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ON GRADED ALMOST SEMIPRIME SUBMODULES

F. FARZALIPOUR

Abstract. Let G be a group with identity e. Let R be a G-
graded commutative ring with a non-zero identity and M be a
graded R-module. In this article, we introduce the concept of
graded almost semiprime submodules. Also, we investigate some
basic properties of graded almost semiprime and graded weakly
semiprime submodules and give some characterizations of them.

1. Introduction

In the resent years a good deal of researches have done concerning
graded ring and graded modules. Particularly, there is a wide vari-
ety of applications of graded algebras in geometry and physics (see
[15]). Furthermore, in physical sense and in studying supermanifold,
supersymmetries and quantizations of systems with symmetry, graded
ring and modules play a key role (see [2]). Having the vast heritage
of ring theory available, a number of authors have tried to extend
and generalize many classical notions and definitions, see for example,
[3]-[14]. Graded prime and graded primary ideals of a commutative
graded ring R with a non-zero identity have been introduced and stud-
ied by M. Refai and K. Al-Zoubi in [17]. Graded prime and graded
weakly prime submodules of a graded R-module have been studied by
S. Ebrahimi Atani in [3] and [4]. Also, graded semiprime and graded
weakly semiprime submodules of graded R-modules have been studied
in [9] and [11]. Here we study a number of results of graded weakly
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semiprime and graded almost semiprime submodules. First, we define
the graded almost semiprime submodules of a graded R-module. We
give some results concerning this class of graded submodules and some
characterizations of them (see sec. 2). Also, we study and character-
ize other properties of graded weakly semiprime submodules (see sec.
3). Before we state some results let us introduce some notation and
terminology. Let G be a group with identity e. A ring (R,G) is called
a G-graded ring if there exists a family {Rg : g ∈ G} of additive sub-
groups of R such that R =

⊕
g∈GRg such that RgRh ⊆ Rgh for each

g and h in G. In this case, Re is a subring of R and 1R ∈ Re. For
simplify, we will denote the graded ring (R,G) by R. If R is G-graded,
then an R-module M is said to be G-graded if it has a direct sum de-
composition M =

⊕
g∈GMg such that for all g, h ∈ G; RgMh ⊆ Mgh.

Any element of Rg or Mg for any g ∈ G, is said to be a homogeneous
element of degree g. A submodule N ⊆ M , where M is G-graded, is
called G-graded if N =

⊕
g∈G(N ∩Mg) =

⊕
g∈GNg or if, equivalently,

N is generated by homogeneous elements. Moreover, M/N becomes a
G-graded module with g-component (M/N)g = (Mg+N)/N for g ∈ G.
We write h(R) = ∪g∈GRg and h(M) = ∪g∈GMg. A graded ring R is
called graded integral domain, if whenever ab = 0 for a, b ∈ h(R), then
a = 0 or b = 0. A graded ideal I of R is said to be graded maximal
if I 6= R and there is no graded ideal J of R such that I  J  R.
A graded module M over a G-graded ring R is called graded finitely
generated if M =

∑n
i=1Rxgi where xgi ∈ h(M). A graded R-module

M is called graded cyclic if M = Rxg where xg ∈ h(M). A graded
R-module M is called a graded second module provided that for ev-
ery element r ∈ h(R), either rM = M or rM = 0. A graded R-
module M is called a graded multiplication module provided that, for
every graded submodule N of M , there exists a graded ideal I of R
so that N = IM (or equivalently, N = (N : M)M). A graded sub-
module N of a graded R-module M is called a graded pure (graded
RD-) submodule if IN = N ∩ IM (rN = N ∩ rM) for any graded
ideal I of R (for any r ∈ h(R)). A graded ideal I of a graded ring
R is called graded multiplication, if it is multiplication as graded R-
modules. Graded multiplication modules and ideals have been studied
extensively in [7] ,[8], [13] and [14]. A graded R-module M is called
a graded cancellation module if for all graded ideals I and J of R,
IM = JM implies that I = J . Let N be a graded R-submodule of M ,
then (N :R M) = {r ∈ R : rM ⊆ N} is a graded ideal of R (see [3]).
A graded R-module M is called faithful, if Ann(M) = (0 : M) = 0. A
proper graded submodule N of M is called graded prime, if whenever
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rm ∈ N where r ∈ h(R) and m ∈ h(M), then m ∈ N or r ∈ (N : M).
A graded R-module M is said to be graded prime, if the zero graded
submodule of M is a graded prime submodule. A proper graded sub-
module N of a graded R-module M is called graded semiprime if when-
ever r ∈ h(R), m ∈ h(M) and k ∈ Z+ such that rkm ∈ N , then
rm ∈ N . If R is a graded ring and M a graded R-module, the sub-
set T g(M) of M is defined by T g(M) = {m ∈ M : rm = 0 for some
0 6= r ∈ h(R)}. If R is a graded integral domain, then T g(M) is
a graded submodule of M [3]. We say that M is graded torsion, if
T g(M) = M and we say that M is graded torsion free, if T g(M) = 0.

