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ON MODULI SPACES OF KAHLER-POISSON
ALGEBRAS OVER RATIONAL FUNCTIONS IN TWO
VARIABLES

A. AL-SHUJARY

ABSTRACT. Kéhler-Poisson algebras were introduced as algebraic
analogues of function algebras on K&hler manifolds, and it turns
out that one can develop geometry for these algebras in a purely
algebraic way. A Kéhler-Poisson algebra consists of a Poisson al-
gebra together with the choice of a metric structure, and a natural
question arises: For a given Poisson algebra, how many different
metric structures are there, such that the resulting Kéhler-Poisson
algebras are non-isomorphic? In this paper we initiate a study of
such moduli spaces of Kahler-Poisson algebras defined over rational
functions in two variables.

1. INTRODUCTION

In [3] we initiated the study of Kéhler-Poisson algebras as algebraic
analogues of algebras of functions on Kéhler manifolds. Kahler-Poisson
algebras consist of a Poisson algebra together with a metric structure.
This study was motivated by the results in [I] and [2], where many as-
pects of the differential geometry of an embedded almost Kéhler mani-
fold ¥ can be formulated in terms of the Poisson structure of the algebra
of functions of ¥. In [3] we showed that “the K&hler—Poisson condi-
tion”, being the crucial identity in the definition of Kéahler-Poisson
algebras, allows an identification of geometric objects in the Poisson
algebra which share important properties with their classical counter-
parts. For instance, we proved the existence of a unique Levi-Civita
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connection on the module generated by the inner derivations of the
Kahler-Poisson algebra, and that the curvature operator has all the
classical symmetries. In [5] we explore further algebraic properties of
Kahler-Poisson algebras. In particular, we find appropriate definitions
of morphisms of Kéahler-Poisson algebras as well as subalgebras, direct
sums and tensor products.

Starting from a Poisson algebra A, it is interesting to ask the fol-
lowing question: How many non-isomorphic Kahler-Poisson algebras
can one construct from A7 This amounts to the study of a “moduli
space” for Kahler-Poisson algebras, in analogy with the corresponding
problem for Riemannian manifolds, where one consider metrics giving
rise to non-isometric Riemannian manifolds. In general, this is a hard
problem and, in this note, we will focus on approaching this problem
in a particular setting. For our purpose, we start from the polyno-
mial algebra C[z,y]. In order to understand isomorphism classes of
Kahler-Poisson algebras based on this algebra, one needs to study au-
tomorphisms of C[z, y]. In [10] Jung shows that every automorphism of
Clz,y] is a composition of so called elementary automorphisms. This
result was later extended to a field k of arbitrary characteristics and
free associative algebras ([0], [7], [I 1], [13], and [15]). In the notation of
[12] (which also provides an elementary proof of the automorphism the-
orem), every k-algebra automorphism of k[z,y| is a finite composition
of automorphisms of the type:

(1) 2=z, y — y+ h(z) with h(z) € k]
(2) = anxr+ay+as, Yy — anx+axny+ass with ajyaze # ag1ar2

for a;; € k. Using these automorphisms, we shall initiate a study of iso-
morphism classes of Kéhler-Poisson algebras over C[z, y]. However, as
shown in [3], the construction of a Kéhler-Poisson algebra over C[z, y]
will in most cases involve a localization of the algebra. Therefore,
we shall rather start from C(z,y), the algebra of rational functions of
two variables, together with an appropriate linear Poisson structure.
Although we do not solve the problem in its full generality, the clas-
sification results for certain classes of metrics obtained below, give an
insight into the complexity of the general problem.

2. KAHLER-POISSON ALGEBRAS

We begin this section by recalling the main object of our investigation.
Let us consider a Poisson algebra (A, {-,-}) over C and let {2, ..., 2™}
be a set of distinguished elements of 4. These elements play the role of
functions providing an isometric embedding for Kéahler manifolds (cf.
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[2]). Let us recall the definition of Kéahler-Poisson algebras together
with a few basic results (cf. [3]).

