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ON PRIME AND SEMIPRIME IDEALS OF
-SEMIHYPERRINGS

J.J. PATIL * AND K.F. PAWAR

ABSTRACT. The I'-semihyperring is a generalization of the con-
cepts of a semiring, a semihyperring and a I'-semiring. In this pa-
per, the notions of completely prime ideals and prime radicals for
I'-semihyperring are introduced and studied some important prop-
erties accordingly. We also introduced the notions of m-system
and complete m-system. Then characterizations of prime ideals
and completely prime ideals of I'-semihyperring with the help of
m-system and complete m-system has been taken into account. It
is our attempt to find a bridge between semiprime (completely
semiprime) ideals and prime (completely prime) ideals of a T'-
semihyperring.

1. INTRODUCTION AND PRELIMINARIES

The notion of hypergroup was introduced by Marty [7] in 1934. Later
many authors studied algebraic hyperstructure which are generaliza-
tion of classical algebraic structure. In classical algebraic structure the
composition of two elements is an element while in an algebraic hyper-
structure composition of two elements is a set. Let H be a non-empty
set then, the map o: H x H — p*(H) is called a hyperopertion where
©*(H) is the family of all non-empty subsets of H and the couple (H, o)
is called a hypergroupoid. Moreover, the couple (H, o) is called a semi-
hypergroup if for every a,b,c € H we have (aob)oc=ao(boc). The
notion of I'-semihyperring as a generalization of semiring, semihyper-
ring and T'-semiring was introduced by Dehkordi and Davvaz [2]. In
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[12], Pawar et al. introduced the notion of regular (strongly regular)
[-semihyperrings and gave it’s characterization with the help of ideals
of I'-semihyperrings. In [0], Kim et al. introduced the notion of hy-
per R-subgroup of a hypernear-ring and investigate some properties of
hypernear-ring with respect to the hyper R-subgroup.

The concept of prime ideal is originated from prime numbers of the
integers and it plays very important role in different algebraic structures
like ring theory, semiring theory, semigroup theory etc. The relation
between semiprime ideals and prime ideals in a (non-commutative)
semigroups is established by Park and Kim [3]. In [1], Iseki provided
number of results characterizing prime ideals of semiring. The notion
of a I'-semiring was introduced by Rao, [I1]. In [3], Dutta and Sardar
introduced the notion of prime ideals and prime radicals of I'-semiring
and study via it’s operator semirings. In [5], Kim introduced the notion
of prime and semiprime ideal and made their characterization in I'-
seminear-ring. In I'-semihypergroup c-system, n-system, m-system and
complete prime I'-radical are introduced and studied by Pawar and
Safoora [13].

The hyperstructure theory has vast applications in various streams
of sciences. Our main aim to introduce and to study briefly the con-
cepts of classical algebraic structure in hyperstructure theory. In this
paper, we introduced the notions of prime (completely prime) ideals,
m-system (complete m-system) for I'-semihyperring. Also, prime (com-
pletely prime) ideals of I'-semihyperring has characterized with the help
of m-system (complete m-system). We tried to connect semiprime
(completely semiprime) ideals and prime (completely prime) ideals of
a [-semihyperring.

Here are some useful definitions which are taken from [2].

Definition 1.1. Let R be a commutative semihypergroup and I' be
a commutative group. Then R is called a I'-semihyperring if there is
amap R xI' x R — p*(R) (images to be denoted by aab, for all
a,b € Rand o € T') and p*(R) is the set of all non-empty subsets of R
satisfying the following conditions:

(1) ac(b+ ¢) = aab + aac
(2) (a+b)ac = aac + bac
(3) ala + B)c = aac + afc
(4) aa(bBc) = (aab)fe, for all a,b,c € R and for all o, 5 € T.

Example 1.2. [9] Let R = Q,I' = {y.]a € N} and A, = oZ*, we
define zay — xA,y,a € I' and z,y € R. Then R is a I'-semihyperring
under ordinary addition and multiplication.
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Definition 1.3. A I'-semihyperring R is said to be commutative if
aab = baa, for all a,b € R and o € T'.

In the Example 1.2, R is a commutative ['-semihyperring.

Definition 1.4. A I'-semihyperring R is said to be with zero if there
exists 0 € R such that a € a + 0 and 0 € Oaa,0 € aa0, for all a € R
and o € T

In the Example 1.2, R is a ['-semihyperring with zero.
Let A and B be two non-empty subsets of a I'-semihyperring R and
xr € R, then

A+B={zx | x€a+bacAbe B}
ATB={z | x €aab,a € A,b€ B,a € T'}.

