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ON PRIME AND SEMIPRIME IDEALS OF
Γ-SEMIHYPERRINGS

J.J. PATIL ∗ AND K.F. PAWAR

Abstract. The Γ-semihyperring is a generalization of the con-
cepts of a semiring, a semihyperring and a Γ-semiring. In this pa-
per, the notions of completely prime ideals and prime radicals for
Γ-semihyperring are introduced and studied some important prop-
erties accordingly. We also introduced the notions of m-system
and complete m-system. Then characterizations of prime ideals
and completely prime ideals of Γ-semihyperring with the help of
m-system and complete m-system has been taken into account. It
is our attempt to find a bridge between semiprime (completely
semiprime) ideals and prime (completely prime) ideals of a Γ-
semihyperring.

1. Introduction and preliminaries

The notion of hypergroup was introduced by Marty [7] in 1934. Later
many authors studied algebraic hyperstructure which are generaliza-
tion of classical algebraic structure. In classical algebraic structure the
composition of two elements is an element while in an algebraic hyper-
structure composition of two elements is a set. Let H be a non-empty
set then, the map ◦ : H ×H → ℘∗(H) is called a hyperopertion where
℘∗(H) is the family of all non-empty subsets of H and the couple (H, ◦)
is called a hypergroupoid. Moreover, the couple (H, ◦) is called a semi-
hypergroup if for every a, b, c ∈ H we have (a ◦ b) ◦ c = a ◦ (b ◦ c). The
notion of Γ-semihyperring as a generalization of semiring, semihyper-
ring and Γ-semiring was introduced by Dehkordi and Davvaz [2]. In
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[12], Pawar et al. introduced the notion of regular (strongly regular)
Γ-semihyperrings and gave it’s characterization with the help of ideals
of Γ-semihyperrings. In [6], Kim et al. introduced the notion of hy-
per R-subgroup of a hypernear-ring and investigate some properties of
hypernear-ring with respect to the hyper R-subgroup.

The concept of prime ideal is originated from prime numbers of the
integers and it plays very important role in different algebraic structures
like ring theory, semiring theory, semigroup theory etc. The relation
between semiprime ideals and prime ideals in a (non-commutative)
semigroups is established by Park and Kim [8]. In [4], Iseki provided
number of results characterizing prime ideals of semiring. The notion
of a Γ-semiring was introduced by Rao, [14]. In [3], Dutta and Sardar
introduced the notion of prime ideals and prime radicals of Γ-semiring
and study via it’s operator semirings. In [5], Kim introduced the notion
of prime and semiprime ideal and made their characterization in Γ-
seminear-ring. In Γ-semihypergroup c-system, n-system, m-system and
complete prime Γ-radical are introduced and studied by Pawar and
Safoora [13].

The hyperstructure theory has vast applications in various streams
of sciences. Our main aim to introduce and to study briefly the con-
cepts of classical algebraic structure in hyperstructure theory. In this
paper, we introduced the notions of prime (completely prime) ideals,
m-system (completem-system) for Γ-semihyperring. Also, prime (com-
pletely prime) ideals of Γ-semihyperring has characterized with the help
of m-system (complete m-system). We tried to connect semiprime
(completely semiprime) ideals and prime (completely prime) ideals of
a Γ-semihyperring.

Here are some useful definitions which are taken from [2].

Definition 1.1. Let R be a commutative semihypergroup and Γ be
a commutative group. Then R is called a Γ-semihyperring if there is
a map R × Γ × R → ℘∗(R) (images to be denoted by aαb, for all
a, b ∈ R and α ∈ Γ) and ℘∗(R) is the set of all non-empty subsets of R
satisfying the following conditions:

(1) aα(b+ c) = aαb+ aαc
(2) (a+ b)αc = aαc+ bαc
(3) a(α + β)c = aαc+ aβc
(4) aα(bβc) = (aαb)βc, for all a, b, c ∈ R and for all α, β ∈ Γ.

Example 1.2. [9] Let R = Q,Γ = {γα|α ∈ N} and Aα = αZ+, we
define xαy → xAαy, α ∈ Γ and x, y ∈ R. Then R is a Γ-semihyperring
under ordinary addition and multiplication.
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Definition 1.3. A Γ-semihyperring R is said to be commutative if
aαb = bαa, for all a, b ∈ R and α ∈ Γ.