2. Graded Almost Semiprime Submodules

Definition 2.1. (i) Let R be a commutative G-graded ring. A proper
graded ideal I of R is called graded almost semiprime if whenever
akgbh ∈ Igkh − I2

⋂
Rgkh for ag, bh ∈ h(R) and k ∈ Z+, then agbh ∈ Igh.

(ii) Let R be a commutative G-graded ring and M be a graded R-
module. A proper graded submodule N of M is called graded almost
semiprime if whenever rg ∈ h(R), mh ∈ h(M) and k ∈ Z+ such that
rkgmh ∈ Ngkh − (N : M)N ∩Mgkh, then rgmh ∈ Ngh.
(iii) Let N be a graded submodule of a graded R-module M . We
say that Ng is a g-almost semiprime submodule of Re-module Mg, if
Ng 6= Mg and whenever rkemg ∈ Ng − (Ng :Re Mg)Ng for some re ∈ Re,
mg ∈Mg and k ∈ Z+, then remg ∈ Ng.

The following Lemma is known, but we write it here for the sake of
references.

Lemma 2.2. Let M be a graded module over a graded ring R. Then
the following hold:

(i) If I and J are graded ideals of R, then I + J and I
⋂
J are

graded ideals.
(ii) If N is a graded submodule, r ∈ h(R) and x ∈ h(M), then Rx,

IN and rN are graded submodules of M .
(iii) If N and K are graded submodules of M , then N + K and

N
⋂
K are also graded submodules of M and (N : M) is a

graded ideal of R.
(iv) Let {Nλ} be a collection of graded submodules of M . Then∑

λNλ and
⋂
λNλ are graded submodues of M .

Lemma 2.3. Let N be a graded R-submodule of M and I a graded
ideal of R. Then (N :M I) = {m ∈M |mI ⊆ N} is a graded submodule
of M .
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Proof. We have (N :M I)g = (N :M I) ∩Mg ⊆ (N :M I) for all g ∈ G.
Then

⊕
g∈G(N :M I) ⊆ (N :M I). Let m =

∑
g∈Gmg ∈ (N :M I).

It is enough to show that mgI ⊆ N for all g ∈ G. So without loss of
generality we may assume that m =

∑n
i=1mgi where mgi 6= 0 for all

i = 1, ..., n and mgi = 0 for all gi 6∈ {g1, ..., gn}. Let a ∈ I. As I is

a graded ideal, so a =
∑k

i=1 agi where 0 6= agi ∈ I ∩ Rgi . Therefore,
(
∑n

i=1mgi)agi ∈ N (1 ≤ i ≤ m). Since N is a graded submodule we
conclude that mgiagi ∈ N , so mgiI ⊆ N . Hence mgI ⊆ N for all g ∈ G.
So

⊕
g∈G(N :M I) = (N :M I). �

Let M be a graded R-module and N a graded submodule of M .
N is called idempotent in M if N = (N : M)N . Thus any proper
idempotent graded submodule of M is graded almost semiprime. If
M is a graded multiplication R-module and N = IM and K = JM
are two graded submodules of M , then the product NK of N and
K is defined as NK = (IM)(JM) = (IJ)M , see [1]. In particular,
we have N2 = NN = [(N : M)M ][(N : M)M ] = (N : M)2M . If
further, M is a graded cancellation R-module, then by using Lemma
2.11, (N : M)N = ((N : M)N : M)M = (N : M)2M = N2. So in this
case, a graded submodule N is idempotent in M if and only if N = N2.

Example 2.4. It is clear that every graded semiprime submodule is
graded almost semiprime. But the converse is not true in general. For
example, let R = Z = R0 be as Z-graded ring and M = Z24×Z24 be the
Z-graded R-module with M0 = Z24×{0} and M1 = {0}×Z24. Consider
the graded submodule N =< 8 > × < 8 > with N0 =< 8 > ×{0}
and N1 = {0}× < 8 >. Then (N : M)N = N , and so N is a graded
almost semiprime submodule of M . But N is not graded semiprime in
M , because 22(2, 0) ∈ N0, but 2(2, 0) 6∈ N0.

In the graded semiprime submodules case, N is a graded semiprime
submodule of M , if and only if N/K is so in M/K for any graded
submodule K ⊆ N [9]. But the covers part may not be true in the
case of graded almost semiprime submodules. For example, for any
graded non almost semiprime submodule N of M , we have N/N = 0
is a graded almost semiprime submodule of M/N . But we have the
following Theorem:

Theorem 2.5. Let N and K be graded submodules of a graded R-
module M with K ⊆ (N : M)N . Then N is a graded almost semiprime
submodule of M if and only if N/K is a graded almost semiprime
submodule of the graded R-module M/K.