Definition 2.1. Let (A, {-,-}) be a Poisson algebra over C and let
zt ..., 2™ € A. Given a symmetric m x m matrix g = (g;;) with entries
gij € A, fori, j = 1,...,m, we say that the triple K = (A, g, {z!, ...,2™})
is a Kéhler—Poisson algebra if there exists 7 € A such that

> nfa.a'tgi{al 2 ygufa, b} = —{a,0} (2.1)

4.k, 1=1

for all a,b € A. We call equation (2.1) "the Kdhler—Poisson condition”

Given a Kéhler-Poisson algebra K = (A, g, {z!, ...,z™}), let g denote
the A-module generated by all inner derivations , i.e.

g={a{ct, -} + ... +an{c",:} 1 a;,c' € Aand N € N}.
It is a standard fact that g is a Lie algebra with respect to the bracket

[, Bl(a) = a(B(a)) — B((a)),
where «, 5 € g and a € A (see e.g. [3]).

Moreover, it was shown in [3] that g is a projective module and
that every Kéahler—Poisson algebra is a Lie-Rinehart algebra. For more
details on Lie-Rinehart algebras, we refer to [9, 14]. It was also proven
that the matrix g defines a metric (in the context of metric Lie-Rinehart

algebras [3]) on g via

g(a, B) = > Of(xi)gijﬂ(xj)7

ig=1
for a, 8 € g. Denoting by P the matrix with entries P¥ = {z*, 27}, the
Kahler-Poisson condition (2.1) can be written in matrix notation as

nPyPgP = —P,
if the algebra A is generated by {z!,...,2™}. Let us now recall the
concept of a morphism of Kéhler-Poisson algebras [1, 5], starting from

the following definition.

Definition 2.2. For a Kihler-Poisson algebra K = (A, g, {z!, ..., z™}),
let Ag, C A denote the subalgebra generated by {z',...,2™}.

Clearly, if A is generated by {x!,..., 2™}, which is often the case in
particular examples, then Ag, = A. Note that Ag, is not necessarily a
Poisson subalgebra of A in the general case.

Definition 2.3. Let
K= (Ag{z',....,2m}) and K' = (A, ¢, {y*,....,y"™'})
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be Kéahler-Poisson algebras together with their modules of inner deriva-
tions g and g, respectively. A morphism of Kahler-Poisson algebras is a
pair of maps (¢, ), with ¢ : A — A" a Poisson algebra homomorphism
and ¢ : g — ¢ a Lie algebra homomorphism, such that

(1) ¥(acr) = ¢(a)i(a),

(2) p(a(a)) = ¢(a)(d(a)),

(3) ¢(g(ex, B)) = g'(¥(a), ¥ (B)),
(4) ¢(Aﬁn) - A%in?

foralla € A and o, 5 € g.

Let us also recall the following result from [1, 5], where a condition
for two Kéahler-Poisson algebras to be isomorphic is formulated. In
this paper we shall repeatedly make use of this result to understand

when two Kahler-Poisson algebras are isomorphic for different choices
of metrics.

Proposition 2.4 ([1]). Let
K= (Ag{z" . ..,2m}) and K' = (A", ¢, {y', ..., y™})

be Kdhler-Poisson algebras. Then IC and K' are isomorphic if and only
if there exists a Poisson algebra isomorphism ¢ : A — A’ such that
¢(Agin) = Agy, and

P'gP =P A p(g) AP, (2.2)

where Aia = 6?;5) and (P/)aﬁ = {yaa yﬁ}/-

In what follows, the matrix P’ will be invertible, implying that (2.2)
is equivalent to ¢ = AT¢(g)A. We shall also need the following result

[+, 5]
Proposition 2.5 ([1]). Let
K=(Ag{z", ....2™}) and K' = (A, ¢, {y', ...,y™})

be Kdhler-Poisson algebras and let (¢,) : K — K' be an isomorphism
of Kdhler-Poisson algebras. If

nPgPgP = —P and nP'gPgP =—-P
then (¢(n) —n')P" = 0.

