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WEAKLY PRIME TERNARY SUBSEMIMODULES OF
TERNARY SEMIMODULES

J. N. CHAUDHARI* AND H. P. BENDALE

ABSTRACT. In this paper we introduce the concept of weakly prime
ternary subsemimodules of a ternary semimodule over a ternary
semiring and obtain some characterizations of weakly prime ternary
subsemimodules. We prove that if IV is a weakly prime subtractive
ternary subsemimodule of a ternary R-semimodule M, then either
N is a prime ternary subsemimodule or (N : M)(N : M)N = 0.
If N is a Q-ternary subsemimodule of a ternary R-semimodule M,
then a relation between weakly prime ternary subsemimodules of
M containing N and weakly prime ternary subsemimodules of the
quotient ternary R-semimodule M /N ¢ is obtained.

1. INTRODUCTION

Anderson and Smith [2] introduced the notion of weakly prime ideals
in commutative ring with non-zero identity in 2003. Later on, this
concept has been studied in modules and semirings by many authors
[1, 5, 16]. Further it is extended for semimodule by Chaudhari and
Bonde [I1]. For more study on various generalization of prime ideals
see [3, 6, 7, 8, 9]. In this paper we introduce the concept of weakly
prime ternary subsemimodule of a ternary semimodule over a ternary
semiring and obtain some characterizations of weakly prime ternary
subsemimodules. For the definitions of monoid and semiring we refer |1,

| and for ternary semiring we refer [13, 14]. All ternary semirings in
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this paper are commutative with nonzero identity. Z; (N) will denote
the set of all non-negative (positive) integers where as Z; (Z~) will
denote the set of all non-positive (negative) integers. An ideal I of a
ternary semiring R is called a subtractive ideal (= k-ideal) if a, a+b € I,
b € R, then b € I. A proper ideal P of a ternary semiring R is said
to be prime if abc € P, then either a € Porb € Porc e P. A
proper ideal P of a ternary semiring R is said to be weakly prime if
0 # abc € P, then eithera € Porbe Porce P.

Let R be a ternary semiring. A left ternary R-semimodule is a
commutative monoid (M, +) with additive identity 0, for which we
have a function R x R x M — M, defined by (11,72, x) > rirex called
ternary scalar multiplication, which satisfies the following conditions
for all elements 71,79, 73 and r4 of R and all elements x and y of M:

1) (ryrars)rax = ri(rorsry)x = rire(rsryx);
2) Tir2(x +y) = rirew + rirey;

3) ri(ra + r3)x = rirex + 11137

4) (11 + 1ro)r3x = rr3x + Tor3x;

5) 131337 = I;

6) 7”17“20]\/[ = OM = ORTQZI} = T’loRI.

Throughout this paper, by a ternary R-semimodule we mean a left
ternary semimodule over a ternary semiring R. Every ternary semiring
R is ternary (Zg,+,-)-semimodule [10]. A nonempty subset N of a
ternary R-semimodule M is called ternary subsemimodule of M if N is
closed under addition and closed under ternary scalar multiplication.

If N is a proper ternary subsemimodule of a ternary R-semimodule
M, m € M and A is a non-empty subset of M, then we denote

1) (N:m)={reR:rsmeN forall se€ R},
2) (N:A)={reR:rsACN forall s e R};
3) (N:M)={re R:rsM C N forall s€ R}.
Clearly, (N : m) and (N : M) are ideals of R. Also (N : A) = N{(N :

m) :m € A}. Since intersection of arbitrary family of ideals is again
an ideal, (N : A) is an ideal of R.

Definition 1.1. A ternary subsemimodule N of a ternary R-semimodule
M is called subtractive ternary subsemimodule (= ternary k-subsemimodule)
ite, r+ye N,ye M, theny € N.

Lemma 1.2. Let N be a subtractive ternary subsemimodule of a ternary
R-semimodule M, m € M and A be a non-empty subset of M. Then
(N :A), (N :m) are subtractive ideals of R.

Proof. Proof is trivial. O
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Since {0} = 0 is a subtractive ternary subsemimodule of a ternary
R-semimodule M, (0 : m) and (0 : M) are subtractive ideals of R
where m € M.

Lemma 1.3. ([12, Theorem 3.4]) Let I and J be subtractive ideals of
a ternary semiring R. Then I U J is subtractive ideal of R if and only
fIuJ=1orlIUJ=J.

2. WEAKLY PRIME TERNARY SUBSEMIMODULES

In this section we introduce the concept of weakly prime ternary
subsemimodule of a ternary semimodule over a ternary semiring and
obtain some characterizations of weakly prime ternary subsemimod-
ules.

