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ON CHARACTERISTIC IDEAL BUNDLES OF A LIE
ALGEBRA BUNDLE

R. KUMAR

Abstract. We show that, every derivation of a Lie algebra bundle
can be viewed as an inner derivation if one embeds the Lie algebra
bundle into a larger Lie algebra bundle. We define, the radical and
the nilradical bundle of a Lie algebra bundle and prove, both are
characteristic ideal bundles of Lie algebra bundle.

1. Introduction

A formal definition of Lie algebra bundle is found in [3]; A Lie algebra
bundle ξ is a vector bundle ξ = (ξ, p,X) in which each fibre is a Lie
algebra and for each x ∈ X, there exists an open neighborhood U of
x ∈ X, a Lie algebra L and a homeomorphism φ : U × L → p−1(U)
such that φ restricted to each fibre is a Lie algebra isomorphism.

Douady and Lazard’s definition [2] is more general; a Lie algebra
bundle is a vector bundle ξ = (ξ, p,X) together with a vector bun-
dle morphism θ : ξ ⊕ ξ → ξ inducing a Lie algebra structure on fibre
ξx, ∀ x ∈ X. They have constructed a Lie group bundle (not neces-
sarily Hausdorff) whose Lie algebra bundle is isomorphic to a given
Lie algebra bundle [2, p.148]. They then go on to show that a cer-
tain C∞ bundle of semidirect product Lie algebras admits no Haus-
dorff Lie group bundles. They conclude by asking whether there is an
analytic example. Further, Coppersmith [1] constructed an analytic
family of 4-dimensional Lie algebras parametrized by R2 which cannot
be integrated to a Hausdorff family of Lie groups. The fibre gε over
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ε = (ε1, ε2) ∈ R2 has basis xε, yε, zε, wε and bracket operation is given
by

[wε, xε]ε = [wε, yε]ε = [wε, zε]ε = 0,

[xε, zε]ε = −yε, [yε, zε]ε = xε [xε, yε]ε = ε1zε + ε2wε.

Lie algebra bundles [5–10] over a field of characteristic zero and Lie
algebra bundles in terms characteristic ideal bundles [11] over arbitrary
characteristic have been studied. In this paper we study, every deriva-
tion of a Lie algebra bundle can be viewed as an inner derivation if
one embeds the Lie algebra bundle into a larger Lie algebra bundle.
As a consequence we show both the radical bundle and the nilradical
bundles are characteristic ideal bundles.

2. Preliminaries

A bilinear form β on ξ is a continuous morphism β : ξ ⊕ ξ → F
such that for each x ∈ X, β |ξx×ξx is a bilinear form on ξx. Put
β(u, v) = Tr(aduadv) and T (u, v, w) = Tr(ad[u,v], adw). Then β is
a symmetric bilinear form on ξ, while T (u, v, w) is a skew symmetric
trilinear form. We can easily verified that they are both invariant under
all derivations of ξ, that is, for all derivations D of ξ and u, v, w ∈ ξx
and x ∈ X we have

β(Du, v) + β(u,Dv) = 0

T (Du, v, w) + T (u,Dv,w) + T (u, v,Dw) = 0.

An ideal bundle µ of ξ is called a characteristic ideal bundle if D(µ) ⊆
µ for all derivation D of ξ [11]. We define derived series of a Lie algebra
bundle ξ by, ξ0 = ξ, ξ(k) = [ξ(k−1), ξ(k−1)] for k ≥ 1. We call ξ is
solvable if ξ(m) = 0 for some positive integer m. Similarly define the
central series ξ by ξ0 = ξ, ξk = [ξ, ξk−1] for k ≥ 1. We call ξ is
nilpotent if there exists positive integer n such that ξn = 0.

Notations and Terminology

All the underlying vector spaces are real. All Lie algebra bundles,
subbundles and ideal bundles are locally trivial over the same base
space unless otherwise mentioned. We let, underlying field is of char-
acteristic zero unless otherwise mentioned.