Note that, in the current situation, Proposition 2.5 implies that ¢(n) =
n' since P’ is invertible.
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3. KAHLER-POISSON ALGEBRAS OVER RATIONAL FUNCTIONS

Let us start by considering Clz,y] together with a (non-zero) linear
Poisson structure; i.e a Poisson bracket determined by

{z.y} = v+ py

for A\, u € C such that at least one of A, u is non-zero (note that the
Jacobi identity is satisfied for all choices of A and p). The corresponding
Poisson algebras are isomorphic for different choices of A and u, and
for definiteness we shall choose a particular presentation.

Proposition 3.1. Let Ay = (Clz,y], {+,-}1) denote the Poisson algebra
defined by {x,y}1 = Az + py for \,up € C such that {x,y}; # 0.
Then Aj is isomorphic to the Poisson algebra A = (Clz,y],{-,-}) with

{z,y} ==

Proof. We will show that for every choice of \, u € C (with at least one
of them being non-zero), there exists a Poisson algebra automorphism
¢ Ay — A of the form

p(x) =ax+by  P(y) =cx+dy
with a,b,c,d € C and ad — bc # 0. Thus, one needs to prove that

{¢(z),0(y)} = o({2, y}1) (3.1)

for every allowed choice of A\, u € C. Starting from the left hand side
we get

{6(2),¢(y)} = {az + by, cx + dy} = ad{z,y} + be{y, x}
= ad{x,y} — be{x,y} = (ad — be)x.
From the right hand side, we get
o({z,y}h1) = oAz + py) = Ap(x) + po(y) = Aaz + by) + p(cx + dy)
= \ax + \by + pecx + pdy

That is, (3.1) is equivalent to

Aa + pe = ad — be (3.2)

Ab+ pud = 0 (3.3)
If A =0 then u # 0, since {x,y}1 # 0. From (3.3) one gets that d = 0
and inserting this into (3.2) one obtains puc = bc implying that b = —p
(note that ¢ # 0, since ad — bc # 0). Hence, choosing e.g. ¢ = 1 and

a = 0, gives ¢(xr) = —py and ¢(y) = x defining a Poisson algebra
isomorphism.
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If A # 0 then from (3.3) one gets b = _T“d and inserting this into
(3.2) one obtains

d
Aa+uc:ad+% & a(A—d):%(d—)\),

and choosing d = A we get b = —p (note that a # 0 since ad — be # 0).
Hence, choosing e.g. @ = 1 and ¢ = 0 gives ¢(x) = x—py and ¢(y) = Ay
defining a Poisson algebra isomorphism. Thus, we have shown that for
every choice of A\, u € C such that Az + puy # 0, one can construct a
Poisson algebra isomorphism ¢ : A; — A. O

Now, let C(x,y) denote the rational functions in z,y and let C(z)
denote the rational functions in z. Any Poisson structure on C[z, y]
extends to a Poisson structure on C(z,y) via Leibniz rule

{p.a'y=—{p.a}q?

for p,q € Clz,y] with {p,q} € Clz,y]. Thus, in the following, we
let A(z,y) denote the Poisson algebra (C(z,y),{,-}) with {z,y} = .
Given the Poisson algebra A(z,y) we set out to study the possible
Kéhler-Poisson algebra structures arising from A(x,y); that is, finding
gi; such that (A(z,y), g,{x,y}) is a Kéhler-Poisson algebra.

It is easy to check that for an arbitrary symmetric matrix g one
obtains

PgPgP = —{x,y}* det(g)P = —z*det(g)P

giving n = (2? det(g)) ™', implying that (A(z,y), g, {z,y}) is a Kéhler-
Poisson algebra as long as det(g) # 0. Hence, any non-degenerate
(2 x 2)-matrix g, with entries in A(x,y), gives rise to a Kéhler-Poisson
algebra over A(z,y).