Proof. Let N be a graded almost semiprime submodule of M and as-
sume that rg ∈ h(R), mh + K ∈ h(M/K) and k ∈ Z+ such that
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rkg (mh +K) ∈ (N/K)gkh− (N/K : M/K)N/K ∩ (M/K)gkh. It is clear

that (N/K :R M/K) = (N :R M), and so rkgmh ∈ Ngkh − (N : M)N ∩
Mgkh. Therefore rgmh ∈ Ngh since N is graded almost semiprime.
Therefore, rg(mh + K) ∈ (Ngh + K)/K = (N/K)gh, hence N/K is
a graded almost semiprime submodule. Conversely, let N/K be a
graded almost semiprime submodule of M/K and assume that rkgmh ∈
Ngkh− (N : M)N ∩Mgkh for some rg ∈ h(R), mh ∈ h(M) and k ∈ Z+.
Hence rkg (mh + K) ∈ (N/K)gkh − (N/K : M/K)N/K ∩ (M/K)gkh,

because if, rkg (mh + K) ∈ (N/K : M/K)N/K ∩ (M/K)gkh = (N :
M)(N/K) ∩ (M/K)gkh = ((N : M)N + K)/K ∩ (M/K)gkh = (N :
M)N/K ∩ (M/K)gkh since K ⊆ (N : M)N , so rkgmh ∈ (N : M)N , a
contradiction. Therefore rg(mh + K) ∈ (N/K)gh, so rgmh ∈ Ngh, as
required. �

Let R be a G-graded ring and S ⊆ h(R) be a multiplicatively closed
subset of R. Then the ring of fractions S−1R is a graded ring which
is called the graded ring of fractions. Indeed, S−1R =

⊕
g∈G(S−1R)g

where (S−1R)g = {r/s : r ∈ h(R), s ∈ S and g = (degs)−1(degr)}.
Let M be a graded module over a graded ring R and S ⊆ h(R) be
a multiplicatively closed subset of R. The module of fraction S−1M
over a graded ring S−1R is a graded module which is called the module
of fractions, if S−1M =

⊕
g∈G(S−1M)g where (S−1M)g = {m/s :

m ∈ h(M), s ∈ S and g = (degs)−1(degm)}. We write h(S−1R) =⋃
g∈G(S−1R)g and h(S−1M) =

⋃
g∈G(S−1M)g. One can prove that the

graded submodules of S−1M are of the form S−1N = {β ∈ S−1M :
β = m/s for m ∈ N and s ∈ S} and that S−1N 6= S−1M if and only
if S ∩ (N : M) = ∅ ([13]).

Theorem 2.6. Let S ⊆ h(R) be a multiplicative closed subset of a
graded ring R with S ∩ (N : M) = ∅. Then S−1N is a graded almost
semiprime submodule of the graded S−1R-module S−1M .

Proof. Let N be a graded almost semiprime submodule of M . Since
(N : M) ∩ S = ∅, then S−1N 6= S−1M .
Assume that (rg1/sh1)

k(mg2/th2) ∈ (S−1N)(gk1g2)(hk1h2)−1 − (S−1 :S−1R

S−1M)S−1N
⋂

(S−1M)(gk1g2)(hk1h2)−1 where rg1/sh1 ∈ h(S−1R), mg2/th2 ∈
h(S−1M) and k ∈ Z+. Hence rkg1mg2/s

k
h1
th2 = ngk1g2/s

′
hk1h2

for some

ngk1g2 ∈ Ngk1g2
and s′

hk1h2
∈ S, and so there exists th3 ∈ S such that

rkg1s
′
hk1h2

th3mg2 = skh1th2th3ngk1g2 ∈ N . If rkg1s
′
hk1h2

th3mg2 ∈ (N : M)N ,

then rkg1mg2/s
k
h1
th2 = rkg1s

′
hk1h2

th3mg2/s
k
h1
th2th3s

′
hk1h2
∈ S−1((N :R M)N) =

S−1(N :R M)S−1N ⊆ (S−1N :S−1R S−1M)S−1N , a contradiction. So
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rkg1(s
′
hk1h2

th3mg2) ∈ Ngk1h
k
1h2h3g2

− (N : M)N
⋂
Mgk1h

k
1h2h3g2

, and hence

rg1s
′
hk1h2

th3mg2 ∈ Ng1hk1h2h3g2
sinceN is graded almost semiprime. There-

fore
rg1mg2/sh1th2 = rg1s

′
hk1h2

t3mg2/sh1th2s
′
hk1h2

t3 ∈ (S−1N)(g1g2)(h1h2)−1 , hence

S−1N is a graded almost semiprime submodule of S−1M . �

Proposition 2.7. Let M be a graded R-module and N be a graded
almost semiprime submodule of M . Then

(i) If M is a graded second R-module, then N is a graded second
module.