Definition 2.1. A proper ternary subsemimodule N of a ternary R-
semimodule M is said to be prime if rirom € N, ri,r9 € R,m € M,
then either r € (N : M) orry € (N : M)ormeée N.

Definition 2.2. A proper ternary subsemimodule N of a ternary R-
semimodule M is said to be weakly prime if 0 # rirom € N, ry,ry €
R.,m € M, then either ry € (N : M) orry € (N : M) orme N.

Clearly, every prime ternary subsemimodule of a ternary semimodule
is weakly prime. Following example shows that the converse implication
is not true.

Example 2.3. Consider the ternary semiring R = (Z; , +, ). Then {0}
is a weakly prime ternary subsemimodule of a ternary R-semimodule
M = ({0,-1,-2,-3,—4,-5},+ ) = (Z_¢,+_¢), which is not a
prime ternary subsemimodule.

Definition 2.4. A ternary R-semimodule M is said to be entire if
rirom =0, 1,79 € R, m € M, then either r1 =0 or 7o = 0 or m = 0.

Proposition 2.5. Let M be an entire ternary R-semimodule and N
be a weakly prime ternary subsemimodule of M. Then (N : M) is a
weakly prime ideal of R.

Proof. Let 0 # abc € (N : M) and a ¢ (N : M), b ¢ (N : M). To
show ¢ € (N : M). Let 0 # x € M,0 # r € R. Since M is entire,
0 # (abc)rx = a(ber)x = ab(erx) € N. Therefore a € (N : M) or b €
(N : M) orcrz € N, since N is a weakly prime ternary subsemimodule.
Now crz € N forall0#7r € Randforall 0 £z € M. Soce (N : M).
Thus (N : M) is a weakly prime ideal of R. O

In Proposition 2.5 the condition that, M is an entire, is essential.
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Example 2.6. Consider the ternary R-semimodule M = ({0, —1, -2,
—3,—4,-5},+.6) = (Z_g,+-6) where R = (Zy,+,-). Then {0}
is a weakly prime ternary subsemimodule of M, but ({0} : M) =
(—=6)Zy Zg is not a weakly prime ideal because 0 # (—2)-(=3)-(—1) €
<_6)Z6Z67 but —2 g—f (_6)ZEZS= -3 g_f (_6)Z6Z87 —1 ¢ (_6)ZSZ6

Theorem 2.7. If N is a weakly prime subtractive ternary subsemi-
module of a ternary R-semimodule M, then either N is prime or (N :

M)(N : M)N =0 .

Proof. Suppose that (N : M)(N : M)N # 0. Let rirom € N with
ri, 7o € R and m € M. If ryrom # 0, then we are through. Suppose
rirom = 0. If myro N # 0, then there exists n € N such that ryron #
0. Now 0 # riro(m +n) = rirgn € N = either 1y € (N : M) or
ro € (N : M)orm € N, as N is a weakly prime subtractive ternary
subsemimodule. Now suppose that riroN = 0. If (N : M)rom # 0,
then there exists 7, € (N : M) such that rirym # 0. Now 0 #
(r1+7))rem = rirem € N = either vy +r, € (N : M) or ro € (N : M)
or m € N. By Lemma 1.2, (N : M) is a subtractive ideal, and hence
either r; € (N : M) orry € (N : M) or m € N. So suppose that
(N : M)rom = 0. On the similar lines we can assume that r;(N :
M)m = 0. If (N : M)(N : M)m # 0, then there exist v}, 7, € (N : M)
such that r{rym # 0. Now 0 # (ry +7])(ro +7r5)m = r{rym € N =
either 7y + 7, € (N : M) or ro + 7, € (N : M) or m € N. Again by
using Lemma 1.2, either r; € (N : M) or ro € (N : M) or m € N.
So suppose that (N : M)(N : M)m = 0. Again on the similar lines
we can assume that (N : M)reN = 0 and (N : M)N = 0. Since
(N : M)(N : M)N # 0, there exist r},75 € (N : M) and n* € N such
that rir3n* # 0. Now 0 # (r1 +75)(re +73)(m +n*) = ririn* € N =
either ri +rf € (N: M) or ro+715 € (N : M) or m+n* € N. Since
N is a subtractive ternary subsemimodule and by using Lemma 1.2,
either r; € (N : M) or ro € (N : M) or m € N. Hence N is a prime
ternary subsemimodule of M. O

Lemma 2.8. Let N be a proper ternary subsemimodule of a ternary
R-semimodule M. Then the following statements are equivalent.

i) N is a prime ternary subsemimodule of M.

ii) If whenever IJD C N, with I,J are ideals of R and D is a
ternary subsemimodule of M, then I C (N : M) or J C (N :
M) or D C N.