Next, let us recall that all automorphisms of Clx, y] (see [10, 12]) are
given by compositions of

o(z) = apx + By + 71 and ¢(y) = asx + Loy + 72
for ay, 81,71, a2, B2, 72 € C, with a3 # a3, and
¢(z) =z and ¢(y) = y + p(z)
for all p(xz) € C[z]. In order to use these to construct Kéhler-Poisson

algebra morphisms, we need to check which ones that are Poisson al-
gebra morphisms.

Lemma 3.2. Let A(z,y) = C(xz,y) be the rational functions in x,y

with a Poisson structure given by {x,y} = x. Then:

(A) ¢(x) = arz+Pry+m and p(y) = cax+Pay+2, for aa, B1, 71, a2, B2, 2 €
C with a1 B2 # s, is a Poisson algebra automorphism of A(x,y) if
Br=m =0 and 2 =1, giving ¢(x) = cnz and ¢(y) = a2z + y + 2.
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(B) ¢(x) = ax and ¢p(y) =y + p(x) is a Poisson algebra automorphism for
all p(z) € Clz] and a € C\{0}.

Proof. (A) For ¢ to be a Poisson algebra automorphism we need to
check that ¢({x,y}) = {é(x), #(y)} and since {z,y} = x this is equiv-
alent to ¢(x) = {o(x), #(y)}. We start from

{0(2),0(y)} = {arx + L1y + 1, vz + oy + 72}
= apao{z, v} + o fof{m, y} + B1Boy, y} + Brae{y, o}
= a1fo{z,y} + fraa{y, v} = (@182 — Prag)m.

NOW7 ¢($) = {¢($), ¢(y)} gives 1T + 513/ + Y1 = (Oélﬁg — ﬂlag)l'. and
one obtains

oy =oqfe — froe, B =0, v =0,

implying that , = 1 since a; # 0 (by the assumption oy s —a3; # 0).
Hence, we get ¢(x) = ayx and ¢(y) = aox + y + Yo.
(B) For ¢ to be a Poisson algebra automorphism we need to check

that p({x,y}) = {o(x), #(y)} and since {z,y} = x we show that ¢(z) =
{é6(x), d(y)}. We start from the right side

{0(2), 0(y)} = {ax,y + p(x)} = o{z,y} + ofz, p(2)} = ax = é(x)
since {z,p(z)} = 0 for arbitrary p(z). Hence, ¢ is a Poisson algebra
automorphism for an arbitrary p(z) € Clz| and o € C\{0}. O

Next, let us show that compositions of Poisson algebra automorphisms
in Lemma 3.2 may be written in a simple form.

Proposition 3.3. Let ¢ = ¢p10¢0...0¢, be an arbitrary composition
of Poisson algebra of automorphisms of A(z,y), where each ¢y can be
written as: either ¢(r) = ax, Or(y) = qorx +y~+ 72 or op(r) = e,
ox(y) =y + pr(x). Then there exists « € C and p(x) € Clx] such that
¢(z) = ax and ¢(y) = y + p(v).

Proof. We show that every composition of all Poisson algebra auto-
morphisms in Lemma 3.2 can be written with the form ¢(z) = ax
and ¢(y) = y + p(x). Clearly, both type (A) and (B) Poisson algebra
automorphisms in Lemma 3.2 can be written in this form. Thus, let
¢1(z) = anx, ¢1(y) = y + p1(x), ¢2(x) = azx and d2(y) = y + pa().
Then

(1) ¢1(¢2(x)) = d1(a2z) = aspr(x) = azanz = ax.

(2) ¢1(2(y) = ¢1(y + p2(x)) =y + pi1(x) + paanz) =y + p(z).
which are again of the form ¢(z) = ax and ¢(y) = y + p(x). Hence,
using the argument above, showing that the composition of two such
automorphisms of is again of the same form, one can conclude that the
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composition of an arbitrary number of such automorphisms is of the
required form. O

In order to prove results related to arbitrary automorphisms of A(z, y),
we will need to consider the case when ¢(z) € C(z). In this case, the
possible types of automorphisms can be explicitly described.

