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ON GRADED ALMOST SEMIPRIME SUBMODULES
F. FARZALIPOUR

ABSTRACT. Let G be a group with identity e. Let R be a G-
graded commutative ring with a non-zero identity and M be a
graded R-module. In this article, we introduce the concept of
graded almost semiprime submodules. Also, we investigate some
basic properties of graded almost semiprime and graded weakly
semiprime submodules and give some characterizations of them.

1. INTRODUCTION

In the resent years a good deal of researches have done concerning
graded ring and graded modules. Particularly, there is a wide vari-
ety of applications of graded algebras in geometry and physics (see
[15]). Furthermore, in physical sense and in studying supermanifold,
supersymmetries and quantizations of systems with symmetry, graded
ring and modules play a key role (see [2]). Having the vast heritage
of ring theory available, a number of authors have tried to extend
and generalize many classical notions and definitions, see for example,
[3]-[11]. Graded prime and graded primary ideals of a commutative
graded ring R with a non-zero identity have been introduced and stud-
ied by M. Refai and K. Al-Zoubi in [17]. Graded prime and graded
weakly prime submodules of a graded R-module have been studied by
S. Ebrahimi Atani in [3] and [!]. Also, graded semiprime and graded
weakly semiprime submodules of graded R-modules have been studied
in [9] and [11]. Here we study a number of results of graded weakly
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semiprime and graded almost semiprime submodules. First, we define
the graded almost semiprime submodules of a graded R-module. We
give some results concerning this class of graded submodules and some
characterizations of them (see sec. 2). Also, we study and character-
ize other properties of graded weakly semiprime submodules (see sec.
3). Before we state some results let us introduce some notation and
terminology. Let G be a group with identity e. A ring (R, G) is called
a G-graded ring if there exists a family {R, : ¢ € G} of additive sub-
groups of I such that R = P, I, such that R,k C Ry, for each
g and h in G. In this case, R, is a subring of R and 1z € R.. For
simplify, we will denote the graded ring (R, G) by R. If R is G-graded,
then an R-module M is said to be G-graded if it has a direct sum de-
composition M = @geG M, such that for all g,h € G; RyMy C My,
Any element of R, or M, for any g € G, is said to be a homogeneous
element of degree g. A submodule N C M, where M is G-graded, is
called G-graded if N = €@ (N N M,) =D cq Ny or if, equivalently,
N is generated by homogeneous elements. Moreover, M /N becomes a
G-graded module with g-component (M/N), = (M,+N)/N for g € G.
We write h(R) = UgeaR, and h(M) = UgegM,. A graded ring R is
called graded integral domain, if whenever ab = 0 for a,b € h(R), then
a=0orb=0. A graded ideal I of R is said to be graded maximal
if I # R and there is no graded ideal J of R such that I ¢ J & R.
A graded module M over a G-graded ring R is called graded finitely
generated if M = """ | Rx, where x, € h(M). A graded R-module
M is called graded cyclic if M = Rz, where z, € h(M). A graded
R-module M is called a graded second module provided that for ev-
ery element r € h(R), either rM = M or rM = 0. A graded R-
module M is called a graded multiplication module provided that, for
every graded submodule N of M, there exists a graded ideal I of R
so that N = IM (or equivalently, N = (N : M)M). A graded sub-
module N of a graded R-module M is called a graded pure (graded
RD-) submodule if IN = NNIM (rN = N NrM) for any graded
ideal I of R (for any r € h(R)). A graded ideal I of a graded ring
R is called graded multiplication, if it is multiplication as graded R-
modules. Graded multiplication modules and ideals have been studied
extensively in [7] ,[¢], [13] and [I1]. A graded R-module M is called
a graded cancellation module if for all graded ideals I and J of R,
IM = JM implies that I = J. Let N be a graded R-submodule of M,
then (N :g M) ={r € R:rM C N} is a graded ideal of R (see [3]).
A graded R-module M is called faithful, if Ann(M)=(0: M) =0. A
proper graded submodule N of M is called graded prime, if whenever
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rm € N where r € h(R) and m € h(M), then m € N or r € (N : M).
A graded R-module M is said to be graded prime, if the zero graded
submodule of M is a graded prime submodule. A proper graded sub-
module N of a graded R-module M is called graded semiprime if when-
ever r € h(R), m € h(M) and k € Z* such that r*m € N, then
rm € N. If R is a graded ring and M a graded R-module, the sub-
set T9(M) of M is defined by T9(M) = {m € M : rm = 0 for some
0 #r € h(R)}. If Ris a graded integral domain, then T9(M) is
a graded submodule of M [3]. We say that M is graded torsion, if
T9(M) = M and we say that M is graded torsion free, if 79(M) = 0.

