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Blow-up phenomena for a couple of parabolic equations with
memory and source terms: Analytical and simulation
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Abstract. In this paper, the focus is on investigating the asymptotic behavior of the solution for a system
of parabolic equations with memory terms acting in both equations. This system has many applications
in various scientific fields, including heat conduction in materials with memory effects and the study of
biological systems exhibiting memory phenomena. The system of parabolic equations with a memory
term provides a powerful framework for understanding and predicting the behavior of such complex
systems, with emphasis on the role of the memory term in capturing the system’s history-dependent
behavior. Firstly, we assume that the relaxation functions p () < p; (¢), for all # > 0, and under certain
conditions regarding the function p(-) we prove that the solution with positive initial energy blows up in
finite time. Finally, we present the theoretical results as numerical findings in the form of figures that
illustrate and confirm the results by studying examples in two dimensions.
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1 Introduction

We consider the following problem:
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pr—Ap + Jo i (t—5)Ap (s)ds = in Qr,
6 —AO+ [ (t —5)AB (s)ds = ¢ (p, 0), inQr,
P(%O):PO(X), e(xa()):eo (x)v in Q,

p(x,t) =0 (x,) =0, on dQ,
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2 A. Ouaoua

where Q is a bounded domain in R”, (n =1, 2, 3), with smooth boundary dQ. The Q7 = Q x (0, T),
and ¢ is a given continuous function on Q. Also, the functions @, ¢, : R> — R are given by

. X (X)+2
91 (p, 0) =alp+6/* (p+8)+blp|™“plo]",
¢ (p, 6) :a|P+9‘2q(x)+2 (p+9)+b|p|q(x)+2|e|q(x) 0.

where a and b are positive constants.
The function g satisfies

0§¢11§6](X)§‘127 ifn:1727 (2)
0<q(x), ifn=3,
where
q1:=essinfq(x) < q(x) < g2 :=esssup q(x),
xeQ x€Q
and satisfying
R .
lg(x1) —q(x)] < ————, forall x, x; € Q, with |x; —x;| < K, 3)
log |x; —x2|
where R > 0and 0 < K < 1.
Consider the following semilinear heat equation
t
pi—ap+ [ 1t=)8p(s)ds = ol 2. )

It arises in a range of mathematical models employed in the fields of engineering and the physical sci-
ences, heat transfer, and ecology models. Messaoudi in [8] investigeted equation (4) under appropriate
conditions on u and g. He established a result indicating the occurrence of a explosion in certain solutions
characterized by positive initial energy. The study of this type (4) has draw the attention of considerable
esearchers, see [1,5,10-12,19]. Ouaoua and Maouni have investigated problem (4) in the absence of the
memory term, leading to various outcomes such as exponential growth and non-global existence being
documented in prior studies [13]. Wu in [18] considered the following boundary values problem

pi—div (o ([Vp[*)Vp) = @i (p, 8), inQx][0, =),
6, —div(c (|VO]*)Ve) =g (p, 8), inQx]0, ),

p (x,0) =po(x), 6 (x,0) = 6 (x), inQ,
p (x,2) =06 (x,t) =0, on dQ.

&)

He proved that, under suitable conditions concerning nonlinearity and certain initial data when Q is a
bounded domain in R3, the lower bound of the blow-up time is determined if a blow up occurs, and a
condition is imposed to guarantee the occurrence of the blow up, while an upper bound of the blow-up
time is also provided.

For a single equation, when the source term f (u) = |u|’ “2u, Payne et al. in [14], achieved the occur-
rence of solution blow-up under specific conditions on the nonlinearities. In the case o = 1, Messaoudi
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in [7], under appropriate conditions on f, proved the occurrence of a rapid growth or explosion in so-
lutions characterized by either zero or negative initial energy. Piskin and Ekinci in [16, 17] treated the
following system

pi—div (V" 2Vp ) +p|" %o = 1 (p, 6),

(6)
6, —div (|[VO|”2Ve ) +67 26, = (p, 6).

The authors have demonstrated that, for the specified parameter values (p >2,¢ >2) and (p =2,9 > 2),
there are nonexistence of global solutions and exponential growth of solution with negative initial energy.
Pang and Qiao in [15] in the case p = 2, where g > 2, investigated the blow-up properties of system (6)
for both negative initial energy and positive initial energy. In the absence of |p|?~2 p; and |8]7* 6, terms
in equation (6) when p = 2, many researchers [2—4] have focused on studying this type of equations,
and various results have been obtained.

