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Abstract. The aim of this study is the introduction of the numerical methods for solving
the fuzzy g-differential equations that many real life problems can be modelized in the form
of these equations. g-Taylor’s expansion method is among important and famous methods for
solving these problems. In this paper, applications of the fuzzy g-Taylor’s expansion, the fuzzy
local g-Taylor’s expansion and the fuzzy ¢-Euler’s method, based on the generalized Hukuhara
g-differentiability are illustrated which are two numerical methods for finding approximate so-
lution of the fuzzy initial value g-problems (for short FIVq-Ps).
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1 Introduction

Mathematics and Physics are two main topics and applicable fields of sciences. For the first
time, relations between these topics especially quantum calculus (g-calculus) and g¢-differential
operators were studied by Jackson in [19]. It has a lot of applications in different mathematical
areas such as: number theory, combinatorics, basic hyper-geometric functions, orthogonal poly-
nomials and other sciences: quantum theory, mechanics, theory of relativity, capacitor theory,
electrical circuits, particle physics, viscoelastic, electro-analytical chemistry, neurology, diffusion
systems, control theory and statistics; for instance see the articles [2,7,26]. Recently, there have
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appeared many papers which study for more details on g-calculus, we refer the reader to the
references [10, 12—15,17,21-24].

In recent decades, the research on fuzzy calculus is becoming an interesting and useful topic
among applied scientists [11, 28]. Among the applications in this field there are conversion
problems into fuzzy differential equations and find their approximate solution using numerical
methods [1,3,4,29]. One of the numerical methods that plays an important role in studying the
local behavior of a suitable fuzzy-valued function is fuzzy Taylor’s expansion. This expansion is
a powerful tool in approximation theory and other fuzzy numerical methods. Anastassiou in [5]
proved the fuzzy Taylor’s expansion for Hukuhara differentiable functions.

The quantum calculus is usually referred in mathematics as the calculus without limit and
replaces the classical derivative with a difference operator. As a result, ¢g-Taylor’s theorem will
also be important in quantum calculus. The concept of the ¢g-Taylor’s series was formulated by
Jackson [18] in 1910. A new notation of g-Taylor’s formula was presented by Jing et al. and
Ernst in [10,20]. After that, Ismail and Stanton in [10] introduced the g-type interpolation series.
In [25] Lépez et al. used the approach of [27] to give the sufficient conditions for convergence of
Ismail-Stanton ¢-Taylor’s series. In 2008, Annaby et al. [0] proved g-Taylor’s series for Jackson
g-difference operators. So that, the fuzzy g-derivative and fuzzy g-fractional derivative in Caputo
sense based on the generalized Hukuhara difference, to show the importance of the g-derivative
by establishing a connection between quantum calculus and fuzzy calculus was introduced in [30]
by Noeiaghdam et al. In this work, we will investigate one of the basic applications of fuzzy
g-Taylor’s expansion that is in solving the FIVg-Ps are described.

There are many numerical, analytical and semi-analytical methods for solving g-differential
equations. But we know that, solving the fuzzy form of these problems is difficult. Thus we
prefer to apply the numerical method for fuzzy ¢-differential equations. Studying novel numerical
methods to convert the fuzzy g-problems to the crisp form, solving the obtained crisp problems
and finding the approximate solutions are among challenging and interesting problems that in
recent years many authors have been focused on these topics. But cases, we can not transform
the fuzzy problems to the crisp form easily. This paper aims to provide the numerical methods
for solving fuzzy g¢-differential equations, without converting them to crisp forms it mean that
we the full fuzzy methods are applied to solve the fuzzy g¢-differential equations.

In the most simple problems of the g-differential equations, the need to use numerical and
approximate methods such as g-Euler’s method is less felt, so it has not been introduced so
far. Due to the explanations given for the use of fuzzy numerical methods in solving fuzzy
g-differential equations and that there are fuzzy g¢-differential equations that cannot be solved
by analytical methods, it will certainly always be important to introduce methods for finding
approximate solution to such problems. Accordingly, in this paper, after introducing local ¢-
Taylor’s expansion and the ¢-Euler’s method in crisp form, we have introduced the fuzzy local
g-Taylor’s expansion and fuzzy ¢-Euler’s method to solve the FIVq-Ps.

This paper is organized as follows: Section 2, presents some preliminaries, including the
basic definitions of the fuzzy calculus and quantum calculus. Principal properties for fuzzy ¢-
derivative and also fuzzy ¢-Taylor’s theorem are expressed in Section 3. In the main section,
local ¢-Taylor’s expansion and ¢-FEuler’s methods and also fuzzy form of these methods based
on the concept of generalized Hukuhara g-differentiability for finding approximation solution of
FIV@-Ps are introduced.
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2 Notations and Preliminary Results

Fuzzy calculus: In this section, we review some definitions and notations of fuzzy logic and
the fuzzy calculus which can be found in the articles [9,28-30]. Basically, an arbitrary fuzzy
number v in parametric form is an ordered pair of functions [u(r),u(r)], 0 < r < 1 which satisfies
in the following requirements:

I. u(r) is a bounded monotonic increasing left continuous function in (0,1],
II. @(r) is a bounded monotonic decreasing left continuous function in (0,1],
1L u(r) <a(r), 0 <r <1.

The set of all these fuzzy numbers is denoted by Rz. A crisp number k is simply represented by
u(r) =u(r) =k, 0<r <1, and called singleton. For arbitrary numbers u,v € Rr and scalar
k, we define

addition : [u @ v], = [u(r) + v(r),a(r) +o(r)],

k>0=[k©ul, = [ku(r), ku(r)].
kE<0=[k©ul, = [ku(r), ku(r)].

scalar multiplication :

The meaning of fuzzy-valued function is a function y : A — Ry, A € R where [y(t)], =
[y(t;r),7(t; )] so called the r-cut or parametric form of the fuzzy-valued function y.
"~ Let u,v € Ry, if there exists w € Rz, such that u = v ® w, then w is called the Hukuhara
difference (H-difference for short) of u and v, and it is denoted by u © v and for w € R
existential, it is the generalized Hukuhara difference (gH-difference for short) defined as

(i) u=vdw,

u@gHU:w@{ or (i) v=u® (—1)w.