2. GRADED ALMOST SEMIPRIME SUBMODULES

Definition 2.1. (i) Let R be a commutative G-graded ring. A proper
graded ideal I of R is called graded almost semiprime if whenever
akby, € Iy, — I? (| Ryey, for ag, by € h(R) and k € Z7, then agb, € Ig,.
(ii) Let R be a commutative G-graded ring and M be a graded R-
module. A proper graded submodule N of M is called graded almost
semiprime if whenever r, € h(R), my, € h(M) and k € Z* such that
T’;mh € Nyep, — (N : M)N N M ey, then rgmy, € Ngy.

(iii) Let N be a graded submodule of a graded R-module M. We
say that N, is a g-almost semiprime submodule of R.-module M, if
N, # M, and whenever r*m, € N, — (N, :g. M,)N, for some r. € R,,
mg € M, and k € Z*, then r.m, € N,.

The following Lemma is known, but we write it here for the sake of
references.

Lemma 2.2. Let M be a graded module over a graded ring R. Then
the following hold:

(i) If I and J are graded ideals of R, then I + J and I()J are
graded ideals.

(i) If N is a graded submodule, r € h(R) and x € h(M), then Rz,
IN and rN are graded submodules of M.

(iii) If N and K are graded submodules of M, then N + K and
NAOK are also graded submodules of M and (N : M) is a
graded ideal of R.

(iv) Let {Nx} be a collection of graded submodules of M. Then
> 2Ny and (N, Ny are graded submodues of M.

Lemma 2.3. Let N be a graded R-submodule of M and I a graded
ideal of R. Then (N :pp I) ={m € M|mI C N} is a graded submodule
of M.



44 FARZALIPOUR

Proof. We have (N :pr I)y = (N :p I) N M, C (N :p I) for all g € G.
Then @ ,c(N :ar I) € (N iy I). Let m =37 omg € (N iy I).
It is enough to show that m,/ C N for all g € . So without loss of
generality we may assume that m = > mg, where m,, # 0 for all
i=1,..,nand my, =0 for all g; & {g1,...,9.}. Let a € I. As I is
a graded ideal, so a = Zle ag, where 0 # a4 € I N R,,. Therefore,
(> mg)a, € N (1 <i <m). Since N is a graded submodule we
conclude that mg,ag, € N, somg I C N. Hence mgl C N forall g € G.
So D,ca(N it I) = (N I). O

Let M be a graded R-module and N a graded submodule of M.
N is called idempotent in M if N = (N : M)N. Thus any proper
idempotent graded submodule of M is graded almost semiprime. If
M is a graded multiplication R-module and N = IM and K = JM
are two graded submodules of M, then the product NK of N and
K is defined as NK = (IM)(JM) = (IJ)M, see [!]. In particular,
we have N2> = NN = [(N : M)M|[(N : M)M] = (N : M)*M. If
further, M is a graded cancellation R-module, then by using Lemma
211, (N : M)N = (N : M)N : M)M = (N : M)>M = N?. So in this
case, a graded submodule N is idempotent in M if and only if N = N2.

Example 2.4. It is clear that every graded semiprime submodule is
graded almost semiprime. But the converse is not true in general. For
example, let R = Z = Ry be as Z-graded ring and M = Zy X Zo4 be the
Z-graded R-module with My = Zoyx{0} and M; = {0} X Zy4. Consider
the graded submodule N =< 8 > x < 8 > with Ny =< 8 > x{0}
and N; = {0}x <8 >. Then (N : M)N = N, and so N is a graded
almost semiprime submodule of M. But N is not graded semiprime in
M, because 2%(2,0) € Ny, but 2(2,0) &€ Nj.

