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1. Introduction

Study of small-scale materials has been the focus of lots of research. It is pointed out that in order to
study materials in small scales, experimental approaches give the most reliable results but due the
difficulties in running such experiments in small scales these approaches are mostly used as a
validation tool for other simpler methods. Atomic simulation is another method to cope with this
matter but it is only used for the problems with small deformations because it is extremely cost and
time consuming.

In the search to find a better method to model nanostructure materials, researches proposed another
method. This method uses continuum mechanics to model small scale structures such as nano
materials. There are various size-dependent continuum theories that take into account the effect of
the size parameter. All of these theories are the developed notion of classical field theories which
include size effects.

Daikh et al, [1] studied A novel nonlocal strain gradient Quasi-3D bending analysis of sigmoid
functionally graded sandwich nanoplates. They investigated the effect of the elastic foundation
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models, sigmoidal distribution index constant, configuration of sandwich plate, material and length
nanoscales, boundary conditions on the static deflection.

Yang et al, [2] studied the axisymmetric bending and vibration of circular nanoplates with surface
tractions. They investigated the effect of the material's surface properties on the deflection and natural
frequencies.

Shafiei et al, [3] employed the modified couple-stress theory to study stability and vibration of single
and multi-layered graphene sheets. The effects of different parameters such as loading schemes,
nanoplate dimensions and boundary conditions were investigated.

Thanh et al, [4] studied the size-dependent thermal bending and buckling responses of
composite laminate microplate based on new modified couple stress theory and isogeometric analysis.
The influences of fiber orientation, thickness ratio, boundary conditions and the variation in material
length scale parameter were also investigated.

In this paper, size-dependent nanoplate model is developed to account for the size effect. Hamilton
principle is used to derive the equations of motion based on the mentioned theories (i.e. modified
couple stress and third order shear deformation theories). In order to investigate the effects of material
length scale parameter on deflection and frequency, analytical solution is obtained for a simply
supported plate and results are discussed.

2. Modified couple stress theory

The modified couple stress model was proposed by Yang et al. [5] after developing the theory
proposed by Toppin [6], Mindlin and Thursten [7], Quitter [8] and Mindlin [9] in "1964. The
advantage of Yang's model is that instead of two parameters, it only needs one material length scale
parameter for projection of the size effect. In this theory the strain energy density in the three-
dimensional vertical coordinates for a body bounded by the volume V and the area 22 [10], is expressed
as the follows:

1 - 1
U= EJ. (Gi]-Ei]- + muxu)dV L] = 1,2,3 ( )
v
where:
1 2
€ = > (uyj + uy;) (@)
3)

1
Xij =5 (9i,j + 9j,i)

xij and g; are the symmetric part of the curvature and strain tensors, respectively, and
also, 8; and u; are the displacement vector and the rotational vector, respectively.

(4)
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o;; and m;; the stress tensor and deviatory part of the couple stress tensor, respectively, are
defined as:

5
O-i]' = lEkkSi]- + 2“.81] ( )

6
m;; = 2H12Xij (©)

Where A and p lame constants, ¢ is the Kronecker delta and | is the material length scale
parameter. From Equation (3) and (6) it can be seen that y;; and mjj are symmetric.

3. Third-order plate model
The displacement equations for the third-order plate are defined as following:

4 (1)? aw(x,y,t
ul(x,y,z,t) =Z(px(xﬂy't) _E(E) z* (%y)-i'(px(x'y't))

4 (1\2 3 Ow(xy,t) (7)
U (x,y,2,t) = zp, (x, y, t)-;(;) (5, Toy(xy 1)

uS(xlyrZrt) = W(X:Y:t)

Where ¢ and ¢, are the rotations of the normal vector around the x and y axis respectively, and w

is the midpoint displacement of the plate in the z-axis direction.
In Figure 1 an isotropic rectangular nanoplate with length a, width b and thickness h is shown.
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Figure. 1. A schematic of the nanoplate and axes

The strain and stress tensors, the symmetric part of the curvature tensor, and the rotational vector for
the nth-order plate are given in the appendix.
The variation of strain energy is expressed as follows:

U = f Oxx 8 Exx + 0yy 8Eyy + 204y 8 &,y + 204, 8 €, + 20y, 8 €, + My, 8 Xy + myy 6Xyy + My, 6%,
v

+ 2myy 8%,y + 2my, 6%y, + 2my, 6 X,,)dV

To simplify, the coefficients name of the variables can be denoted from E; to Eis according to
Equation (9) and they are obtained separately. (E1 - E1s are given in the appendix)
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oU = J- (E1 0w yx+ E; 6w, o+ E5 8w, + E 8 Wy
v

yy Xy
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4. Virtual work of the external forces [11]

If the middle-plane and the middle-perimeter of the plate are shown as Q and I' respectively, the
virtual work of the external forces can be categorized as, the virtual work done by the body forces
applied on the volume V= Qx (- h2, i2), The virtual work done by the surface tractions at the upper
and lower surfaces (Q2) and finally the virtual work of the shear tractions on the lateral surfaces, S=
I'x (- 2, i2). Considering the body forces (fx, fy, f2), the body couples (cx, ¢y, Cz), the forces acting
on the Q plane (qx, Gy, gz), the Cauchy's tractions (t, ty, t;) and the surface couples (Sx, Sy, S;) the
Variations of the virtual work is obtained as follows:

Sw=—[[f ., (du+ £,8V+ £,5w + qxdu + q,8V + q,0w + ¢80, + ¢, 30, + (10)
€,00,) dxdy + [ | (t;8u+t, 8V + t,0w + 5,0, + 5,80, +5,50,)dI]
Given that in this study only the external force g is applied, Eq. (10) becomes:
a rb (11)
Sw = J J qx, y)dw(x,y)dx dy
0o J0
The variation of kinetic energy is as follows:
z (12)
6T = J- J. b p(ﬁ15ﬁ1 + 1.1261:12 + ﬁ38U3)dA dZ
AV—3
Where p is the density. Also using the Hamilton's principle [12], it can be said:
(13)

T
f (8T — (8U — 8w))dt = 0
0

Where T is kinetic energy, U is the strain energy, and W is the external force work.

5. Final governing equations
Using Hamilton's principle Eqg. (13), the main equations are obtaine: (C; — C;, & D; — D43 are given in the
appendix)

h (9%E, 0E,  0%E, 0%E; OEs 2 2w 9w (14)
[0 (Gt = G 5+ e = 5 2] = 4oy + plawie = €701 (53 + o)
dox | 0y
C6 P ]4 ( 0x + ay ),tt
(15)

fh/z 0B , 0By OB, OBw .\ _ ) (aW)
Ty, ayz ' oxay  dy P 14 | OZ = PRy Qy it 6PJa 0%/



M. Eskandari. Shahraki, et al. / Computational Sciences and Engineering 2(1) (2022) 97-110 101

h (16)
f /2 (92E, OE,s . 02E;  OE,, b ) dy = oK c (aW)
_hy, 0x2 ox  0xdy dy 15 ) 42 = pRo@yee = Cs Pl ay/ .
coefficients of ], and K, are obtained as the following:
17
Ja=14— Ce 16 ( )
18
K, =1, —2C4 I, — C4°l (18)
h (19)
2 .
I; = th‘ dz (i=01,2,n—1,n,n+1,2n—4,2n— 2,2n)
2
6. Third-order plate equations in the general state
The general equations of the third-order plate will be obtained as following:
a*w 3oy 3 ox a3‘Py 0px 0&
DlaXZayz+DZa " +DZa - +D3a > +D3a ~+D, o FDag + Dag o+ Dy 5 X+ Dy + 20)
03 a*w a*w 9% px 3@y
D4 =q(xy) + ph atz — Dy (BXZ e T ay2 Btz) + Dy, (ax ozt ay Btz)
— Pw 92 9y 22 ‘~Px 9% ey 0*ox 54‘93’ _ 0*ox _ ow _ —
Ds7ay? 6x dy? 5 9y ox + D6 +D755%5 ax dy3 D, ay* +D; dy 9x3 D7 dy? 9x2 Ds ox D3y (21)
Pox _ a w 2% ox
D‘*ﬁ +De 72 = Dig5e D5,
— _6 w ¢y az“py a* Py o*ox _ 0*px _ 63W w _
D, oy 02 95y ox + Dig PY) + D7 ox 4 +D, a2 0y? D, 9y 0% D, % 0y? 4593 3y 22)
oy _ *w %y
Dspy +Dg 55 = Doz 5zt Dz 75z