It is easy to show that (i) and (ii) are both valid if and only if w is a crisp number.

Now, the Hausdorff distance between fuzzy numbers is given by d : Rx x Rz — RT U {0} as
d(u,v) = supg<,<; max{|u(r)—v(r)|, [u(r) —v(r)|}, and it is easy to see that following properties
of the metric d for A € R and Yu, v, w, z € Ry are valid:

I d(u®w,v®w) =d(u,v),
II. d(Au, Av) =| A | d(u,v).
III. d(u ®v,w® 2z) < d(u,w) + d(v, 2),

In the following, we summarize the fundamental definitions and results without proving the
relevant properties on g-calculus. For more details refer to [3,22,23,31], and the references given

therein.
y(t) — y(to)

Quantum calculus: In expression as t approaches tg, the limit if it exists, gives

0
the familiar definition of the derivative Dy(t) (normal derivative) of a function y(t) at t = t.
However, if we take t = gqtg or t = tg + h, where ¢ is a fixed number different from 1, and h
is a fixed number different from 0 and do not take the limit, with these changes we obtain the
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so-called quantum calculus. To make this statement precisely, we need the following definitions:
Let p € R. The time-scale T, for 0 < ¢ < 1 is defined as

T,={t:t=upq", neZ*}u{0},

where Z*1 is the set of nonnegative integer numbers. The g-analogues of a positive integer

number a is defined as follows "

l—gq
[a]q - 1— q :
Consider an arbitrary function y : T, — R. The g-differential and g-derivative of y are respec-
tively,

day(t) = y(t) — y(qt),

Dyy(t) = d‘izsf) = y(g _Zggt), teT, - {o}.

It is obvious that if ¢ = 0 then D,y(0) = Dy(0), where Dy is normal derivative. Further we
define
Dgy =Y, D,?y = Dq(Dgily), n=123,....

If the function y is differentiable at ¢, we have lim,_,; Dyy(t) = Dy(t). The g-derivative operator
is a special case of Hahn’s g-operator, which is defined in [23]. The g-antiderivative 41, for y is
defined in the following form

b [oe} o0
/ y(s)dgs = b(1— @) 3 giy(ba’) — a1 — ) 3 a'ylaq’),
a i=0 i=0

that is called the Jackson integral of y(z). As for g-derivative, we can define an operator g-
antiderivative 47} as follows

quy(t) = y(t), qlgy(t) = an(q[g_ly(t»: n=1,23....

Also, for the operators 4/, and D, we have

Dy.qlay(t) = y(t), ¢la.Dey(t) = y(t) — y(a).

The ¢-fractional function is defined by

H?:_()l (t—q's), n €N,
1 Sqi
t—s) = . T
=)0 =Y e, — (t £0) OW.
1— ¥q1+n

The g-gamma function denoted by I'y(.) is defined as follows

Ty(a) = 8:32:1 aeR/{0}UZ_, 0<q<l1,

1_ (0%
Lyla+1) =< _qq

Lg(a) = [a¢l(a), Ty(1)=1, a>0.
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3 Definitions and properties of fuzzy ¢-differentiability

Before considering methods for approximating the solutions of the FIVg-Ps, we need some
definitions and results from the fuzzy ¢-differentiability. In the sequel, fuzzy g-derivative based
on the concept of generalized Hukuhara g¢-differentiability is introduced. Consequently, the
obtained results and properties of fuzzy ¢-differentiability are useful and can be proved.

Definition 1. For arbitrary fuzzy-valued function y : T, — Rx, g-differential by gH -difference
18

Dy (t) = y(t) Ogn y(at)-
Therefore, the generalized Hukuhara q-derivative (for short 5[9H]—dem’vatz’ve} of y is defined by

H
FDy(t) = g gq;(t) _ y(t)(i)inz)»/t(qt)7 LeT, - {0},

On the other hand, for the fuzzy-valued functions y(t) and y(qt), we have
[y(t) ©gm y(qt)l; = | min{y(t;r) — y(gt;r), y(t;7) — y(at; )},

max{y(t;r) — y(qt;7), y(t;r) — glat;r)},

If the g H-difference exists, then [y(t)Oy(qt)], = [y(qt)Ogmy(t)],. The conditions for the existence
of Dy (t) = y(t) Ogm y(qt) € Rx with respect to r are

gHDqg(t;r) =y(t;r) — y(qt;r), is increasing,
case(i) ¢ 9EDy(t;r) =y(t;r) — y(qt;r), is decreasing,

IHDay(t;r) <9 Dyy(tsr),
gHqu(t;r) =7(t;r) — y(gt;r), is increasing,
case(ii) ¢ IIDgy(t;r) = y(t;r) — y(gt;r), is decreasing,
91Dy (t: 1) <9 Dyy(t;r).
Definition 2. Let y: T, — Rr and y(t) Oqn y(qt) exists. If
[5Dying(t)]r = [Dqg(tQ ), Dgy(t;r)], 0<r <1,
we say that y is 5[(2) — gH]-differentiable and if
¢ Pyii—gr (W)]r = [Pgg(t:r), Dyy(tir)], 0<r <1,
Y i 5[(12) — gH]-differentiable where

Dgy(t;7) = y(t;a :zg(tzt;r)’ Dgy(t;r) = y(t?z :zg(t}t; r)
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Definition 3. Lety : T, = Rr be a fuzzy-valued function on T,. A point & € T, — {0} is said
to be a switching point for the 5[9H]—diﬁerentiably of y, if in any neighborhood V' of € there exist
points t1 < € < to such that

(type I) y is L[(i) — gH]|—differentiable at t1 while y is not ['[(ii) — gH]—differentiable at t,,
and y is F[(ii) — gH]—differentiable at to while y is not [ [(i) — gH]—differentiable at ta, or
(type II) y is [ [(ii) — gH]—differentiable at t1 while y is not ['[(i) — gH]—differentiable at t1,

and y is F[(i) — gH|—differentiable at to while y is not ['[(ii) — gH|]—differentiable at t».