The goal of this paper is to investigate the following. In Section 2 , we present some definitions and
important theories. In Section 3, we prove the asymptotic behavior of the solution, which demonstrates
a blow-up in finite time. In the final Section, we attempt to provide three tests to validate the previous
results.

2 Preliminaries
In this section, we present some important results that are used in the paper.

Lemma 1 ([0]). Suppose that r € C(Q) such that

lgrlgr(x)§r2<2n”fz, ifn>3,
1 <r(x) < oo, ifn=1, 2.
Then the embedding H} (Q) — L") (Q) is continuous and compact.

Lemma 2 ([0]). If r € C(Q) such that

1 <rp:=essinfr(x) <r(x) <r:=esssupr(x) < oo,
xeQ x€Q

then we have

. r r r(x) r r
min{[IpI[3,. ol } < [ 1o dx < max{lpll7, . lol7, }-
forany p e ') (Q).

We define the energy functional

(1— [ @as) 19013+ (1= [ ras)as) 9015+ 0%p) 1)

+5 (100 (1) - /Q (p. 0)dx. )
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where .
Com )= [ Ca=o)Iwin—w()3dz.

For u; and u,, we suppose that

) =0, () <0. 1~ [ pi(s)ds=1>0,
0

o0 @)
B () 20,15 ()0, 1= [ pa (s)ds =k >0,
0
and
M2 () <y (2), forallr > 0. )
By recalling the definition of ¢; (p, 0) and @, (p, 0), one can easily verify that
poL(p, 8)+0¢2(p, 8) =2(q(x)+2) @(p, 6), Y(p, ) €R?, (10)

where

_ 1 24 (x)+4 q(x)+2
<1><p,e>——2q(x)+4[a|p+e| +2b]p6| ]

We have the fallowing results, which represents a bound for [, ® (p, 6)dx and is used in Section 3.

Lemma 3 ([9]). There exist co and ¢y such that

co (’p|2q(x)+4+|6‘2q(x)+4) <®(p, 6)

24(x) +4 PP/ o)

Cl
<z7al
2q(x)+4

Corollary 1. There exist ag and a; such that

aO/ <‘p‘24(X)+4+‘0’2(](x)+4) dxg/q)(p, 9)dx§a1/ (’p’2q(x)+4+’9‘2q(x)+4> dx, (12)
Q Q Q

CQ a; = Cl
2qp+2) N T 20 +2)-

where ap =
Definition 1. A pair (p, 0) solution of (1) is said to be strong solution, if
p, 8 €C((0,T), Hy(Q)NC'((0, T), L*(Q)),

satisfying L& (t) <0, and

I <Pz¢+VPV¢— | 1=V (1) V6 () dT- g1 (p, e>¢) dxds =0,

/;/Q(e,wwevw—/osuz(s—r)ve(rwws)dr—(pz(p, e>w> dxds 0,

forallt in (0, T) and for all test functions ¢, y € C ((0, T), Hy (Q)) .
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3 Blow up for positive initial energy

In this section, we establish the concept of blow-up in solutions exhibiting positive energy. Let B =
max {c./l, c,/k} where c, is the embedding constant of H} (Q) — L*®%2) (Q) and set

1
2
061:< 1 ) 2gp+1) <q1+2> q2+l)B Z;L L& = 1< _ 1 ) o — c ‘Q|, (13)
2¢) g2+2 2 g2+2 q1+2

Ft)y=6-E(1). (14)

Lemma 4. Let (po, 6y) € H} (Q) x H} (Q) and (2) holds, then we have

/

1 1
E'(1) = =G () [VOI3 + 542 (1) [IVOIE+[1pil13+ 18115
1 / 1 /
=5 (Hovp ) =5 (meve®)) <o, (15)

and

&(t) < &(0). (16)

Proof. We multiply the first equation of (1) by p,, the second by 6, and integrate over £, We obtain

;’t{; (1 —/(:ul (s)ds> |prH§+1 (1 —/[uz (s)dS> Vel

+%(ulon)() (20VE)( /d> p, 6 }

1 ! 1 !/
= (G O [pIE + 512 () IVOIR+ ol + 1813~ 5 (1 oVp (1)) — 5 (1o ve ()

Then

1
& (1) =~ (G O VPl + 512 (1) VOl + loill> + 1165
1

2 (wiovo ) —5 (movo)) <o, an

integrating (17) over (0, ), we get
& (1) < &(0). O

Now, we present two important lemmas that are the key to this new work. Through them We obtain

(q142) (q1+2)

the main result, which is to find the relation between || pH;(q1 )+ H6||§(ql 1) and fol p| 0+2) gy 4

Jo 840 gy,

Lemma 5 ([O]). Suppose that (2) holds. Hence the solution of (1) satisfies, for ¢ > 0,

L1pPe 2 axt [ 0P ax = c (Ipl30 3 + 015013 (18)
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Lemma 6. Let (p, 0) be a solution of problem (1). Assume condition (2) and (3) hold. Then

2q(x)+4 29544 4 < 202+2) (242)
Q|P| dx + Q|9\ dx 2|Q'H'Hp||2q2+2 +||9qu2+2 ;

where |Q| is Lebesgue’s measure of Q.