(ii) If M is a graded second R-module, then N is a graded RD-
submodule of M .

Proof. (i) Let N be a graded almost semiprime submodule of M .
Let rg ∈ h(R). If rgM = 0, then rgN ⊆ rgM = 0. Let rgM =
M . Now It is enough to show that N ⊆ rgN . First, we show
that (N : M)N = 0. Since N is a proper graded submodule of
M , so for any r ∈ (N : M), we have rM = 0, because, we can
write r =

∑
h∈G rh. Since (N : M) is a graded ideal of R, so

rh ∈ (N : M) for any h ∈ G. Hence rhM ⊆ N and since M is
graded second, we have rhM = 0, so rhN = 0 for any h ∈ G,
and (N : M)N = 0. Let n =

∑n
i=1 ngi ∈ N where ngi 6= 0.

Since rgM = M , so for any 1 ≤ i ≤ n, ngi = rgmgig−1 for some
mgig−1 ∈ h(M), and mgig−1 = rgm

′
gi(g−1)2 for some m′gi(g−1)2 ∈

h(M). Hence 0 6= ngi = (rg)
2m′gi(g−1)2 ∈ Ngi−(N : M)N

⋂
Mgi ,

as N is graded almost semiprime so mgig−1 = rgm
′
gi(g−1)2 ∈ N .

Hence ngi = rgmgig−1 ∈ rgN for any 1 ≤ i ≤ n, so n ∈ rgN and
N ⊆ rgN . Therefore rgN = N , hence N is graded second.

(ii) Let rg ∈ h(R). If rgM = 0, then rgN = 0, so rgN = 0 =
N∩rgM . Suppose that rgM = M , so by (i), rgN = N , therefore
rgN = N ∩ rgM .

�

In the following Theorems, we give other characterizations of graded
almost semiprime submodules.

Theorem 2.8. Let M be a graded R-module and N a proper graded
submodule of M . Then the following are equivalent:

(i) N is a graded almost semiprime submodule of M .
(ii) For rg ∈ h(R) and k ∈ Z+; (Nh :M rkg ) = (Nhg1−k :M rg)∪ ((N :

M)N ∩Mh :M rkg ).

(iii) For rg ∈ h(R) and k ∈ Z+; (Nh :M rkg ) = (Nhg1−k :M rg) or

(Nh :M rkg ) = ((N : M)N ∩Mh :M rkg ).
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Proof. (i) ⇒ (ii) Let mhg−k ∈ (Nh :M rkg ), then rkgmhg−k ∈ Nh. If

rkgmhg−k 6∈ (N :R M)N ∩ Mh, as N is graded almost semiprime,

rgmhg−k ∈ Nhg1−k , so mhg−k ∈ (Nhg1−k :M rg). Let rkgmhg−k ∈ (N :R
M)N ∩Mh, then mhg−k ∈ ((N :R M)N ∩Mh :M rkg ), hence (Nh :M
rkg ) ⊆ (Nhg−k :M rg)∪ ((N : M)N ∩Mh :M rkg ). The other containment
holds for any graded submodule N .

(ii)⇒ (iii) It is well known that if a graded submodule is the union
of two graded submodules, then it is equal to one of them.

(iii) ⇒ (i) Let rkgmh ∈ Ngkh − (N :R M)N ∩Mgkh for some rg ∈
h(R), mh ∈ h(M) and k ∈ Z+. Hence mh ∈ (Ngkh :M rkg ) and mh 6∈
((N :R M)N ∩Mgkh :M rkg ), so by assumption, mh ∈ (Ngh :M rg) and
rgmh ∈ Ngh. Therefore N is graded almost semiprime.

�

Theorem 2.9. Let M be a graded R-module and N be a proper graded
submodule of M . Then N is graded almost semiprime in M if and
only if for any graded submodule K =

⊕
h∈GKh of M , ag ∈ h(R) and

k ∈ Z+ with akgKh ⊆ Ngkh and akgKh " (N :R M)N ∩Mgkh, we have
agKh ⊆ Ngh.

Proof. Assume that N is graded almost semiprime. Let akgKh ⊆ Ngkh

and akgKh * (N : M)N ∩ Mgkh. Then Kh ⊆ (Ngkh : akg). Since

Kh * ((N : M)N ∩Mgkh : akg), so by Theorem 2.8, Kh ⊆ (Ngh : ag),

and hence agKh ⊆ Ngh, as needed. Conversely, let rkgmh ∈ Ngkh− (N :
M)M ∩ Mgkh where rg ∈ h(R), mh ∈ h(M) and k ∈ Z+. Hence
rkg (Remh) ⊆ Ngkh and rkg (Remh) * (N : M)N∩Mgkh, so by hypothesis,
rg(Remh) ⊆ Ngh, hence rgmh ∈ Ngh (1 ∈ Re), as needed. �

Theorem 2.10. Let M be a graded finitely generated faithful graded
multiplication R-module. Then M is a graded cancellation module.

