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THREE BOUNDS FOR IDENTIFYING CODE NUMBER

E. VATANDOOST ∗ AND K. MIRASHEH

Abstract. Let G = (V,E) be a simple graph. A set C of vertices
G is an identifying set of G if for every two vertices x and y belong
to V the sets NG[x]∩C and NG[y]∩C are non-empty and different.
Given a graphG, the smallest size of an identifying set ofG is called
the identifying code number of G and is denoted by γID(G). Two
vertices x and y are twins when NG[x] = NG[y]. Graphs with at
least two twin vertices are not identifiable graphs. In this paper,
we present three bounds for identifying code number.

1. Introduction

In this paper, all graphs are assumed to be finite, simple and undi-
rected. We will often use the notation G = (V,E) to denote the graph
with non-empty vertex set V = V (G) and edge set E = E(G). The
order of a graph is its number of vertices and the size of a graph is its
number of edges. An edge of G with end vertices u and v is denoted by
u − v. For every vertex x ∈ V (G), the open neighborhood of vertex x
is denoted by NG(x) and is defined as NG(x) = {y ∈ V (G) : x − y}.
Also, the closed neighborhood of vertex x ∈ V (G), NG[x], is NG[x] =
NG(x) ∪ {x}. The complement of graph G is denoted by G is a graph
with vertex set V (G) which e ∈ E(G) if and only if e /∈ E(G). A graph
G is said to be self- complementary if G ∼= G. A graph G is called
empty graph, if G is isomorphic to the complete graph Kn. Given a
graph G, Laplacian matrix La(G) is defined as La(G) = D−A, where
D is the degree matrix and A is the adjacency matrix of the graph
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G. A set of vertices G such as C is a dominating set of graph G
if for every vertex x belong to V (G), is either in C or is adjacent
to a vertex in C. Also, a set C is called a separating set of G if for
each pair u, v of vertices of G, NG[u] ∩ C 6= NG[v] ∩ C, equivalently,
(NG[u]4 NG[v]) ∩ C = ((NG[u] \ NG[v]) ∪ (NG[v] \ NG[u])) ∩ C 6= ∅.
If a dominating set C in graph G is a separating set of G, then we
say that C is an identifying set of graph G and if G has an identifying
set, then we say that G is an identifiable graph. Given a graph G, the
smallest size of an identifying set of G is called the identifying code
number of G and denoted by γID(G). If for two distinct vertices x and
y, NG[x] = NG[y], then they are called twins. It is noteworthy that a
graph G is an identifiable graph if and only if G is twin free.
In recent years much attention drawn to the domination theory which
is very interesting branch in graph theory. The concept of domination
expanded to other parameters of domination such as 2-rainbow dom-
ination, signed domination, Roman domination, total Roman domi-
nation number, and identifying code number. For more details, we
refer the reader to [2, 12, 13, 14].The identifying code concept was
introduced by Karpovsky et al [11] in 1998. Later, several various fam-
ilies of graphs have been studied; cycles and paths [4, 8], trees [1],
triangular and square grids [10] and triangle-free graphs [6]. Kar-
povsky et al [11] shown that for every identifiable graph G of order

n, γID(G) ≥ dlog2(n+1)e. Also they proved that γID(G) ≥ 2n

∆(G) + 2
.

For every identifiable graph G of order n with at least one edge there
exists a famous bound as γID(G) ≤ n − 1 (see [5]). In 2012 Foucaud
et al [6], had a conjecture that for every connected identifiable graph

G, there exist a constant c such that γID(G) ≥ n − n

∆(G)
+ c. It is

noteworthy that in 2006 Gravier et al [8] investigated the identifying
code number of cycles. According to their theorems, this conjecture
holds for graphs of maximum degree 2.

This paper deals with the study of identifying code numbers of
graphs. Also we present three bounds for identifying code number.

2. Main results

In this section, we give three bounds for identifying code number of
graphs.