7. Navier's solution method

The Navier's solution method is applicable to rectangular plates with simply-supported boundary
conditions at all edges. Because the boundary conditions are spontaneously satisfied in this way, the
functions of the plate's mid-plane are expressed as double trigonometric series [13 & 11]:

Wxy,t) = X2, ¥ W, sin axsin By el®t (23)
Ox(%,y,1) = Xm_1 X1 Xmn COs ax sin By et (24)
@y(%,y,t) = Xi_1 X1 Yimn Sin ax cos By el (25)

The load can also be calculated from the following relation:

q = Zi=1 Ziz1 Qmn Sin ax sin By e'®* (26)

Qun = = [ ;" aCx y)sinaxsin By dx dy (27)



102 M. Eskandari. Shahraki, et al. / Computational Sciences and Engineering 2(1) (2022) 97-110

qo ;Forsinusoidal force
16qq
Qun = mnm2

% ; For point force in the plane center

; For uniform force (28)

Where in:
m mn e
a=— B=?, i=v-1 (29)

Simply-supported boundary conditions were also satisfied by the Navier's method according to
the following equations:

- _ _ Lomm o

x=0 (w(0,y) = w(a,y) = XY W, sin — xsin—y =0 30)
) . m n

x=a @y(0y) =0,(@y) =X Xymn SmTﬂ xcosf y=0

Y=, (wx0)=wkxb)=XYw,, sin? xsin% y=0 31)

y _ b (9x(x,0) = i (x,b) = Y2 X cos% xsin% y=0

8. The matrix of equations

The general matrix of the third-order plate equations along with the auxiliary equations are obtained
using the Navier's solution (R; — Rg & G; — Ggq are given in the appendix)

R; R; Rj Gy Gy Gs Wmn Qmn (32)
R4 RS RG - (,l)z G4 GS G6 an = 0
R7 RS R9 G7 G8 Gg Ymn 0

Various materials such as epoxy, graphene, copper and so on can be considered as the plate's
material. In this study, graphene is chosen as the plate's material. A single-layer graphene plate
has the following properties [12]:

E = 1.06TPa,v = 0.25,h = 0.34nm, p = 2250 kg/m3

Also, the relationship between E and p and v can be written as following:

_ vE _ E (33)
A drvwa-y M aaey

Where E is Young's modulus and p and A are lame coefficients [14]. Also, the value of the force
g = 1N/m? was considered.

9. Results and discussion

The computational program was written in Matlab software, and the results were obtained using this
program. All boundary conditions were also considered as simply-supported.

Figure 2 shows the third-order nanoplate bending rate under uniform surface traction for the length
to width ratio and length to thickness ratio. As shown in the figure, with increasing the length
parameter to the thickness of the nanoplate, the bending ratio decreased. Furthermore, the bending
ratio increased with increasing aspect ratio of the nanoplate.
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Table 1 shows the dimensionless bending values of the third-order nanoplate under the sinusoidal
load for the ratio of length to width and ratio of length to thickness. As shown in the table, with
increasing length to the thickness parameter, the dimensionless bending value of the nanoplate
decreased. Moreover, with increasing aspect ratio of the nanoplate, the dimensionless bending value
increased except for the state that the length scale parameter was ignored.

Table 2 compares the dimensionless bending values of different nanoplates under the sinusoidal load
for different length to width ratios. As can be seen in the table, the dimensionless bending value was
the highest for Kirchhoff's nanoplate and the lowest for the Mindlin's nanoplate.

Figure 3 shows the frequency of third-order nanoplate different modes (w11-®w12-®21-®22). This value
decreased due to an increase in length parameter to thickness. Similarly, frequency was the lowest
for the first mode and increased for the next modes.

Table 3 compares the third-order nanoplate different modes' frequencies for different length to width
ratios. As can be seen, with increasing the aspect ratio, the vibration frequency value for different
modes decreased.