In the Example 1.2, R is a commutative Γ-semihyperring.

Definition 1.4. A Γ-semihyperring R is said to be with zero if there
exists 0 ∈ R such that a ∈ a + 0 and 0 ∈ 0αa, 0 ∈ aα0, for all a ∈ R
and α ∈ Γ.

In the Example 1.2, R is a Γ-semihyperring with zero.
Let A and B be two non-empty subsets of a Γ-semihyperring R and

x ∈ R, then

A+B = {x | x ∈ a+ b, a ∈ A, b ∈ B}
AΓB = {x | x ∈ aαb, a ∈ A, b ∈ B,α ∈ Γ}.

Definition 1.5. A non empty subset R1 of Γ-semihyperring R is called
a Γ-subsemihyperring if it is closed with respect to the multiplication
and addition, that is R1 +R1 ⊆ R1 and R1ΓR1 ⊆ R1.

Example 1.6. [12]
Let R = {a, b, c, d} then R is commutative semihypergroup with

following hyperoperations

+ a b c d
a {a} {a, b} {a, c} {a, d}
b {a, b} {b} {b, c} {b, d}
c {a, c} {b, c} {c} {c, d}
d {a, d} {b, d} {c, d} {d}

· a b c d
a {a} {a, b} {a, b, c} {a, b, c, d}
b {a, b} {b} {b, c} {b, c, d}
c {a, b, c} {b, c} {c} {c, d}
d {a, b, c, d} {b, c, d} {c, d} {d}

Here {a, b} is a Γ-subsemihyperring of R.

Definition 1.7. A right (left) ideal I of a Γ-semihyperring R is an
additive subsemihypergroup of (R,+) such that IΓR ⊆ I(RΓI ⊆ I).
If I is both right and left ideal of R then we say that I is a two sided
ideal or simply an ideal of R.
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Example 1.8. [1] Let R = {a, b, c, d},Γ = Z2 and α = 0̄, β = 1̄. Then
R is Γ-semihyperring with the following hyperoperations

+ a b c d
a {a, b} {a, b} {c, d} {c, d}
b {a, b} {a, b} {c, d} {c, d}
c {c, d} {c, d} {a, b} {a, b}
d {c, d} {c, d} {c, d} {a, b}

β a b c d
a {a, b} {a, b} {a, b} {a, b}
b {a, b} {a, b} {a, b} {a, b}
c {a, b} {a, b} {c, d} {c, d}
d {a, b} {a, b} {c, d} {c, d}

For any x, y ∈ R we define xαy = {a, b}. Here {a, b} is a ideal of a
Γ-semihyperring.

2. Prime ideals and semiprime ideals in Γ-semihyperrings

In this section, we proved some basic properties on prime ideals and
completely prime ideals of Γ-semihyperring R. We also established
relationship between (completely) semiprime and (completely) prime
ideals of R.

Definition 2.1. A non-empty ideal P of a Γ-semihyperring R is said
to be prime if AΓB ⊆ P , then A ⊆ P or B ⊆ P , for any ideal A,B of
R.

Definition 2.2. A non-empty ideal P of a Γ-semihyperring R is said
to be semiprime if AΓA ⊆ P , then A ⊆ P , for any ideal A of R.

Definition 2.3. An ideal P of a Γ-semihyperring R is said to be com-
pletely prime if aΓb ⊆ P , then a ∈ P or b ∈ P , for any a, b ∈ R.

Definition 2.4. An ideal P of a Γ-semihyperring R is said to be com-
pletely semiprime if aΓa ⊆ P , then a ∈ P , for any a ∈ R.

Definition 2.5. A subset E of a Γ-semihyperring R is said to be an
additively idempotent for any a, b ∈ E implies that a+ b ⊆ E.

Definition 2.6. A Γ-semihyperring R is said to be a additively idem-
potent if all subsets of R are additively idempotent.

