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GENERALIZED PRIME IDEAL FACTORIZATION OF
SUBMODULES

K. R. THULASL*, T. DURAIVEL, AND S. MANGAYARCARASSY

ABSTRACT. In this article, we introduce generalized prime ideal
factorization for all proper submodules of a finitely generated
module over a Noetherian ring. We show that the generalized
prime ideal factorization of a product of two coprime ideals is
the product of the generalized prime ideal factorization of the
ideals. We find conditions under which the generalized prime ideal
factorization of a product of prime ideals is equal to the product
of the prime ideals. We show that if R is a Dedekind domain, the
generalized prime ideal factorization of an ideal a in R is exactly
the prime ideal factorization of a.

1. INTRODUCTION

Factorization of ideals into a product of prime ideals plays an
important role in commutative algebra. For Noetherian rings, this was
generalized into primary decomposition by Lasker (1905) and Noether
(1921). In 1871, Dedekind had found conditions under which ideals of
a ring can be uniquely expressed as a product of prime ideals. Rings
with this property are now called Dedekind domains. But in general,
the ideals of a Noetherian ring cannot be written as a product of prime
ideals. In this article, we extend the notion of prime ideal factorization
to submodules of a finitely generated module over a Noetherian ring
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which has the uniqueness property. We call it generalized prime ideal
factorization.

In this section, we give the definitions and results which will be used
in our article. Throughout this article R will denote a commutative
Noetherian ring with identity and all R-modules will be assumed
to be finitely generated and unitary. For standard terminology and
notations, the reference will be [1] and [5]. Let R be a ring and M be
an R-module. Then there exists a filtration

F:0=MyCcMyC---CM, CM,=M

of M. The filtration F is called a prime filtration of M if M;/M; | =
R/p; for some prime ideal p; in R for 1 < i < n and the set {p1,...,p,}
is denoted as Supp(F). It is well known that Ass(M) C Supp(F) C
Supp(M). In [1], Dress defined weak prime decomposition of a module
M as a filtration F : 0 = My Cc M, € - C M,_.1 C M, = M
such that for every i € {1,...,n}, there exists a prime ideal p; €
Spec(R) with p; = (M;_1: ) for every x € M; \ M;_ ;. Clearly every
prime filtration is a weak prime decomposition. Dress proved that
every Noetherian module M admits a weak prime decomposition with
Supp(F) = Ass(M) [1, PD7].

Prime extension filtration for a finitely generated module over a
Noetherian ring is defined in [2]. A proper submodule N of an R-
module M is said to be prime if for any a € R and x € M, ax € N
implies @ € (N : M) or x € N. We say a submodule K of M is
a p-prime extension of a proper submodule N of M, if N is a prime

submodule of K with (N: K) = p and is denoted as N & K. In [2],

it is defined that a filtration F : N = M, % M, C--- pC M, = M is

a prime extension filtration of M over N if M; is a p,;-prime extension
of M;_1 in M for 1 < i < n. Further, if each M; is a maximal p;-
prime extension of M;_; in M, then the filtration is called a maximal
prime extension (MPE) filtration of M over N. MPE filtrations exist
for finitely generated modules over a Noetherian ring [2, Remark 7].

Proposition 1.1. [2, Proposition 14] Let N be a proper submodule

Pn

of M. IfN = My & My C --- & M, = M is an MPE filtration
of M over N, then Ass(M/M;) C Ass(M/N) for 1 < i < n, and
Ass(M/N) ={p1,...,pn}-

In [2] it is defined that a submodule K is said to be a regular prime
extension of N if K is a maximal p-prime extension of N in M and
p is a maximal element in Ass(M//N) and a prime extension filtration

p Pn . .
N = M, C M, C--- C M, = M is called a regular prime extension
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(RPE) filtration of M over N, if M; is a regular p,-prime extension
of M;_1 in M for 1 < ¢ < n. For a finitely generated module over a
Noetherian ring, RPE filtration exists [2, Theorem 11].

We have that Ass(M/N) is precisely the set of prime ideals occurring
in any RPE filtration of M over N. We need the following results.

Lemma 1.2. [3, Lemma 2.8] Let N be a proper submodule of an R-
module M. If K s a regular p-prime extension of N in M, then for
any submodule L of M either LN K = LN N or LN K is a regular
p-prime extension of LN N in L.

The occurrence of prime ideals in an RPE filtration can be
interchanged provided it satisfies some conditions.

Proposition 1.3. [2, Corollary 17] Let N be a proper submodule of M

pz+1

andN:MOC--leCMCMzH - C M, = M be an MPE
filtration of M over N. If p; and p;y1 are distinct mazximal elements
in Ass(M/M;_y), then there exists a submodule K; of M, such that

Pit1

N=MyC - My C K; & My, C My =M is an MPE filtration
of M over N.