Proof. (i)=(ii) Let IJD C N where I, J are ideals of R and D is a
ternary subsemimodule of M. Suppose that J ¢ (N : M) and D € N.
Choose o € J and = € D such that o ¢ (N : M) and = ¢ N.
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Let ry € I. Now rirox € IJD C N. Since N is a prime ternary
subsemimodule, r; € (N : M). Hence I C (N : M).

(ii)=(i) Let ryrom € N where 1,72 € R and m € M. Take I = RRr,
J = RRry and D = RRm. Then I, J are ideals of R and D is a
ternary subsemimodule of M such that IJD C N. By assumption
either I C (N : M) or JC (N :M)or DC N. So either r; € (N : M)
orrg € (N : M)orm € N. Hence N is a prime ternary subsemimodule
on M. 0

Theorem 2.9. If N is a proper subtractive ternary subsemimodule of a
ternary R-semimodule M, then the following statements are equivalent:

1) If whenever 0 # IJD C N, with I,J are ideals of R and D
is a ternary subsemimodule of M, then either I C (N : M) or
JC(N:M)orDCN;

2) N is a weakly prime ternary subsemimodule of M.

Proof. (1)=-(2) Suppose that 0 # rirom € N where r1,79 € R and
m € M. Take I = (r1) = RRry, J = (r9) = RRro and D = (m) =
RRm. Then 0 # IJD C N. So either I C (N : M) or J C (N : M)
or D C N and hence either € (N : M) or o € (N : M) or m € N.
Thus N is a weakly prime ternary subsemimodule of M.

(2)=-(1) Suppose that N is a weakly prime ternary subsemimodule of
M. If N is prime, then the result is clear by using Lemma 2.8. So
we can assume that N is not prime. Let 0 # IJD C N where I, J
are ideals of R and D is a ternary subsemimodule of M. To show
IC(N:M)orJC (N:M)or DCN. Suppose that I ¢ (N : M),
J ¢ (N :M)and D € N. Choose r1 € I, 1o € J and 2 € D
such that ry,ro ¢ (N : M) and x ¢ N. If 0 # ryrox € IJD C N,
then r; € (N : M) orrg € (N : M)orxz € N, as N is a weakly
prime ternary subsemimodule. It is impossible. Hence assume that
rirgr = 0. If riroD # 0, then choose d € D such that rirod # 0.
Now 0 # rired € IJD C N = d € N, since N is weakly prime
ternary subsemimodule. Now 0 # rira(d + x) = rired € N = d+ 1z €
N. Since N is a subtractive ternary subsemimodule and d € N, so
x € N, a contradiction. Hence assume that riroD = 0. If Irqz # 0,
then there exists 7, € I such that 0 # ryrox € IJD C N. Since
N is a weakly prime ternary subsemimodule, r; € (N : M). Now
0 # (ri+r)rex = ryrex € N =1 +1;, € (N : M), as N is a
weakly prime ternary subsemimodule. By Lemma 1.2, r; € (N : M),
a contradiction. Hence assume that [rex = 0. On the similar lines
we can assume that rJor = 0. If IJz # 0, then there exist 7| € [
and 7, € J such that 0 # r{ryz € IJD C N. Since N is a weakly
prime ternary subsemimodule, r; € (N : M) orry, € (N : M). Case (i)
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ri € (N:M)andry, ¢ (N : M). Now 0 # (ry+7])ryx = riryr € N =
ri+7, € (N : M). Now by Lemma 1.2, ; € (N : M), a contradiction.
Similarly, Case (ii) 7, ¢ (N : M) and r, € (N : M) is impossible. Case
(iii) 7, € (N : M) and 7y, € (N : M). Now 0 # (ry +7)(ry + 1y)x =
riryr € N = either ri +7r, € (N : M) or ry +7, € (N : M). By
Lemma 1.2, either 1y € (N : M) or 15 € (N : M), a contradiction.
Hence assume that /Jx = 0. On the similar lines we can assume that
IroD = 0 and r1JD = 0. Since IJD # 0, there exist rj € I, r5 € J
and d* € D such that 0 # rjr3d* € IJD C N. Since N is a weakly
prime ternary subsemimodule, either v} € (N : M) or r5 € (N : M)
or d* € N. Case (ay) r; € (N : M), r5 ¢ (N : M) and d* ¢ N. Now
0# (ri+rj)ryd* =ririd € N = r +rf € (N : M). By Lemma
1.2, r € (N : M), a contradiction. On the similar lines Case (ay)
¢ (N: M), ry e (N:M),d ¢ N and Case (a3) 7 ¢ (N : M),
ry ¢ (N : M) and d* € N are impossible. Case (ay) rj,r5 € (N : M)
and d* ¢ N. Now 0 # (r1 + r})(ro + r5)d* = rirjd* € N = either
rn+rf € (N:M)orryg+r; € (N: M) By Lemma 1.2, either
rp € (N :M)orry € (N : M), acontradiction. Again on the similar
lines Case (as) i ¢ (N : M), 15 € (N : M), d* € N and Case (ag)
ry € (N :M),rys ¢ (N:M)and d* € N are impossible. Case (az)
ri,rs € (N : M) and d* € N. Now 0 # (ry +77)(ro + 73)(x + d*) =
rirsd* € N = either r1 + 77 € (N : M) orro+15 € (N : M) or
(x+d*) € N. By Lemma 1.2 and N is subtractive, either r € (N : M)
orrg € (N : M) or z € N, a contradiction. Now I C (N : M) or
JC(N:M)orDCN. O