Definition 4. Let y : T, — Rr. We say that y is 5[gH]—dzﬂe7’entiable of the nt'-order at
to whenever the function y is 5[9H]—diﬁerentz’able of the order m (m = 1,2,...,n — 1) at to,
moreover the 5[9H]-diﬁe7’entiable type has no change (there is not any switching point on T,,).
Then there exists 5D(")y(t0) € Rx such that

FDM™y(to) = 1 D" Vy(to) Ogn D" Vy(gto)
(1 —q)to

q
Theorem 1. [30] Suppose that [y(t)], = [y(t;r),§(t;7)]. The function y is E[gH]-differentiable
if and only if y(t;r) and §(t;r) are q-differentiable with respect to t for all v € [0,1] and

¢ Dy(®)]; = [min{Dgy(t; ), Dyy(t;7)}, max{Dyy(t:r), Dyg(t;r)}].

Definition 5. Let y be a fuzzy-valued function and F(t) Oqu F'(qt) exists. Then the fuzzy
Jackson integral is defined by

Ft)y=1-qtoY ¢ oyt
j=0

Throughout the rest of this paper, the notation C¢(T,,Rr) is called the set of fuzzy-valued
continuous functions defined on T, and C}‘(Tu, Rx), n € N for the space of fuzzy-valued functions
y on T, such that itself and its first n, g-derivatives are all in C;(T,, Rr).

Theorem 2. [70] Lety : T, — Rz, be 5[9H]—diﬁer€ntmble function such that the type of
5[9H]—diﬁerentiabz’lity of y in T, does not change. Then fort € T,,

L If y(s) is 5[(1) — gH]-differentiable then 5Dyi_gH(s) is q-integrable over T, and

t
y(t) = yla) ® / 5Dyi,gH(s)dq5.
I If y(s) is Y[(ii) — gH)-differentiable then EDyi;_gp (s) is q-integrable over T, and

y(t) = y(a) © (~1) / F Dy grr(s)dys.

Theorem 3. Let 5D(j)y : T, — Rr and 5D(j)y €C¢(Ty,Rr), j=1,...,n. Forallt €T,
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1. Assume that 5D(j)y, j=1,...,n are 5[(1) — gH]-differentiable and there is no change in

the type ofg[gH]—diﬁerentmbility on T,. Then
5D(j71)yi—gH(t) = 52)(] Yi— gH / D yz gH )d

II. IquD(j)y, j=1,...,nare 5[(ii)—gH]—diﬁer@ntiable and the type oqu[gH}—diﬁerentiability

does not change on T, then

t
5D(j71)yiing(t) = 5D(J71)yii—gH(a)@ / 5D(])yiing(5)dq5'

III. Assume that 5D(j)y for 5 =1,...,n exist and in each order of differentiation, the type of
5[9H]—dz’ﬁer€ntiability changes on T, (i.e. 5[gH]—diﬁe7’entz’abz’lity changes from 5[(1) —gH]
to ¥[(ii) — gH) and vice versa), then

5D(j_1)yi_gH(t) = 5D(j_1)yi_gH(a) o (-1) fcf qFD(j)yn‘_gH(s)dqs, Jj is even number,

DZ(Z gll){y(t) qFD(j_l)yii—gH(a) o (-1) f(f 5D(j)yi_gH(s)dqs, j is odd number.

Proof. By assuming 5D(j)y € C¢(Tyq,RF), i =0,...,n, we give the proof only for parts IT and
III, the part I is left because the proof for it is similar.

II. Our proof starts with the observation that 5D(j)y, j = 1,...,n are 5[(22) — gHJ-
differentiable. Hence, using properties of 5 [gH]-derivative and Theorem 2, we have

t
[/ 5D()yugH ] [/D]) srds/D(J s;7)d, ]

qJ 1)z?( r) — DY Vg(a;r), DY Vy(t;r) — DY Vy(a;r)]

q q
- [Dy‘—” 7,27 = (D), DYt

= [5D( y“ QH(t) FD(J 1)%1 gH( )]

leads to
¢
5 DYy gu(t) = £ DY Ny g (a) 69/ EDWysi g (s)dgs.

In the following, taking into account that the next part can be proved in much the same way,
the only difference being in the analysis of assumptions.
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ITI. Under the conditions stated in the part III, by Definition 1 and Theorem 2 and assum-
ming that j is an even number, we get

T

t t
p0gten+ | = [ DPytsirgs— [ D]

that leads to
Fon(i Fy(i—1) oy
q DUy g (t) = ¢ Dilymy(a) o ( 1)/ q DDyii_gr(s)dgs.

The proof for odd numbers by a similar process is obvious and yields

t
DY Vyiigr(8) = DY Vyii_gr(a) © (1) / 8 DV grr(s)dys,
a
which completes the proof. O

Theorem 4. (Fuzzy q-Taylor’s Theorem) Let 5D(”)y € C¢(T,,Rr) andt € T,,. For finding
the fuzzy q-Taylor’s expansion of y around a € T,, we have

L If 5D(j)y, j=0,1,...,n—1 are 5[(1) — gH|-differentiable, provided that type off[gH]—

differentiability has no change on T,. Then there exists n € T, such that

y(t) = y(a) ® nz:l [W o FD(j)yigH(a)] D M o FD(n)ngH(n)_
2T, G+1) 7 L)

II1. If 5D(j)y, j=0,1,....,n—1 are 5[(21) — gH|-differentiable, provided that type off;[gH]—

differentiability has no change on T,. Then there exists n € T, such that

n—1 7
W) =y o (DY |f

Jj=1

(t —a)y n
q) © DMy gn(n).