In the graded semiprime submodules case, N is a graded semiprime
submodule of M, if and only if N/K is so in M/K for any graded
submodule K C N [9]. But the covers part may not be true in the
case of graded almost semiprime submodules. For example, for any
graded non almost semiprime submodule N of M, we have N/N = 0
is a graded almost semiprime submodule of M/N. But we have the
following Theorem:

Theorem 2.5. Let N and K be graded submodules of a graded R-
module M with K C (N : M)N. Then N is a graded almost semiprime

submodule of M if and only if N/K is a graded almost semiprime
submodule of the graded R-module M/K.

Proof. Let N be a graded almost semiprime submodule of M and as-
sume that r, € h(R), my + K € h(M/K) and k € Z* such that
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ri(mp+K) € (N/K)gp, — (N/K : M/K)N/K N (M/K)gp. It is clear
that (N/K :r M/K) = (N :z M), and so rimy, € Ny — (N : M)N N
Mgk, Therefore rgmy, € Ny, since N is graded almost semiprime.
Therefore, ry(my, + K) € (Ng, + K)/K = (N/K)g, hence N/K is
a graded almost semiprime submodule. Conversely, let N/K be a
graded almost semiprime submodule of M /K and assume that r’;mh €
Nyrp — (N : M)N 0 M iy, for some ry € h(R), my, € h(M) and k € Z*.
Hence r5(my + K) € (N/K)g, — (N/K : M/K)N/K N (M/K) g,
because if, r¥(m, + K) € (N/K : M/K)N/K N (M/K)g, = (N :
M)(N/K) 0'(M/K) gy = (N 2 M)N + K)/K 0V (M/K) o, = (N :
M)N/K 0 (M/K)g, since K C (N : M)N, so rkmy, € (N : M)N, a
contradiction. Therefore r,(my, + K) € (N/K)gn, so rgmy € Ngp, as
required. 0]

Let R be a G-graded ring and S C h(R) be a multiplicatively closed

subset of R. Then the ring of fractions S™'R is a graded ring which
is called the graded ring of fractions. Indeed, S™'R = @ 4(S™'R),
where (ST'R), = {r/s:r € h(R),s € S and g = (degs) *(degr)}.
Let M be a graded module over a graded ring R and S C h(R) be
a multiplicatively closed subset of R. The module of fraction S™1M
over a graded ring ST!R is a graded module which is called the module
of fractions, if ST'M = @ o(S™'M), where (S~'M), = {m/s :
m € h(M),s € S and g = (degs)~(degm)}. We write h(S7'R) =
Ugea(S™'R)g and (ST M) = |J, (S M),. One can prove that the
graded submodules of ST'M are of the form S7'N = {3 € S7'M :
B =m/s form e N and s € S} and that ST'N # S~'M if and only
if SN(N:M)=0([13]).

Theorem 2.6. Let S C h(R) be a multiplicative closed subset of a
graded ring R with SN (N : M) = 0. Then S™'N is a graded almost
semiprime submodule of the graded S~*R-module S™*M.

Proof. Let N be a graded almost semiprime submodule of M. Since
(N:M)NS =0, then ST'N # St M.

Assume that (rg,/sn,)* (Mg, /thy) € (ST'N)(grgaynbng)—r — (571 is-1r
S_lM)S_lNm(S_lM)(g’fgg)(h’fhz)*l where Tgl/shl S h<S_1R)7 mg2/th2 S
h(S™'M) and k € Z*. Hence r} mg,/sf th, =
Nk, € N, and s

ngfm/s%,f@ for some
€ S, and so there exists t5, € S such that

9192 9192 hlfhg

ko of — ck k o .

Ty Shing thaMaz = ShythalngMgrg, € N. If TGy Shingths Mgy € (N : M)N,
k k — ok o k / -1 . —

then ry my, /sp th, = rglsh,tht;mmgz/shltthh3sh,fh2 e ST ((N:g M)N) =

SN :g M)S™IN C (S7IN :g-1x ST'M)S™IN, a contradiction. So



46 FARZALIPOUR

k(o :
rgl(sh,thth3mgz) € Nytptnohage — (N 0 M)N (Y Mgrpip,pyg,0 and hence

p . . .
rglsh,tht;mmg2 € Ny nkhonsg, since N is graded almost semiprime. There-

fore
T Mgy ) Shythy = rgls;l,thtngQ/shlthQs;L,thtg € (S7'N)(g1g2)(h1hs)-1, hence
S7IN is a graded almost semiprime submodule of S™*M. 0

Proposition 2.7. Let M be a graded R-module and N be a graded
almost semiprime submodule of M. Then

(i) If M is a graded second R-module, then N is a graded second
module.