Table 4 shows the frequency of different modes (m11-w12-m21-w22) for diverse nanoplates. According
to the table, the frequency value was the highest for the Mindlin's nanoplate and the lowest for the
third-order nanoplate.
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Figure. 2. The third-order nanoplate bending rate under uniform surface traction for the length to width ratio and
length to thickness ratio (g=1e-18 N/nm? a/h=30)

Table 1. The dimensionless bending value of the third-order nanoplate under the sinusoidal load for length to width
ratio and length to thickness ratio (g=1e-18 N/nm? a/h=30)
I/h
0 0.5 1 2

1 1.00000 0.49858 0.19912 0.05852

a/b
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0.19927
0.19935

0.05858
0.05860

0.49883
0.49895

1.5 1.00000
2 1.00000

Table 2. The dimensionless bending value comparison of the various nanoplate under the sinusoidal load effect for
length to width ratio (q=1e-18 N/nm?, I/h=1 a/h=30)

N order shear

alb Kirchhoff  Mindlin Third ord_er shear deformation plate
plate plate deformation plate (n=5)
1 0.2 0.072264 0.19912 0.19907
1.5 0.2 0.072121 0.19927 0.19923
2 0.2 0.072049 0.19935 0.19931

Table 3. The frequencies comparison of third-order nanoplate different modes for length to width ratio (a/h=30)

I/h
Mode 0 0.5 1 2
a/b=1
w11 13.9441 19.7447 31.2407 57.6223
W12 34.6497 49.1546 77.8533 143.6613
Wy 34.6497 49.1546 77.8533 143.6613
Wyy 55.1098 78.3225 124.1752 229.2384
W33 121.6342 173.8911 276.5826 511.3107
a/b=2
w11 8.7284 12.3536 19.5411 36.0389
W12 13.9441 19.7447 31.2407 57.6223
Wy 29.4967 41.8251 66.2277 122.1954
Wyo 34.6497 49.1546 77.8533 143.6613
W33 77.0069 109.6563 174.0385 321.4395
2500
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Figure. 3. The frequencies comparison of third-order nanoplate different modes for length to width ratio (a/b=1,

Table 4. The frequencies comparison of numerous nanoplate different modes for the various length to width ratios

alth

I/h=1)

(I/h=1, a/b=1.5)

a/h

Mode 50

30

40
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Mindlin plate
w11 83.8680 37.5829 21.2022
W17 159.1488 071.8354 40.6324
Wy 250.5691 114.0783 64.7336
W3 321.6951 147.4292 83.8680

Kirchhoff plate
w11 50.8001 22.5964 12.7141
W12 97.5592 43.4282 24.4419
Wy 155.8295 69.4324 39.0903
Wyy 202.3037 90.2074 50.8001

Third order shear deformation plate

w11 50.6984 22.5761 12.7077
Woq 97.1889 43.3538 24.4182
W12 154.8989 69.2435 39.0300
Wyy 200.7540 89.8902 50.6984

10. Conclusion

In this study, the bending and vibration of third-order nanoplate were investigated using the modified
couple stress theory. As observed in the tables and figures, the third-order nanoplate bending rate
under uniform load effect, decreased with increasing the length to thickness ratio parameter of the
nanoplate, however, the bending ratio increased with increasing aspect ratio. Also, the third-order
nanoplate dimensionless bending value under the sinusoidal load, decreased with increasing length
to thickness ratio parameter. Furthermore, the dimensionless bending value increased with increasing
aspect ratio except for the state that the length scale parameter was ignored. The dimensionless
bending value was also the highest for Kirchhoff's nanoplate and the lowest for Mindlin's nanoplate.
In addition, the frequency of the third-order nanoplate different modes, decreased with increasing the
length to thickness ratio. Additionally, the frequency value for the first mode was the lowest value
and increased for the next modes. Moreover, different modes' vibration frequency was decreased by
increasing aspect ratio.
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APPENDIX:

strain tensors:

1 ZN\2\ [OW
g =En=(3-2(p) ) (G + )

1 Zy\2\ [OW
=t =326 ) G+ o)

symmetric part of the rotational vector:

0. — ow (1 ) (z)z) (aw+ )
*“oy 27\ )\gy T

o — aw+ (1 ) (2)2) (aw+ )
y T Tax T2\ Mo T P

1 4 (1\? d d
o, =212 () o) (G- 2
2 3\h 0x dy

symmetric part of the curvature tensor:

M)

)

©)
(4)

®)

(6)

U]

®)

©)

(10)
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’w /1 72\ [0, 0*w
Xyy =  Oxdy * (_ -2 (H) )( dy * 8X6y>
1 Z\2\ (0@, 0@y
X = (5‘2(5) ) (G-
82w 0’w 1 ,zy2\[0?w 0 0*w 0
o)) (L 2o 2w dey
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stress tensors:

Oxx = A+ 2 + ALy,
Oyy = AEx + A+ 2)Ey,,
02z = MExx + Eyy)

Oyx = Oxy = 21 Exy
Ox; = Opx = 21 E,
o

yz = Ozy = 2}’lgyz

The coefficients of E:

2
E, = ZT‘;V [ A +2w(C; — CC) + %le(l +C,) - —le(l +C0A - C4)] + [)\(Cs C,C) —
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_ 2w 112 1,12 a*w
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a
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aW 1 42 achy achx 1 42 2
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92 2
by == () [ + (22 20 ey

_ *w 2 112 %w
Eio = 5 [ A +210(C,* —2C,) — 32 (1 = C)(1 +C] + ﬁ[;\cl(—z +C) +
dpx ]
(1= C( +C]+ =2 A+ 210C,* + 2u2(1 — €)% + aiyy[;\cl2 —412(1 - €,)?]
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Eiy= (Z_‘: + (Px) [H(l - C%* + %UIZCSZ] + (Zx(g;’, - %) EHIZCSCJ

2
Eis = (3 + @y [1(1 = €)? +202C"] + (Z,:;y - 2 Buecsc,]

The coefficients of C:

ce=3(5)
¢~ 3\h
C. = h
7—H3
C. = h
S—HS

h3
Co = 252 = A +2p

3

h
Cio=A+2n)—
10 A +2p) 60

(28)

(29)

(30)

(1)

(32)

(33)

(34)

(35)

(36)

@37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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Ciy= pl? 4
1= M 3h
Ciz =1 1%h

The coefficients of D:

D, = 2Cy; +12C; +12Cg +2G,

1 1 1
D, =§D1 =Cyz +Cy +12C; +1°C4

D3 = _uh+2C7 _C8 _C11

D, = Cy — Cy +412C4 — Cy

D5 = 3Cy; —212C; +212C5 — A+ I, + 2+ 1C I, — A+ C6 I

D¢ = —pl, + 2uCy I, — pCe%lg — 4C,, + 212C, —12Cq

1 1 1
D, = [, — pl2Cel, + L1 Ce°l

Dg = —(A+ 21, + 2C3o — Cg — Cyz +312C, —112Cq
Dy = 212Cg — 2pI2Ce°1, = 212C; +3Cy; — A+ W1, — A+ WC6%1s + 20 + WG4,

Dyo = 312C, —212Cq +2u2C4%1, — I, — nCo’lg + 2uCel, — 4Cy,

Dy, = pC6216
Dy, = pCely — pC6216

D3 = pl, —2pCgl, — Pcezls

The coefficients of R:

R, = D;a?B? + D,a* + D,B* — Dya? — D5 B2
R, =R, =D,a® + D,a B? — Dy

R; =R, = D,f° + Do’ — D;f8

Rs = —D,B* — D,a®B? — DgB? — Dga® — Dy
Ry = D,ap® + D,a3B — Dsaf

Rg = —D,aB — D,aB® — Dyaf

Ry =D, a* + D,a?B? — D;ya® — Dgf2 — D,

The coefficients of G:

G, = —=D;;0% — D44 B? — ph

(45)

(46)

(47)

(48)
(49)
(50)
(51)
(52)
(53)
(54)
(55)
(56)

(57)
(58)

(59)

(60)

(61)
(62)
(63)
(64)
(65)

(66)
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G, = G, = Dy«

G3 = G; = Dy,
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(67)
(68)

(69)
(70)

(71)