Proposition 1.4. [3, Remark 2.5] Let N be a proper submodule of M

and N = M, % M, C--- an M, = M be an RPFE filtration of M over
. If p is a minimal element in Ass(M/N) and r is the number of
tzmes p occurs in an RPE ﬁltmtzon ofM over N, then we can have an

RPE ﬁltmtzon N = M’ C M| C C M! = M, where pi, = p for
j=n—r+1,.

Proposition 1.5. [ , Theorem 22| Let N be a proper submodule of M.
Then the number of times a prime ideal p of R occurs in any two RPE
filtrations of M over N are equal, and hence, any two RPFE filtrations
of M over N have the same length.

Hence, for every proper submodule N of M, RPE filtration exists
and the set of prime ideals and number of occurrences of each prime
ideal do not depend on any particular RPE filtration.

2. GENERALIZED PRIME IDEAL FACTORIZATION OF SUBMODULES

Definition 2.1. Let N be a proper submodule of M and N = M, %

M, C--- an M, = M be an RPE filtration of M over N. Then we say
the product p; - --p, is the generalized prime ideal factorization of N
in M and we denote it as Py (V).
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Example 2.2. For a prime ideal p in R, Pr(p) = p as p & R is the
RPE filtration of R over p.

Example 2.3. P(0) = 0 if and only if M is a torsion-free module
over an integral domain R.

Example 2.4. [3, Example 2.7] If n = p" ---p"* is the prime
factorization of an integer n, then Pz(nZ) = (p1Z)™ - - - (prZ)™ since
»Z p1Z p1Z »Z
nz 1C plrl_lp2r2 R lc T lc pipe” Pkt 1C

i pkZ  ppl Prl
pQTg,,.kakZC Cpk’"kZ C pkr’“_IZ c - C ka C Z

is an RPE filtration of Z over nZ.
Example 2.5. We have RPE filtrations
(z,y) (z,y)
(z%,y) C (z,y) C klz,y],

(z.9) ()
(2,97 & (2,y) C klz,y), and
(z,y) (z,y)
(2*,zy,y*) C (z,y) C klz,y

in k[x,y]. So, we get
Pk[a:,y]«xza y)) = Pk[cc,y}((xv y2)) - Pk[x,y}((l‘Q? xry, yQ)) = (ZE, y>2

and therefore, distinct submodules may have the same generalized
prime ideal factorization.

Example 2.6. Let N be a p-primary submodule of M. Then
Ass(M/N) = {p} and by Proposition 1.1, Py (NN) = p” for some integer
T.

Note that if L is a submodule of both K and M, then Pg(L)
need not be equal to Py(L) in general. In example 2.5, we see
that Py ((2?y)) = (2,9)% and (2%,y) as a submodule of (z,y)
has Py ((2%,y)) = (z,y). Now we give a sufficient condition for

P (L) = Py(L) when L C K C M.

Proposition 2.7. Let K be a submodule of M. For any submodule L
of M, Px(K N L) =Py(L) whenever (K : M) € Useassar/z) #-

Proof. Let L = My pC1 M, C - an M, = M be an RPE filtration
of M over L. Then {pi,...,p,} = Ass(M/L) by Proposition 1.1.
Intersecting with K, we get KNLC MiNnK C---C M, NK =K.

Since (K : M) & UpeAss(M/L)p7 we have a € (K : M)\ UpeAss(M/L) p-
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Suppose M;_ 1 " K = M; N K for some ¢. Since M;_; C M;, there
exists v € M; \ M;—y. Then ax € M;NK = M; ;N K C M, and
x ¢ M;_y implies a € (M;_q : M;) = p; € Ass(M/L), a contradiction.
Therefore, M,y " K C M; N K for all «. Then by Lemma 1.2,
M, 1N K C M;N K is a regular p;-prime extension for all 7. This

implies KNL & M, NK C--- & M,NK = K is an RPE filtration of
K over KN L. Hence, P (K N L) =Py (L). O

Corollary 2.8. If L ¢ K C M and (K : M) contains a non-zero-
divisor of M /L, then Px(L) = Pu(L).

Corollary 2.9. Ifa € R is a non-zero-divisor of M, then Py (0) =
Pu(0).