Proof. Let I, J be graded ideals of R such that IM ⊆ JM . Let a =
ag1 + ag2 + ... + agn ∈ I where 0 6= agi ∈ I ∩ Rgi . It suffices to show
that for each i, agi ∈ J . Let a ∈ {ag1 , ag2 , ..., agn}, it is clear that
K = {r ∈ R | ra ∈ J} is a graded ideal of R. Suppose K 6= R. Then
there exists a graded maximal ideal P of R such that K ⊆ P by [5,
Lemma 2.3]. If PM = M , then as M is graded finitely generated,
we conclude (1 − p)M = 0 for some p ∈ P , which is a contradiction
since M is faithful. Thus M 6= PM , so by [16, Theorem 7], there exist
m ∈ h(M) and q ∈ h(R) − P such that qM ⊆ Rm. In particular,
qam ∈ qJM ⊆ Jm, so that there exists c ∈ J such that (qa− c)m = 0.
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But qAnn(m) ⊆ AnnM = 0. Thus q(qa − c) = 0 and this implies
that q2a ∈ J so that q2 ∈ K ⊆ P . Hence q ∈ P since every graded
maximal is graded prime, a contradiction. So K = R and hence a ∈ J .
Therefore I ⊆ J . �

Lemma 2.11. Let N be a graded submodule of a graded finitely gener-
ated faithful graded multiplication (so graded cancellation) R-module.
Then (IN : M) = I(N : M) for every graded ideal I of R.

Proof. As M is graded multiplication R-module, then I(N : M)M =
IN = (IN : M)M . The result follows because M is a graded cancella-
tion module. �

Theorem 2.12. Let M =
⊕

g∈GMg be a graded R-module and N a
graded submodule of M . Let Mg be a finitely generated faithful mul-
tiplication Re-module and Ng a proper submodule of Mg. Then the
following are equivalent:

(i) Ng is g-almost semiprime in Mg.
(ii) (Ng :Re Mg) is almost semiprime in Re.

(iii) Ng = PeMg for some almost semiprime ideal Pe of Re.

Proof. (i) ⇒ (ii) Suppose that Ng is a g-almost semiprime submod-
ule of Mg. Let ae, be ∈ Re and k ∈ Z+ such that akebe ∈ (Ng :Re

Mg) − (Ng :Re Mg)
2. Then ake(beMg) ⊆ Ng and ake(beMg) " (Ng :

Mg)Ng. Indeed, if ake(beMg) ⊆ (Ng : Mg)Ng, then by Lemma 2.11,
akebe ∈ ((Ng : Mg)Ng : Mg) = (Ng : Mg)

2, a contradiction. Now, Ng

g-almost semiprime implies that ae(beMg) ⊆ Ng by Theorem 2.9, so
aebe ∈ (Ng : Mg), hence (Ng : Mg) is almost semiprime in Re.

(ii) ⇒ (i) Let rkemg ∈ Ng − (Ng : Mg)Ng where re ∈ Re, mg ∈ Mg

and k ∈ Z+. Then rke (Remg : Mg) ⊆ (Re(r
k
emg) : Mg) ⊆ (Ng : Mg).

Moreover, rke (Remg : Mg) * (Ng : Mg)
2 because otherwise, if rke (Remg :

Mg) ⊆ (Ng : Mg)
2 = ((Ng : Mg)Ng : Mg), then rke (Remg) = rke (Remg :

Mg)Mg ⊆ (Ng : Mg)Ng, a contradiction. As (Ng : Mg) is an almost
semiprime ideal of Re, then re(Remg : Mg) ⊆ (Ng : Mg) by Theorem
2.9. Therefore re(Remg) = re(Remg : Mg)Mg ⊆ (Ng : Mg)Mg = Ng,
and so remg ∈ Ng, as required.

(ii)⇒ (iii) We choose Pe = (Ng :Re Mg).

(iii) ⇒ (ii) Let Ng = PeMg for some almost semiprime ideal Pe of
Re. Then Ng = PeMg = (Ng : Mg)Mg, since Mg is cancellation, we
conclude Pe = (Ng : Mg). �
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Lemma 2.13. Every graded cyclic R-module is a graded multiplication
module.

Proof. Let M = Rxg for some xg ∈ h(M). Let N be a graded submod-
ule of M and let n ∈ N . Then n = rxg ∈ N for some r ∈ R, and so
r ∈ (N : xg) = (N : M). Hence n ∈ (N : M)M , so N = (N : M)M .
Therefore M is a graded multiplication module. �

We know that [9], if N is a graded semiprime submodule of M , then
(N :R M) is a graded semiprime ideal of R. But it may not be true in
the case of graded almost semiprime submodules.

