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 In this paper, we study the number of solutions of commutator equation 

[ , ]nx y g in two classes of finite groups. For ,g G  we consider

( ) {( , ) | , ,[ , ] }n n

g G x y x y G x y g    . Then the probability that the 

commutator equation [ , ]nx y g has a solution in a finite group G , 

written ( )n

gP G , is equal to 2| ( ) | | |n

g G G . By using the numerical 

solutions of the equation ( mod   ),xy zu t n   we derive formulas for 

calculating the probability of ( )n

g G , for some finite groups G . 
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1. Introduction 

In the last years there has been a growing interest in the use of probability in finite group theory. 

One of the most important aspects that have been studied is the probability that two elements of a 

finite groupG commute. This is denoted by ( )P G  and is called the commutativity degree of .G  In 

obtaining the properties of ( )P G , Gustafson [3] proved that for a non-abelian finite group .G  M. 

Hashemi [4] gave some explicit formulas of ( )P G for some particular finite groups .G  Also Hashemi 

and et al. [5] derived formulas for calculating the probability of ( )gP G whereG  is a two generated 

group of nilpotency class two. 

 

Definition 1.1. Let G  be a finite group. The commutativity degree of G , written ( )P G , is defined 

as the ratio 
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|{( , ) : }|
( ) .

| |

x y G G xy yx
P G

G

  
  

 

In [6], Pournaki and R. Sobhani have studied and generalized this concept for the group G and g G  

as follows: 

 

2

|{( , ) :[ , ] }|
( ) .

| |
g

x y G G x y g
P G

G

  
  

 

Note that for every g G , we have 0 ( ) 1.gP G   In particular for g G G  , we get ( ) 0gP G   and 

( ) 1gP G   if and only if  G  is abelian and  .g e  

 

For integers , , 2m n k   where | ( , ),k m n  we consider the following finitely presented groups 

mnG  and ( , , ),H m n k  as fallows; 

, 1, [ , ] [ , ], [ , ] [ , ] ,

( , , ) , , 1,[ , ] ,[ , ] [ , ] 1 .

m n a b

mn

m n k

G a b a b a b a b a b a b

H m n k a b c a b c a b c a c b c

    

      
 

In Section 2, we state some results that are required in later section. Section 3 is devoted to compute 

the formula for ( )gP G  where ,mnG G  ( , , ).H m n k These results can be checked for some groups 

with small orders, by GAP [2]. 

2. Preliminary 

In this section, we state some lemmas and theorems which will be used in the next section. First, we 

state lemmas that establishes some properties of groups of nilpotency class two, where  
1 1[ , ] .x y x y xy    

 

Lemma 2.1. If G  is a group and ( ),G Z G   then the following hold for every integer k and  

, , :u v w G   

( 1)/2

(1) [ , ] [ , ][ , ] [ , ] [ , ][ , ].

(2) [ , ] [ , ] [ , ] .

(3) ( ) [ , ] .

(4) , [ , ] .

k k k

k k k k k

uv w u w v w and u vw u v u w

u v u v u v

uv u v v u

If G a b then G a b



 

 



     

 

 

Lemma 2.2. Let ,m n be positive integer numbers and . . ( , )d g c d m n . Then | |mnG d mn  . 

Proof. Consider the subgroup ,[ , ]H x x y   of 
mnG . Obviously H is abelian and a simple coset 

enumeration by defining n coset as 1 H  and 1,1 1ib i i n      shows that | : |G H n . Using 

the modified Todd-coxeter coset enumeration algorithm, yields the following presentation for H : 
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1 2 1 2 1 2 1 2, | 1,[ , ] 1 .m m n nH h h h h h h h h          

So that 
m dH Z Z   and | | | : | | |mnG G H H d mn    . 

 
The following lemma can be seen in [1]. 

Proposition 2.3. Let
mnG G . The 

(1) [ , ] .G x y     

(2)  Every element of G is in the form 
i ja b g  where 0 1,0 1i m j n       and .g G   

/ /(3) ( ) , , | [ , ] [ , ] [ , ] 1 .m d n d dZ G a b c a b c a b a c b c           

 

For the particular case, consider m n  then for 2m   we get 

 , | 1,[ , ] [ , ],[ , ] [ , ] .m m a b

m mmG G a b a b a b a b a b a b        

Lemma 2.4. Let 
mG G . Then 

(1) Every element of G  can be written uniquely in the form [ , ]r s ta b b a  where 0 , , 1.r s t m     

(2) ( ) [ , ]Z G G a b     and | ( ) | .mZ G m   

3(3)| | .G m  

 

Proposition 2.5. Let 
mG G and x G . For integers , 2m n  , we have 

( 1)

2[ , ] .
n n

nt rs
n nr nsx a b a b




   

Proof.   We use an induction method on n . By part (1) of Lemma 2.4, the assertion holds for 

   1.n   Now, let 

 
( 1)

2[ , ] .
n n

nt rs
n nr nsx a b a b




   

Then 

 
( 1)

