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ON THE LASKERIAN PROPERTIES OF EXTENSION
FUNCTORS OF LOCAL COHOMOLOGY MODULES

D. HASSANZADEH-LELEKAAMI * AND H. ROSHAN-SHEKALGOURABI

ABSTRACT. Let R be a commutative Noetherian ring with identity
and M be an R-module. In this paper, we are going to generalize
some results on finiteness of extension functors of local cohomol-
ogy modules to the category of generalized Laskerian modules. In
particular, we study the Laskerianness of Extp(R/a, Hh(M))) and
Ext%(R/a, H,(M)) where t is a non-negative integer.

1. INTRODUCTION

Throughout the paper, R is a commutative Noetherian ring with
identity and all modules are unitary. Also, a is an ideal of R, V(a) is
the set of all prime ideals of R containing a and Z denotes an arbitrary
set of ideals of R.

An interesting problem in commutative algebra is determining when
extension functors of local cohomology modules are finitely generated
R-modules. Grothendieck [5] raised the following conjecture: for any
finitely generated R-module M, Hompg(R/a, H:(M)) is finitely gen-
erated for all i. Hartshorne [6] has given counterexamples to this
conjecture. However, this problem is studied by many authors and
there are some partial answers to Grothendieck’s conjecture. In par-
ticular, it is shown in [2, Theorem 2.1] that for a finitely generated
R-module M and for a non-negative integer ¢ if H:(M) is a-cofinite
for all i < ¢, then Hompg(R/a, H:(M)) is finitely generated. Recall
that an R-module M is said to be a-cofinite if Suppgr(M) C V(a) and
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EX*L%(R/ a, M) is finitely generated for all j > 0 (see [(]). Recently, this
result generalized by authors to the category of Z-Laskerian modules,
a category larger than the category of finitely generated modules (for
definitions see Section 2). More precisely, if M is an Z-Laskerian R-
module and ¢ is a non-negative integer such that H:(M) is Z-Laskerian
for all ¢ < ¢, then for any Z-Laskerian submodule N of H.(M), the R-
module Hompg(R/a, H:(M)/N) is Z-Laskerian (see |11, Theorem 3.3]).

Asadollahi and Schenzel in [1], Dibaei and Yassemi in [3] and Khash-
yarmanesh in [9] have provided some results on the finiteness of
Ext),(R/a, H.(M)) for j > 0. As a motivation, it is natural to ask
about the Z-Laskerianness of Ext%(R/a, H:(M)) for j > 0. This pa-
per is devoted to investigating cases ¢ = 1 and ¢ = 2. In fact, we will
generalize the main results of [3] and [!, Theorem 1.2] to Z-Laskerian
modules.

2. PRELIMINARIES

The notion of Z-closure as a semiprime closure operation on sub-
modules of modules was introduced in [7]. Let M be an R-module
and P be a proper submodule of M. Then P is said to be Z-prime
if P = (P :) I) for each I € T (see [7, Definition 2.1]). Let N be a
submodule of M. Recall that by the closure of N with respect to I (or
Z-closure of N'), we mean the intersection of all Z-prime submodules of
M containing N, and designate it by Clz(N). Following Kirby [10], a
nonempty set Z of ideals of R is said to be closed if it has the following
properties: (1) If I C J and I € Z, then J € Z; (2) If {a)}ren generate
an ideal  of Z and {Ix}xea C Z, then ), ., axIx € Z. The intersection
of all closed sets of ideals which contain 7 is called the closure of 7 and
is denoted by Z (for more details see [10, Definition 4]). It is shown in
[7, Theorem 3.8] that if M is an R-module, then for each submodule
N of M we have Clz(N) = {m € M| Jm C N for some J € T}