3. Main Theorem

Theorem 3.1. Let ξ be a Lie algebra bundle. Then there exists a Lie
algebra bundle ξ

′
, containing ξ as a Lie algebra bundle, such that every

derivation of ξ is the restriction of an inner derivation of ξ
′
.
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Proof. Let D be any derivation of ξ. Consider ξ∗ =
⋃
x∈X ξ

∗
x, where

ξ∗x is a Lie algebra obtained by embedding Lie algebra ξx [12]. Let φ :
U×L→

⋃
x∈U ξx be a local triviality of ξ. Define φ∗ : U×L∗ →

⋃
x∈U ξ

∗
x

by φ∗(a, (u, α)) = φ((a, u), α), where α is in the underlying field of L.
Define topology on

⋃
x∈X ξ

∗
x such that φ∗ is a homeomorphism. Hence

ξ∗ is a Lie algebra bundle.
Consider ξ⊕ ξ∗ as the vector bundle underlying ξ

′
and define multi-

plication in ξ
′
x by the formula

[(u, a)(v, b)] = ([u, v] + aD(v)− bD(u), 0)

Then ξ
′

is a Lie algebra bundle. For, ξ being Lie algebra bundle we
have φ : U×L→

⋃
x∈U ξx. Then we get φ∗ : U×L∗ →

⋃
x∈U ξ

∗
x. Define

ψ : U × (L⊕ L∗)→
⋃
x∈U

(ξx ⊕ ξ∗x)

by

ψ(x, u, u∗) = φ(x, u)⊕ φ∗(x, u∗)
is a homeomorphism. We identify the subalgebra bundle (ξ, 0) with

ξ. Let w = (0, 1). Then, consider the inner derivation adw : ξ
′ → ξ

′
by

adw(s) = [w, s] for s ∈ ξ′
x. When, u ∈ ξ, we get

adw(u, 0) = [w, (u, 0)] = [(0, 1), (u, 0)] = ([0, u] + 1D(u)− 0D(0), 0) = (D(u), 0)

Therefore, the restriction of the inner derivation adw to ξ is equal to
the original derivation. �

Definition 3.2. Let φ : U × L →
⋃
x∈U ξx be a local triviality of ξ,

where L is a Lie algebra. Let R be the radical of L, Rad(ξx) be the
radical of ξx. Then φ|U×R : U ×R→

⋃
x∈U Rad(ξx) is an isomorphism.

We call Rad(ξ) =
⋃
x∈X Rad(ξx), the maximal solvable ideal bundle as

the radical bundle of ξ.

Definition 3.3. Let N is the nilradical of L, Nil(ξx) be the nilradical
of ξx. Then φ|U×N : U × N →

⋃
x∈U Nil(ξx) is an isomorphism. We

call Nil(ξ) =
⋃
x∈X Nil(ξx), the maximal nilpotent ideal bundle as the

nilradical bundle of ξ.

Lemma 3.4. If µ is an ideal bundle of ξ, then Rad(µ) = Rad(ξ) ∩ µ.

Proof. Since Rad(µ) is a characteristic ideal bundle of µ, Rad(µ) is an
ideal bundle of ξ. Since, Rad(µ) is solvable, Rad(µ) ⊆ Rad(ξ) implying
that Rad(µ) ⊆ Rad(ξ) ∩ µ. For the reverse inclusion, Rad(ξ) ∩ µ is a
solvable ideal bundle of µ, showing that Rad(ξ)∩µ ⊆ Rad(µ), and hence
Rad(ξ) ∩ µ = Rad(µ). �
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Theorem 3.5. Suppose ξ is a Lie algebra bundle, and D is a derivation
of ξ. Then D(Rad(ξ)) is contained in a nilpotent ideal bundle of ξ.

