (16), (17) where ¥, 11, 1» €

PK (B). Then, the value M, = essmax \7\ can be estimated by constant depending only on M, V, 3,

mes (Q), H7 14+ € the function u satisfies the Holder condition of the order & > 0 depending on
My, v, B, mes(Q), | |q, € Forany Q C Q, the value ]7]%9 is estimated by My, V, B, mes(Q),
1% |4 » € and dist (Q, Q).

5 The existence of the classical solutions

We consider system (6) under the conditions (7), (12) — (14). The estimations obtained above allow us
to investigate the solvability of the first boundary problem for system (6). We assume that coefficients

of system (11) satisfy the conditions a;; (x, ) &€&; > V&2 and it <x, 0, 7) <) |2 +%x)

%
for all vectors i and k and all x € clos (Q). Then, the Leray-Schauder method yields the following
theorem.
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Theorem 4. Let the coefficients of system (6) satisfy conditions (12) —(14) and the system
TA(U)+(1—1) (AT —6:W) =0 (19)

%
satisfy conditions (7), (8) and let (2M, +¢N) e (M) < v as in Theorem 1. If the function b belongs to
—
the Holder class with @, in the domain {x € clos(Q), ]7] <My, |k ’ < Mz}, and the boundary is
smooth enough (at leastC; 4 ), then the boundary problem 7] 2 = 0 system (6) has a solution U in the

functional class Cy g ().

Proof. We consider the parameterized system
TA(U)+(1—1)(6,AU — 6, W) =0,

when we put 6; = 6, = 1. If the parameter T = 0, then system (19) breaks into separate equations the
existence and uniqueness of the solution of which, we will study below. Thus, we assume that system
(19) has a solution for T = 0, then the statement of Theorem 4 immediately follows from Leray-Schauder
theorem. O

In order to avoid misunderstanding, we remind our readers formulation of the Leray-Schauder theo-
rem.

Theorem 5. (Lerey-Schauder). Let X be a complete Banach space, and let clos (E) be the closure of
arbitrarily connected open set E C X. Also, let X ® 10, 1] be topological product of X and [0, 1]. Then,
the equation u = @ (u, T) has at least one solution in E for all T € [0, 1], if:

1) mapping © is defined and continuous over clos (E) ® [0, 1],

2) mapping © is uniformly continuous at T € [0, 1] on clos(E) ® [0, 1],

3) the boundary JE does not contain any solution to u = 0 (u, 7),

4) for T = 0 the equation u = © (u, T) has a finite number of solutions with a summation index larger
than zero.

6 The existence of the solution to the quasilinear equation
We consider the equation
A(u) = aij (x, u, Vu)ViVju+b(x, u, Vu) =0, (20)
where the a;; is uniformly elliptic matrix and b satisfies the condition
b(x, u, 0)u < —F1 (x)u’ + % (x) 21

for x € Q, where functions ¥;, % are positively determined and continuous.
For Eq. (20), the parametric family of differential operators is given by

AT (u) = TA () + (1 — 7) <v,- (él (1 v ywyz) 2 V,-u) - ézu) :
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for all 7 € [0, 1], where 6; and 6, are arbitrary numbers. The corresponding parametric family of equa-
tions is defined by

L
A" (u) = e ViV u-+ 8 (1 7) (1 |Va ) : .

N\ﬁ

18 (1-1)(p—2) (1 +|Vul ) VitV itV Vit + 7b — (1 — 7) Gt = 0,
and assume that its solution u achieves its maximum at point xo € Q. Then, we estimate

TaijV,-Vju < 0,
3 2
6 (1-1) (1 n \Vu|2) T Au<0
and -
6 (1-1)(p—2) (1 + \Vu\z) 2 Vv uV, Vo = 0.
So
b (x, u, 0) — (1 —17) Bu >0,
therefore, we conclude
—u? —(1=1)Bu+Ht>0

1

and u (xo, 7) < (%) .

Thus, for all classical solutions to the problem A® (1) =0, u|;o =Ty, 7€ [0, 1] the estimation

N
max |u (x, 7)| < max < max|y], ? i
Q - Q. n
holds for all 7 € [0, 1].

Now, we formulate the theorem of the existence of the classical solutions to the boundary problem
ulyo = Ylyq for Eq. (21).
Theorem 6. Let a;; be the element of a uniformly elliptic matrix, vE? < a;; (x, ) EEj < E% bbea
measurable and correctly defined function on set {x € clos(Q), ]7] <M, ’?‘ < Mz} satisfies the
estimation b(x, u, 0)u < — (x)u®> + ¥ (x) . Also, let conditions

2]a000)
‘aaa;j (1+ 1K) + Ib\+‘ab‘ < (1+167)

and
‘a;f (1+|k!2)+‘§i‘§f“ (1+ )

for all x € clos(Q), ’?’ < M, hold, where iy = € + {(|k|) with continuous § that

|l‘lm C(|k|]) =0, and the boundary be smooth enough. Then, the boundary problem u|yo = Y|, for

equation (20) has a solution in C; ¢ (clos (Q2)).
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Proof. The existence of a solution to the problem u|,, = ¥|;o for Eq. (20) will follow from the
Leray-Schauder theorem if we show that the summated index of solutions to the problem A (1) = 0,
ulyo = TW, T =0 does not equal zero. If T =0, then the problem A°(u) = 0, ul,o = 0 has one
solution % (x, 0) = 0 since

max lu(x, 0)] <0

and equality 0 = ® (w, 0) = v holds for all w € C 4 (clos (Q)) since

22

p=2
&, (1+va12> AV Bv+6, (1-1) (p—2)(1—|—\VW]2) VoV ViV = 0,

Thus, its solution v = 0 for all fixed w € C) 4 (clos (Q)) since 8y, 6, > 0. Therefore, the mapping w
w — O (w, 0) is the identity mapping with an index equal to one, and the boundary problem A° (1) = 0,
u| 5o = 0 has a unique solution identical to the zero function. O

7 Conclusions

We obtain the conditions under which the boundary problem u|;, = Y|, for partial differential equation
A (u) = 0 with the uniformly elliptic matrix has a smooth solution in C ¢ (clos (Q2)). We use the fixed-
point method in the Leray-Schauder form, and to justify the limiting process we employ certain a priori
estimations. Our results can be further generalized to include wide classes of elliptic partial differential
equations.
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