Fr(),,.. 1)~ "a
®qD yzz—gH(a)]O( 1)Fq(n+1

II1. Suppose that 5D(j)y,j =1,...,n exist and in each order the type ofg[gH]—diﬁeTentmbility
changes on T, then there exists n € T, such that

n—1 : n—1 :
y(t) =y@ o (-1) 3 [Wf@gp@yugm)] o [“‘)
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IV. If y has a switching point at & € T, of type II (i.e. 5[gH]—diﬁ”erentiability changes
from El(ii) — gH] to [() gH]) and suppose that the type of differentiability for 5D(j)y, j=
1,...,n—1 are 5[( ) gH]-differentiable. Then there exists n € T,, such that

y( ( t_a)Q Dy;i— gH()
>, [ (])yz'—gH(a)]
—a)q
® D(”z (1), 0<t<g,
y(t) = (n +1) e
Y ,

yla)® Y1) [IM of D(])yigH(a)]
o 0 DOy ), £t

V. If y has a switching point at & € T, of type I (i.e. 5[9H]-diﬁerentiabilz’ty changes
from 5[(1) — gH] to 5[(21) — gH]) and suppose that the type of differentiability for 5D(j)y, j=
1,...,n—1 are ['[(ii) — gH]-differentiable. Then there exists n € T, such that

y(a) @ (t — a) © | Dyi—gn(a)

o053 [ 2 0 PO o]
(ol

4 @59( )ynng(n), 0<t<E,

S ey

y(a) © (—1) Y02} [F(t(;i)f) © 5D(k)yii—gH(a)]
(t—a)y

_ (n)
\ 6( )P (n—i—i) FD Yii— gH(n) §St

Proof. Slnce DMy € C4(T,,Rx), by Theorem 3, we obtain:
1. Suppose 5’D( )y, for j = 0,1,...,n are fuzzy ¢-differentiable as in Definition 2 (i) then
5I§n)573(")yz‘—gH(t)
_ (I;—'I(gn—l)(};'p(n—l)y (t) o qFIcgn 1)FD(n_1)yi—gH<a)
F
© 4

_ (I;I(}(Ln—Z)(};'ID(n 2) Icsn 2)FD(n Z)yi—gH<a) o Fjén_l)gp(n_l)yi—gH(a)

Yi—gH (t) q

= 51(1 5Dyi,g[{(t) © 51&2)5’D(2)yi,g}[((1) SRERES) 51&”71)52)(”71):%,9[{(0,)
=y(t)oyla)© 'L, Dy, _gu(a)o FIPIDPy_pa)e-- o FI=DEDO=Ny, 1(a).

Since 4

j—times
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so, we have

t—a
PIED ™y gn(t) = y(t) © y(a) © L= a)g 2 Dyi—gr(a) ©

t—aj -
oe r(<y+)1> DUy yn(a).

Also, g-mean-value theorem for n € (a,t), gives

>@Zl{(t_a)g O DUy yrr(a)] & LV o PpOy, )
a _— i—gH (O _— i )
DGy T I

I1. Suppose that 5D(j)y, for j =0,1,...,n are fuzzy ¢-differentiable as in Definition 2(ii), then

FIOED ™y (1)
I(gnil)qF,D(n 1)yu gH(t)e 51’((;1 1)FD(n71)yii_gH(a)
1 2ED0 Ay ()& 1T 2EDO Dy (@) e FIPDEDC Dy (a)

F
q
F
q

=1, Dysi_gu(t) & FIOTDDysi () - e DIl DDy, ()
(—Dyt) & (—Dyla) & FILDyii—gu(a) e FIPTD®y; oy (a)

0.0 5[5”—1)51)(" l)yiing( ).

Similar to proof of I, we get

1 :
[t —a)

0 = vt 5 (03 [5G Ph e o

o FDMyign(n).

FD( yiigr(a)| © (—1)m

III. Assuming that 5[gH]—differentiability of 5D(j)y forj =1,...,nchangeson T, and 5D("’1)y
is fuzzy g¢-differentiable as in Definition 2(ii) then we have

5I(gn)5p(n)yii—gH(t)
FI(Sn—l)qFD(n—l)

P 0EDOTy, n(t) © (-1)] Yi—gr(a)
= POy, w(t) e (1) [-FI P2y p(a)
(—

@ 1)5‘Ién—2)5p(n—2)

yii—gH(a)]

= Fpn-0 Fpym D)o FIin 2Dy, p(a) @ - @ y(z) © y(a)

—\r—a 1 — _an—2
= (tf‘q(n))q FD f"g;(t) © 1_(‘2(”_)‘11) 5@(”*2)%%91{(@) @ ®y(z)oyla).
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Therefore
= - — %4 o Fpli)y,,.
y(t) y(a) ; ( 1) 7=1 [Fq(] + 1) © q D yzng(a):|
j is odd
n—1 ;
(t—a)z _ rr), (t=a)?  p
j is even

IV. Suppose 5D(j)y, for j =0,1,...,n are g-differentiable as in Definition 2(i).

FImMEDMy; o (t) = I VEDVy, opt)ye F1iVIDO Dy h(a)
= 5152)527(2)%—9H(t) S 51152)5D(2)yi—gH(a)
== qFfén_l)gD(”_l)yi_gH(a). (1)

Since [ Dy is g-differentiable on [a, ] as in Definition 2.4 (i) and on [¢, ] as in Definition 2.4 (i),
thus gives

o Fnia Plo IDyi gu(t)© Pl FDyigu(a),  0<t<g,
e O N L (2)
—i 10 ¥Dyi_gr(a) © (-1) 1 I Dyi_gu(t), €<t

Now, if we substitute Eq. (2) into Eq. (1), the proof of IV can be obtained, and the proof of V
is similar to IV, which proves the theorem. O

4 Numerical methods

In this section, first is introduced crisp numerical methods by using the ¢-Taylor’s expansion.
Finally, fuzzy local ¢-Taylor’s expansion and fuzzy ¢-Euler’s method for solving the FIVg-Ps
based on the generalized Hukuhara ¢-derivative are presented.