Recall that R-module M is said to be Laskerian if any submod-
ule of M is an intersection of a finite number of primary submodules.
Obviously, any Noetherian module is Laskerian. Also, an R-module
M is said to be weakly Laskerian if the set of associated primes of
any quotient module of M is finite (see [1]). Obviously, any Laske-
rian module is weakly Laskerian. As a generalization of these notions,
the concept of the Z-Laskerian module was introduced in [¢]. An R-
module M is said to be Z-Laskerian if the set of associated primes
of Clz(N)/N is a finite set for any submodule N of M. If the no-
tation I'z(M) represents the Z-closure of the zero submodule of M,
ie., I'z(M) = Clz(0p), then according to [7, Lemma 3.10(3)] we
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have Clz(N)/N = Clz(0pyn) = T'z(M/N). Thus, M is Z-Laskerian
if Assg(I'z(M/N)) is finite for any submodule N of M. Obviously,
Ass(Clz(N)/N) C Ass(M/N) for any submodule N of M. Thus, any
weakly Laskerian module is Z-Laskerian. In particular, any Noether-
ian module is Z-Laskerian for all Z. Moreover, based on [11, Example
2.1], the class of Z-Laskerian modules is strictly larger than the class of
weakly Laskerian modules. For more results on the Z-Laskerian module
see [11].

For readers convenience, we list some properties of Z-Laskerian mod-
ules.

Lemma 2.1. Let C(R) be the category of all R-modules and
R-homomorphisms.

(1) T'z(—) is a covariant, R-linear and left exact functor from C(R)
to itself.

(2) Let 0 = M'" — M — M" — 0 be a short exact sequence of
R-modules. Then M is I-Laskerian if and only if M' and M"
are both Z-Laskerian. Thus any subquotient of an I-Laskerian
module, as well as any finite direct sum of Z-Laskerian modules,
s L-Laskerian.

(3) Let M and N be two R-modules. If M is Z-Laskerian and N
is finitely generated, then Ext'y(N, M) and Tor(N, M) are Z-
Laskerian for all v > 0.

(4) Let M be an R-module such that Suppr(M) is finite. Then
M is T-Laskerian. In particular, any Artinian R-module is Z-
Laskerian.

Proof. See [3, Lemma 2.3]. O

We conclude this section by the following useful lemma (see [3, Re-
mark 2.1]).

Lemma 2.2. Let a and b be ideals of R with a Cb. Let M be an R-
module and E be the injective hull of the R-module M := M /T'q(M).
If K = E/M, then the following statements hold.

Exts(R/b, K) 2 ExtiI'(R/b, M) for all i > 0;

(1)

(2) He |

(3) HI(K) = HIY (M) for all i > 0;

(4)

(5) Hompg(R/b,T(K)) = Hompg(R/b, K).
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3. RESULTS

In the rest of the paper, we use the notation K as the same as we
stated in Lemma 2.2. The next result is a generalization of [1, Theorem
1.2] and [3, Theorem B].

Theorem 3.1. Let a and b be ideals of R with a C b and M be an
R-module. Let t be a non-negative integer such that Ext'S'(R/b, M)
and Ext},(R/b, H:(M)) are I-Laskerian for all i < t and all j > 0.
Then Exty(R/b, HL(M)) is Z-Laskerian.

Proof. We proceed by induction on t. If t = 0 and M = M/T'y(M),
then the exact sequence

0—To(M)— M — M —0 (3.1)
induces the exact sequence
0 = Hompg(R/b, M) — Extp(R/b,Ty(M)) — Extyp(R/b, M).

So, in view of Lemma 2.1(2), Extp(R/b,To(M)) is Z-Laskerian.

Now, suppose that ¢ > 0 and that the claim has been proved for
t — 1. By assumption Ext,(R/b,Tw(M)) is Z-Laskerian for all j.
Thus, in the light of the exact sequence (3.1) and Lemma 2.1(2) it
follows that Ext'J'(R/b, M) is Z-Laskerian. Hence, Lemma 2.2 im-
plies that Ext’(R/b, K) is Z-Laskerian and Ext%(R/b, H:(K)) is Z-
Laskerian for all j and ¢ < ¢t — 1. Thus, by induction hypothesis,
Extp(R/b, HY(K)) is Z-Laskerian. Therefore, Extp(R/b, H{(M)) is
Z-Laskerian by Lemma 2.2. O

The following theorem is an extension of [3, Theorem A], in a sense.