In the Example 1.6, Γ-semihyperring R is an additively idempotent.
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It is easy to check that every completely prime ideal of a Γ-semihyper-
ring R is a prime ideal of R and prime (completely prime) ideal of Γ-
semihyperring R is a semiprime (completely semiprime) ideal of R.
Also, throughout this paper we consider Γ-semihyperring R is an ad-
ditively idempotent.

Definition 2.7. An ideal generated by subset A of a Γ-semihyperring
R is the smallest ideal of R containing A. It is denoted by < A >.

Lemma 2.8. Let R be a Γ-semihyperring. Then for any subset A of
R, < A >= A ∪ AΓR ∪RΓA ∪RΓAΓR.

For any element a ∈ R, < a >= a ∪ aΓR ∪ RΓa ∪ RΓaΓR is the
smallest ideal of R containing a. Also, we can observe < a >r= a∪aΓR
(< a >l= a∪RΓa) is the smallest right (left) ideal of R that containing
a.

Lemma 2.9. Let R be a Γ-semihyperring. Then the following condi-
tions are equivalent:

(1) P is a prime ideal of a Γ-semihyperring R.
(2) aΓRΓb ⊆ P implies that a ∈ P or b ∈ P , for any a, b ∈ R.
(3) If < a > Γ < b >⊆ P , then a ∈ P or b ∈ P .
(4) If A and B are right ideals in R such that AΓB ⊆ P , then

either A ⊆ P or B ⊆ P .
(5) If A and B are left ideals in R such that AΓB ⊆ P , then either

A ⊆ P or B ⊆ P .

Proof. (1)⇒ (2)
Let aΓRΓb ⊆ P . Then (RΓaΓR)Γ(RΓbΓR) ⊆ P and since RΓaΓR
and RΓaΓR are ideals of R, by (1) we have RΓaΓR ⊆ P or RΓbΓR ⊆
P . Assume that RΓaΓR ⊆ P . Consider < a >= a ∪ aΓR ∪ RΓa ∪
RΓaΓR which is the smallest ideal of a Γ-semihyperring R containing
an element a. Now,

< a >3 =< a > Γ < a > Γ < a >

⊆ RΓaΓR

⊆ P.

So by (1) we get, < a >⊆ P and so a ∈ P . Similarly if RΓbΓR ⊆ P ,
we have b ∈ P .
(2)⇒ (3)
Let a, b ∈ R such that < a > Γ < b >⊆ P . Then aΓRΓb ⊆< a > Γ <
b >⊆ P . Therefore, by (2) either a ∈ P or b ∈ P .
(3)⇒ (4)
Suppose that A and B are right ideals of R and AΓB ⊆ P . Let A * P .
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Then there exists a ∈ A but a /∈ P . If b ∈ B, then < a > Γ < b >⊆
AΓB ∪RΓAΓB ⊆ P . So by (3), b ∈ P . Thus we get, B ⊆ P .
(4)⇒ (5)
Suppose that A and B are left ideals in R and AΓB ⊆ P . Let A * P .
Then there exists an element a ∈ A \ P . If b ∈ B, then < a > Γ <
b >⊆ AΓB ∪AΓBΓR ⊆ P . But < a > and < b > are right ideals also.
So by (4), b ∈ P . Therefore we get, B ⊆ P .
(5)⇒ (1)
Let A,B be ideals of R and AΓB ⊆ P . Since A,B are left ideal also.
So by (5), either A ⊆ P or B ⊆ P . Thus we get, P is a prime ideal of
R. �

Lemma 2.10. Let R be a Γ-semihyperring. Then the following condi-
tions are equivalent:

(1) P is a semiprime ideal of a Γ-semihyperring R.
(2) aΓRΓa ⊆ P implies that a ∈ P , for any a ∈ R.

Proof. The proof is on the line of lemma 2.9. �

Lemma 2.11. Let Pi be any sets of a prime ideals of a Γ-semihyperring
R (i ∈ I) and P = ∩{Pi | i ∈ I} is non-empty. Then P is a semiprime
ideal of R.