Proof. Let
={xeQ |p(xt)| <1} and Qf ={x€Q, |p(x,0)| > 1},
Q, ={xeQ, |0(x,1)|<1}and Qf ={xe€Q, |6(x,1)]>1}.
We have sent?) i sext?)
+ +
Lo @ax< [ o axs [ jo**a.
Q NQ QfnQ
So, we get
/ |p‘2(4(x)+2) dx < |Q‘ + ‘p’2(42+2) dx.
Q QrnQ
This implies that
qr+2
[P dx < jal + ol (19)
Similarly, we obtain
X 2(g2+2)
0P dx < Q] 41612 - (20)
Q

Combining (19) and (20), we get

+2

+ 2("2 )
L 1pPe e [ 0P+ dx <210+ I + 18- =

Before proving the main theorem, the following theorem must be proven.

Theorem 1. Let (po, 6p) € H} (Q) x HJ (Q) satisfy

o < (IVpol3+IV60ll3) " &(0) < &,

then there exists a constant 0 > o such that

1

((1= [ m6ras) 1913+ (1 [ ats)as ) 19013+ (ro¥p) 0+ (11 2¥0) () ) >

21)
Proof. By Corollary 1, we have

_ % (1_/0’u1 615 ) 1915+ 5 (1- [ wa(5)ds) V01 +3 (o) 0

2 (120V0) (1) - | . 8)ax

-1 (1— [ as) 19p13+ 5 (1= [ 615 ) 19613+ 3 (1 0%p) 0

C
(.U20V9)() m/ﬁ<|p|2(1(x)+4+|6|2q(x)+4> .
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Thanks to Lemma 6 and Poicaré’s inequality, we obtain

-1 (1—/0’u1 <s>ds) vpl3+ 2 (1—/’uz <s>ds) YOI+ L (moVp) (1)

1 Cq
+ 5 (M20VO) (1) — m <2|Q| + HPHz (gr2) T ||9Hz (12+2) >

=5 ((1- [mwas)ivpi (1 [ e (s)ds> V6IE-+ (11o5p) (1)-+ (120¥0) ()

2
_ C1 2(q2+2) 2 q2+2 \v4 2 q2+2 \v4 o
sty < (B (e (19p1) " e (jv0lR) ") +21a

> (1= [ 61as ) 19018+ (1= [ hz 615 ) 19013+ (1o 9p) 1)+ (20 ¥0) )
-—EZ;%;55><32”+2 <( /1u1 d{)IVsz (1—-/1H2 :>|V9H2

C1

(1 oVP) ()4 (o VO ()22 - L 10

(oVp)(t)+(uo V) (1)) (m+%||
[P Cl 52(ga+2) g2 €1

>_g2_ 1 pAe+)g2Ae+2) _ "1 o

_25 q1+2 : 611+2’ |

where & = [y(t)]% and

0= (1= [ as) 19pIE+ (1= [ (s)ds) IVOIE + G 0%p) 1)+ (s 0) 0

Let

C c
(é) 752 m 2 QZ"FZ)&Z(‘]ZJ"Z) — ﬁ ’Q| . (22)

It is clear that f is increasing for 0 < & < oy and decreasing for & > o; f(§) — —e0 and f(o) = &
1

where o and &7 are constants defined in (13). Since &(0) < &7, (HVP0||§+ HVp0||§>j > Qp, we can
deduce the existence of a constant a > ¢ such that & (0) = f(a2). Then by (22), we have

/ [(\|Vpo||§+ pnl3) | < €(0) = s(a),

which implies that (HVpon + HVpoH2> > 0. To establish (21), we assume that there exists a #p such
that ]

h’(tO)P < 0,
Given a positive value 7y > 0 and utilizing the continuity of y. we have the flexibility to select fy in such
a way that

D=

[7(20)]

> .
We use again (22), and obtain
& (o) = f(v(t0)) > f(0n) = &(0),
which is a contraction since & (1) < & (0), forall € [0, T|. Then (21) is confirmed. O



Lemma 7. Let (po, 6y) € H} () x H (Q) and (2) be fulfilled, then we have

0<.Z(0 t/}b p, 0)dx,

and
1 2,

2@

41+2’Q‘</q) p.