Theorem 3.2. Let a and b be ideals of R with a C b and M be an
R-module such that Extl,(R/b, M) is I-Laskerian for all j > 0. Lett
be a non-negative integer such that Ext?(R/b, H:(M)) are I-Laskerian
for all j > 0 and i < t. Then Hom(R/b, H™'(M)) is Z-Laskerian if
and only if BExt%(R/b, H.(M)) is -Laskerian.

Proof. We proceed by induction on ¢. Let t = 0 and M = M/T(M).
(=) The short exact sequence (3.1) induces the following exact se-
quence

Extp(R/b, M) — Exth(R/b,To(M)) — Exth(R/b, M).
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To show Ext},(R/b,I'a(M)) is Z-Laskerian, by Lemma 2.1 it is enough
to show that Extp(R/b, M) is Z-Laskerian. By Lemma 2.2, we have

Extp(R/b, M) = Homp(R/b, K)
— Homp(R/b,T4(K))
= Hompg(R/b, H(M)), (3.2)

as desired.
(<) The short exact sequence (3.1) induces the following exact se-
quence

Extp(R/b, M) — Exty(R/b, M) — Exth(R/b,[x(M)).

It follows from (3.2) and Lemma 2.1, Homg(R/b, H)(M)) is Z-Laskerian.
Now suppose, inductively, that ¢ > 0 and the claim is proved for 1.
According to hypothesis and Lemma 2.2 the modules Ext},(R/b, H:(K))
are Z-Laskerian for all j > 0 and ¢ < ¢ — 1. Moreover, by the exact
sequence (3.1), Ext?,(R/b, M) = Ext%(R/b, K) are Z-Laskerian for all
j. Hence, by induction hypothesis Hom(R/b, H.(K)) is Z-Laskerian
if and only if Ext%(R/b, H1(K)) is Z-Laskerian. Now, the assertion
follows from Lemma 2.2, as desired. 0

Corollary 3.3. Let a and b be ideals of R with a C b and M be an
R-module. Let t be a non-negative integer such that the R-modules
Ext’h(R/b, Hi(M)) are Z-Laskerian for all j > 0 and i < t.

If Extl(R/b, M) and Ext'S*(R/b, M) are I-Laskerian, then for any I-
Laskerian submodule X of HL(M), the R-module Extl(R/b, HY(M)/X)
18 Z-Laskerian for all j < 1.

Proof. The exact sequence
0— X — H{(M)— H{(M)/X —0
induces the following exact sequence
Extp(R/b, HL(M)) — Extp(R/b, Hi(M)/X) — Ext}(R/b, X).

By Lemma 2.1(3), Ext}(R/b, X) is Z-Laskerian. On the other hand,
Theorem 3.1 implies that Exty(R/b, H{(M)) is Z-Laskerian. Thus, it
yields from Lemma 2.1(2) that Exty(R/b, H{(M)/X) is Z-Laskerian.

O

Proposition 3.4. Let a and b be ideals of R with a C b and M be an
R-module. If Extp(R/b, M) and Exth(R/b,T4(M)) are I-Laskerian,
then Hompg(R/b, HL(M)) is Z-Laskerian.
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Proof. If M = M/T,(M), then the exact sequence (3.1) induces the
exact sequence

Extyp(R/b, M) — Extp(R/b, M) — Ext%(R/b,Ty(M)).

It follows from Lemma 2.1(2) and assumption that Extp(R/b, M) is
Z-Laskerian. Hence, equation (3.2) completes the proof. O

Corollary 3.5. Let a and b be ideals of R with a C b and M be an
R-module. Let t be a non-negative integer such that the R-modules
Ext’,(R/b, H:(M)) are Z-Laskerian for all j and i < t.

If both Ext'*(R/b, M) and Homp(R/b, HY(M)) are I-Laskerian,
then the R-module Exth(R/b, H'(M)/X) is I-Laskerian for any I-
Laskerian submodule X of HL(M).

Proof. The exact sequence
0— X — H{(M)— H{(M)/X —0
induces the following exact sequence
Ext%(R/b, HL(M)) — Exth(R/b, H:(M)/X) — Ext(R/b, X).

