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VALUATION NEAR RINGS
E. KHODADADPOUR AND T. ROODBARILORs

ABSTRACT. In this paper, the authors have defined the valuation
near ring. They have proved some theorem, for example, they have
shown every valuation near ring is a local near ring and the ideals of
N are totally ordered by inclusion. Also, the symbol valuation N-
group in near rings has been introduced. Finally, every valuation
N-group is a valuation near ring.

1. INTRODUCTION

All the following definitions have been extracted from [3].
A right (left) nearring is a non-empty set N together with two binary
operations “+” and “.” such that

(1) (N,+) is a group (not necessarily abelian),

(2) (N,-) is a semigroup,

(3) (n1 +mna)nz = ning +nanz  (ni(ne + ng) = niny + ning), for

all ny,n9,n3 € N.

Let (M,+) be a group with zero 0, N be a near ring and the map
p: N x M — M we write u(n,m) = nm,¥Ym € M,¥n € N. Then M
is called an N-group , if M satisfies the following conditions.

(1) (n+n)m = nm + n'm,

(2) (nn')m =n(n'm),¥n,n" € N,Vm € M.
We write yM for the N-group above. Let N be a near ring. If
(N* = N —{0},-) is a group, then N is called a nearfield .
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A subgroup A of a near ring N with, AA C A is called a subnear
ring of N (notation: A < N).

A subgroup A of N-group M with, NA C A is called an N -subgroup
of M (notation: A <y M).

A near ring N is called integral. If N has no non-zero divisors of zero.

In this paper, the word near ring N, means a commutative, zero
symetric and integral near ring with 1, and M, is an unitary N-group.
It should be noted that all near rings are right near rings.

A normal subgroup I of (N, +) is called an ideal of N (I < N) if

(1) INCI

(2) n(n’+1i) —nn’ € I,Yn,n' € N,Vi € I.
The normal subgroup R of (N, +) with (??) is called a right ideal of N
(R <, N), while the normal subgroup £ of (N, +) with (??) is said to
be a left ideal of L(L <, N).

A normal subgroup A of N-group M is called the ideal of M (A <y
M) if n(m+6) —nm € A,¥Vn € N,VYm € M,V € A.

An near ring homomorphism is a mapping h of near ring /N to near
ring N’ such that:

(1) h(m + ng) = h(nl) + h(ng),
(2) h(nlng) = h(nl)h(ng),an,ng € N.

Let A be an N-subgroup of an N-group M, then
(A:M)={ne NnM C A}
A near ring N is called local near ring if
L = {x € N|z has no left inverse} <y N.

A near ring N is local near ring, if and only if N has a unique
maximal N-subgroup [3,p.400].

An N-group M is called torsion free if ¥M = 0, then r = 0, for
re N.

Let S be a sub-semigroup of (N,-). Define an equivalence relation
~on N x S by

(n,s) ~(n',s') <= 3In; € N,3s; € S : 881 = s'ny,ns; = n'ny.

N x S/ ~=: N,. We write 2 for the equivalence class [(n, s)]. . Define
on N, two operations:

n n nsy + n'ng

s s S81
where (ny,s1) € N x S fulfills ss; = s'ny € S.
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n n n'ne

s s 88
where (ng, s9) € N x S fulfills nsy = s'ng € S.

(N, +, ) is a quotient near ring with identity e = 2 (s any element
of §). If S = N — {0}, then (N, +,-) is a quotient near field [3,p.26].

2. VALUATION NEAR RING

In this section, the notion of a valuation near ring will be introduced
and some theorems will be proved and some results about the quotient
near fields of a valuation near ring will be shown .

Definition 2.1. Let N be a subnear ring of a near field K. Then N
is called a wvaluation near ring, if for each o € K, o # 0, then o € N
ora~t e N.

Any near field K is a valuation near ring of K.

Theorem 2.2. Let N be a valuation near ring of a near field K. Then

(1) N is a local near ring,
(2) The ideals of N are totally ordered by inclusion.

Proof. (1) Consider L = {z € N|x has no left inverse} <y N, we
show that L is an N-subgroup of N. Since 0 € L, L is non-
empty. Suppose a,b € L and a — b ¢ L, by definition of L, we
know that a — b has a left inverse ¢ € N, hence c¢(a — b) = 1.
If ab™* € N, then c¢(ab™ — 1)b = 1 and so b ¢ L, which is a
contraction.

Ifab™' ¢ N, then (ab™')~! = ba™' € N, hence ¢(1—ba"1)a =
1, we get that a ¢ L, which is a contradiction. Therefore a—b €
L and (L,+) is a subgroup of (N,+). It is clear that NLC L.
As a result, IV is a local near ring.

(2) Let I and J be ideals of N and I don’t be a subset of .J, so there
is a € I such that a ¢ J. Consider b € J—{0}. By definition of
the valuation near ring, if ab™! € N, then a = (ab~')b € NJ C
J, which is a contradiction. Therefore, (ab™')™! = ba™! € N
and so b= (ba™')a € NI CI. As aresult, J C I.

