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Abstract. This paper concerns the dynamics of a stochastic Holling-type II predator-prey system with
Markovian switching and Levy noise. First, the existence and uniqueness of global positive solution to
the system with the given initial value is proved. Then, sufficient conditions for extinction and stochastic
permanence of the system are obtained. Finally, an example and its numerical simulations are given to
support the theoretical results.
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1 Introduction

Recently, stochastic population systems driven by white noise have been received great attention [2, 5,
=9,11,13,16,17,19,24,27]. The stochastic Holling-type II predator-prey system can be expressed as

follows:
dx(t) = x(t) rl—aux(t) 42 ) dr + o1x(1)dB(r),
i ey
dy(t) = y(t) ( r2 +1+x ) —axy(r) ) dr + oay(1)dB(r),

where r; and a;; are positive constants (i,j = 1,2). B(t) is a standard Wiener process defined on a
complete probability space (Q,.%,P) with a filtration {.%;},>¢ satisfying the usual conditions. Lv et
al. [18] studied stochastic boundedness, stochastic permanence and persistence in mean of system (1).

However, on the one hand, in the real world population systems often suffer sudden environmental
perturbations which cannot be described by white noise: earthquakes, hurricanes, planting, harvesting
[12,14,15,25,29]. Bao et al. [3,4] pointed out that introducing Levy jumps into the underlying population
system may be a reasonable way to describe these phenomena.
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On the other hand, parameters in some population systems may suffer abrupt changes, for instance,
some authors [17,27] claimed that the growth rates of some species in summer will be much different
from those in winter, and one can use a continuous-time Markov chain with a finite state space to describe
these abrupt changes [14, 15,28]. Especially, Takeuchi et al. [23] studied a predator-prey Lotka-Volterra
system with regime switching and revealed the significant effect of environmental noise on the popula-
tion system: both its subsystems develop periodically but switching between them makes them become
neither permanent nor dissipative [10,22,23].

So, in this paper we study the dynamics of the following stochastic Holling type II predator-prey
system with Markovian switching and Levy noise:

() =) (1 (p0) ~ann(pO)ate- )~ ) o
+61(p(t)) B(t) + J 7, p(6))N(dt, ) |,
dy(r) =y (™) | (r2(p(1)) + 2B — an(p(0))y (1) ) a

+0o2(p (t)) B(t)+ [ 12w, p ()N (dt,du) |,

)

where x(¢~) and y(¢~) are the left limits of x(¢) and y(z), respectively. The p(¢) is a right-continuous
Markov chain with a finite state space S ={1,...,5}, N is a Poisson counting measure with characteristic
measure A on a subset Z of [0, 4-c0) with A (Z) < +oo, and N(dz,du) = N(dr,dp) — A (du)dz. y(u) > —1
(1 € Z) are bounded functions (i = 1,2). System (2) is operated as follows: If p(0) = ip, then system
(2) obeys

dx(r) = (™) [ (1) — an () — 2D Y de 01 (DAB() + J 1 (1, )N (e, dp)

. - 3)

dy(r) =y () [ () + 2] — i)y (1) ) de 4+ 02(D)AB() + f (1, DN (e, d)
with i = iy until 7; when p(7) jumps to i; from ig; system (2) will then obey system (3) with i = i; from
7 until 7, when p(¢) jumps to i from #;. System (2) will go on switching as long as p(¢) jumps. Hence,
system (2) can be regarded as system (3) switching from one to another in accordance with the law of
Markov chain. The different systems (3) (i € S) are therefore referred to as the subsystems of system (2).
If the switching between environmental regimes disappears, namely, p(¢) has only one state, then system
(2) degenerates into system (3).