Example 2.14. Consider the Z-graded ring R = R0 = Z and the
graded Z-module Z4 × Z4 with M0 = Z4 × {0} and M1 = {0} × Z4.
Take N = {0} × {0}. Certainly, N is graded almost semiprime, but
(N :R M) = 4Z is not a graded almost semiprime ideal of Z. Because
22 ∈ (N : M)0 − (N : M)2 ∩R0, but 2 6∈ (N : M)0.

Theorem 2.15. Let M be a faithful graded cyclic (graded multipli-
cation) R-module and N a proper graded submodule of M . Then the
following are equivalent:

(i) N is graded almost semiprime in M .
(ii) (N :R M) is graded almost semiprime in R.

(iii) N = PM for some graded almost semiprime ideal P of R.

Proof. Let M = Rmg for some homogeneous element mg ∈ h(M).

(i)⇒ (ii) Suppose that N is a graded almost semiprime submodule
of M . Let ag′ , bh ∈ h(R) and k ∈ Z+ such that akg′bh ∈ (N : M)g′kh −
(N : M)2 ∩ Rg′kh. Then akg′(bhM) ⊆ N and akg′(bhM) * (N : M)N .

Indeed, if akgbhM ⊆ (N : M)N , then by Lemma 2.11, akg′bh ∈ ((N :

M)N : M) = (N : M)2, a contradiction. So akg′bhmg ∈ Ng′khg and

akg′bhmg 6∈ (N : M)N ∩Mg′khg, because if akg′bhmg ∈ (N : M)N , then

akg′bh ∈ ((N : M)N : mg) = ((N : M)N : M), a contradiction. Thus
ag′bhmg ∈ Ng′hg ⊆ N and so ag′bhM ⊆ N . Hence agbh ∈ (N : M) ∩
Rgh = (N : M)gh, so (N : M) is graded almost semiprime in R.

(ii)⇒ (i) Assume that (N : M) is a graded almost semiprime ideal
of R. Let rkg′mh ∈ Ng′kh − (N : M)M ∩ Mg′kh where rg′ ∈ h(R),
mh ∈ h(M) and k ∈ Z+. Then mh = rhg−1mg for some rg−1h ∈ h(R).
So rkg′rhg−1mg ∈ N , hence rkg′rhg−1 ∈ (N : mg) = (N : M) ∩ Rg′khg−1 =
(N : M)g′khg−1 . Thus rg′rhg−1 ∈ (N : M)g′hg−1 since (N : M) is graded
almost semiprime. Hence rg′rhg−1M ⊆ N , and so rg′mh = rg′rhg−1mg ∈
Ng′h, as required.
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(ii) ⇔ (iii) We choose P = (N : M) and the fact M is graded
cancellation module.

�

Let I be a proper graded ideal of R. Then the G-radical of I, de-
noted by Gr(I), is defined to be the intersection of all graded prime
ideals of R containing I.

Let N be a proper graded submodule of M . Then the G-radical of
N , denoted by Gr(N), is defined to be the intersection of all graded
prime submodules of M containing N . It is shown in [16], that if N
is a proper graded submodule of a graded multiplication R-module M ,
then Gr(N) = (Gr(N :R M))M .

Lemma 2.16. For every proper graded ideal I of R, Gr(I) is a graded
almost semiprime ideal of R.

Proof. Since (Gr(I))2 = Gr(I), so the proof is hold. �

Theorem 2.17. Let M be a faithful graded cyclic R-module. Then
for every proper graded submodule N of M , Gr(N) is a graded almost
semiprime submodule of M .

Proof. Let N be a proper graded submodule of M . Hence by Lemma
2.16, Gr(N :R M) is a graded almost semiprime ideal of R. Therefore
by Theorem 2.15, Gr(N) = Gr((N : M)M) = (Gr(N :R M))M is a
graded almost semiprime submodule of M . �

3. Graded Weakly Semiprime Submodules

Definition 3.1. (i) Let R be a commutative G-graded ring. A
proper graded ideal I of R is called graded weakly semiprime if
whenever 0 6= akgbh ∈ Igkh for some ag, bh ∈ h(R) and k ∈ Z+,
then agbh ∈ Igh.

(ii) Let M be a graded R-module. A proper graded submodule
N of M is called graded weakly semiprime if whenever 0 6=
rkgmh ∈ Ngkh for some rg ∈ h(R), mh ∈ h(M) and k ∈ Z+; then
rgmh ∈ Ngh.

(iii) Let N be a graded submodule of a graded R-module M . We
say that Ng is a g-weakly semiprime submodule of Re-module
Mg, if Ng 6= Mg and whenever 0 6= rkemg ∈ Ng for some re ∈ Re,
mg ∈Mg and k ∈ Z+, then remg ∈ Ng.