Definition 1.5. A non empty subset R; of I'-semihyperring R is called
a ['-subsemihyperring if it is closed with respect to the multiplication
and addition, that is Ry + Ry C Ry and R,I'R; C R;.

Example 1.6. [12]
Let R = {a,b,c,d} then R is commutative semihypergroup with
following hyperoperations

+ a b c d
a| {a} |{a,b}|{a,c} | {a d}
b | {a,b} | {b} |{b,c} | {b,d}
c | {a,c} | {b,c} | {c} | {cd}
d |{a,d} | {b,d} | {c,d} | {d}

a b c d

a {a} {a,b} |{a,b,c} |{a,b,c,d}
b {a,b} {b} {b, ¢} {b,c,d}
c| {a,b,c} {b, ¢} {c} {c,d}
d|{a,b,c,d} | {b,c,d} | {c d} {d}

Here {a, b} is a I'-subsemihyperring of R.

Definition 1.7. A right (left) ideal I of a I'-semihyperring R is an
additive subsemihypergroup of (R,+) such that ITR C I(RT'I C I).
If I is both right and left ideal of R then we say that I is a two sided
ideal or simply an ideal of R.
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Example 1.8. [1] Let R = {a,b,c,d},T' = Zs and a = 0,3 = 1. Then
R is I'-semihyperring with the following hyperoperations

a b c d
{a,b} | {a,b} | {c,d} | {c.d}
{a,b} [{a,b} | {e.d} | {erd}
{c.d} | {c,d} | {a,b} | {a,b}
{c.d} [ {c,d} [ {c.d} | {a,b}

a b c d
{a,b} | {a,b} | {a,b} | {a,b}
{a,b} | {a,b} | {a,b} | {a,b}
{a,b} | {a,b} | {c.d} | {c,d}
{a,b} | {a,b} [ {c.d} | {c,d}

For any =,y € R we define zay = {a,b}. Here {a,b} is a ideal of a
[-semihyperring.

+

QU O TR

Qols| o™

2. PRIME IDEALS AND SEMIPRIME IDEALS IN ['-SEMIHYPERRINGS

In this section, we proved some basic properties on prime ideals and
completely prime ideals of I'-semihyperring R. We also established
relationship between (completely) semiprime and (completely) prime
ideals of R.

Definition 2.1. A non-empty ideal P of a I'-semihyperring R is said
to be prime if AI'B C P, then A C P or B C P, for any ideal A, B of
R.

Definition 2.2. A non-empty ideal P of a I'-semihyperring R is said
to be semiprime if AT'A C P, then A C P, for any ideal A of R.

Definition 2.3. An ideal P of a I'-semihyperring R is said to be com-
pletely prime if al'b C P, then a € P or b € P, for any a,b € R.

Definition 2.4. An ideal P of a I'-semihyperring R is said to be com-
pletely semiprime if al'a C P, then a € P, for any a € R.

Definition 2.5. A subset E of a ['-semihyperring R is said to be an
additively idempotent for any a,b € E implies that a +b C E.

Definition 2.6. A I'-semihyperring R is said to be a additively idem-
potent if all subsets of R are additively idempotent.

In the Example 1.6, I'-semihyperring R is an additively idempotent.
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It is easy to check that every completely prime ideal of a I'-semihyper-
ring R is a prime ideal of R and prime (completely prime) ideal of I'-
semihyperring R is a semiprime (completely semiprime) ideal of R.
Also, throughout this paper we consider I'-semihyperring R is an ad-
ditively idempotent.

Definition 2.7. An ideal generated by subset A of a ['-semihyperring
R is the smallest ideal of R containing A. It is denoted by < A >.

Lemma 2.8. Let R be a I'-semihyperring. Then for any subset A of
R, < A>=AUAT'RURI'AU RT'AT'R.

For any element a € R, < a >= aUal'RU Rl'a U R['al'R is the
smallest ideal of R containing a. Also, we can observe < a >,= aUal'R
(< a >;= aURTa) is the smallest right (left) ideal of R that containing
a.