2 Existence and uniqueness of global positive solution

Throughout this paper, the generator I' = (%;)sxs of p(t) is given by

. . %jg+0(G)v l#]v
Pip(t+¢)=jlp(t) =i} = o (1
I+%6+o(s), i=,
where ¢ > 0. ; is the transition rate from i to j and ¥; > 0 if i # j, while ¥; = — Y ;. %j. Assume

that p(r), B(t) and N are mutually independent and that p(z) is irreducible. Hence, system (2) can
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switch from any regime to any other regime and p(¢) has a unique stationary probability distribution
7= (my,...,s) € RS determined by solving #T" = 0, subject to

S
Y m=1landm>0,Vies. (2)
i=1

In this paper, we impose the following assumptions:

(Hp) Foreachi €S, r;(i) >0, aj(i) > 0, there exist ¥; (i) > v, (i) > —1
such that y;.(i) < y;(u,i) < 7; (i) (u € Z), j,k=1,2.

(H3) For some j €S, %; >0, Vi # j.

(H3) For some i € S, r;(i) > 0, aj(i) > 0, there exist ¥; (i) > ¥;.(i) > —1
such that ¥;, (1) < (1,1) < ¥, () (1 € Z), j,k=1,2.

Also, for simplicity, denote

X(r) = (x(t), ()", [X(1)| = /%2 (t) +¥2(1),

(o) =1t"fov ES)d&( (1))" =limsup,_, , ,(v(t)), (v(2)). = liminf,, (v (2)),
50 = (i) — 252 — [ (i) —In (1430, 0)] A (dp),

B(i) =min;_ 15 {B;(i)}, Z=Y: ,mB(i), B; = ¥;_, mB;(i),

7j = maX;es {rj(i }, Q—mlnle§{l’j }, F=max;j—_i, {Tj},

(@ = maxies {a(i) }, ajx = minies {ax (i)}, 0 = max;—; ymaxies {|0; (i) |} (j,k=1,2).

Theorem 1. Under (Hy), for any X(0) € R2, system (2) has a unique global solution X (t) € R% on
t>0a.s.

Proof. Consider the following stochastic differential equation:

(du(t) = (B1(p(1) —an (p(e))e") — G ) di+ 01 (p (1)) dB()
+ JzIn {1+ 7k, p ()] N(de,du),
av(t) = (Ba(p(0) + G5 —an(p(t)e)) i+ 02(p(1))dB(1) 3)
|

1+4eu()

+ JzIn[14 7 (u,p())]N(dr,dp),
u(0) = Inx(0), (0)=1ny()

Since the coefficients of system (3) are locally Lipschitz continuous, from [21] and [1], system (3) admits
a unique local solution (u(t),v(t))T ont € [0,7,) a.s., where 7, is the explosion time. By It&’s formula,
X(t) = (4", e"NT is the unique local solution to system (2) with X(0) € R2. The proof of its global
solution is almost identical to that for systems with Markovian switching driven by white noise (see
e.g. [16,26,28], and hence it is omitted. O
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3 Extinction
Theorem 2. Under (Hy), let X (t) be the solution to system (2) with X (0) € R3..
(1) If #, <0, then tlir+n x(t) =0a.s.
—> o0
Moreover, if %, < 0, then IEI—P y(t) =0a.s.; if B, >0, then

2 <) < 00 < 2 as
axn an

(2) If %, < —Z}g:l miay; (i), then tlirﬂ y(t) = 0a.s. Moreover, if 2, <0, then lim,_, ;. x(t)
e
B > 0, then

|3

<(x(0). < () < 2D s
11 ai

Q

Proof. We only prove (1), the proof of (2) is analogous. From system (3), we have

/B1 ds—/ all(p(s))x(s)ds—/tcm(p())y()ds—k iMU(t)

o 1+x(s) =

a s))x(s 4 2
T) /B2 s+/0 st—/o an(p(s))y(s)ds + Y Moy (1)

Jj=1

where, for j = 1,2,

M) = [ i(p(s))ABS), Mi)() < %,
M) = [ [ (1% (.p(5)] N(ds.dn).