Proof. Let A be an ideal of a Γ-semihyperring R and AΓA ⊆ P . Then
for any i ∈ I, AΓA ⊆ Pi. Since every prime ideal is semiprime, A ⊆ Pi,
for any i ∈ I. Hence A ⊆ P = ∩{Pi | i ∈ I}. So P is a semiprime
ideal of R. �

Definition 2.12. A subset M of a Γ-semihyperring R is said to be an
m-system if a, b ∈ M , then aαxβb ∩M 6= φ, for some α, β ∈ Γ and
some x ∈ R.

Example 2.13. [10] Let X be a non-empty set and τ is a topology on
X. We define the hyperoperation of the addition and the multiplication
on τ as A,B ∈ τ, A + B = A ∪ B,A · B = A ∩ B. Then τ is a Γ-
semihyperring, where Γ is a commutative group, if we define xαy → x·y
for every x, y ∈ τ, α ∈ Γ.
Consider τ as usual topology on set of real R. Then M = {(−a, a) | a ∈
R and a > 0} is the m-system of a Γ-semihyperring τ .

Definition 2.14. A subset M of a Γ-semihyperring R is said to be a
complete m-system if a, b ∈M , then aαb ∩M 6= φ, for some α ∈ Γ.

Lemma 2.15. An ideal P of a Γ-semihyperring R is a prime ideal if
and only if the compliment of P in R is an m-system.

Proof. The lemma 2.9 is a generalization of given lemma. �
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Lemma 2.16. An ideal P of a Γ-semihyperring R is a completely
prime ideal if and only if the compliment of P in R is a complete m-
system.

Proof. Let P be a completely prime ideal of a Γ-semihyperring R and
a, b ∈ R\P . Suppose that aΓb ⊆ P then by hypothesis either a ∈ P or
b ∈ P . A contradiction to our supposition, so there exists α ∈ Γ such
that aαb∩(R\P ) 6= φ i.e. R\P is a complete m-system. Conversely, let
R\P be a complete m-system where P is an ideal of a Γ-semihyperring
R and aΓb ⊆ P . Suppose that a, b ∈ R \ P . Since R \ P is a complete
m-system so there exists α ∈ Γ such that aαb ∩ (R \ P ) 6= φ. A
contradiction to our supposition, thus either a ∈ P or b ∈ P . �

The following two lemmas are very important showing exitance of
an m-system (a complete m-system) M for any a ∈ R \ P , where P
is a semiprime (completely semiprime) Γ-semihyperring such that a
belongs to M but does not contain any element of P .

Lemma 2.17. Let P be a semiprime ideal of a Γ-semihyperring R.
Then for any a ∈ R \ P there exists an m-system of R, say M such
that a ∈M and M ∩ P = φ.

Proof. Let a /∈ P . Choose sets M1,M2,M3, .... inductively as follows:
M1 = {a}. Since a /∈ P and P is a semiprime ideal of R then by the
Lemma 2.10, aαrβa ∩ P c 6= φ, for some α, β ∈ Γ and for some r ∈ R.
Let M2 = aαrβa ∩ P c. For any a2i ∈ M2 ⊆ P c then again by the
Lemma 2.10, a2iα2ir2iβ2ia2i ∩ P c 6= φ, for some α2i , β2i ∈ Γ and some
r2i ∈ R. Now, let M2i = a2iα2ir2iβ2ia2i ∩ P c and M3 = ∪i∈IM2i . In
similar manner, we can define sets M4,M5, .... Let M = ∪i∈iMi. Then
clearly M ∩ P = φ. Suppose that a, b ∈ M , then a ∈ Mi, b ∈ Mj for
some i, j ∈ I. For the convenience, let us assume that i is less than or
equals to j. Then aiΓRΓaj ∩Mj+1 6= φ. So we get, M is an m-system
and M ∩ P = φ and a ∈M . �

Lemma 2.18. Let P be a completely semiprime ideal of a Γ-semihyperring
R. Then for any a ∈ R \P there exists a complete m-system of R, say
M such that a ∈M and M ∩ P = φ.