Remark 3.2. Let M be a graded module over a graded ring R. Then
graded semiprime submodules⇒ graded weakly semiprime submodud-
ules ⇒ graded almost semiprime submodules.
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Theorem 3.3. Let M be a graded R-module and N a proper graded
submodule of M . Then N is a graded almost semiprime submodule of
M if and only if N/(N : M)N is a graded weakly semiprime submodule
of the graded R-module M/(N : M)N .

Proof. Assume that N is a graded almost semiprime submodule of M .
Let rg ∈ h(R), mh + (N : M)N ∈ h(M/(N : M)N) and k ∈ Z+

such that 0 6= rkg (mh + (N : M)N) ∈ (N/(N : M)N)gkh. Hence

rkgmh ∈ Ngkh − (N : M)N ∩ Mgkh, and so rgmh ∈ Ngh. Therefore
rg(mh + (N : M)N) ∈ (N/(N : M)N)gh, as needed.
Conversely, assume that N/(N : M)N is graded weakly semiprime in
M/(N : M)N . Let rkgmh ∈ Ngkh − (N : M)N ∩ Mgkh where rg ∈
h(R), mh ∈ h(M) and k ∈ Z+. Then 0 6= rkg (mh + (N : M)N) ∈
(N/(N : M)N)gkh, and hence rg(mh + (N : M)N) ∈ (N/(N : M)N)gh.
Therefore rgmh ∈ Ngh, as required. �

Proposition 3.4. Let R be a graded integral domain and M be a graded
torsion free R-module. Then every graded weakly semiprime submodule
of M is graded semiprime.

Proof. Let N be a graded weakly semiprime submodule of M . Let rg ∈
h(R), mh ∈ h(M) and k ∈ Z+ such that rkgmh ∈ Ngkh. If 0 6= rkgmh,
then N graded weakly semiprime gives that rgmh ∈ Ngh. Suppose that
rkgmh = 0. If rkg 6= 0, then mh ∈ T g(M) = 0, so rgmh ∈ Ngh. If

rkg = 0, then rg = 0, and hence rgmh ∈ Ngh. Therefore N is graded
semiprime. �

Proposition 3.5. Let M be a graded prime R-module. Then every
graded weakly semiprime submodule of M is graded semiprime.

Proof. Let N be a graded weakly semiprime submodule of M . Let rg ∈
h(R), mh ∈ h(M) and k ∈ Z+ such that rkgmh ∈ Ngkh. If 0 6= rkgmh,
then N graded weakly semiprime gives that rgmh ∈ Ngh. Suppose that
rkgmh = 0, then rgmh = 0 or rk−1g M = 0 since M is a graded prime
module. By following this method, we get rgmh = 0 ∈ Ngh, hence N
is a graded semiprime submodule of M . �

Proposition 3.6. Let M be a graded second R-module and N a proper
graded submodule of M . Then N is graded almost semiprime if and
only if N is graded weakly semiprime.

Proof. We know that every graded weakly semiprime is graded almost
semiprime. Let N be a graded almost semiprime submodule of M and
0 6= rkgmh ∈ Ngkh for some rg ∈ h(R), mh ∈ h(M) and k ∈ Z+. By

Proposition 2.7, we have (N : M)N = 0, hence rkgmh ∈ Ngkh − (N :
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M)N ∩ Mgkh, and so rgmh ∈ Ngh. Therefore N is a graded weakly
semiprime submodule of M . �

Now, we get other characterizations of graded weakly semiprime sub-
modules.

Theorem 3.7. Let M be a graded R-module and N a proper graded
submodule of M . Then the following are equivalent:

(i) N is a graded weakly semiprime submodule of M .
(ii) For rg ∈ h(R) and k ∈ Z+; (Nh :M rkg ) = (0 :M rkg )∪ (Nhg1−k :M

rg).
(iii) For rg ∈ h(R) and k ∈ Z+; (Nh :M rkg ) = (0 :M rkg ) or (Nh :M

rkg ) = (Nhg1−k :M rg).

Proof. (i) ⇒ (ii) Let mhg−k ∈ (Nh :M rkg ), then rkgmhg−k ∈ Nh.

If rkgmhg−k 6= 0, then since N is graded weakly semiprime implies

rgmhg−k ∈ Nhg1−k , so mhg−k ∈ (Nhg1−k :M rg). Let rkgmhg−k = 0,

then mhg−k ∈ (0 :M rkg ), hence (Nh :M rkg ) ⊆ (Nhg1−k :M rg) ∪ (0 :M rkg ).
The other containment holds for any graded submodule N .

(ii)⇒ (iii) It is straightforward .

(iii) ⇒ (i) Let 0 6= rkgmh ∈ Ngkh where rg ∈ h(R), mh ∈ h(M)

and k ∈ Z+. Hence mh ∈ (Ngkh :M rkg ) and mh 6∈ (0 :M rkg ), so by
assumption, mh ∈ (Ngh :M rg) and rgmh ∈ Ngh. Therefore N is graded
weakly semiprime.