1 2[ , ] [ , ] .
n n

nt rs
n r s t nr nsx a b b a a b a b




    

Since 
mG  is a group of nilpotency class two,  ( ).G Z G   Hence by Lemma 2.1, we have 
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( 1)
( 1)

1 2

( 1)
( 1)

( 1) 2

( 1)
( 1)

( 1) ( 1) 2

( 1)
( 1)

( 1) ( 1) 2

[ , ]

[ , ] [ , ]

[ , ]

[ , ] .

n n
n t rs

n r s nr ns

n n
n t rs

n r s nrs ns

n n
n t rs nrs

n r n s

n n
n t rs

n r n s

x a b a b a b

a b b a b a b

a b a b

a b a b


 




 




  

 


 

 









 

Thus the assertion holds.  

  

 

We recall the Heisenberg group 

 

1

( ) 0 1 , , .

0 0 1

r s

H t r s t

  
  

   
  
  

  

By [7] (Section 2 of Chapter 7), we get 

 

Proposition 2.6. (1) ( ) , , [ , ] ,[ , ] [ , ] 1 .H a b c a b c a c b c     û  

(2) Every element of ( )H  may be written uniquely in the form i j ka b c , where , , .i j k    

( ( )) ( ) .(3) Z H H c      

In particular, for 2n  , we get 

1

( , , ) 0 1 , , 3,

0 0 1

r s

H n n n H t r s t SL
n n n

  
     

             
  

. 

 

Proposition 2.7. For ( , , )G H m n k  and T G G  , we have 

(1) Every element of G may be written uniquely in the form 
r s ta b c , where 0 ,0r m s n     

and 0 .t k   

(2) ( )Z G G c     and .G mnk     

(3) Every element of T is uniquely expressible in the form 11 11 11 12 12 12

1 1 1 2 2 2

r s t r s t
a b c a b c ; where 

11 12 11 120 , ,0 ,r r m s s n     and  11 120 , .t t k    

 
1 2(4) ( ) ,Z T T c c    and 2| | ( ) .T mnk  

By the results 2.3 and 2.7, we see that mnG and ( , , )H m n k  are finite. 

 

The following results are of interest to consider and one may see the proof in [4]. 
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Corollary 2.8. For the integer  1 2

1 2
k

kn p p p
 

   and variables , ,x y z andu , the number of solutions 

of the equation  ( mod   )xy zu n  is 

2 1 1

1

( 1i i i

k

i i i

i

p p p
   



  ).   

Corollary 2.9. Let ,m n  be integers and , ,x y z and u  be variables where 1 ,x z n   and1 , .y u m   

Then the number of solutions of the equation ( mod   )xy zu d   is   

2 1 12 2

1

( ) ( ) ( 1),i i i

k

i i i

i

m n
p p p

d d

   



   

where 1 2

1 2( , ) .k

kd gcd m n p p p
 

      

 

3. Computations on finite groups 

 

This section is devoted to compute a generalization of commutativity degree of some classes of 

finite groups. First, we need the following Theorem. 

 

Theorem 3.1. [5] For the integers ,t n  and variables , ,x y u and z , the number of solutions of the 

equation  ( mod   )xy uz t n   is 

2 1

2

2

| | 2

[ ( ( ) ( ) )].
d n d d

n n d
d

d d d
     

 

By elementary concepts of number theory, we have the following corollary: 

 

Corollary 3.2. Let ,t n  be integers and , ,i j r  and s  be variables, when 0 ,i s n   and 20 , .r j n   

Then the number of solutions of the equation  ( mod   )ri sj t n   is 

2 1

3

2

| | 2

[ ( ( ) ( ) )].
d n d d

n n d
n d

d d d
     

 

Now, we get explicit formulas for the commutativity degree of generalized relative g  the element 

of G  of the finite group mG . 

Theorem 3.3. For the group 
mG G  and g G , 6( ) /gP G m , where   

2

3

2

  |   |( , ) 2

[ ( ( ) ( ) )].
gd m d d t

m m d
m d

d d d
      

Proof. For the g G , we obtain 
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2 1 1 2( )

1 1 2 2 2 1 1 2

| ( ) | |{( , ) ; [ , ] } |

|{( , ) ;  } |

|{( , , , );  (   )} | .

g

g

mtm r s r s

g

G x y G G x y g

x y G G a a

r s r s r s r s t mod m





   

   

  

 

    

So that, by Corollary 3.2, we have 

2 1| |

3

2

  2

| ( ) | [ ( )( ( ) )],g

d m d d

m m d
G m d

d d d
      where 1| ,  ( , ).gd m d d t  And the result follows from the 

2

| ( ) |
( )

| |

g

g

G
P G

G


 .                                                                                                                                   

 

In the present part, we consider ( , , )G H m n k . To compute the commutativity degree of G , let  

,x y G . Then by the first part of Proposition 2.7, we have 1 1 1 2 2 2,
r s t r s t

x a b c y a b c    where  

1 2 1 20 , 1, 0 , 1r r m s s n       and 1 20 , 1t t k   . Hence by Lemma 2.1 and the relations of G , we 

get  1 2 2 1[ , ] .
s r s r

x y c


   