Proposition 3.4. Let ¢ : A(z,y) — A(z,y) be a Poisson algebra
automorphism such that ¢p(x) € C(x). Then there ezist o, 3,7v,9 € C
and r(z) € C(x) such that ad — By # 0 and

_ax+f3
o) = yr 40
_ (@t Byr+o)y

Proof. Since ¢ is invertible then, since ¢(z) € C(x), ¢(x) has to be an
invertible rational function of z. It is well known that such a function is

of the form ¢(x) = iﬁif for some «, 8,7, € C with ad— 3y # 0. Since

¢ is a Poisson algebra automorphism, one can determine the possible

¢(y) via

{¢(x), 0(y)} = o({z,y}).

We start from the left hand side
(o), 6} = {220 60}

YT+ 0

{2202 Yot

= (jﬁ j: ?);{m, y1o(y),

= (%)m@);,

and from the right hand side we get

B _axr+f
(o 0) = ole) = S

Therefore, we obtain

aé—ﬁv I
po—: ro(y), =ax+ 5 =

(ad = BY)zd(y), = (ax + B)(yx +6) =

_(ax+B)z+d)y
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for some r(x) € C(x). O

Let us now start to investigate isomorphism classes of metrics for
Kéhler-Poisson algebras over A(z,y). The simplest case is when the
metrics are constant; i.e

for a,b,c,a,b, ¢ € C.

Proposition 3.5. Let
K = (A(z,y),9,{z,y}) and K = (A(z,y),§,{z,y})

be Kdhler-Poisson algebras, with

_f(a b di— a b
I9=\b ¢) ™I~ N\ ¢
where a,b,c,a,b,é € C such that det(g) # 0 and det(g) # 0. Then

K = K if and only if ¢ = ¢.

Proof. First, we assume that ¢ = ¢ and show that K = K by using
an automorphism of the form ¢(z) = ax and ¢(y) = y + p(z) (cf.
Lemma 3.2). We will do this by applying Proposition 2.4 to show that
there exists a € C and p(x) € C[z] such that

g=AT6(g)A. (3.4)

First, note that ¢(g) = g, since ¢ is unital. From A’ = 99 e

oy«
computes
A(— %)-(i )
W 0 =\ )
o o) =) 1
giving (3.4
a 5 e p’x b a 0
b ¢) \0 b c) \p(z) 1
B aa+p’ )b ab+p'(x)c a 0
a c P(x) 1
alaa+p'(z P(x)(ab+p'(x)c) ab+p(x)
ab+73’(as)c c ’

showing that (3.4) is equivalent to

a = o’a+2ap' (2)b+ (p'(z))%c (3.5)
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b=ab+p(z)c (3.6)

First, assume that ¢ # 0. From (3.6) we get p/(z) = 5‘—0“ giving
p(z) = (=22)z, and inserting p/(z) in (3.5) we obtain
b— ab b— aby?
&:a2a—|—2a( Q>b+( a)c

C

o 2abb—2a%0?  bPc — 2abbe + a*b3c
=a"a+ + 3
c c
Multiplying both sides by ¢?, we get
. - ~ ac — b?
ac? = o’ac® + 2abbe — 202b%c + b*c — 2abbe + a*b*c = o’ = 0
ac —
where ac — b* = det(g) # 0 by assumption. Hence, for ¢ = ¢ # 0, we
have constructed an isomorphism between K and K. If ¢ = ¢ = 0 we
get from (3.6) that o = 2, where b # 0 since det(g) # 0. Now, we find

p/(z) from (3.5) by using a = 2
by 2 b ab? — ab?
a= a(B) + 2<E>p’(x)b+ (p'(x))zc = plx)= e 2b25a
(note that b # 0 since det(§) # 0), giving p(z) = (%)x Hence, for
¢ = ¢ = 0, this gives an isomorphism between K and K. We conclude
that I = K if ¢ = ¢. Vice versa, assume that K = K. We have

n = {z,y}?det(g) = v*det(g) and 7 = {z,y}* det(g) = 2 det(q)

with det(g), det(g) € C. By using Proposition 2.5, stating that ¢(n) =
7, one obtains