Theorem 2.10. Let N be a weakly prime subtractive ternary subsemi-
module of a ternary R-semimodule M. Then the following statements
hold:

1) Forme M\ N, (N:m)=(N:M)U(0:m),
2) Forme M\ N, (N:m)=(N:M) or (N:m)=(0:m).

Proof. (1) Let m € M \ N. Clearly, (N : M)U (0 : m) C (N : m).
Now let a € (N : m). Then arm € N for all r € R. If 0 # alm € N,
then a € (N : M) or 1 € (N : M) as N is a weakly prime ternary
subsemimodule. Hence a € (N : M). Suppose that alm = 0. Then
arm = 1r(alm) = 0 for all » € R. Soa € (0 : m). Thus a € (N :
M)U(0:m). Now (N :m) C (N :M)U(0:m).

(2) It follows by Lemma 1.2 and Lemma 1.3. O
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3. WEAKLY PRIME TERNARY SUBSEMIMODULES IN QUOTIENT
TERNARY SEMIMODULES

In this section, we extend results of [1, 10] and [11] to ternary semi-
modules over ternary semirings and give a relation between the prime
(weakly prime) ternary subsemimodules of a ternary R-semimodule M
and the prime (weakly prime) ternary subsemimodules of the quotient
ternary R-semimodule M /N ) where N is a Q-ternary subsemimodule

of M.

Lemma 3.1. ([10, Lemma 1.4]) Let N be a ternary subsemimodule of
a ternary R-semimodule M and xz, y € M such thatx + N Cy + N.
Thenx +z +N Cy + 2z + N andrsx + N Crsy + N forall z €
M, r,s € R.

Definition 3.2. ([10]) A ternary subsemimodule N of a ternary R-
semimodule M is called Q-ternary subsemimodule (= partitioning ternary
subsemimodule) if there exists a subset ) of M such that

1) M =U{qg+ N :qeQ}

2) If q1, g2 € Q, then (g1 + N)N (g2 + N) # 0D < q1 = ¢o.

Let N be a Q-ternary subsemimodule of a ternary R-semimodule M.
Then M/Ng) = {q¢+ N : ¢ € Q} forms a ternary R-semimodule under
the following addition “@”and ternary scalar multiplication “®”, (¢ +
N) @ (¢2 + N) = g3 + N where g3 € @ is unique such that ¢; + g2 +
NCqg+N,andr ®s® (¢ + N) = q4 + N where ¢4 € Q is unique
such that rsq; + N C ¢4 + N. This ternary R-semimodule M /N g
is called the quotient ternary semimodule of M by N and denoted by
(M/Nqy, ®, ®) or just M/Nq.

Lemma 3.3. ([10, Lemma 3.5]) Let N be a Q-ternary subsemimodule
of a ternary R-semimodule M. If A is a subtractive ternary subsemi-
module of M such that N C A, then N is a QQ N A-ternary subsemi-
module of A.

Lemma 3.4. Let N be a Q-ternary subsemimodule of a ternary R-
semimodule M. If r,s € R and m € M, then there exists a unique
q € Q such thatrsm €r ©®s® (¢+ N).

Proof. Let r;s € Rand m € M. Since N is a (-ternary subsemimodule
of M and m, rsm € M, there exist unique ¢, ¢ € Q such that m+N C
g+ Nandrsm+NCqg+N. Alsor®s® (¢+ N)=q + N where
¢ € Q is a unique element such that rsq+ N C ¢" + N. By Lemma
3.1, rsm+N Crsqg+ N Cq +N. Nowrsm € (¢ +N)n(q¢ + N).
Hence (¢ + N)N(¢"+N)#0. Soq =¢'. Thusrsm € ¢ + N =
¢ +N=roso(qg+N). O
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Theorem 3.5. Let N be a QQ-ternary subsemimodule of a ternary R-

semimodule M and P be a subtractive ternary subsemimodule of M
with N C P. Then

1) If P is a weakly prime ternary subsemimodule of M, then P/Ngnp)
is a weakly prime ternary subsemimodule of M /N q).