(ii) If M is a graded second R-module, then N is a graded RD-
submodule of M.

Proof. (i) Let N be a graded almost semiprime submodule of M.
Let ry € R(R). If rgM =0, then r,N C ryM = 0. Let ryM =
M. Now It is enough to show that N C r,N. First, we show
that (N : M)N = 0. Since N is a proper graded submodule of
M, so for any r € (N : M), we have rM = 0, because, we can
write r = Y, o 7h. Since (N : M) is a graded ideal of R, so
rn, € (N : M) for any h € G. Hence rp,M C N and since M is
graded second, we have r,M = 0, so r,N = 0 for any h € G,
and (N : M\)N = 0. Let n = > n,, € N where ng # 0.
Since rgM = M, so for any 1 <i < n, ng, = rgmy,,—1 for some
Mg,g—1 € (M), and mg,g—1 = rgmy. 1), for some m .y, €
h(M). Hence 0 # ngy, = (rg)Qm’gi(g,l)g € N,,—(N : M)N N\ M,,,
as N is graded almost semiprime so mg,g—1 = rgmy 1), € N.
Hence ng, = rgmg,,—1 € ryN for any 1 <i <n, son € ryN and
N CryN. Therefore ryN = N, hence N is graded second.

(ii) Let r, € h(R). If ry,M = 0, then r;,N = 0, so ry,N = 0 =
NnNryM. Suppose that r,M = M, so by (i), r,N = N, therefore
rgN = NNryM.

O

In the following Theorems, we give other characterizations of graded
almost semiprime submodules.

Theorem 2.8. Let M be a graded R-module and N a proper graded
submodule of M. Then the following are equivalent:
(i) N is a graded almost semiprime submodule of M.
(ii) Forry € h(R) and k € Z*; (Ny :a1 75) = (Npgi—r :az 79) U ((V
M)N N Mh ‘M 7’];)
(ili) Forrg € h(R) and k € Z*; (N 1y 78) = (Nygs :a 74) 0T
(Nh oar 78) = (N - M)N 0 My, cpp 7).
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Proof. (i) = (ii) Let mpg—r € (Ny :ar 75), then rimy,— € Ny, If
rimpg-x & (N :g M)N N My, as N is graded almost semiprime,
TgMpg—t € Npgiok, 80 Mypg—k € (Npgi—r iy 7g). Let T];mhg—k € (N g
M)N N My, then myg—« € (N :g M)N N My, r’;), hence (Np, :ar
r8) C (Npg-r as 79) U (N : M)N 0 My, 2 7)), The other containment

g
holds for any graded submodule N.

(1) = (uii) It is well known that if a graded submodule is the union
of two graded submodules, then it is equal to one of them.

(111) = (i) Let r¥my € Ngep, — (N :g M)N N Mgy, for some r, €
h(R), my € h(M) and k € Z*. Hence my, € (Ngy, 2 75) and my, &
((N :g M)N N Mgy, :ar 75), so by assumption, my, € (Ngn :a 74) and
rgmp € Ng,. Therefore N is graded almost semiprime.

O

Theorem 2.9. Let M be a graded R-module and N be a proper graded
submodule of M. Then N is graded almost semiprime in M if and
only if for any graded submodule K = @, ., Ky of M, a, € h(R) and
ke Zt with af Ky, € Ny, and ab Ky € (N :g M)N 0 Myen, we have
(ngh Q Ngh~

Proof. Assume that N is graded almost semiprime. Let a’;K n © Ny,
and afKp € (N : M)N N Mgy, Then K, C (Ngy : ay). Since
Kp & (N : M)N N Mgy, = ay), so by Theorem 2.8, Kj C (Ngp : ay),
and hence ayKj), C Ny, as needed. Conversely, let r’;mh € Nyrj — (IV
M)M N My, where ry € h(R), m, € h(M) and k € Z*. Hence
ri(Remy) C Nyey, and 78 (Remy,) € (N © M)N N Mgy, so by hypothesis,

rq(Remyp) € Nyp, hence rymy, € Ny, (1 € R,), as needed. O

Theorem 2.10. Let M be a graded finitely generated faithful graded
multiplication R-module. Then M is a graded cancellation module.