By Lemma 2.1(3), Ext%(R/b, X) is Z-Laskerian. So, in the light

of Lemma 2.1(2), it is enough for us to show that the R-module
Exth(R/b, H{(M)) is Z-Laskerian. To do this, we use induction on ¢.
Let t = 0. Then, by assumption Ext%(R/b, M) and Homg(R/b, H}(M))
are Z-Laskerian. Therefore, by equation (3.2), the R-module Ext},(R/b, M)
is Z-Laskerian, where M = M/T'y(M). Thus, the exact sequence

Exth(R/b, M) — Ext%(R/b,To(M)) — Ext%(R/b, M)

and Lemma 2.1(2) imply that Ext%(R/b,[,(M)) is Z-Laskerian. Now
suppose, inductively, that ¢ > 0 and the result has been proved for £ —1.
By assumption, Ext}(R/b,T'y(M)) is Z-Laskerian for all j. Therefore,
the exact sequence

Extt?(R/b, M) — Extt?(R/b, M) — Extt(R/b,T,(M))

implies that Ext)y?(R/b, M) is Z-Laskerian. Now, by Lemma 2.2 and
by using a similar proof as in the proof of Theorem 3.1, we conclude
that Exth(R/b, H™Y(K)) is Z-Laskerian, and so Ext3(R/b, H{(M))
is Z-Laskerian by Lemma 2.2, as desired. 0

Corollary 3.6. Let a and b be ideals of R with a C b and M be an
R-module. Lett be a non-negative integer such that Extl(R/b, Hi(M))
are Z-Laskerian for all j and i < t. If the R-modules Homg(R/b, HTY(M))
and Ext{%(R/b, M) for j =t,t+1,t+2 are Z-Laskerian, then for any
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Z-Laskerian submodule X of HL(M) and for any finitely generated R-
module L with Supp(L) C V(b), the R-module Extl(L, H(M)/X) is
I-Laskerian for all 7 < 2.

Proof. The assertion follows from Corollaries 3.3 and 3.5 and [1 1, The-
orem 2.4]. O

Corollary 3.7. Let a and b be ideals of R with a C b and M be an R-
module. Let t be a non-negative integer such that Exth(R/b, HL(M))
are L-Laskerian for all j and i <t.

If Ext'(R/b, M) and Exty(R/b, HY(M)) are I-Laskerian, then the
R-module Hompg(L, HY™ (M)/X) is Z-Laskerian for any Z-Laskerian
submodule X of HPY (M) and for any finitely generated R-module L
with Supp(L) C V(b).

Proof. In view of [I1, Theorem 2.4] it suffices to show that
Hompg(R/b, HY(M)/X) is Z-Laskerian. By assumption and Lemma
2.1(3), Extg(R/b,X) is Z-Laskerian. So, according to the exact se-
quence

Hompg(R/b, HY(M)) — Hompg(R/b, H™(M)/X) — Extrp(R/b, X),

it is enough for us to prove that Homg(R/b, H:*1(M)) is Z-Laskerian.
We proceed by induction on t. Let ¢t = 0. Then by assumption
Exty(R/b, M) and Ext%(R/b,T(M)) are Z-Laskerian. So in view
of Proposition 3.4 the R-module Hompg(R/b, H!(M)) is Z-Laskerian.
Now suppose, inductively, that £ > 0 and that the claim has been
proved for t — 1. By Lemma 2.2 and using a similar proof as in the
proof of Corollary 3.5, we infer that Hompg(R/b, HL(K)) is Z-Laskerian.
Therefore, Homg(R/b, H:*1(M)) is Z-Laskerian. O

Corollary 3.8. Let a be an ideal of R and M be an L-Laskerian R-
module. Let t be a non-negative integer such that Exths(R/a, Hi(M))

are L-Laskerian for all j and i < t. Then the following statements
hold.

(1) Extp(R/a, HY(M)) is I-Laskerian.

(2) The following statements are equivalent:
(a) Hom(R/a, H:™(M)) is Z-Laskerian;
(b) Exth(R/a, HY(M)) is Z-Laskerian.

Proof. Since M is T-Laskerian, Ext%(R/a, M) is Z-Laskerian for all 4,
by Lemma 2.1(3). Thus, the assertions follow from Theorems 3.1 and
3.2. U
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