Proof. a € (aM: M) \ U,cas) P> since a is a non-zero-divisor of
M. 0

Theorem 2.10. Let N and K be submodules of M such that Py (N) =

p1-Ppn and Py(K) =q1---qr. If p; € q; and q; € p; for every i and
7, then PM<N)PM(K) = PM<NﬂK>

Proof. We can have RPE filtrations N = N, ’E N, C --- an N,=M

and K = K, qcl K, C--- qu K, = M for N and K respectively, since
pi € q; and q; € p; for every i and j. Consider the chain

NNKCNNKCN,NKC---CN,NK =

KCKc - CKe=M (21)

Suppose there exists ¢ such that N;_1NK = N;NK. Since (K : M)N; C
Nz‘ NK = Ni,1 NK - Nifl, (K . M) - (Ni,1 . N,L> =p; € ASS(M/N)
Also, (K : M) C p; implies p; € Supp(M/K). Then p; contains a
minimal element of Supp(M/K') which is also an element of Ass(M/K).
That is, p; 2 q; for some j, which is a contradiction.

Therefore, no equality occurs in (2.1) and by Lemma 1.2, (2.1)
becomes an RPE filtration. Hence, Py (NN K) = p1po- - pndiqe -« - qr
= Pu(N)Pu(K). O

Corollary 2.11. Let N = Ny N ---N N, be a minimal primary
decomposition of N in M where N; is p;-primary for every i. If p;
is a minimal associated prime of M/N for every i, then Py(N) =
Pr(Ny) - Pu(N;).

Proof. Since Nj is p;-primary for every i, we have Py(N;) = p;"¢ for
some integer r;. Also, we have p; € p; and p; € p;, j # 4, since every
p; in Ass(M/N) = {p1,...,p,n} is minimal. Therefore, using Theorem
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2.10 repeatedly, we get Pur(Ny) -+ Py(N,) = Py(NiN---NN,.) =
Pu(N). ]

The above result need not be true if all p; in Ass(M/N) are not
minimal. For example, let N = (22, zy) and M = k[z,y]. Then
N = N; N Ny where N; = (z) and N, = (22,y). So, the prime ideals
are p; = (z), p2 = (x,y), with p; C py. We have Pp(N) = p1ps from
the RPE filtration

@) @
(a%,2y) C (2) C klw,y),

and we have Py (N1) = p1, Par(Na) = po? from the RPE filtrations

(73) ($, ) (Z‘, )
(z) C klz,y] and (2% ) & (x,y) & klx,y]
respectively. So, Pp(N) # Par(N1)Pu(Na).
Next, we show that the generalized prime ideal factorization of a
product of two coprime ideals is the product of the generalized prime
ideal factorization of the ideals. More generally, we prove the following.

Corollary 2.12. Let N, K be submodules of M such that (N : M)
and (K : M) are coprime. Then Py (N)Py(K) = Pu(NNK). In
particular, if a and b are coprime ideals in R, then Pgr(a)Pgr(b) =
PR(Clb).

Proof. Let N=Ny 6 N, C--- CNy=Mand K = Ky & Ky C - &
K, = M be RPE filtrations of M over N and M over K respectively.
Then Py (N) = py---p, and Py (K) = q1---qs. Suppose p; C q;
for some 7,j. Then, since p;, € Supp(M/N) and q; € Supp(M/K),
we have (N : M) C p, € q; and (K : M) C q;. This implies
(N : M)+ (K : M) Cqj, ie, R C qj, a contradiction. Therefore,
pi € q; for all ¢, j. Similarly, q; € p; for all 4,5. So, by Theorem 2.10,

Example 2.5 shows us that for an ideal a in R, the product Pg(a) is
not equal to a in general. Even if a is a power of a prime ideal, Pr(a)
need not be equal to a. For example, let R = k[z,y, 2]/(zy — 2?) and
let T, 7,z denote the images of z, y, z respectively in R. Then p = (7, Z)
is a prime ideal and p? has the RPE filtration

So, Pr(p?) = (7,7,2)(%,2)* # p*.
Definition 2.13. Let M be an R-module and pq,...,pr be prime
ideals in R. Then p;" ---pi"*M is called a minimal prime product



GENERALIZED PRIME IDEAL FACTORIZATION OF SUBMODULES 127

representation in M if p;" -+ p;"i 7 o p " M # py" - p " M and p;
is maximal in Ass(py™ -+ p;_ 1" M /p" - pp"E M) for i =1,.. . k.

Next we give a sufficient condition for Pr(a) = a. More generally,
we prove the following theorem.

Theorem 2.14. Let N = p;™ ---p"* M be a minimal prime product
representation in M. Then Py (N) = py"™ - - - pi*.

Proof. Let a;; denote p;" - - pimitpd for 1 < j<rjand 1 <4 < k.
We show that

NC(N:a,)C (Niay)Co-C(Niay, )C (Niay)Ce-

E(N o) € (Niagn,) C- & (Niag )= M
is an RPE filtration of M over N which would imply that Py (N) =
PP’ So, it is enough to show that (N :a;_,) C (N : a;) is a
regular prime extension for 1 < j <r; and 1 <1 < k.