Proof. Let I, J be graded ideals of R such that IM C JM. Let a =
ag, + ag, + ... + a4, € I where 0 # a,, € I N R,,. It suffices to show
that for each i, a,, € J. Let a € {ag,ay,...,a,,}, it is clear that
K ={r € R|raec J} is a graded ideal of R. Suppose K # R. Then
there exists a graded maximal ideal P of R such that K C P by [J,
Lemma 2.3]. If PM = M, then as M is graded finitely generated,
we conclude (1 — p)M = 0 for some p € P, which is a contradiction
since M is faithful. Thus M # PM, so by [16, Theorem 7], there exist
m € h(M) and g € h(R) — P such that ¢gM C Rm. In particular,
gam € qJM C Jm, so that there exists ¢ € J such that (¢ga —c¢)m = 0.
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But gAnn(m) € AnnM = 0. Thus ¢(qa — ¢) = 0 and this implies
that ¢?a € J so that ¢> € K C P. Hence g € P since every graded
maximal is graded prime, a contradiction. So K = R and hence a € J.
Therefore I C J. 0

Lemma 2.11. Let N be a graded submodule of a graded finitely gener-
ated faithful graded multiplication (so graded cancellation) R-module.
Then (IN : M) = I(N : M) for every graded ideal I of R.

Proof. As M is graded multiplication R-module, then I(N : M)M =
IN = (IN : M)M. The result follows because M is a graded cancella-
tion module. 0

Theorem 2.12. Let M = @geG M, be a graded R-module and N a
graded submodule of M. Let M, be a finitely generated faithful mul-
tiplication R.-module and N, a proper submodule of My. Then the
following are equivalent:
(i) Ny is g-almost semiprime in M,.
(ii) (Ng :r, M,) is almost semiprime in R..
(ili) Ny = P.M, for some almost semiprime ideal P. of R..

Proof. (i) = (ii) Suppose that N, is a g-almost semiprime submod-
ule of M,. Let ac,b. € R. and k € ZT such that afb. € (N, g,
My) — (Ny :g, My)?. Then af(b.M,) C N, and a*(b.M,) € (N, :
M,)N,. Indeed, if a(b.M,) C (N, : M,)N,, then by Lemma 2.11,
afbe € (N, : My)N, : M,) = (N, : M,)?, a contradiction. Now, N,
g-almost semiprime implies that a.(b.M,;) € N, by Theorem 2.9, so
acbe € (Ny : M), hence (N, : M) is almost semiprime in R..

(ii) = (i) Let r¥m, € N, — (N, : M,)N, where r, € R., m, € M,
and k € Z*. Then r¥(R.m, : M,) C (Re(r¥my,) : M,) C (N, : M,).
Moreover, r%(R.my, : M,) € (N, : M,)* because otherwise, if 7¥(R.m, :
M,) C (N, : M,)* = ((N, : M,)N, : M,), then r¥(R.m,) = r*(R.m,, :
M,)M, C (N, : My)N,, a contradiction. As (N, : M,) is an almost
semiprime ideal of R., then r.(R.m, : M,) C (N, : My) by Theorem
2.9. Therefore r.(Remy) = re(Remy @ My)M, C (N, : My)M, = N,
and so r.mg, € Ny, as required.

(i1) = (ii1) We choose P, = (N, g, M,).
(i13) = (4i) Let N, = P.M, for some almost semiprime ideal P, of

R.. Then N, = P.M, = (N, : M,)M,, since M, is cancellation, we
conclude P, = (N, : M,). O
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Lemma 2.13. Fvery graded cyclic R-module is a graded multiplication
module.

Proof. Let M = Rz, for some z, € h(M). Let N be a graded submod-
ule of M and let n € N. Then n = rz, € N for some r € R, and so
re (N :xzy) = (N:M). Hencen e (N : M)M,so N = (N : M)M.
Therefore M is a graded multiplication module. 0

We know that [9], if N is a graded semiprime submodule of M, then
(N :g M) is a graded semiprime ideal of R. But it may not be true in
the case of graded almost semiprime submodules.