) ) 5 é(x?)  detg
o(x”) det(g) = z°det(g) = 2 detlg) eC
implying that ¢(x) = ax for some a € C. Furthermore, using Propo-
sition 3.4 with 8 = 0,7 = 0,6 = 1 one obtains ¢(y) = y + r(z). Hence,
any isomorphism have to be of the form ¢(z) = az and ¢(y) = y+r(z),
for some a € C and r(z) € C(x).
Using the above form of the isomorphism in Proposition 2.4 one gets

G- )6 D00 )

_ (a(aa +7'(2)b) + r'(z)(ab + 1 (x)c) ab+ T’(x)c) |
giving ¢ = c. O

S Qt

ab+1'(z)c c
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The above result shows that the isomorphism classes of Kahler-Poisson
algebras with constant metrics can be parametrized by one (complex)
parameter. In the next result, we study the case when the metric only
depends on x, and start by giving sufficient conditions for the Kahler-
Poisson algebras to be isomorphic.

Proposition 3.6. Let K = (A(x,y), g, {z,y}) and K = (A(z,y), , {z,y})

be Kahler-Poisson algebras, with

_ (alx) b(x) - _ (alz) bz)
- (o) o) o= () &)
where a(z),b(z), c(x), a(z),b(z), é(x) € Clz] such that det(g) # 0 and
det(g) # 0. If ¢(x) # 0 and there exists a € C such that:
(1) ( (2) — a*a(az))e(az) = b(x)* — a*b(az)”
(2 fl@i@ € Cla]
(3) &(x) = c(ax)
then K =2 K. If &(z) = c(z) = 0 and there ezists o € C such that:
(a) b(x) = ab(aa;)
(1) Heeleton) & Cy
then KK = K.

Proof. Let ¢ be an automorphism of ¢(z) = ax and ¢(y) = y + p(x).
We will show that one may find @ € C and p(z) € C[z] such that

g=A"¢(9)4A, (3.7)

implying, via Proposition 2.4, that I = K. From Al = 96) e

oy«
computes
(32(96) 8¢>(:v) a 0
A= ooty ool :(/ )>
oyl 2o pz) 1

giving (3.7) as

)
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Hence, (3.7) is equivalent to

a(x) = o’a(ax) + 2ap' (2)b(ax) + p'(z)*c(ax)
b(z) = ablazx) + p'(z)c(ax) .
é(z) = c(ax) (3.10)

First, assume that c¢(x) # 0 together with the assumptions (1)—(3).
From (3.9) we get

b(x) — ablax) '

p(x) = “(az)

and, by assumption, this is in C[z] which implies that one may integrate
to get p(x). Inserting p'(x) in (3.8) we obtain

a(r)c(ar) = a’alar)c(ar) + 2ablax)p' (z)c(ax) + p'(z)*c(ax)?
= o’a(ax)c(ar) + 2ab( oz:zc)( z) — ablax)) + (Z;( ) — ab(ax))2
) 2

= o2a(azx)c(ax) — o®b(ax)? + b(z)?

that is, (a(z) — a%a(az))c(ax) = b(z)? — a®b(ax)? which is true by
assumption.

If ¢(x) = c¢(x) = 0, we assume that % € C[z] and b(z) =

ab(az). Then (3.9) is immediately satisfied and from (3.8) we get
p(z) = %i‘;()m By assumption this is in C[z] which implies that
one may integrate to get p(x). This shows that one may explicitly
construct an isomorphism between K and K, given the assumptions in

the statement. O

For the sake of illustration, let us use the above result to give a simple
example, and construct two seemingly different metrics that give rise
to isomorphic Kéhler-Poisson algebras.