2) If N, P/Ngnp) are weakly prime ternary subsemimodules of
M, M/Nq) respectively, then P is a weakly prime ternary sub-
semimodule of M.

Proof. Let gy be the unique element of () such that ¢y + NV is the zero
element of M/N)([10], Lemma 2.3).

(1) Let P be a weakly prime ternary subsemimodule of M. Let r,s € R
and ¢;+N € M /N be such that go+N # r©sO(q+N) € P/Ngnp)-
By Lemma 3.3, N is a QN P-ternary subsemimodule of P. Hence there
exists a unique ¢ € @ N P such that r © s ® (g1 + N) = g2 + N where
rsqu + N C g+ N. Since N C P, rsq; € P. If rsq; = 0, then rsq; €
(qo+N)N(g2+N), since 0 € go+N (by [10], Lemma 2.3). So go = ¢ and
hence ¢qo+ N = g2+ N, a contradiction. Thus rsq; # 0. As P is weakly
prime ternary subsemimodule, either r € (P : M) or s € (P : M) or
q1 € P. If ¢, € P, then ¢; € QNP and hence ¢+ N € P/Ngnpy. With-
out loss of generality suppose that r € (P : M). For ¢+ N € M/Nq)
and s € R, let r®s ® (¢+ N) = g3 + N where g3 is a unique element
of @ such that rs'¢ + N C g3 + N. Therefore rs'q = g3 + n for some
neN. Nowre(P:M)=rsqeP=qg+n€cP=q;cP,
as P is a subtractive ternary subsemimodule of M and n € N C P.
Hence s € QNP. Nowr©®s ©(q+N)=¢g + N € P/Ngnpy for
all s € Rand ¢+ N € M/Nq). Therefore r € (P/N(gnp) : M/Nq))-
Thus P/Ngnpy is a weakly prime ternary subsemimodule of M/N(g).
(2) Suppose that N, P/Ngnpy are weakly prime ternary subsemimod-
ules of M, M /N q) respectively. Let 0 # rsm € P where r,s € R,m €
M. If rsm € N, then we are through, since N is a weakly prime
ternary subsemimodule of M. So suppose that rsm € P\ N. By using
Lemma 3.4, there exists a unique ¢; € @ such that m € ¢ + N and
rsm €r®s® (g + N) =g + N where ¢y is a unique element of @
such that rs¢; + N C ¢o + N. Now rsm € P,rsm € g + N implies
g2 € P, as P is a subtractive ternary subsemimodule and N C P.
Hence qo + N 75 r®se (Q1 + N) = {2 + N € P/N(Qmp). AS P/N(Qmp)
is a weakly prime ternary subsemimodule, r € (P/Ngnp) : M/Ng)) or
S € (P/N(Qmp) : M/N(Q)) or q1 +N € P/N(Qmp) If q1 +N € P/N(Qmp),
then ¢ € P. Hence m € ¢y + N C P. Now without loss of generality
assume that r € (P/Ngnp) : M/N(g)). Let x € M and s' € R. By us-
ing Lemma 3.4, there exists a unique g3 € @) such that x € g3+ N and
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rsT€r®s ® (g3+N) = qu+ N where g4 is a unique element of @) such
that rs'gs + N Cqu+N. Now s + N =r®s © (g3 + N) € P/Ngnp)
and hence ¢4 € P. Asrsz € g+ N and N C P, rsz € P. So
re(P:M). O

Theorem 3.6. Let N be a QQ-ternary subsemimodule of a ternary R-
semimodule M and P be a subtractive ternary subsemimodule of M
with N C P. Then P is a prime ternary subsemimodule of M if and
only if P/Nonpy is a prime ternary subsemimodule of M/N(q).

Proof. The proof is similar as in the proof of Theorem 3.5. O

Every ternary semiring R is a ternary semimodule over itself and
hence every ideal I of a ternary semiring R is a ternary subsemimodule
of a ternary R-semimodule R. So we have:

Corollary 3.7. Let I be a QQ-ideal and P be a subtractive ideal of a
ternary semiring R with I C P. Then P is a prime ideal of ternary
semiring R if and only if P/Ignp) is a prime ideal of quotient ternary
semiring R/1 ().
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