�

Theorem 3.8. Let M be a graded R-module and N be a proper graded
submodule of M . Then N is graded weakly semiprime in M if and
only if for any graded submodule K =

⊕
h∈GKh of M , ag ∈ h(R) and

k ∈ Z+ with 0 6= akgKh ⊆ Ngkh, we have agKh ⊆ Ngh.

Proof. Assume that N is graded weakly semiprime. Let 0 6= akgKh ⊆
Ngkh, for some graded submoduleK ofM , ag ∈ h(R) and k ∈ Z+. Then
Kh ⊆ (Ngkh : akg). Since Kh * (0 : akg), so by Theorem 3.7, Kh ⊆ (Ngh :

gg), and hence agKh ⊆ Ngh. Conversely, let 0 6= rkgmh ∈ Ngkh where

rg ∈ h(R), mh ∈ h(M) and k ∈ Z+. Hence 0 6= rkg (Remh) ⊆ Ngkh, so
by hypothesis, rg(Remh) ⊆ Ngh, hence rgmh ∈ Ngh, as needed. �

Theorem 3.9. Let M =
⊕

g∈GMg be a graded R-module and N a
graded submodule of M . Let Mg be a finitely generated faithful mul-
tiplication Re-module and Ng a proper submodule of Mg. Then the
following are equivalent:
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(i) Ng is g-weakly semiprime in Mg.
(ii) (Ng :Re Mg) is weakly semiprime in Re.

(iii) Ng = PeMg for some weakly semiprime ideal Pe of Re.

Proof. (i) ⇒ (ii) In this direction, we need Mg to be just a faithful
module. Suppose that Ng is a g-weakly semiprime submodule of Mg.
Let ae, be ∈ Re and k ∈ Z+ such that 0 6= akebe ∈ (Ng :Re Mg). Then
0 6= ake(beMg) ⊆ Ng since Mg is faithful. Now, Ng g-weakly semiprime
implies that ae(beMg) ⊆ Ng by Theorem 3.8, so aebe ∈ (Ng : Mg),
hence (Ng : Mg) is weakly semiprime in Re.

(ii) ⇒ (i) In this direction, we need Mg to be just a multiplication
module. Let 0 6= rkemg ∈ Ng where re ∈ Re, mg ∈ Mg and k ∈ Z+.
Then rke (Remg : Mg) ⊆ (Re(r

k
emg) : Mg) ⊆ (Ng : Mg). Moreover,

rke (Remg : Mg) 6= 0 because otherwise, if rke (Remg : Mg) = 0, then
rke (Remg) = rke (Remg : Mg)Mg = 0, a contradiction. As (Ng : Mg)
is a weakly semiprime ideal of Re, then re(Remg : Mg) ⊆ (Ng : Mg).
Therefore re(Remg) = re(Remg : Mg)Mg ⊆ (Ng : Mg)Mg = Ng, and so
remg ∈ Ng, as required.

(ii)⇔ (iii) We choose Pe = (Ng :Re Mg).
�

Theorem 3.10. Let M be a faithful graded cyclic R-module and N be
a proper graded submodule of M . Then the following are equivalent:

(i) N is graded weakly semiprime in M .
(ii) (N :R M) is graded weakly semiprime in R.

(iii) N = QM for some graded weakly semiprime ideal Q of R.

Proof. Let M = Rmg for some homogeneous element mg ∈ h(M).

(i)⇒ (ii) Suppose that N is a graded weakly semiprime submodule
of M . Let ag′ , bh ∈ h(R) and k ∈ Z+ such that 0 6= akg′bh ∈ (N : M)g′kh.

Then akg′(bhM) ⊆ N and akg′bhM 6= 0. Indeed, if akgbhM = 0, then

akg′bh ∈ (0 : M) = 0, a contradiction. So 0 6= akg′bhmg ∈ Ng′khg,
then ag′bhmg ∈ Ng′hg ⊆ N and so ag′bhM ⊆ N . Hence agbh ∈ (N :
M) ∩Rgh = (N : M)gh, so (N : M) is graded weakly semiprime in R.

(ii)⇒ (i) Assume that (N : M) is a graded weakly semiprime ideal
of R. Let 0 6= rkg′mh ∈ Ng′kh where rg′ ∈ h(R), mh ∈ h(M) and k ∈ Z+.

Then mh = rhg−1mg for some rg−1h ∈ h(R). So 0 6= rkg′rhg−1mg ∈ N ,

hence rkg′rhg−1 ∈ (N : mg) = (N : M)∩Rg′khg−1 = (N : M)g′khg−1 . Thus
rg′rhg−1 ∈ (N : M)g′hg, since (N : M) is graded weakly semiprime.
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Hence rg′rhg−1M ⊆ N , and so rg′mh = rg′rhg−1mg ∈ Ng′h, as required.

(ii)⇔ (iii) We choose P = (N : M).
�
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