Lemma 2.1. Let G be an identifiable graph. Then G is not an identifi-
able graph if and only if there exist two distinct vertices u and v belong
V (G) such that NG(u) = NG(v).
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Proof. Let G is not an identifiable graph. Then there exist two distinct
vertices u and v belong to V (G) such that NG[u] = NG[v]. So u is not
adjacent to v in G. Suppose that x ∈ NG(u). Then x /∈ NG[u] and so
x /∈ NG[v]. Hence x is adjacent to v in G. Thus x ∈ NG(v). This shows
that NG(u) ⊆ NG(v). Similarly we have NG(v) ⊆ NG(u). Therefore
NG(u) = NG(v).
Conversely let there exist two distinct vertices u and v belong to V (G)
and NG(u) = NG(v). Then u is not adjacent to v in G. So u is adjacent
to v in G.
If x ∈ NG[u], then x is not adjacent to u in G. So x /∈ NG(u). Since
NG(u) = NG(v), x /∈ NG(v). Hence x is adjacent to v in G. Thus
NG[u] ⊆ NG[v]. Similarly, we have NG[v] ⊆ NG[u]. Therefore NG[u] =
NG[v]. This shows that G is not an identifiable graph. �

Definition 1. Let G be a graph with V (G) = {v1, v2, . . . , vn} and
C be an identifying set of G. We define
E0(C) = {u − v ∈ E(G) : |{u, v} ∩ C| = 0} and m0(C) = |E0(C)|,
E1(C) = {u − v ∈ E(G) : |{u, v} ∩ C| = 1} and m1(C) = |E1(C)|,
E2(C) = {u − v ∈ E(G) : |{u, v} ∩ C| = 2} and m2(C) = |E2(C)|.
Also for xi ∈ {0, 1}, we define X t

C = [x1, x2, . . . , xn] such that xi = 1 if
and only if vi ∈ C.

Theorem 2.2. Let G be an identifiable graph such that for every two
distinct vertices u and v belong V (G), NG(u) 6= NG(v). If λmax(G)
and λmax(G) are the largest eigenvalues of G and G, respectively, then
γID(G) + γID(G) ≤ 2(λmax(G) + λmax(G) + 1).

Proof. Let A and Â be adjacency matrices of G and G, respectively.
Also let Jn be an square matrix of order n with (Jn)ij = 1 for every 1 ≤
i, j ≤ n. Suppose that V (G) = {v1, v2, . . . , vn} and C be an identifying

set of G with γID(G) = |C|. By Rayleigh quotient,
Xt

CAXC

Xt
CXC

≤ λmax(G)

and
Xt

CÂXC

Xt
CXC

≤ λmax(G). So
Xt

CAXC+Xt
CÂXC

Xt
CXC

≤ λmax(G)+λmax(G). Since

A+ Â = Jn − In and X t
CXC = γID(G), so

X t
CAXC +X t

CÂXC = X t
C(Jn − In)XC = γID(G)(γID(G)− 1).

Hence γID(G) − 1 ≤ λmax(G) + λmax(G). By Lemma 2.1, G is an
identifiable graph and so we have

γID(G)− 1 ≤ λmax(G) + λmax(G).

Therefore γID(G) + γID(G) ≤ 2(λmax(G) + λmax(G) + 1). �

A graph G is called self- complementary , if G ∼= G.
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Corollary 2.3. Let G be an self- complementary, which is an identi-
fiable graph . If λmax(G) is the largest eigenvalue of G, then γID(G) ≤
2λmax(G) + 1.

Proof. By Theorem 2.2, the proof is straightforward. �

Let G be a regular graph that is neither complete not empty. Then
G is said to be strongly regular graph with parameters (n, k, a, c) if it is
k-regular, every pair of adjacent vertices has a common neighbors, and
every pair of distinct nonadjacent vertices has c common neighbors.

Lemma 2.4. [9] Let G be an (n, k, a, c) strongly regular graph. Then
the following are equivalent:

i) G is not connected,
ii) c = 0,

iii) a = k − 1,
iv) G is isomorphic to mKk+1 for some m > 1.

Theorem 2.5. Let G be a strongly regular graph with parameters
(n, k, a, c). If G is connected graph, then G is an identifiable graph.

Proof. If G is not an identifiable graph, then there exist two distinct
vertices u and v belong to V (G) such that NG[u] = NG[v]. Suppose
that NG[u] = {u, v, x1, x2, . . . , xk−1}. Then a = k − 1. By Lemma 2.4,
G is not connected graph, which is a contradiction. Therefore G is an
identifiable graph. �

Theorem 2.6. [3] The number of walks of length ` in G, from vi to
vj, is the entry in position (i, j) of the matrix A`.