(M2)(0) < mas max { in (1 4+ () [im (149 0)]* 2B

By Lemma 3.1 in [3], we obtain

lim t~'M;;(t) =0 a.s. (i,j=1,2).

t—ro0
Combining (3) with (5) yields
limsup: " Inx(r) < (Bi(p(1)))" = .

t—s+o0

S
limsupt ' Iny(1) < (B2(p (1)) +ax (p(1)))" < B+ Y man (i)

t—r—+oo i=1

=0a.s.;

In view of (6), if ) < 0, then lim;_, ;. (x(¢)) = 0 a.s. Hence, Ve € (0, 1) and sufficiently large ¢,

t

Iny(r) < (,@2+8)t—a22/ y(s)ds a.s.,
—Jo
'

Iny(t) > (%, —S)I—aTz/ y(s)ds a.s.
0

The desired assertion follows from Lemma 2 in [15] and the arbitrariness of €.

ey

if

2

“)

&)

(6)

(N
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Corollary 1. Under (H3), the solutions to system (3) satisfy:

(1) If B1(i) <0, By(i) <0, then tEIJP X(t)=0a.s.

(2) If B1(i) < 0. By(i) > 0, then lim x(r) =0, lim (y(1)) = 2l as.
B

(3) I B1(i) > 0, Ba(i) < —ax(i), then lim (x(1)) = U lim y(f) =0 a.s.

an (i)’ f—y+too

4 Stochastic permanence

Definition 1 (see e.g. [3, 10]). System (2) is stochastically permanent, if for any € € (0, 1), there exist
0. = 0.(€) > 0and 6* = 6*(€) > 0 such that

imi > >1-— imi <o*l>1-—e¢.
ltlgirolofPﬂX(t)\_S*}_l €, ltlgingﬂX(t)]_S}_l € (1)

Lemma 1. Under (Hy), let X(t) be the solution to system (2) with X(0) € R%. Then for any 6; > 0,
0, > 0, there exists K(61,0,) > 0 such that

limsupE [xel (t) +y* (t)} <K(61,6). )

t—r+o0

Proof. Define W(x,y) = x% 4 y%. By Ito’s formula, we have

o 2
LW ()] = 002 [ (p(1) —an (p(r))e — “2{E | AR
2% [ {1+ np)® —1-6m(wp0) } Ad)
- 2
+ 92y92 [i’z(p (1) + azlﬁ_(;))x —an(p (t))y} + 6,(6: 1;% (P(f))yez

+y92 /Z {[1 +}’2(Il,p(t))]92 —1—=6p(u,p(t) })’(du) 3)

410 / max { (147 ()]" — 1 - 0171

Z i€S
5% [ max{[1 4+ 5] - 1 - 0.1 } Alap).
From (3), there exists K(6;,6,) > 0 such that
LW (x,y)]+W(x,y) <K(61,6). 4)
In view of Itd’s formula and (4), we derive

LW (x,y)] < 'K(61,6). )

Based on (5), integrating d[e’W (x(¢),y(¢))] from O to 7 and then taking the expectations of both sides
yield
¢'E [xe' (1) + yez(z)] < x%(0) +y%(0) + K(61,0,) (¢! — 1), ©6)

which implies the required assertion (2). OJ
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Let C be a vector or matrix and by C > 0 we mean all elements of C are positive. Also, let Y5*5 =
{C=(cij)sxs 1 cij S 0i# j}

Lemma 2 (Lemma 5.3 in [21]). If C = (cij)sxs € Y3*S has all of its rows’ sum positive, that is, for each
€S, 2521 cij > 0, then det(C) > 0.

Lemma 3 (Theorem 2.10 in [21]). IfC = (c¢; j)st € YS*S then the following statements are equivalent:
(1) C is a nonsingular M-matrix;
(2) All principal minors of C are positive; that is

c11 €12 ... Cilk
Cc21 €2 ... Cok

>0, forevery k=1,2,...,S. 7
Ckl1 Cr2 ... Ckk

(3) C is semi-positive, that is, there exists x >0 in RS*Y such that Cx > 0.