0

Proposition 2.3. If the set of all N-subgroups of a near ring N with
quotient near field K s totally ordered by inclusion, then N is a valu-
ation near ring of K.
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Proof. Suppose that a = § € K, for a,b € N and b # 0. We know
(a) and (b) are N-subgroups of N. By assumption, if (a) C (b), then
dny € N, a=nib and so n; = . Thus a € N.

If (b) C (a), then Iny € N, b = nya and hence ny = 2 = (¢)~!. Thus
a~! € N. Therefore, N is a valuation near ring of K. 0

Theorem 2.4. If K is a near field containing N as subnear ring, then
K D Ng is a subnear field, where S := N — {0}.

Proof. Let K be a near field containing N as a subnear ring. Define
the map h : Ny = K by 2 — ax~'. We show that well defined. For,

suppose that % = ;—z Then there are s;,n; € S, such that a7, = aony,

181 = xonq, and so almfl = alslnflxgl = agnlnflagl = aga:;l.

We will show A is injective. Suppose that a;2;' = agz, . We con-
sider n = x; and s = x5. Therefore, a;s = a1x9 = ayx; = asn and
T18 = T1T9 = XoX1 = Ton. As a results % = g—z

Now we prove that h is homomorphism. Let %,5 € Ny;. We have

b b
h<%+_):h<as—|— n

Y s

) (3s,n € S, such that zs = yx)

= (as +bn)(zs)™"

= (as+bn)s 'z~

1 1

xt+bns e

= ass
=ax '+ byt
a b
= h(;) + h(;)
Similarly,
h(g . 9) = h(b—n) (ds,n € S, such that as = yn)
x oy xs
= (bn)(ws) !
=bns 'zt (n =y 'as)

= by tass lz7!

= by_lax_l

a.., b
= h(=)h(-).
)
We identify N, with its image, again denoted by N, = {ax !a,z €
N,z # 0} which is a subnear field of K. We have N C N, C K, as
required. O
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Corollary 2.5. If K is a near field, then K; = K, where S := N —{0}.

Proposition 2.6. Let N be a valuation near ring of near field K. Then
K is a quotient near field of N.

Proof. We will prove that Ny = Kwhere(S = N — {0}). Let a # 0,
a € K, by assumption, « € N or ™! € N. If « € N, then 7 € Ns and
K CN,. Ifa~! € N, then a = -15 € N, and K C N,. Since N, C K,
by Corollary 2.5, Ny C K. By the above results, N, = K. OJ

3. VALUATION N-GROUP

In this section, the notion of a valuation N-group will be introduced.
Our purpose is to find the relation between valuation near ring and
valuation N-group.

Definition 3.1. Let N be a near ring with quotient near field K and
M be a torsion free N-group. Then M is called a wvaluation N-group,
if for each y € K, yM C M or y=*M C M.

Proposition 3.2. Let N be a valuation near ring of a near field K
and M be a torsion free N-group. Then M is a valuation N -group.

Proof. Suppose that y € K, by assumption, y € N ory ' € N. If y €
N, then yM C NM C M. If y=' € N, then y *M C NM C M. O

Theorem 3.3. Let M be a valuation N-group and I be an ideal of M.
If % 1$ a torsion free N-group, then % 1S a valuation N-group.

Proof. Suppose that y € K (K is the quotient near field of N), if
y™ ¢ 2 then there is mo € M, such that ymo + I ¢ 2, so ymg ¢ M
i.e yM ¢ M. By assumption, y~'M C M. Therefore, y'm+ 1 € &,
for each m € M. As a results y*1¥ C % O

Theorem 3.4. If M is a valuation N-group and Ly, Ly <y M, then
(L1 : M) C (Ly: M) or (Ly: M) C (Ly: M).

Proof. Let (Ly : M) & (Ly : M) and (Ly : M) € (Ly : M). There
arer € (Ly : M) — (Ly : M) and s € (Ly : M) — (Ly : M), and so
Jda, 5 € M, such that ra ¢ Ly and s ¢ L.

We have y = * € K (K is the quotient near field of V), by assump-
tion yM C M or y M C M. If yM C M, then y3 € M, and so
dmy € M such that 25 = m;.

T-(2B) = f-my,s0 (§-2)B = 7-my. Therearen; € N, s; € N—{0},
such that rs; = rn; and 7 - ‘?—11

Now we show that % = 2. We take no, =151, so = r, then snisy =

SN2, S182 = Ng, and so ** = 7. We have 18 = §my, therefore, s =

[| =1o=<10
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rmy € rM C Ly, which is a contraction. If y'M C M, then Lo € M,
and so Imy € M such that Lo = my and ra = smy € L. Therefore,
ra € Lo, which is a contradiction. 0
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