Example 3.7. Let K = (A(l’, y)a 9, {37, y}) and ’€ = (A(‘Ta y)7 §7 {ZL‘, y})
be Kéhler-Poisson algebras, with

= ("9 )= (S0 )

for a(x),c(z),q(z) € Clz]. We will use Proposition 3.6 to show that

K = K. Let us check conditions (1)—(3) with a = 1, b(z) = 0, é(x) =

c(x), b(x) = g(z)c(r) and
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(az))c(ax) = b(z)? — a®b(ax)?:

(a(z) — a*a(az))c(ax) = q(z)?c(z)?

bx)* — a®b(ax)® = q(z)’c(2)?,

(

el — o(w) e )
(3) ¢(x) = c(ax) since a = 1 and é(x) = ¢(x).

3

For instance, with a(z) = z, ¢(z) = 2% and ¢(z) = 2* one concludes

that
[z 0 g (*t s 2P
g= 0 22 an 25 22

define isomorphic Kahler-Poisson algebras.

The following result shows that, in the more restricted situation where
the metrics are assumed to be diagonal, one describe all isomorphism
classes.

Proposition 3.8. Let K = (A(x,y), g, {z,y}) and K = (A(x,y), 3, {z,y})
be Kahler-Poisson algebras, with

_fa(z) O and i — a(x) 0
9= ( 0 c(a:)) 49 ( 0 E(az))
where a(z), c(x), a(x), é(x) € Clz] such that det(g) # 0 and det(g) # 0.
Then IC = IC if and only if there exists a € C such that:
(1) &(x) = c(ax)
(2) a(r) = a*alax)

Proof. To show that K 22 K if (1) and (2) are satisfied, we use Propo-
sition 3.6. Namley,

(a(z) — o’a(az))c(az) = b(z)? — a?b(ax)?
for b = 0 becomes
(a(z) — o*a(az))c(az) =0
which is satisfied since a(z) = a’a(ax). (Condition (2) in Proposi-
tion 3.6 is trivially satisfied since b =0 = 0.)
Vice versa, assume that K = K. We have

n = {z,y}?det(g) = 2° det(g) and 7} = {z,y}* det(g) = 2* det(g)

with det(g), det(g) € C[z]. By using Proposition 2.5, which gives that
o(n) = 7, it follows that

o(z?) det(g) = 2° det ()
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implying that ¢(x) € C(z). By Proposition 3.4, if ¢(z) € C(x), then
the automorphism has to be of the form

ax ax T+6
o(r) = 22 and ¢(y) = LHPOEN 4 (z)

where, «, 8,7,6 € C, r(z) € C(z) and ad — By # 0. Moreover, by
Proposition 2.4, one also has

§= AT(g)A. (3.11)
with

since ¢(z);, = 0, giving

a(z) 0\ _ (o(x), oy),) (olalz)) 0O ¢(x), 0
( 0 5(13)) B < 0 cb(y);) ( 0 ¢(C($))) (cb(y)& cb(y);)
_ <¢<a<x>>(¢<m>;>2 + ple(@)) (py),)* ¢<c<x>>¢<y>;¢<y3;>
o(c(x)(y),0(y), $c(x))(6(v);)
Hence, (3.11) is equivalent to
a(z) = p(a(x))(¢(2),)* + dlc(x))(6(y),)* (3.12)
&(x) = ¢(c(@)(6(y);)* (3.13)
O(c(2))d(y)z0(y), = 0. (3.14)
Now, ¢(c(x)) # 0 (since det(g) # 0) and ¢(y); # 0 (since ad — v # 0)

which implies, by (3.14), that
!/
o), = (6255, + @) =0
It follows that r(x) = ro € C and

((ozx+6)(7x+6) )’ 0 = (ax + B)(yx +9)