Lemma 4. Under (Hy), if 2 > 0, then there is 6y > 0 such that for any 6 € (0, 6)),
G(6) = diag (vi(0),...,vs(6)) —T (®)
is a nonsingular M-matrix, where

v;(8) = B(i)0 — S 0% — [, [[?(i) — 1 — 61nT(i)] 2 (du),

InT(i) = max{ In <1 +Jr1_1}nz{}/j*(z)}> ,(In (1 —i—eriué{}/j(l)}) ‘} . )
Proof. Without loss of generality, let j = S, that is
%s>0,V1<i<S—1. (10)
From Appendix A in [20], Z > 0 is equivalent to
B(1) —v2 ... —ns
B(zz) G P (11)
B(S) —i’sz —5’35
Compute
vi(0) —T2 s
det G(6) = vzfe) VZ(G):_ B2 —:st - ivi(e)Mi(e), (12)
vS(.G) —5/52 vS((-)).— Yss -
where M;(60) is the corresponding minor of v;(0) in the first column. By (9),
vi0) =0, 240N B, (13)

do
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In view of (12) and (13), we obtain

B(l) Y2 ... —Ns
d(detG(0)) S B2) —y2 ... —Ps
T‘GZO :;B(z)M,-(O) = . E | (14)
B(S) —Ys2 ... —7Yss
Combining (11) with (14) yields
d(detG(6
(6:19())‘9—0 > 0. (15)

Based on (12) and (13), detG(0) = 0. Thanks to (10), (13) and (15), there is 6y € (0, 1) such that for any
0 €(0,6p), detG(6) >0 and
vi(8) > —¥is, 1 <i<S—1. (16)

Foreach k =1,2,...,5 — 1, consider the leading principal sub-matrix

vi(6) =111 —T2 —Vik
Gu(0) = —?’21 V2(9)'—Y22 —?’Zk | an
_'S/kl —i’kz Vk(e)‘_')/kk
of G(0). Clearly, G;(0) € Y**¥_ According to (16), we derive
k s
vi(0) = Y 1i=vi0)+ Y, % =vi(0)+7%s>0,i=1,2,..k (18)
j=1 j=k+1

By Lemma 2, detG¢(6) > 0. That is to say, all the leading principal minors of G(0) are positive. Hence,
the required assertion follows from Lemma 3. Ul

Lemma 5. Let X (t) be the solution to system (2) with X (0) € R2. If there exists 6 > 0 such that G(8) is
a nonsingular M-matrix, then there is H(0) > 0 such that

limsupE [(x(t) +y(t))_e} < H(0). (19)

t—ro0
Proof. By part (3) of Lemma 3, there exists (p1, ..., ps)T > 0 such that
S
vi(0)pi— Y 1ijp;>0,1<i<S. (20)
j=1
In view of (20), there exists a constant K > 0 such that

S
vi(0)pi— Y Yijpj—kpi >0, 1 <i<S. (21)
Jj=1
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Define U =V~ = (x+y) ' and U = p; (1 +U)®. Compute

_ s
KU+ |0] =kpi(140)° + Y 1 (140)° = pi6 (14+0)° " g 2llnlelin
Jj=1
(an(p)~an ()

4 pi0(1+ U)e—l an (p(1))x*+ 1V+2x +an(p(1)y’
0 (1+0)° U (Gl(P(l))x-‘l;Gz(P('))y)z
+pi6(1+ U)G—l U/Z % (MP(’))X;YZ(M»PU)W}L(du) (22)

Vv

0
1 6
+pi/z {(IJFV+%(u,p(t))xwz(w(t))y) —(1+0) P(du)

—¢ <U9> U®+F(U),

2
+pi6(62_1) (1 —|—U)972 U2 (Gl(P(l))x-i-Gz(P(l))y)

where Ul_i}Ew e = 0. By Jensen’s inequality, we have

D , 2
Vi (UB) =Kpi+ Z Y% — pi6 rl(P(l))x;rz(P(l))) 1 i (Gl(P(f))x-‘l/-Gz(P(l))y)
=1

j=

i /Z NPT RPN ) (4 4 p, OO~ (Gl(P(t))Hoz(P(t))y)z

0
\4
+pi/z l:(v+71(#7P(f))x+y2(u,p(t))y> - 1] A(du)