Example 2.14. Consider the Z-graded ring R = Ry = Z and the
graded Z-module Z4 X Z4 with MO = Z4 X {0} and M1 = {0} X Z4.
Take N = {0} x {0}. Certainly, N is graded almost semiprime, but

(N :p M) =4Z is not a graded almost semiprime ideal of Z. Because
22 € (NZM)O—(NiM)QﬂRo, but 2¢(NM)0

Theorem 2.15. Let M be a faithful graded cyclic (graded multipli-
cation) R-module and N a proper graded submodule of M. Then the
following are equivalent:
(i) N is graded almost semiprime in M.
(i) (N :g M) is graded almost semiprime in R.
(iii) N = PM for some graded almost semiprime ideal P of R.

Proof. Let M = Rm,, for some homogeneous element m, € h(M).

(1) = (i7) Suppose that N is a graded almost semiprime submodule
of M. Let ay,by € h(R) and k € Z* such that ajb, € (N : M)gn), —
(N : M)*>N Ryny. Then ak (byM) € N and ak (byM) € (N : M)N.
Indeed, if a’;th C (N : M)N, then by Lemma 2.11, a];,bh € ((N :
M)N : M) = (N : M)? a contradiction. So a’;,bhmg € Nyrp, and
akbymy & (N : M)N 0 Myny,, because if af,bymg € (N : M)N, then
akby € (N : M)N : mg) = (N : M)N : M), a contradiction. Thus
agbpymg € Nypg € N and so agbpM C N. Hence azby, € (N : M) N
Ry, = (N : M)gp, so (N : M) is graded almost semiprime in R.

(17) = (1) Assume that (N : M) is a graded almost semiprime ideal
of R. Let rimy € Nyw — (N © M)M 0 Myw,, where 1y € h(R),
my, € h(M) and k € Z*. Then my, = r,-1m, for some r,-1;, € h(R).
So rhrpg-1mg € N, hence rhrpg1 € (N :mg) = (N : M) N Ryipg— =
(N« M)gnpg—1. Thus rgrpg—1 € (N @ M)gpg—1 since (N : M) is graded
almost semiprime. Hence ryrp,+M C N, and so rgmy, = rgrp—1my €
Ny, as required.
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(1) < (iii) We choose P = (N : M) and the fact M is graded
cancellation module.
[l

Let I be a proper graded ideal of R. Then the G-radical of I, de-
noted by Gr(I), is defined to be the intersection of all graded prime
ideals of R containing I.

Let N be a proper graded submodule of M. Then the G-radical of
N, denoted by Gr(N), is defined to be the intersection of all graded
prime submodules of M containing N. It is shown in [10], that if N

is a proper graded submodule of a graded multiplication R-module M,
then Gr(N) = (Gr(N :g M))M.

Lemma 2.16. For every proper graded ideal I of R, Gr(I) is a graded
almost semiprime ideal of R.

Proof. Since (Gr(I))* = Gr(I), so the proof is hold. O

Theorem 2.17. Let M be a faithful graded cyclic R-module. Then
for every proper graded submodule N of M, Gr(N) is a graded almost
semiprime submodule of M.

Proof. Let N be a proper graded submodule of M. Hence by Lemma
2.16, Gr(N :g M) is a graded almost semiprime ideal of R. Therefore
by Theorem 2.15, Gr(N) = Gr((N : M)M) = (Gr(N :g M))M is a

graded almost semiprime submodule of M. O

3. GRADED WEAKLY SEMIPRIME SUBMODULES

Definition 3.1. (i) Let R be a commutative G-graded ring. A
proper graded ideal I of R is called graded weakly semiprime if
whenever 0 # ab, € I s, for some ag, b, € h(R) and k € Z7,
then agzby, € Igp.

(ii) Let M be a graded R-module. A proper graded submodule
N of M is called graded weakly semiprime if whenever 0 #
rimy, € Nywy, for some ry € h(R), my, € h(M) and k € Z*; then
rgmpy € Ngp.

(iii) Let N be a graded submodule of a graded R-module M. We
say that N, is a g-weakly semiprime submodule of R.-module
M,, if N, # M, and whenever 0 # r¥m, € N, for some r. € R,,
mg € M, and k € Z*, then rom, € N,.