Lemma 2.9. Let R be a I'-semihyperring. Then the following condi-
tions are equivalent:
(1) P is a prime ideal of a I'-semihyperring R.
(2) al'RT'b C P implies that a € P or b € P, for any a,b € R.
3) If<a>T<b>C P, thena€ P orbe P.
(4) If A and B are right ideals in R such that AUB C P, then
either AC P or BC P.
(5) If A and B are left ideals in R such that AU'B C P, then either
ACPorBCP.

Proof. (1) = (2)

Let al’'RT'b C P. Then (RT'al'R)['(RI'OI'R) C P and since RI'al'R
and Rlal'R are ideals of R, by (1) we have RI'"al’lR C P or RI'b['R C
P. Assume that RI['a'R C P. Consider < a >= aUal’'RU Rl'a U
RTUal’R which is the smallest ideal of a I'-semihyperring R containing
an element a. Now,

<a>*=<a>T<a>T<a>
C RT'al'R
CP.

So by (1) we get, < a >C P and so a € P. Similarly if RI')['R C P,
we have b € P.

(2) = (3)

Let a,b € R such that <a >1'<b>C P. Then a'RI'b C< a >T <
b >C P. Therefore, by (2) either a € P or b € P.

(3) = (4)

Suppose that A and B are right ideals of R and AB C P. Let A ¢ P.
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Then there exists a € Abut a ¢ P. If b € B, then <a>T <b>C
AT'BU RT'AT'B C P. So by (3),b € P. Thus we get, B C P.

() = (5)

Suppose that A and B are left ideals in R and AT'B C P. Let A ¢ P.
Then there exists an element a € A\ P. If b € B, then < a > T <
b>C ATBUAI'BTR C P. But < a > and < b > are right ideals also.
So by (4), b € P. Therefore we get, B C P.

(5) = (1)

Let A, B be ideals of R and AI'B C P. Since A, B are left ideal also.
So by (5), either A C P or B C P. Thus we get, P is a prime ideal of
R. O

Lemma 2.10. Let R be a I'-semihyperring. Then the following condi-
tions are equivalent:

(1) P is a semiprime ideal of a I'-semihyperring R.

(2) al'RT'a C P implies that a € P, for any a € R.

Proof. The proof is on the line of lemma 2.9. OJ

Lemma 2.11. Let P; be any sets of a prime ideals of a I'-semihyperring
R(iel)and P=n{P; | i € I} is non-empty. Then P is a semiprime
ideal of R.

Proof. Let A be an ideal of a I'-semihyperring R and AI'A C P. Then
forany: € I, AI'A C P,. Since every prime ideal is semiprime, A C P,
for any ¢ € I. Hence A C P ={P, | i € I}. So P is a semiprime
ideal of R. 0J

Definition 2.12. A subset M of a I'-semihyperring R is said to be an
m-system if a,b € M, then aazxSbN M # ¢, for some o, 5 € I'" and
some T € R.

Example 2.13. [10] Let X be a non-empty set and 7 is a topology on
X. We define the hyperoperation of the addition and the multiplication
onTas A, BerT,A+B=AUB,A-B=ANB. Then 7is a I'-
semihyperring, where I' is a commutative group, if we define xay — z-y
for every x,y € T,a € I'.

Consider 7 as usual topology on set of real R. Then M = {(—a,a) | a €
R and a > 0} is the m-system of a ['-semihyperring 7.

Definition 2.14. A subset M of a I'-semihyperring R is said to be a
complete m-system if a,b € M, then aab N M # ¢, for some o € T'.

Lemma 2.15. An ideal P of a I'-semihyperring R is a prime ideal if
and only if the compliment of P in R is an m-system.

Proof. The lemma 2.9 is a generalization of given lemma. O
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Lemma 2.16. An ideal P of a I'-semihyperring R is a completely
prime ideal if and only if the compliment of P in R is a complete m-
system.

Proof. Let P be a completely prime ideal of a I'-semihyperring R and
a,b € R\ P. Suppose that al'b C P then by hypothesis either a € P or
b € P. A contradiction to our supposition, so there exists a € I" such
that aabN(R\ P) # ¢ i.e. R\ P is a complete m-system. Conversely, let
R\ P be a complete m-system where P is an ideal of a I'-semihyperring
R and aI'b C P. Suppose that a,b € R\ P. Since R\ P is a complete
m-system so there exists a € I' such that aadb N (R \ P) # ¢. A
contradiction to our supposition, thus either a € P or b € P. O

The following two lemmas are very important showing exitance of
an m-system (a complete m-system) M for any a € R\ P, where P
is a semiprime (completely semiprime) I'-semihyperring such that a
belongs to M but does not contain any element of P.