S
<kpi+ Y %ip;—piOBi(p(1)) — pi®B2(p(1))%
j=1
+ P8 4 pi6 /Z [+ (1, (1)) + 3 In(1+p(k,p(1)))] A(dw)

—i—pi/Z [(1 + () + $n(up) " - 1] A(dp)

(23)

S
. 2.2
<kpi+ Y %ijpj— pi® min {Bi(p(t)} + pi&L
= =L

) 76 X
+pi/Z [(IJF%(u-,p(t))x;n(u,p(t)b) 146 <1+n(u7p(r)) ;M“’p(t))y)]l(du)

S
SK'p,'-i- Z ’)/,'jpj —piB(i)e +pi# +]%\/Z |:F9(l) —1- OlnF(z)} A,(d‘u)
j=1

s
=kpi+ Y Yijpj—pivi().
=1
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In view of (21), (22) and (23), there is .72°(6) > 0 such that

8% {e'“lﬂ = X {xﬁ+g m } < H()e".

Integrating d [e’“ U (t)] from O to ¢ and then taking expectations yield

K

E [pie’“ (1 —I—U(I))e} —pi(1 +U(0))9 < H(0) (eKt . 1) .
Based on (25), we deduce

E[1400)°] < gar® st (1 i ) e ™

— kminjcs{p;

Define H(0) = _20)__ from (26) we obtain the desired assertion (19).

Kkminies{p;}’

Theorem 3. Under (Hy) and (Hy), if 2 > 0, then system (2) is stochastically permanent.

6
Proof. Noting that |X(r)] "% <22U®(t), from Lemma 5, we deduce

limsupE [|x(z)|*9] <2%H(0).

[—oo

1
By Chebyshev’s inequality, Ve € (0, 1), there is 6, = % (%) % > 0 such that

limsup P {|X ()] < 8.} < (8,)% limsupE [\X(t)r@} <e.

t—oo t—soo

In other words,
ltim+ian{\X(t)| >0 >1—c¢.
oo

559

(24)

(25)

(26)

(27)

(28)

(29)

The remaining part of (1) follows from combining Lemma 1 with Chebyshev’s inequality. Hence, system

(2) is stochastically permanent.

Corollary 2. Under (H3), if B(i) > O, then system (3) is stochastically permanent.

S Asymptotic properties

Theorem 4. Under (Hy), the solution X (t) to system (2) with X (0) € R2 satisfies

limsupM <1 as.

Proof. For simplicity, denote

Ho = max {r(i),r2()) +a2 (i)}, v = maxmax {|;.(0)], % ()]} -

j=12 icS

O

©))

2



560 S. Wang, B. Lei

From system (2), for u > ¢, we obtain

u

V(u)=V(r) < / [r1(p(s))x(s) +[r2(p(s)) +az1(p(s))]y(s)] ds
+ [ [01(p(9)x(s) + 02(p (5)y(s)) 4B ()
+/ / N (1, p(8)x(s) + (1, p(s))y(s)| N(ds,dp).

Based on (3), we deduce

t+1

E[ sup V(u)]gE[V(t)]JrHo/t E[V(s)]ds

t<u<t+1

+E| s [f [m(p(s))x(s)+oz<p<s>>y<s>1dB<s>}

t<u<t+1

[ sup [ [ 111, p(5)s) + (0 p ) ()W(ds,dm].

t<u<t+1
By Burkholder-Davis-Gundy inequality and Young inequality, we derive

B| s [ 01p6)x0)-+ 0x(pl6)r(5)]a50)|

t<u<t+1Jt
0.5

<8 ([ orp)a(s) + or(ple) s

272 pr+l
< ;E( sup V(u)> + TJ E[V(s)]ds.