Proof. Apply Theorem (3.1) to get an embedding ξ into ξ
′
. We make

the identification ξ with (ξ, 0) of ξ
′
, then ξ is an ideal bundle of ξ

′
and

D = adw|ξ. Using Lemma (3.4) and Rad(ξ) ⊆ Rad(ξ
′
), we deduce that

D(Rad(ξ)) = [w, Rad(ξ)] = [w, Rad(ξ
′
) ∩ ξ] ⊆ [ξ

′
, Rad(ξ

′
)] ∩ ξ

But [ξ
′
, Rad(ξ

′
)] is a nilpotent ideal bundle of ξ

′
, and so [ξ

′
, Rad(ξ

′
)]∩ξ

is nilpotent ideal bundle of ξ
′
.

�

4. Applications

Theorem 4.1. For any Lie algebra bundle ξ, both the radical bundle
Rad(ξ) and the nilradical bundle Nil(ξ) are characteristic ideal bundles.

Proof. First, we shall prove that β(s, u) = 0, ∀ s ∈ Nil(ξx), ∀ u ∈ ξx.
Since Nilk(ξ) is an ideal bundle in ξ and therefore (adsadu)ξ ⊆ Nil(ξ)
and (adsadu)Nil

k(ξx) ⊆ Nilk+1(ξx). Hence (adsadu)
k+1ξ ⊆ Nilk(ξx).

But Nil(ξ) is nilpotent ideal bundle and therefore Nilk(ξ) = 0 for
some positive integer k. Hence (adsadu)

k+1 = 0. Therefore adsadu is
nilpotent and Tr(adsadu) = β(s, u) = 0.

Let φ : U × L→
⋃
x∈U ξx be a local triviality of ξ. Put

M =
⋃
x∈X

Mx, where Mx = {u ∈ ξx| T (u, v, w) = 0 ∀ v, w ∈ ξx}.

Then Mx is a solvable characteristic ideal in ξx [4]. Let φ−1(Mx) = I,
For any derivation d of L,

d(I) = φ−1(φdφ−1)φ(I)

⊆ φ−1(φdφ−1)Mx ⊆ φ−1Mx = I.

So I is a characteristic ideal in L. Solvability of I follows from solv-
ability of Mx and isomorphism φ. Hence I is a solvable character-
istic ideal in L. Now we will show that I is the radical of L. Let
r ∈ R, then φ(r) ∈ Rad(ξx). Using Theorem (3.5), for any u ∈ ξx,
[φ(r), u] = −adu(φ(r)) ∈ Nil(ξx) . Hence

T (φ(r), u, w) = β([φ(r), u], w) = 0 ∀ u,w ∈ ξx.
Thus φ(r) ∈ Mx, r ∈ φ−1Mx = I. Since r ∈ R is arbitrary we have

I = R, the radical of L. Hence Rad(ξ) =
⋃
x∈XMx and φ : U × R →⋃

x∈U Mx gives the local triviality of M . Since M is a characteristic
ideal bundle same is true for Rad(ξ). Thus the radical bundle is a
characteristic ideal bundle of ξ.
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If D is derivation of ξ, using Theorem (3.5), we have D(Rad(ξ)) ⊆
Nil(ξ) and so D(Nil(ξ)) ⊆ D(Rad(ξ)) ⊆ Nil(ξ). Hence Nil(ξ) is also
a characteristic ideal bundle in ξ. �

A trivial Lie algebra bundle is a semidirect product of its radical
bundle and a semisimple subalgebra bundle [8]. We write ξ = Rad(ξ)⊕
S, where S is a semisimple subalgebra bundle of ξ.

Theorem 4.2. Every derivation of ξ is the sum of an inner derivation
and a derivation which annuls S.

Proof. Let D be any derivation of ξ we have D(Rad(ξ)) ⊆ Rad(ξ). Thus
D induces derivation of Rad(ξ). On the other hand we know that there
exists an element u0 ∈ ξ such that D(s) = [s, u0], ∀ s ∈ S. Let consider
inner derivation adu0 and if we put D

′
= D − adu0 we have D

′
(S) = 0.

Then D
′
[r, s] = [D

′
(r), s]. Conversely, if D is any derivation Rad(ξ)

with above condition gives derivation of ξ if we define D(S) = 0 �
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