Local ¢-Taylor’s expansion: Consider the following initial value g-problem (for short IVg-P)

Dyy(t) = f(t,y(t)),
{ y(0) = yo € R, ®)

where f :[0,b] — R is continuous and y(¢) is an unknown function of variable t. Furthermore,
Dgy(t) is the first order g-derivative of y(t).

Now, by dividing the interval [0, ] with the step length of b, we have the partition Iy =
{to=0<t; =¢" " b<to=¢"2< ... <tno=4¢b<ty.1=qb<ty =0b} where
ty = ¢V 7Fb = qtj1 are called the mesh points, and by, =t — tx_1 = tp(1 — q) = ¢V *b(1 — q)
for Kk = 1,2,..., N are called the step sizes. Consider the g-Taylor’s expansion introduced in
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Section 2, for t1 = tg + h1. Then if y and it’s high order are g-differentiable, we have

(t1 —t0)z (o)
y(t1) = y(to + b1) = y(to) + (t1 — to)Dgy(to) + qu y(to) + ...
q
N—-11)2 N—-11,\P
_ q" b (¢"'b)
= yo + VD0 + qp() 4ot LpW®) gy .-

To find an approximation of y;, we cut above expression to the g-derivative of pt"-order and
assume that D(]) y(to) = l(lj)yo, j=0,1,...,p. Therefore
[q" 0] [¢" "o
71)( )y + -4 7D(P)y0’

Iy(3) Te(p+1)
that its accuracy depends on the smallness of the hy and the bigness of the p. Using y; and
to = t1 + b2, we get

y(t1) ~y1 = yo +¢" 'oDyyo +

(t2 —t1);
y(t2) = y(t1 + b2) = y(t1) + (t2 — t1)Dyy(t1) + ﬁg)q@f)y(h) + -
q
N—2 N—1p,\p
. N-2;  N-1 (" "b—q" " b)g (p)
=+ (" b—q Tb)Dyyr + -+ RSy DPyr+---.

In this step, by cutting the expression obtained above to p**-order, clearly we get
y(t2) = y2 = y1 + 4" 7*b(1 — q) Dyyr + [¢"0(1 = @) DPyr + -~ + [V 7*b(1 - )] DP'yn
As the process continues, we derive
v =y + a1 = q) Doy + [gVEVB(L — @) PPy
+ - [V (L - )P D)y,
and finally for b1 = tpr1 — tp = ¢V~ FUb(1 —¢) and k =1,2,..., N — 1, we obtain

(p)

Yk+1 = Yk + ber1Dgyr + f)iﬂDf;Q)yk + -+ 000D e

So, local g-Taylor’s expansion is the following form:

Y1 —yo+zp: v lb y0:y0+zp:§7{77(j)y07
P L,(j+1) 9
yk+1_yk+z k+1 )]j’l)( )yk_yk+Zbk+1 yka k:17277N_1

7j=1

g-Euler’s method: Consider the ¢g-Taylor’s series expansion of the unique solution of the IVq-P
(3) evaluated at the point ¢y which is ¢-differentiable and continuous, as follows

[qN_lb]2

9 7 p@)
Fq(S) q y(n0)7

y(t1) = y(to) + 4" b I'Dy(to) +
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and at the point #;

i) =yl + e By oo = iy
' L2 T (3) T
for each k = 1,..., N — 1 and some points n; € (txr1,tr). Let us assume by = tpyr1 — tp =

¢V~ +Dp(1 — ¢). By using problem (3), we have

2
y(tr) = ylto) + B0, ylte)) + L Dfy(m),
Y(thr1) = y(te) + brgr fte, y(te)) + biHfo)y(nk)), k # 0.

On the other hand, for each k = 1,..., N — 1 we conclude

d(y(trr1), y(te) + brr f (e y(te)) + b PPy (ne))
<d(y(tre1), Y(tr) + bt £t y(te)) + d(0, b7 DDy (1)) — 0.

It is obvious that when by — 0 then d(y(tx+1), y(tx)+brr1f (tk, y(tx))) — 0 and d(0, f)%+1D,(12)y(nk))
— 0. So, when h; — 0, we have
2
d(y(t1), ) + 01 (10, y(t0)) + - DPy() = .
Then, for sufficiently small b1 (K =0,1,2,..., N—1), we have y(tx+1) =~ y(tx)+bhr+1 f(tr, y(tr)).
If yg+1 is the approximate value of y(tx11), then g-Euler’s method is given by the recurrence
relation

{ Yo = Yo, (4)
Yk+1 = Y + hk—l—lf(tkayk’)a k= 07 7N_ 1.