" r<u<i+1 t
B s [ [ En(up a4l pls >><>]ﬁ<ds,du>]

t<u<t+1

< (" / (1 p(5)56) 3, P () NG|

<JE ( [ " /Z 7" (x(s) + y(s)) 2N (ds, dpt
§J<IE /t . /Z " (x(s) +y(s)) 2N (ds, dpt
o ([rraam) (E/[ ) rras)

Substituting (5) and (6) into (4) yields

0.5

>05
)

t+1

E( sup V(u))SZE[V(t)]—i—ZHO /ZIHIE[V(S)]ds—&—Gsz /t E[V(s)]ds

t<u<t+1
0.5 0.5

v [rFaan) (2 ERE 20 6)

3)

“)

&)

(6)

(M
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From Lemma 1, there is K*(6;,6>) > 0 such that sup,(E [x% (r) +y%(#)] < K*(61,6,). According to
(7), we deduce

E( sup V(u))g2K*(1,1)+2H0K*(1,1)+62J2K*(1,1)

t<u<t+l1
05 (3
"y (2K*(2,2)/ [y*]%(du)) _. K
z
Thanks to (8), we obtain
E( sup V(u)) <K, k=1,2,.. 9)
k<u<k+1

From Chebyshev’s inequality and (9), Ve € (0, 1),

P(a): sup V(t) >k1+8) < k,fis, =1,2,... (10)
k<t<k+1

By Borel-Cantelli’s lemma, there is Q, € .# with P(Q,) = 1 and an integer-valued random variable &,
such that for any @ € Q,, sup,<,<;,; V (t) < k'€ holds whenever k > k,(®). Thus, for almost all @ € Q,
ifk>k,andk <t <k+1,

InV(r) < In (supy<; <441 V(1)) < Ink'** <l+e. (11)
Int Int Int
So the desired assertion (1) follows from letting € — 0™ in (11). O

6 An example and its numerical simulations

By the method in [6], an example and its numerical simulations are given to support the theoretical
results. System (2) may be regarded as the result of regime switching between the following two subsys-
tems:

dx(t) = x (1) [(1.5 x(t) - 1?)5;;))) dr + 2dB(r /o SN (dr du)]

(1)
dy(t) = y( [(05+ ks =2y ))dt+1.5dB(t)+/ZO.5ﬁ(dt,du)},
[(1 75-2x(17) - £ ))>dt+0 5dB(t +/05N (dr du)]
(2)
{(o 75+ 2 —3y(r))dt+0.5d3(z)+ /Z O.SN(dt,d,u)}
Here, A(Z) =1 and
ri (1)—15 I”z(]) 5 6111( ) 1 6112( ) 2 a21(1):1,a22(1):2,
r1(2) =1.75,(2) =0.75,a11(2) =2,a12(2) =3, a21(2) = 1, an(2) = 3, 3)

c1(1) =2, 02(1) = 1.5,61(2) = 0.5, 62(2) = 0.5,
N, 1) =05, %(u,1) = 0.5, 71(k,2) = 0.5, %(u,2) = 0.5.
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0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Time Time

(@ (b)

Figure 1: The solutions to subsystems (1) and (2).

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Time Time

(a) (b)

Figure 2: The left and right subfigures are, respectively, the numerical simulations of the solutions to
system (2) for Case 1 and Case 2.

Based on (3), we compute

Bi(1)=—1+In3,  By(1)=—3+In3, B(l)=-3+In3, @
Bi(2)= g+In3, B,(2)= ¢ +In3,  B(2)=g+In3.
From Corollary 1, system (1) is extinctive. By Corollary 2, system (2) is stochastically permanent.
Casel. Let[ = (_15 _51) Then 7 = (m,m) = (¢,2). Thus,
B=—+In3 >0 )
According to Theorem 3, system (2) is stochastically permanent.
Case2. LetI' = (_91 _19) Then, 7 = (7, m) = (19—0, 1—10) Hence,
P =-8+In3 <0, B,=-1+1In3 <0. (©6)

Based on Theorem 2, system (2) is extinctive.
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