 

By using the above information, we prove that; 

Theorem 3.4. For the group ( , , ),G H m n k  we have 
2

( )
( )

gP G
mnk


  where  

2

2

2

2

1
.

d t d d

t d d

t d d d
  

   
    

    
   

Proof.  For ,gtg c G   we have 

 

  

1 2 2 1

1 1 1 2 2 2 1 2 2 1

|{( , ) ; [ , ] } |

( , ) ;

, , , , , ; ( mod ) .

g

g

tr s r s

g

x y G G x y g

x y G G c c

r s t r s t r s r s t k





   

   

  

 

 

  


2

1 1 1 2 2 2 1 2 1 2 1 2

1 2 2 1 1 1 1 2 2 2 1 2 1 2 1 2

2

2
1 2 2 1 2

2

| , , , , , ;0 , 1,0 , 1,0 , 1,

(mod ) | | , , , , , ;0 , 1,0 , 1,0 , 1,

( )
0 (mod )

(

d t d d

r s t r s t r r m s s n t t k

r s r s ti r s t r s t r r m s s n t t k

mnk t d d
r s r s t

t d d d

mn

t



 

         

           

   
      

    



 

2

2 2

24

2

)
.

d t d d

k t t d
d

t d d d
 

   
   

    
 
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We now turn to a generalization of  gP G . For everyr, we conside 2n   

 [ , ] ,nx y g Then the probability that the commutator equation  ( ) {( , ) ; [ , ] }.n n

g G x y G G x y g     written 

( )n

gP G ,  is equal to 
| ( ) |

| |

n

g G

G G




. That is 

| ( ) |
( ) ·

| |

n

gn

g

G
P G

G G





 Now, for the group 1n   and integer ,m mG g G  

.ads us to prove the main resultThese facts le [ , ] .nx y g ; we consider the commutator equation  

 

Theorem 3.5.   For the group mG , [ , ]t

mg a b G   and, we have n   

(1)  the equation  [ , ]nx y g  has a solution in
mG if and only if |l t , where ( , )l gcd m n . 

(2) 
6( ) /n

g mP G m , where 

2

2

22

2  |   |( , )

[ ( ( ) ( ) )].
m t

d d d
l l

m m d
d

l d ld d
      

 

Proof.  Let 1 1 1 2 2 2[ , ] ,  [ , ]
r s t r s t

mx a b b a y a b b a G   , we have 2.4. Then by the first part of Lemma ,  mx y G  

 , where
1 2 1 2 1 21 , , , , , .r r s s t t m   Now, using Lemma 2.1, Proposition 2.4 and the relations of mG , we get 

1 2 1 1 2 1
1 2 1 2

( 1)

2[ , ]
n n

nt t r s nr s
nr r ns snx y a b a b


  

 
   

  

and 

1 2 1 1
1 2 1

1
2

2

( 1)

2[ , ] .
n n

nt t r s nr s
nr r ns snyx a b a b


  

 
  

 

Thus 

 

1 2 2 1( )
[ , ] [ , ] .

n r s r snx y a b


  

 

On the other hand by the second part of Lemma 2.4, for , ,x y g G  where [ , ] [ , ]g x y G a b     there 

is 1 t m   such that  [ , ] [ , ] .tg x y a b   Now, for g G , we obtain 

 

1 2 2 1( )

1 1 1 2 2 2 1 2 2 1

| ( ) | |{( , ) ; [ , ] } |

|{( , ) ; [ , ] [ , ] } |

|{( , , , , , );   ( ) (   )} | .

g

n r s r s t

G x y G G x y g

x y G G a b a b

r s t r s t n r s r s t mod m





   

   

  

 

 

For the calculating of ( )n

g G , let ( , )l gcd m n . Then  
1 2 2 1( ) ( mod )

n t m
r s r s

l l l
  . Since ( , ) 1,

n m

l l
  we have  

1 2 2 1 ( mod )
t m

r s r s
l l

  . So, the congruence has the solution if and only if |l t . Therefore, by Theorem 3.1, 

the result follows. 
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The Table 1 is a verified result of GAP [2], where 2 10n   and some values of ,  .m t   

 

Table 1: The number of solutions of 
1 2 2 1( ) ( mod   ).n r s r s t m   

n  m  t  The number of solutions of  
1 2 2 1( ) ( mod   ).n r s r s t m   

2 2 2 16 

3 6 3 486 

4 8 4 1536 

5 10 5 3750 

6 4 2 96 

7 7 14 2401 

8 6 2 384 

9 3 6 81 

10 15 5 15000 

 

 

4. Conclusions 

In this paper, by using the properties of mG , we obtain ( )n

g G  for g G  and 1n  . For these, it is 

enough to compute the [ , ]nx y g  where , mx y G . We note that, this method can be generalized to 

finite groups of small orders. 
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