4.1 Fuzzy local ¢g-Taylor’s expansion
Consider the following FIVq-P
{ qFDy(t) = f(t,y(t)), (5)
y(O) =70 S ]R]'—v

where f : [0,b] x Rr — R is continuous and y(¢) is an unknown fuzzy function of crisp variable
t. Furthermore, 5Dy(t) is the first order 5[gH]—derivative of y(t), with the finite set of switching
points. Now, if we consider the mesh points t, = ¢’V %b = ¢t;1 and step sizes b, = qN*kb(l —q)
for k=1,2,...,N, then

Case I. If y and it’s high order g-derivatives are I'[(i) — gH]-differentiable and type of 5[gH]—

q
differentiability has no change on T, for ¢; = ¢y + b1, then we have
F (b —t0)g _ p (2)
y(tl) = y(to + hl) = y(to) ©® (tl - to) © q Dying(to) @ F7(3) O) q D ying(tO) D (6)
q
N_lb)2
=y ¢ " o 5Dy0,i—gH P—t® 5D(2)yo,i—gH
[4(3)
N—lb p
@...@U@ip(p)y07i_g}[___. (7)

Ly(p+1)
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To find an approximation of y1, we cut the expression (6) to the g-derivative of ptP-order and

assume 51)( )y 1(to) = FDUy, g, J=0,1,...,p. Therefore
N—1p ~ F [V 10 g (2)
y(t) =y =yo®q 0O ;Dyoi—gu D 71“(1(3) © 4 D¥yo,i—gH
(VM) (
e DP

that its accuracy depends on the smallness of the hy and the bigness of the p. Using y; and
to = t1 + b2, we get

(ta —t1)2
y(t2) =yt +b2) = y(t) ® (f2 = 1) ©  Pyi-grr (1) @ 5= © ¢ DVpi-grr(t1) @ -+
q
N— 2b N— lb
=y @ ("2 — ¢V ) O Dy1ign ® @ a ) FD(Q)yl,i—gH
/ Lq(3)
N72b _ Nflb p
o0l q >q®5p<p)y17i_gH@‘_“

Ly(p+1)

Now, by assuming that y(t2) ~ yo and cut the expression obtained above to p'"-order, clearly
we obtain

v =41 ©¢" b(1 —q) O FDyrign & ¢V 01— @) © §DPy1i gn
o @g" (1 - )P © F PPy gu.

As the process continues, we derive

Y1 = yk ® ¢ Fp(1 —g) o 5’Dyk,ing @ [V FIp(1 - g))? o 577(2)%,1;9}1
DD [qN*(kH)b(l —qPe 5D(p)yk,¢ng,

and generally for step hpy1 = tpp1 —tp = ¢~V FTUb(1 —¢) and k = 1,2,..., N — 1, it results in
Ykl = Yk D brp1 © 5Dyk,i—gH Shpq O 5D(2)yk,i—gH @b, O 5D(p)yk,i—gH-

Finally, we conclude that

p N 1y []J .
Y1 =Y D Z F(—&—]l) O] FD(j)yo i—gH = Yo D Z T, +1) O] qFD(])yO,i—gHa

Yk+1 = Yr © Z[QN_(kH)b(l — ) © i DYy gn
j=1

p
= %@Zhiﬂ ®5D(j)yk,¢,gH, k=1,2,...,N —1.
j=1
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Case IL If y and it’s high order g-derivatives are £[(ii) — gH]-differentiable and type of ¥ [gH]-
differentiability is unchangeable on T, then

p hj
yl:yo®(—1)zr

(:) D —
« (j 1) Yo,ii gH»

<.
Il

p
yk+1:yk@(—1)2hk+l® EDW gy iigr, k=1,2,...,N —1.

<.
Il
-

Case I1L. If y is F[(i) — g H)-differentiable, and it’s high order derivatives, change from ['[(i)—gH]
to ['[(ii) — gH]-differentiability according to Definition 3(type I), then

p J [)J .
Y1 =yo O (—1) —L 0Dy oy @ ©EDDyg . om,
; Ty(j+1) e Z TG+ 1) i
j s odd 7 zs even
Y1 = Yk O (— Z bl © 6 DDyiigu @ Z bl © e DV ypsgu, k=1,...,N - 1.
2
J zs odd J z?e even

Case IV. If y has a switching point at & € T, of type II (i.e. [gH |-differentiability changes

from ['[(ii) — gH] to F[(i) — gH]) and the type of dlﬁerentlablhty for FD(J)y j=1,...,n—1

are ['[(i) — gH]- dlfferentlable then for £k =0

h]
909 (=101 © 4 Pyosi-gnt © o gy @0 P 0igrn, 0<ESE,
yl pry .
b1 Fn(
’D(J) - < t.
?JO@ZJ 11—\(]+1)®q Y0,i—gH > 5_

and for k =1,2,...,N — 1,

Yk © (—D)bs1 © FDypii—grn ® 30507 @ FDDyps o, 0 <t <€,
Yk+1 = ' '
Ye © D51 by © FDWyki—gn, E<t.

Case V. If y has a switching point at £ € T, of type I (i.e. 5 [g H]-differentiability changes from

El(i) — gH] to ['[(ii) — gH]) and the type of differentiability for 5D(j)y, j=1,...,n—1 are

F[(ii) — gH]-differentiable, then for k =0

b -
Yo ® b1 © {Dyo,i—gr © (1) 320, Fqu‘Fl) O FDWygsign, 0<t<E,
yl = .
b -
Yo © (—=1)2°F Lo (I;D(J)yo,ii—gHu £ <t.

=D+ 1)
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and for k=1,2,..., N — 1,

Yk ©Dk41 O § Dyki—gr © (1) - b}i+1 © qFD(j)yk,z‘z‘—gH, 0<t<g,
Yk+1 = } '
e © (1) X0 b1y © FDDyp i gm, §<t.

This method is called the fuzzy local g-Taylor’s expansion. One way to avoid calculating the
higher order ¢-derivatives is to put p = 1 in the fuzzy local ¢-Taylor’s expansion which the
approximated results are obtained by fuzzy ¢-Euler’s method in the following section.