Theorem 2.7. [3] Let G be a regular graph of degree k. Then:

i) k is an eigenvalue of G;
ii) if G is connected, then the multiplicity of k is 1;

iii) for any eigenvalue λ of G, we have |λ| ≤ k.

Theorem 2.8. Let G be a connected strongly regular graph with param-
eters (n, k, a, c). If a ≥ 1, then γID(G) ≤ k2−k+α

α
, where α = min{a, c}.

Proof. By Theorem 2.5, G is an identifiable graph.
Let V (G) = {v1, v2, · · · , vn} and C be an identifying set of G with
minimum cardinality. By Theorem 2.7, the largest eigenvalue of G,
λmax(G) = k and so k2 is the largest eigenvalue of A2, where A is the

adjacent matrix of G. By Rayleigh quotient,
Xt

CA
2XC

Xt
CXC

≤ k2.

Since X t
CXC = γID(G), X t

CA
2XC ≤ k2γID(G). By computing not so
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hard, we have

X t
CA

2XC =
n∑
i=1

(A2)i1xix1 + · · ·+
n∑
i=1

(A2)inxixn.

.
By Theorem 2.6,

(A2)ij =

{
k i = j,

a or c i 6= j.

So X t
CA

2XC = k
∑n

i=1 x
2
i +

∑n
i=2(A

2)i1xix1 +
∑n

i=1,i 6=2(A
2)i2xix2 +∑n

i=1,i 6=3(A
2)i3xix3 + · · ·+

∑n−1
i=1 (A2)inxixn.

Since xixj = xjxi, (A2)ij = (A2)ji and
∑n

i=1 x
2
i = γID(G), we have:

X t
CA

2XC = kγID(G) + 2(
n−1∑
i=1

n∑
j=i+1

(A2)ijxixj).

If α = min{a, b}, then:

X t
CA

2XC ≥ kγID(G) + 2α(
n−1∑
i=1

n∑
j=i+1

xixj).

Since
∑n

i=1 xi = γID(G), so:

γID(G)k2 ≥ X t
CA

2XC ≥ kγID(G) + αγID(G)(γID(G)− 1).

By Lemma 2.4, α ≥ 1. Therefore γID(G) ≤ k2−k+α
α

. �

Theorem 2.9. Let G be an identifiable graph of order n. If µmax is the
largest eigenvalue of Laplacian matrix La(G), then d n

1+µmax
e ≤ γID(G).

Proof. Let V (G) = {v1, v2, . . . , vn} and C be an identifying set of G
with minimum cardinality. It is easy to see that:

X t
CLa(G)XC =

n∑
i=1

x2i deg vi −
n∑
i=1

xi|NG(vi) ∩ C|.

Since xi ∈ {0, 1} and xi = 1 if and only if vi ∈ C, so:

X t
CLa(G)XC =

∑
vi∈C

(deg vi − |NG(vi) ∩ C|) = m1(C).

Since m1(C) ≥ |V (G) \ C| = n− γID(G), so:

X t
CLa(G)XC ≥ n− γID(G).

By Rayleigh quotient, we have
Xt

CLa(G)XC

Xt
CXC

≤ µmax. Hence
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n− γID(G) ≤ X t
CLa(G)XC ≤ γID(G)µmax.

This completes the proof. �

Theorem 2.10. Let G be an identifiable graph of order n and size m. If
λmax and µmax are the largest eigenvalues of A and La(G), respectively
and 2m−2

n−2 > λmax + 2µmax, then γID(G) 6= n− 2.

Proof. Let γID(G) = n−2 and C be an identifying set with |C| = n−2.
Then we have m0(C) ≤ 1, X t

CAXC = 2m2(C) and 2X t
CLa(G)XC =

2m1(C). By Rayleigh quotient, we have:

X t
CAXC + 2X t

CLa(G)XC ≤ γID(G)(λmax + 2µmax).

Since m0(C) +m1(C) +m2(C) = m and m0(C) ≤ 1 , so:

2m− 2

λmax + 2µmax
≤ γID(G).

Therefore 2m−2
n−2 ≤ λmax + 2µmax, which is a contradiction. �
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