Remark 3.2. Let M be a graded module over a graded ring R. Then
graded semiprime submodules = graded weakly semiprime submodud-
ules = graded almost semiprime submodules.
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Theorem 3.3. Let M be a graded R-module and N a proper graded
submodule of M. Then N is a graded almost semiprime submodule of
M if and only if N/(N : M)N is a graded weakly semiprime submodule
of the graded R-module M /(N : M)N.

Proof. Assume that N is a graded almost semiprime submodule of M.
Let r, € h(R), mp + (N : M)N € h(M/(N : M)N) and k € Z*
such that 0 # r¥(m, + (N : M)N) € (N/(N : M)N)y;,. Hence
rimy € Nyey — (N 2 M)N 0 My, and so rgmy, € Ng. Therefore
ro(mp + (N : M)N) € (N/(N : M)N)gp, as needed.

Conversely, assume that N/(N : M)N is graded weakly semiprime in
M/(N : M)N. Let rimy, € Ny, — (N : M)N 0 My, where 1, €
h(R), my € h(M) and k € Z*. Then 0 # ri(my + (N : M)N) €
(N/(N : M)N)p,, and hence r4(mp, + (N : M)N) € (N/(N : M)N)gp.
Therefore rymy, € Ny, as required. O

Proposition 3.4. Let R be a graded integral domain and M be a graded
torsion free R-module. Then every graded weakly semiprime submodule
of M s graded semiprime.

Proof. Let N be a graded weakly semiprime submodule of M. Let r, €
h(R), m € h(M) and k € Z* such that r];mh € Nyrpp. I£0 # r’;mh,
then N graded weakly semiprime gives that r,m;, € Ng,. Suppose that
r’;mh = 0. If r’; # 0, then my, € T9(M) = 0, so rymy, € Ng,. If
7"5 = 0, then r, = 0, and hence rym; € Ngy,. Therefore N is graded
semiprime. O

Proposition 3.5. Let M be a graded prime R-module. Then every
graded weakly semiprime submodule of M 1is graded semiprime.

Proof. Let N be a graded weakly semiprime submodule of M. Let r, €
h(R), my € h(M) and k € Z" such that rfm, € Nyey,. If 0 # rimy,
then IV graded weakly semiprime gives that rymy, € Ng,. Suppose that
r’;mh = 0, then rymy = 0 or r’;_lM = 0 since M is a graded prime
module. By following this method, we get rym;, = 0 € Ny, hence N
is a graded semiprime submodule of M. O

Proposition 3.6. Let M be a graded second R-module and N a proper
graded submodule of M. Then N is graded almost semiprime if and
only if N is graded weakly semiprime.

Proof. We know that every graded weakly semiprime is graded almost
semiprime. Let N be a graded almost semiprime submodule of M and
0 # rkmy € Ny, for some ry € h(R), m, € h(M) and k € Z*. By
Proposition 2.7, we have (N : M)N = 0, hence r’;mh € Nyej — (N -
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M)N N My, and so rgmy, € Ngy. Therefore N is a graded weakly
semiprime submodule of M. 0

Now, we get other characterizations of graded weakly semiprime sub-
modules.

Theorem 3.7. Let M be a graded R-module and N a proper graded
submodule of M. Then the following are equivalent:
(i) N is a graded weakly semiprime submodule of M.
(i) Forrg € h(R) and k € Z¥; (Ny :pr 75) = (0 :ag 75) U (Npgrs iy
Tyg)-
(iii) ]go)r rg € M(R) and k € Z*; (N, :ar 7)) = (0200 75) or (Ny iy
rh) = (Npgrs in 7).

Proof. (i) = (ii) Let my,—+ € (N :y 1), then rfmpy,—x € Np.
If T];mhg—k # 0, then since N is graded weakly semiprime implies
TgMpg—t € Npgi—r, 80 Mpg—r € (Npg—r pr 14). Let T’I;mhg—k = 0,
then my,—« € (0 :p7 %), hence (Nj, :ag 75) © (Npgior 1ag 79) U (0 g 75).
The other containment holds for any graded submodule .

(17) = (i7i) It is straightforward .

(i1i) = (i) Let 0 # rfmy € Ny, where ry € h(R), my € h(M)
and k € Z*. Hence my, € (Ngp, :ar 7)) and my, & (0 :p 75), so by
assumption, my, € (N 1 74) and rgmy, € Ngj,. Therefore N is graded
weakly semiprime.