Proof. Using (7), (16) and (14), we obtain

0< & —&0)=7(0) < Z (1)

!
a3 (1= [ mas) 9613 (1= [ 6)as) 19613
)

— 3 (119VP) ()= 5 (120V6) () + [®(p, 8)dx
Q

Since &1 = f () and & > oy > @, we have

1 1
FH<=[1= o —
()2< 612+2> Q+2

1
S P |Qy+/cb(p, 0)dx
Q

0)dx

2(+2) " g +2

§/<I>(p, 0)dx.

Q

To prove the second estimate, we use (7) and the decreasing property of & to get

Consequently,

Since & (0) = f () and o > 0, we get

! o+ <
612+2)1 q1+2

J@ 0. 0)ds> 50— flen) = 5; 2.
Q

A. Ouaoua

(23)

(24)

Our main result of this section is the following theorem. We prove that the solution blows up in a
finite time by using a Lyapunov function and some suitable conditions on the initial energy and initial

conditions.



Blow-up phenomena 9

Theorem 2. Suppose that (2) and (8) are fulfilled and (po, 6o) € H} (Q) x Hj (Q) satisfying

1
o < (IVpol3+11V60ll3) ", €(0) < &
If

2 , (25)
1—/ Mo (s)ds N
0
where M we specify it later, then (p, 0) blows-up in finite time.
Proof. Let the Lyaponov function
2/ (x, 1)+ 62 (x, 1)) dx, (26)
and take the derivative to obtain
:/ppt(x,t)dx—i—/ 06, (x,1)dx
Q Q
t
— VI3~ IV6I3+ [ [ a1 (t=5)Vp (1) Vp () dsd
t
| [ 1a=50(x0).Vo (x5)dsdx+ [ (poi(p. 6)+6p:(p, 6))d
t 1
- (1— | <s>ds) IVp )13~ [ 1 1=s) [ 1Vp(1).1¥p (5) =V (1]|xds
t t
- (1—/0 [0} <S)dS> HVG(I)H%—/O I (t—S)/QIVG (t)-[VO(s) = VO (1)]|dxds
+ [ (0oi(p, 0)+602(p, 0))x. @
By using Schwartz inequality, (27) becomes
t t
L0z (1 [ 1 0)as) 190 013 [ 10 =5) 90 0 [Vp () ~ T (1)
t t
(1= [ 1@ ds) K001~ [0 001, ¥6 ) -0 0)]ds
+ [ (P91 (p. 8)+ 692 (p. 8))dx. (28)

Using Young’s inequality on the two terms from (28), we deduce

t

L0z (1-3 [ m©as) 19 01 - (u0%p) 1)
(13 [ O ) 19 01 - a0 v0) 0

+ [ (poi(p. 6)+6p:(p, 0))dx 9)
Q
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Thanks to (9), then (29) takes the form
: 3 p
vz (1-3 [ mas) (19 013+ V0 0IF)
~(119Vp) (1)~ (120V0) )+ [ (P01 (p, 6)+ 62 (p, 6))dx. (30)

We proceed to replace ||Vp () H% +|VO (1) Hg from (14), (7) and (9), hence (30) becomes

L/(I)Zz(l—%féﬂz(s)dS)g y (=i ()ds)

(1= Jo i (s)ds) (1= J§ w1 (s)ds)
* <(E - fiaf(()) )> 1) [(110Vp) (1) + (120 V6) (1)]
1_ fﬂz
- 1—4f00l11 /q; p. 0 dx+/2 0)dx. GD

By using (24), the estimate (31) takes the form

Uwerﬁkm<>[gm Cv—mmm

))1>WWVMW+WwV®®]

( fo#l() ) ( folil()
(1—3 Joma (s)ds) 1,
_2( 4f0.“1() ) (2(qz+2)a1+q +2’Q‘> &/cbp 0)dx
B0 [ o6, 00t [ 20 00 B

Then, the estimate (32) takes the form

s (=3 o (s)ds) (1-3 o (s)ds) ) ] )
L(t)22( = T (5)d )9 f)+< (1= Jt () ) 1) [(ioVp) (1) + (120 VO) (1)]
+(2(q1+2)—2( 4f£0:2 “;) o )/cp (p, 0)d
where .
”:1+<2(q21+2)°‘12+q112|9‘) 8.
So, we get
L) > y/gd)(p, 0)dx, (33)

where

1— %fé,uz (s) ds)
0 fmwds) "

7’22(Q1+2)—2(
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By using (33), (12) and Lemma 5, we obtain