Proof. Let a /∈ P . Choose sets M1,M2,M3, .... inductively as follows:
M1 = {a}. Since a /∈ P and P is a completely semiprime ideal of R
then aαa ∩ P c 6= φ, for some α ∈ Γ. Let M2 = aαa ∩ P c. For any
a2i ∈ M2 ⊆ P c then a2iα2ia2i ∩ P c 6= φ, for some α2i ∈ Γ. Now, let
M2i = a2iα2ia2i ∩ P c and M3 = ∪i∈IM2i . In similar manner we can,
define sets M4,M5, .... Let M = ∪i∈iMi. Then clearly M ∩ P = φ.
Suppose that a, b ∈ M , then a ∈ Mi, b ∈ Mj for some i, j ∈ I. For
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the convenience, let us assume that i is less than or equals to j. Then
aiΓaj∩Mj+1 6= φ. So we get, M is a complete m-system and M∩P = φ
and a ∈M . �

Definition 2.19. [11] A Γ-semihyperring R is said to be a duo if every
one sided ideal of R is a two sided ideal.

In the Example 1.8, Γ-semihyperring R is a duo.

The relationship between semiprime (completely semiprime) ideals is
established with prime ideals (completely prime ideals) in Γ-semihyperring
R with the help of a following theorems.

Theorem 2.20. Every semiprime ideal of a additively idempotent Γ-
semihyperring R is an intersection of some prime ideals of R.

Proof. Let P be a semiprime ideal of a additively idempotent Γ-semihy-
perring R and {Qi | i ∈ I} be the set of all prime ideals of R containing
P . Then this set is non-empty because R itself is a prime ideal of
R. Let a /∈ P . Then by the Lemma 2.17, there exists an m-system
M such that M ∩ P = φ and a ∈ M . Now, consider the set of all
m-systems M of R such that a ∈ M and M ∩ P = φ. Let T =
{M | M is an m-system of R and a ∈ M,M ∩ P = φ}. Then T is a
non-empty. By the Zorn’s Lemma, there exists a maximal element
in T , say M

′
. Also, let X = {J | J is an ideal of R and J ∩ M ′

=
φ, J ⊆ P}. Then X is non-empty since P is in X. If we apply the
Zorn’s Lemma on set X, then there exists a maximal element in X,
say Q. If x, y ∈ R \ Q, then (< x > ∪Q) ∩ M ′ 6= φ and (< y >
∪Q) ∩ M ′ 6= φ since (< x > ∪Q) and (< y > ∪Q) are ideals of R
properly containing Q. Where < x >= x ∪ xΓR ∪ RΓx ∪ xΓRΓx and
< y >= y ∪ yΓR ∪ RΓy ∪ yΓRΓy. Hence different cases arises out of
which one case is there are some elements s, t, u, v ∈ R,α1, α2, β1, β2 ∈
Γ such that sα1xα2t ∩M

′ 6= φ and uβ1yβ2v ∩M
′ 6= φ. That is there

are m1 ∈ sα1xα2t and m2 ∈ uβ1yβ2v such that m1,m2 ∈ M
′
. But M

′

is an m-system so there is some r ∈ R,α, β ∈ Γ such that m1αrβm2 ∩
M

′ 6= φ. So we get, (sα1xα2t)αrβ(uβ1yβ2v) ∩M ′ 6= φ. From the fact
(sα1xα2t)αrβ(uβ1yβ2v) ∩ R \Q 6= φ that is xα2tαrβuβ1y ⊆ xΓRΓy ∩
R \Q 6= φ. Similarly, for the other cases we can easily show xΓRΓy ∩
R\Q 6= φ. So we have, R\Q is an m-system i.e Q is a prime ideal of R
containing P . From the maximality of M

′
, M

′
= R \Q. Since a /∈ P ,

this means ∩{Qi | i ∈ I} ⊆ P . Since the converse inclusion is obvious,
we have that P = ∩i∈I{Qi | Qi is an prime ideal of R containing P}.
Thus completes the proof. �
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Corollary 2.21. Any completely semiprime ideal of a additively idem-
potent Γ-semihyperring R is an intersections of prime ideals of R.

Theorem 2.22. Every completely semiprime ideal of a additively idem-
potent and duo Γ-semihyperring R is an intersection of some completely
prime ideals of R.