(ad — By)x (ad — B ret

yielding
(ax + B)(yx +6) = Az(ad — 57)
and consequently

ay =0, 0 =0 and ad 4+ By = AMad — (7).
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If @« =0, then 8 # 0, # 0 (since ad — 7y # 0) implying that § = 0
and therefore, fy = —AfB~v which implies that A = —1. Hence, the
automorphism have to be of the form ¢(x) = % and ¢(y) = —y + ro.
Using Proposition 2.4 we get

(5 )= (6 2) (9 ) (7 5)

5 ) G 5)
_<¢<a<x>> (-2) o )
0 H(clw))

giving that

i) = oto(e) (- 2) =atotn (-2) = (- 2) o (2)

However, the above form of the automorphism is not possible since
we have assumed that a(z),a(x) are non-zero polynomials (and not
rational functions).

If a # 0, then v = 0,0 # 0 implying that § = 0 and ad = Aad,
which implies that A = 1. Hence, the automorphism have to be of the
form ¢(r) = & = az and ¢(y) = \y = y + ro. Using Proposition 2.4
we get

() (9 )6 )
_ (d2¢(a(af)) 0 )
0 ¢(c(x))
giving that
i(x) = 6°¢(a()) = &’a(¢(v)) = &*a(ax)
c(x) = ¢(c(x)) = c(¢(2)) = c(az)
which concludes the proof of the statement. O

Let us give another simple example of isomorphic Kéahler-Poisson alge-
bras.

Example 3.9. Let £ = (A(LU, y)7 g, {I, y}) and ]€ = (A(xa y)? g? {137 y})
be Kahler-Poisson algebras, with

(5 ) s (757 2



76 AL-SHUJARY

for a(z),c(z) € Clz] and o € C. Proposition 3.8 shows that K = K.
For instance, with a(z) = z, ¢(z) = 1+ 2 + 2% and @ = —2 one finds

that
[z 0 di— —8z 0
9=\ 0 142+ 22 and g = 0 1—2z+ 422

give isomorphic Kéahler-Poisson algebras.

For general metrics, the situation becomes much more complicated.
However, let us finish by giving a sufficient condition for diagonal met-
rics depending on y.

Proposition 3.10. Let K = (A(x,y), g, {z,y}) and K = (A(z,y), §, {z,y})
be Kahler-Poisson algebras, with

a(y) 0 oy (aly) 0
o = ("9 0)) e = (P 0))
for a(y), c(y), ( ),e(y) € Clz]. If there exists a, A € C such that
) =

(1) aly (y+A)
(2) ey) ( A)
then K = K.

Proof. Assume a(y) = a”a(y + ) and ¢(y) = c(y + A). To prove that
K = IC, we will use Proposition 2.4 and show that

g=AT¢(g)A, (3.15)

for an automorphism of the type ¢(z) = ax and ¢(y) = y + p(z). Let
p(z) = A, then p/(x) = 0 and we compute

A= (p'?x) (1)) = (g ?)
giving (3.15) as

P )= DO )6 )
() 6 )
(5 4

which is true by assumption. From Proposition 2.4 we conclude that
K =K. O

For instance, with a(y) =y, c(y) = 1+y?, A =2 and a = 1 finds that
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(y 0 _(y+2 0
9‘(0 1—|—y2> andg_( 0 5+y2+4y)

give rise to isomorphic Kahler-Poisson algebras.

4. SUMMARY

In this paper, we have started to investigate isomorphism classes of
Kahler-Poisson algebras for rational functions in two variables. Al-
though a complete classification has not been obtained there are several
subclasses of metrics which can be explicitly described. Proposition 3.5
shows that the class of constant metrics can be parametrized by one
(complex) parameter, and Proposition 3.8 describes the isomorphism
classes of diagonal metrics only depending on x. Furthermore, several
sufficient conditions are derived (Proposition 3.6 and Proposition 3.10)
and a number of examples are given illustrating that seemingly different
metrics may give rise to isomorphic Kahler-Poisson algebras.
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