4.2 Fuzzy ¢-Euler’s method

The g-Euler’s method which often serves as the basis to construct more complex methods, is
a first-order numerical method. Fuzzy ¢-Euler’s method is the natural starting point for any
discussion of numerical methods for solving the fuzzy ¢-differential equation. We know that
the fuzzy g-Euler’s method can be derived in several ways. By considering the mesh points
tr = ¢V 7%b = qt41 and the step sizes by = ¢V Fb(1 — q) for k = 1,2,..., N, the method that
is considered here is as follows:

Case 1. Consider the fuzzy ¢-Taylor’s series expansion of the unique solution of the FIVg-P
(5) about t;, which is ['[(i) — gH]-differentiable and belongs to C]% (T,,Rr) such that the type of

5 [gH]-differentiability is unchangeable on [0,b] € T, as follows

N-1p ~ F [V R (2)
y(t1) = y(to) @ ¢~ b© , Dy(to) ® T.6) ® ¢ Dy (no),
q
and
(tk+l — tk)q F (tk-‘rl - tk‘)g Fy(2)
thi1) = y(te) ® K4 o Fpy. p(ty) @ —— 4 o Fp@y, :
y( k+1) y( k) S Fq(2) © q Y gH( k) S3) Fq(3) © q Y gH(nk)
for each k = 1,..., N — 1 and some points 1y € (tx+1,tr). Let us assume g1 = tpy1 — tp =
¢V=(+Dp(1 — ¢) and by using problem (5), we have
h?
y(t1) = y(to) © b1 © f(to,y(to)) © q+711 © D@y 1 (no),

Y(ter1) = y(tr) @ b1 © [t y(te) ® by © FDPy;_gy(ne)), k#0.
On the other hand, for each £k =1,..., N — 1 we conclude

d(y(ths1), y(te) @ brar © F(te y(te) ® by © FDPDy; g (1))
<d(y(trs1), y(te) @ bri1 © f(te,y(te))) +d(0, b2y, © 517(2)?/17911(7%)) — 0,

as byy1 — 0 since d(y(tps1), y(tr) S brr1 © f(tr, y(tr))) = 0 and d(0, 67, © FDPy;_ oy (ny)) —
0. So, when h; — 0, it is obvious that

2
d(y(ts).y(t0) © b1 © ftrp(t0)) & 2 © PP yia(m)) = 0.
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Table 1: Numerical results of Example 1 for ¢ = 0.7 and the node points t; = ¢'b.

q=0.7

ti=qb| b=t —ti1 | yi=yi—1 0 bilqti—1yi—1) e; = y(ti) — ys,

0.2401 | 0.07203 (0.82,1.,1.2) (0.0197394,0.0240725,0.028887)
0.343 0.1029 (0.834181,1.01729,1.22075) | (0.0266999,0.0325609,0.0390731)
0.49 0.147 (0.863624,1.0532,1.26384) (0.0423815,0.0516848,0.0620218)

0.7 0.21 (0.92583,1.12906,1.35487) (0.0812172,0.0990454,0.118854)
1. 0.3 (1.06193,1.29503,1.55404) (0.19581,0.238793,0.286552)

Then, for suffciently small b1 (K =0,1,2,..., N—1), we have y(tg+1) =~ y(t)®hr+1© f(tx, y(tr)).
If Y41 is the approximate value of y(t;41), then the fuzzy ¢-Euler’s method can be constructed
in the following form

{ Yo = Yo, (8)
Ykt1 = Yk B bpr1 © f(tr,ye), k=0,...,N—1.

Case II. Let us suppose that y(t) € CJ% (T, Rr) is 5[(22) — gH]-differentiable such that the type

of 5 [gH-differentiability do not change on T,. According to the process described above, in
this case the fuzzy g-Euler’s is presented as

{ Yo = Yo, (9)
Y41 = Y& O (=)bgt1 © f(tr,yx), E=0,...,N -1

Case III. Assume that y(t) has a switching point type I at £ € [0,b] , such that to,1,...,t;,&,
tj+1,...,tn. So according to Eq. (8) and (9), the fuzzy g-Euler’s method is obtained as follows

Yo = Yo,
yk+1:yk@hk+l®f(tk7yk)a kZOala“'7j7
Yer1 = Yk © (=Dbrs1 © f(te,ur), k=7+1,5+2,...,N -1

Case IV. If € is a switching point type II, the fuzzy ¢-Euler’s method takes the form

Yo = Yo,
Yk+1 = Yk © (_1)bk+1 © f(tkayk)7 k= 07 ]-7 .. 7j7
Yk+1 = Yk D b1 © f(trs Yr)s k=j+1,j+2,...,N—1.

Example 1. Let us consider the following problem

dDy(t)=qtoyt),  teTy, (10)
yo = (0.82,1,1.2) € Ry,
o Y :
where the solution is y(t) = (0.82,1,1.2) ® )", 2nlIT in which [2n]y!! = [n]4!(2);. Numerical
n]q!!

results are demonstrated in Table 1 for ¢ = 0.7.
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Remark 1. [t is clear that the accuracy of y1 in fuzzy local q-Taylor’s expansion depends on
small values of h and large values of p. But we should have the p"-order derivative of y. We
know that in the fuzzy local q-Taylor’s expansion for p > 1, finding the high order derivative of y
1s difficult. Thus we should use other methods, that they do not apply the high order derivatives
of 5Dy. By substituting p = 1 in the Taylor expansion, we can approximate the value of y; 1
that we call the fuzzy q-Euler’s method.

5 Conclusions

As we know, there are many real life problems in the various fields of science and engineering
that can be modelized as differential equations. Thus, solving differential equations have been
always one of the concerns of various sciences. Most of the time it is not possible to find
the exact solution to the problem using direct methods, so we need to use approximate and
numerical methods to solve differential equations.The ¢-Taylor’s expansion method is one of
the elementary and original methods for solving differential equations especially initial value g-
problems. In this article we have tried to introduce the fuzzy local g-Taylor’s expansion and the
fuzzy g-Euler’s method for solving the FIVg-P. These numerical methods were defined based on
the fuzzy g-Taylor’s expansion. Accordingly, we will need to introduce local g-Taylor’s expansion
and ¢-Fuler’s method in crisp form then the fuzzy mode. In the future works, we will examine
the details of these applications that no attempt has been made here to develop.

Acknowledgements

The authors would like to thank Prof. Hossein Fakhri for reading the manuscript and fruitful
comments.