Clearly (N :a;,_,) € (N :a;),asa;,_, D a;. Suppose equality holds,
since uijpi”_jpwrl”“ s M = N, we have piTz’_jpi+17’i+1 cep M C
(N :a;) = (N :a;,). This implies p;" ---p; " -+ p"sM = N, a
contradiction. Therefore, (N :a;,_,) € (N : ay).

Since for every x € (N :a;;) \ (N : a;,_,), there exists a € a;,_, \ a;,
such that az ¢ N, the set

S={(N:ax) |z e (N:a;)\(N:a;_,),a€a, andax ¢ N}

is non-empty. We claim that p; is a maximal element in §. By maximal
condition, & has a maximal element, say ¢ = (N : by). Then q is a
prime ideal. For if cd € q and ¢ ¢ q for some ¢,d € R, then cby ¢ N,
and cb € a;,_, implies (N : cby) € S with ¢ € (N : cby). Then by
maximality of q, g = (IV : cby). Since cd € q, d € (N : cby) = q. Now,
by € a;, M\ N implies q = (N : by) € Ass(p™ ---p;—1""*M/N).
Clearly p; C q, and since p; is maximal in Ass(py™ ---p;_1"*M/N),
p; = q. Hence, p; is maximal in S.

Clearly p; € (N :a;;,_,) : (N :ay)). Letae (N :a;_,): (N :ay)).
Then a;;_,ay € N which implies aby € N. That is, a € q = p;, and
hence, (N :a;,_,): (N :ay)) = pi.

Suppose ¢ € R, x € (N : a;;) \ (N : a;,_,) with cx € (N : a;,_,).
Then there exists a € a;,_, \ a; such that ax ¢ N and cax € N.
Let b = (N : az). Then ¢ € b and b € S. Since pjar C N,
p; € (N : ax) = b and by claim, p; = b. Hence, ¢ € p; and this

P
implies (N : a;,_,) C (N : a;,) is a p;-prime extension in M.
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Let K be a maximal ps-prime extension of (N : a;_,) in M.
Then p;K C (N : a;_,), which implies a;;, K C N, and therefore,
K C (N :ay). That is, (N : a;;) is a maximal p;-prime extension of
(N:a; ,)in M.

Let p' € Ass(M/(N : a;_,)) such that p; C p’. Then p’ =
(N : ay_,) : x) for some z € M. Since px € (N : a;_,),
v € (N :a;)\ (N :a;,). Then there exists a € a;,_, such that
ax ¢ N, and therefore, (N : ax) € § with p; Cp’ C (N : ax). Then by
claim, p; = p’. Therefore, p; is maximal in Ass(M /(N : a;,_,)). Hence,
(N :ay;_,) ¢ (N :q;) is a regular p;-prime extension in M.

bi
Similarly, (N : a;,) ¢ (N : agy1),) is also a regular p;,q-prime

extension in M for 1 < i < k — 1. This completes the proof. O

Corollary 2.15. Let M be an R-module and my,...,mg be mazrimal
ideals in R. If my™ - -m;" by ™ M # my™ - omy™* M for every
1 S 7 S ]{3, then PM(mlrl . mkrkM) = ml’"l o 'kak.

Taking M = R in Theorem 2.14, we have the following corollary.

Corollary 2.16. Let R be a Noetherian ring and pi"™ ---pi"™ be a
minimal prime product representation in R. Then Pr(py™ - pp'™) =

plTl .. 'pkrk-
Corollary 2.17. Let R be an integral domain.

(i) If p1,...,px are prime ideals in R such that p; is mazimal in
Ass(pi™ -+ pis1" ) pit o piE) for every 1 < i <k, then
’PR(p17"1 .. pk'"k) — plfl - pkﬁ"k'

(i1) If my, ..., my are maximal ideals in R, then Pr(my™ ---my;"s) =
my" e emyTE,

Now we get a necessary and sufficient condition for Pr(a) = a in a
domain R.

Corollary 2.18. Let R be an integral domain. Then R is a Dedekind
domain if and only if Pr(a) = a for every non-zero ideal a.

Proof. If R is a Dedekind domain, for any non-zero ideal a, a =
p1" - piF, where py, ..., P are non-zero maximal ideals in R. Then
by Corollary 2.17, Pr(p1" - - pp"™*) = p1™ - - - px"*. Hence, Pr(a) = a.
Conversely, if Pr(a) = a for every non-zero ideal a, this implies that
every non-zero ideal of R can be written as a product of a finite number
of prime ideals, and hence, R is Dedekind. 0

So, for an ideal in a Dedekind domain, the generalized prime ideal
factorization coincides with its prime ideal factorization.
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