Lemma 2.17. Let P be a semiprime ideal of a I'-semihyperring R.
Then for any a € R\ P there exists an m-system of R, say M such
that a € M and M NP = ¢.

Proof. Let a ¢ P. Choose sets My, My, M, .... inductively as follows:
M, = {a}. Since a ¢ P and P is a semiprime ideal of R then by the
Lemma 2.10, aarfa N P¢ # ¢, for some a, 5 € " and for some r € R.
Let My = aarfa n P¢. For any ay, € My C P then again by the
Lemma 2.10, ag,a,79,B2,a2, N P¢ # ¢, for some ay,, B2, € I' and some
re, € R. Now, let My, = ag,a,19,B2,a9, N P and Mg = U;erMs,. In
similar manner, we can define sets My, Ms, .... Let M = U;c; M;. Then
clearly M N P = ¢. Suppose that a,b € M, then a € M;,b € M; for
some %, j € I. For the convenience, let us assume that ¢ is less than or
equals to j. Then a,I'RT’aj N M1 # ¢. So we get, M is an m-system
and MNP =¢andac M. O

Lemma 2.18. Let P be a completely semiprime ideal of a I'-semihyperring
R. Then for any a € R\ P there exists a complete m-system of R, say
M such that a € M and M N P = ¢.

Proof. Let a ¢ P. Choose sets My, My, Ms, .... inductively as follows:
M, = {a}. Since a ¢ P and P is a completely semiprime ideal of R
then aca N P¢ # ¢, for some o« € I'. Let My = aaa N P¢. For any
ay, € My C P¢ then ag,an,as, N P # ¢, for some ay, € I'. Now, let
My, = ag,an,a9, N P¢ and Mz = U;erMs,. In similar manner we can,
define sets My, M5, .... Let M = U;e;M;. Then clearly M N P = ¢.
Suppose that a,b € M, then a € M;,b € M; for some 4,5 € I. For
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the convenience, let us assume that ¢ is less than or equals to 5. Then
a;l'a;NM;iq # ¢. So we get, M is a complete m-system and MNP = ¢
and a € M. O

Definition 2.19. [ 1] A I'-semihyperring R is said to be a duo if every
one sided ideal of R is a two sided ideal.

In the Example 1.8, I'-semihyperring R is a duo.

The relationship between semiprime (completely semiprime) ideals is
established with prime ideals (completely prime ideals) in I'-semihyperring
R with the help of a following theorems.

Theorem 2.20. Every semiprime ideal of a additively idempotent I'-
semihyperring R is an intersection of some prime ideals of R.

Proof. Let P be a semiprime ideal of a additively idempotent I'-semihy-
perring R and {Q; | i € I'} be the set of all prime ideals of R containing
P. Then this set is non-empty because R itself is a prime ideal of
R. Let a ¢ P. Then by the Lemma 2.17, there exists an m-system
M such that M NP = ¢ and a € M. Now, consider the set of all
m-systems M of R such that « € M and M NP = ¢. Let T =
{M | M is an m-system of Randa € M,M NP = ¢}. Then T is a
non-empty. By the Zorn’s Lemma, there exists a maximal element
in T, say M'. Also, let X = {J | Jisanideal of Rand J N M' =
¢,J C P}. Then X is non-empty since P is in X. If we apply the
Zorn’s Lemma on set X, then there exists a maximal element in X,
say Q. If z,y € R\ @, then (< 2 > UQ)NM # ¢ and (< y >
UQ) N M # ¢ since (< = > UQ) and (< y > UQ) are ideals of R
properly containing ). Where < x >=xUx['RU RI'x U zI'Rl'z and
<y>=yUylRU RTI'y Uyl'RT'y. Hence different cases arises out of
which one case is there are some elements s,t,u,v € R, aq, as, b1, B2 €
I" such that sajzast N M # ¢ and ubryfov N M # ¢. That is there
are my € sayrast and my € ufByLev such that my,my € M. But M’
is an m-system so there is some r € R, o, 5 € I' such that myarfmsy N
M' # ¢. So we get, (soqzast)arf(ubiyfrv) N M # ¢. From the fact
(saqzast)arf(ufiyfav) N R\ Q # ¢ that is zastarfufy C 2I'RI'y N
R\ Q # ¢. Similarly, for the other cases we can easily show zI'R['y N
R\ Q@ # ¢. So we have, R\ () is an m-system i.e ) is a prime ideal of R
containing P. From the maximality of M', M = R\ Q. Since a ¢ P,
this means N{Q; | i € I} C P. Since the converse inclusion is obvious,
we have that P = N/ {@Q; | @;is an prime ideal of R containing P}.
Thus completes the proof. O
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Corollary 2.21. Any completely semiprime ideal of a additively idem-
potent I'-semihyperring R is an intersections of prime ideals of R.