Proof. Let P be a completely semiprime ideal of a additively idem-
potent Γ-semihyperring R and {Qi | i ∈ I} be the set of all com-
pletely prime ideals of R containing P . Then this set is non-empty
because R itself is a completely prime ideal of R. Let a /∈ P . Then
by the Lemma 2.18, there exists a complete m-system M such that
M ∩ P = φ and a ∈ M . Now, consider the set of all complete
m-systems M of R such that a ∈ M and M ∩ P = φ. Let T =
{M | M is a complete m-system of R and a ∈ M,M ∩ P = φ}. Then
T is a non-empty. By the Zorn’s Lemma, there exists a maximal ele-
ment in T , say M

′
. Also, let X = {J | J is an ideal of R and J∩M ′

=
φ, J ⊆ P}. ThenX is non-empty since P is inX. If we apply the Zorn’s
Lemma on set X, there exists a maximal element in X, say Q. If x, y ∈
R \Q, then (< x >l ∪Q) ∩M ′ 6= φ and (< y >r ∪Q) ∩M ′ 6= φ. Since
(< x >l ∪Q) and (< y >r ∪Q) are ideals of R properly containing Q.
Where < x >l= RΓx∪x and < y >r= yΓR∪y. Hence some cases arises
out of which one is there are some cases elements s, t ∈ R,α1, α2 ∈ Γ
such that sα1x ∩M

′ 6= φ and yα2t ∩M
′ 6= φ. That is there are m1 ∈

sα1x and m2 ∈ yα2t such that m1,m2 ∈ M
′
. But M

′
is a complete

m-system so there is some α ∈ Γ such that m1αm2 ∩M
′ 6= φ. So we

get, (sα1x)α(yα2t)∩M
′ 6= φ. From the fact (sα1x)α(yα2t)∩R\Q 6= φ

that is xαy ⊆ xΓy ∩ R \ Q 6= φ. Similarly, for the other cases we can
easily show xΓy ∩ R \ Q 6= φ. So we have, R \ Q is a complete m-
system i.e. Q is a completely prime ideal of R containing P . From the
maximality of M

′
, M

′
= R \ Q. Since a /∈ P , this means ∩{Qi | i ∈

I} ⊆ P . Since the converse inclusion is obvious, we have that P =
∩i∈I{Qi | Qi is a completely prime ideal of R containing P}. Hence
completes the proof. �

Theorem 2.23. If I is an ideal of a Γ-semihyperring R and P is
prime ideal of R, then I ∩ P is a prime ideal of I consider I as a
Γ-semihyperring.

Definition 2.24. The prime radical of a Γ-semihyperring R defined as
the intersection of all prime ideal of R and it is denoted by P (R).

Theorem 2.25. For a Γ-semihyperring R, P (R) = {r ∈ R | every m-
system of R which contains r contains 0}.
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Proof. Let P
′
= {r ∈ R | every m-system of R which contains r conta-

ins 0}. Let y /∈ P (R). Then y /∈ P for some prime ideal P of R. By
the Lemma 2.15, P c is an m-system of R. Since 0 ∈ P, 0 /∈ P c. Then
P c is an m-system of R contains y but not contain 0. So y /∈ P ′

. Thus
we get, P

′ ⊆ P (R). Now, let y /∈ P ′
. Then there is an m-system M

of R such that P
′ ∩M = φ. So y /∈ P (R). Thus we get, P (R) ⊆ P ′.

Hence completes the proof. �

Theorem 2.26. Let R be a Γ-semihyperring. If I is an ideal of R, then
P (I) = I ∩ P (R), where P (I) denotes the prime radical of I consider
I as a Γ-semihyperring.

Proof. Let Ω be the collection of all prime ideals of Γ-semihyperring R
and Λ be the collection of all prime ideal of I. By the Theorem 2.23,
P ∈ Ω implies that P ∩ I ∈ Λ. So P (I) = ∩P∈ΛP ⊆ ∩Q∈Ω(I ∩ Q) =
I ∩ (∩Q∈ΩQ) = I ∩ P (R). Let a /∈ P (I). Then by the Theorem 2.25,
0 /∈ M for some m-system M of I containing a. Since M is also
an m-system of R by the Theorem 2.25, a /∈ P (R). Therefore we get,
P (R) ⊆ P (I). So I∩P (R) ⊆ P (I). Thus we get, P (I) = I∩P (R). �
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