O

Theorem 3.8. Let M be a graded R-module and N be a proper graded
submodule of M. Then N is graded weakly semiprime in M if and
only if for any graded submodule K = @, . Ky of M, ay € h(R) and
ke Z" with 0 # a’g“Kh C Nykp, we have agKp C Ngp,.

Proof. Assume that N is graded weakly semiprime. Let 0 # a’g“K n C
N iy, for some graded submodule K of M, a, € h(R) and k € Z*. Then
Kj € (Ngey, - a¥). Since K, & (0 : a}), so by Theorem 3.7, K, € (N, :
gy), and hence a,Kj, C Ng,. Conversely, let 0 # r’g“mh € Nykj, where
rg € h(R), my € h(M) and k € Z*. Hence 0 # ri(Remy) C Nyky, 50
by hypothesis, r,(R.mp) C Ngp, hence rymy, € Ny, as needed. O

Theorem 3.9. Let M = @geG M, be a graded R-module and N a
graded submodule of M. Let M, be a finitely generated faithful mul-
tiplication R.-module and N, a proper submodule of My. Then the
following are equivalent:
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(i) N, is g-weakly semiprime in M,.

(ii) (Ng :r, M,) is weakly semiprime in R..

(ili) Ny = P.M, for some weakly semiprime ideal P, of R..
Proof. (i) = (4i) In this direction, we need M, to be just a faithful
module. Suppose that N, is a g-weakly semiprime submodule of M,.
Let a.,b. € R, and k € Z* such that 0 # a*b, € (N, :p, M,). Then
0 # ak(b.M,) C N, since M, is faithful. Now, N, g-weakly semiprime
implies that a.(b.M,) C N, by Theorem 3.8, so a.b. € (N, : M,),
hence (N, : M,) is weakly semiprime in R,.

(i1) = (i) In this direction, we need M, to be just a multiplication
module. Let 0 # r¥m, € N, where r, € R., m, € M, and k € Z™.
Then r¥*(R.m, : M,) C (R.(r*m,) : M,) C (N, : M,). Moreover,
r¥(Rem, : M,) # 0 because otherwise, if r*(R.m, : M,) = 0, then
rf(Remy) = r8(R.my, : M,)M, = 0, a contradiction. As (N, : M,)
is a weakly semiprime ideal of R., then r.(R.m, : My) C (N, : M,).
Therefore r.(R.my) = re(Remy : My)My C (Ny : My)M, = N,, and so

remg € Ny, as required.

(i1) < (7ii) We choose P, = (N, :g, M,).
0J

Theorem 3.10. Let M be a faithful graded cyclic R-module and N be
a proper graded submodule of M. Then the following are equivalent:

(i) N is graded weakly semiprime in M.
(i) (N :g M) is graded weakly semiprime in R.
(iii) N = QM for some graded weakly semiprime ideal QQ of R.

Proof. Let M = Rm,, for some homogeneous element m, € h(M).

(1) = (4i) Suppose that N is a graded weakly semiprime submodule
of M. Let ag, b, € h(R) and k € Z" such that 0 # a%by, € (N : M)y,
Then a’;,(th) C N and a';,th # 0. Indeed, if afb,M = 0, then
a’g“,bh € (0 : M) = 0, a contradiction. So 0 # a’;,bhmg € Nykng,
then ayby,my € Nypg € N and so ayb,M C N. Hence azb, € (N :
M)N Ry, = (N : M)gp, so (N : M) is graded weakly semiprime in R.

(i1) = () Assume that (N : M) is a graded weakly semiprime ideal
of R. Let 0 # rlmy € Nyj, where vy € h(R), my, € h(M) and k € Z*.
Then my, = r4-1m, for some ry-15, € h(R). So 0 # T’;/Thgflmg €N,
hence r%ryg-1 € (N :mg) = (N : M)NRympg—1 = (N : M) gipg—1. Thus
TgThg-1 € (N @ M)gpg, since (N : M) is graded weakly semiprime.
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Hence ryrp,—1 M C N, and so rgmy = rgry,—1mg € Ny, as required.

(17) < (i1i) We choose P = (N : M).
0
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