Theorem 2.22. Fvery completely semiprime ideal of a additively idem-
potent and duo I'-semihyperring R is an intersection of some completely
prime ideals of R.

Proof. Let P be a completely semiprime ideal of a additively idem-
potent I'-semihyperring R and {Q; | i € I} be the set of all com-
pletely prime ideals of R containing P. Then this set is non-empty
because R itself is a completely prime ideal of R. Let a ¢ P. Then
by the Lemma 2.18, there exists a complete m-system M such that
MNP = ¢ and a € M. Now, consider the set of all complete
m-systems M of R such that « € M and M NP = ¢. Let T =
{M | M is a complete m-system of Randa € M, M N P = ¢}. Then
T is a non-empty. By the Zorn’s Lemma, there exists a maximal ele-
ment in T, say M. Also,let X = {J | Jis an ideal of Rand JNM =
¢,J C P}. Then X is non-empty since P isin X. If we apply the Zorn’s
Lemma on set X, there exists a maximal element in X, say Q. If z,y €
R\ Q, then (< 2> UQ)NM # ¢ and (< y >, UQ)N M # ¢. Since
(< z > UQ) and (< y >, UQ) are ideals of R properly containing Q.
Where < x >;= RI'zrUx and < y >,= yI'RUy. Hence some cases arises
out of which one is there are some cases elements s,t € R,aq, 9 € T’
such that soqz N M # ¢ and yast N M # ¢. That is there are my €
sapr and my € yast such that my,my € M. But M is a complete
m-system so there is some a € I' such that miamy N M # ¢. So we
get, (sapx)a(yast) "M’ # ¢. From the fact (sapx)a(yast) "R\ Q # ¢
that is zay C 2T’y N R\ @ # ¢. Similarly, for the other cases we can
easily show 2T’y N R\ @ # ¢. So we have, R\ @ is a complete m-
system i.e. () is a completely prime ideal of R containing P. From the
maximality of M', M' = R\ Q. Since a ¢ P, this means N{Q; | i €
I} C P. Since the converse inclusion is obvious, we have that P =
Nicr{Q; | Q;is a completely prime ideal of R containing P}. Hence
completes the proof. O

Theorem 2.23. If I is an ideal of a I'-semihyperring R and P is
prime ideal of R, then I N P is a prime ideal of I consider I as a
I'-semihyperring.

Definition 2.24. The prime radical of a I'-semihyperring R defined as
the intersection of all prime ideal of R and it is denoted by P(R).

Theorem 2.25. For a I'-semihyperring R, P(R) = {r € R | every m-
system of R which containsr contains 0}.
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Proof. Let P' = {r € R | every m-system of R which contains r conta-
ins0}. Let y ¢ P(R). Then y ¢ P for some prime ideal P of R. By
the Lemma 2.15, P¢ is an m-system of R. Since 0 € P,0 ¢ P°. Then
P¢ is an m-system of R contains y but not contain 0. So y ¢ P’. Thus
we get, P C P(R). Now, let y ¢ P". Then there is an m-system M
of R such that PN M = ¢. Soy ¢ P(R). Thus we get, P(R) C P'.
Hence completes the proof. O

Theorem 2.26. Let R be a I'-semihyperring. If I is an ideal of R, then
P(I) = 1N P(R), where P(I) denotes the prime radical of I consider
I as a I'-semihyperring.

Proof. Let Q be the collection of all prime ideals of ['-semihyperring R
and A be the collection of all prime ideal of /. By the Theorem 2.23,
P € Q implies that PNI € A. So P(I) = NpeaP C Ngea(I N Q) =
IN(Ngea®) = INP(R). Let a ¢ P(I). Then by the Theorem 2.25,
0 ¢ M for some m-system M of I containing a. Since M is also
an m-system of R by the Theorem 2.25, a ¢ P(R). Therefore we get,
P(R) C P(I). So INP(R) C P(I). Thus we get, P(I) = INP(R). O
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