+ 2(q]+2)
L) > (Hpuz‘“ +|reuz<ql+2)), (34)

where I' = yagc is a positive constant and ag, ¢ are defined respectively in Corollary 1. Next, by the
embedding theorem of L2412 we get

) 1 q1+2 q1+2
w2 < (5) (leleIGHz)

2(qy +
< (npuz o )

2( 2q1+2
<c (Hpuz( ol ) . 35)

Combining (34) and (35), we obtain
L'(t)> ALY (7). (36)

After integrating (36) directly, we arrive at

1+(11 >
L0z o=

Consequently, L blows up in a time t* < ﬁﬂ() O

4 Numerical tests

This section provides details about a numerical application, to show the blow-up outcome from Theorem
1. To achieve this, we solve problem (1) numerically for n = 2. First, we propose a suitable numerical
method to discretize (1) using finite differences for both time domain and spatial variable x = (x1,x2) € Q.
Then, we partition [0, 7] into N intervals [t,_;, t,], t,=ndt, n=1,2,....N+ 1, where 6t is the time
step.

Let p" (x1,x2) = p (x1,x2, t,) and 0" (x1,x2) = 0 (x1,x2, ,) . Using the finite difference formulas,
the time discrete problem of (1) reads: Given (pg, 69), find {(p', 6'),..., (p""!, 6"*!)} such that

Pgl —Apn+1 — épn _ /tn+1 I (tn—i—l —S) Apn (S) ds
+alp+ 0P (11 07) 4| 0712, i,

9n+1 _AenJrl 1 Gn_/t’”rl s (tle _S)Aen (s)ds a7
+a |p + 9n|211( x)+2 (pn + enn) +b |9n|p(x) o" |pn|q(x)+2’ inQ, ,

pn+1 — Gn—H -0 on th’

p° = po (x1,x2), 6°= 6o (x1,x2), in Q.

We offer and analyze the results obtained using the numerical method (37). The numerical results
were obtained through the execution of Matlab codes. The parameters chosen for the numerical experi-
ments are as follows:
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e The relaxation functions are: u; (f) = §e™', p (t) = e, where 0 < § < { < 1.

e The variable exponet g (x;,x;) = 2.1 (1+3x7 +2x3) .

Test 1. The domain is taken to be square Q = [—1, 1]%. We chosen

and

12
10

plxY.0)

“o N B O

300

200

plLY.L)

100

=y

-1

6(x.y.0)

Qo N &~ O O O

Po (xl,xz) = 12()61 — 1) (x1 + l) (xz — 1) (x2 + 1)

9() (xl,xz) = 10()61 — 1) (Xl + 1) (XQ — 1) (X2+ 1) .

1
0 o]
Y -1 1 X

Figure 1: Solution (p, 8) att = 0.0.
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100
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1
© o

Y I X

Figure 2: Solution (p, 0) at = 0.015.
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A. Ouaoua



Blow-up phenomena 13

11
x 10
25

1
x10

plLYh

Figure 3: Solution (p, 0) atr = 0.017.

0
)

RN L L L L L L L L
HO 0000 004 0006 0008 00L 002 004 006 008
t

Figure 4: Blow up of £(t) in finite time.

Figures 1-3 represent the approximate solution (p, ) attimes ¢t =0, =0.015, and = 0.017, where
it is observed that the blow-up occurs at time t = 0.017.
Figure 4 represents the energy function .% (¢), where we can see that the blow-up occurs at time r =0.017.

Test 2. The domain is taken to be rectangle Q = [—1, 1] x [0, 1]. We chosen

Po(x1,x2) =28 (x; — 1) (x1 + 1) (x2 — 1) xa,

and

6o (xl,xz) = 30()61 — 1) (x1 + 1) (x2 — 1)x2.
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plxy)

pley)

6xy.0)

N W & O O

=

Figure 5: Solution (p, 0) at = 0.0.
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Blxyl)

16
x 10

15.
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Figure 7: Solution (p, 6) att = 0.031.

N W A O N

-

A. Ouaoua




Blow-up phenomena 15

1x1(]
]

& | | | | | |
0 0006 00 005 o 0% 0 0035
t

Figure 8: Blow up of £(t) in finite time.

Figures 5-7 represent the approximate solution (p, ) at times ¢ =0, ¢ = 0.030, and t = 0.031, where
it is observed that the blow-up occurs at time r = 0.031.

Figure 8 represents the energy function & (¢), where we can see that the blow-up occurs at time
t =0.031.

Theorem 1 blow up results are verified and agreed upon by the previously mentioned numerical

application.
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