References

[1] S. Abbasbandy,T. Allahviranloo, Numerical solutions of fuzzy differential equations by Tay-
lor method, Comput. Methods Appl. Math. 2 (2002) 113-124.

[2] B. Ahmad, J.J. Nieto, Basic theory of nonlinear third-order q-difference equations and
inclusions, Math. Model. Anal. 18 (2013) 122-135.

[3] T. Allahviranloo, Z. Noeiaghdam, S. Noeiaghdam, J.J. Nieto, A fuzzy method for solv-
ing fuzzy fractional differential equations based on the generalized fuzzy Taylor expansion,
Mathematics, 8(12)(2020) 2166.

[4] T. Allahviranloo, I. Perfilieva, F. Abbasi, A new attitude coupled with fuzzy thinking for
solving fuzzy equations, Soft Comput. 22 (2018) 3077-3095.

[5] G. A. Anastassiou, Fuzzy mathematics: Approzimation theory, Springer, Stud. Fuzziness
Soft Comput., 2010.

[6] M. H. Annaby and Z.S. Mansour, g-Taylor and interpolation series for Jackson q-difference
operators, J. Math. Anal. Appl. 344 (2008) 472-483.



Introduction of the numerical methods in quantum calculus with uncertainty 321

[7]

[13]

[14]

[15]

18]

[19]

[20]

A. Aral, V. Gupta and R.P. Agarwal, Applications of q-calculus in operator theory, Springer,
Science and Business Media, New York, 2013.

F. M. Atici, P.W. Eloe, Fractional q-alculus on a time scale, J. Nonlinear Math. Phys. 14
(2007) 333-344.

B. Bede, L. Stefanini, Generalized differentiability of fuzzy-valued functions, Fuzzy Sets
Syst. 230 (2013) 119-141.

T. Ernst, A new notation for q-Calculus a new q-Taylor’s formula, Uppsala Iniv. Rep.
Depart. Math (1999) 1-28.

A.R. Fakharzadeh Jahromi, Z. Ebrahimi Mimand, A new outlier detection method for high
dimensional fuzzy databases based on LOF, J. Math. Model. 6 (2018) 123-136.

H. Fakhri, S.E. Mousavi Gharalari, Approach of the continuous q-Hermite polynomials to
z-representation of q-oscillator algebra and its coherent states, IJGMM 17 (2020) 2050021-
527.

H. Fakhri, M. Sayyah-Fard, Triplet q-cat states of the Biedenharn-Macfarlane q-oscillator
with ¢ > 1, Quantum Inf. Process. 19 (2020) 19.

H. Fakhri, V. Sayyah-Fard, g-coherent states associated with the noncommutative complex
plane Cq2 for the Biedenharn-Macfarlane q-oscillator, Ann. Physics, 387 (2017) 14-28.

H. Fakhri, A. Hashemi, The symmetric q-oscillator algebra: g-coherent states, g-Bargmann-
Fock realization and continuous q-Hermite polynomials with 0 < ¢ < 1, Int. J. Geom.
Methods Mod. Phys. 13 (2016) 1650028.

M.E.H. Ismail, D. Stanton, q-Taylor theorems polynomial expansions and interpolation of
entire functions, J. Approx. Theory 123 (2003) 125-146.

F. Jarad, T. Abdeljawad, D. Baleanu, Stability of g-fractional non-autonomous system,
Nonlinear Anal. Real World Appl. 14 (2013) 780-784.

F. H. Jackson, On a q-definite integrals, Q. J. Pure Appl. Math. 41 (1910) 193-203.

F.H. Jackson, On q-functions and certain difference operator, Trans. Roy. Soc. Edin. 46
(1909) 253-281.

S. C. Jing, H. Y. Fan, g-Taylor’s formula with its g-remainder, Commun. Theoret. Phys.
23 (1995) 117-120.

M. Jiang, S. Zhong, Ezistence of solutions for monlinear fractional q-difference equations
with riemann-liouville type q-derivatives, J. Appl. Math. Comput. 47 (2015) 429-459.

V. Kac, P. Cheung, Quantum calculus, Springer-Verlag, New York, Berlin, Heidelberg,
2001.



322

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

Z. Noeiaghdam, M. Rahmani, T. Allahviranloo

R. Koekoek, P.A. Lesky, R.F. Swarttouw, Hypergeometric orthogonal polynomials and their
g-analogues, Springer Monographs in Mathematics, Springer-Verlag, Berlin, Heidelberg,
2010.

X. Li, Z. Han, SH. Sun, L. Sun, Figenvalue problems of fractional q-difference equations
with generalized p-Laplacian, Appl. Math. Lett. 57 (2016) 46-53.

B. Loépez, J.M. Marco, J. Parcet, Taylor series for the Askey-Wilson operator and classical
summation formulas, Proc. Amer. Math. Soc. 134 (2006) 2259-2270.

7. S. Mansour, On a class of volterra-fredholm q-integral equations, Fract. Calc. Appl. Anal.
17 (2014) 61-78.

J.M. Marco, J. Parcet, A new approach to the theory of classical hypergeometric polynomials,
Trans. Amer. Math. Soc. 358 (2006) 183-214.

N. Mikaeilvand, Z. Noeiaghdam, S. Noeiaghdam, J.J. Nieto, A novel technique to solve the
fuzzy system of equations, Mathematics 8 (2020) 850.

J. J. Nieto, A. Khastan, K. Ivaz, Numerical solution of fuzzy differential equations under
generalized differentiability, Nonlinear Analysis: Hybrid Systems 3 (2009) 700-707.

Z. Noeiaghdam, T. Allahviranloo, J.J. Nieto, g-Fractional differential equations with uncer-
tainty, Soft Comput. 23 (2019) 9507-9524.

D.F. Sofonea, Some new properties in q-Calculus, Gen. Math. 16 (2008) 47-54.



	1 Introduction
	2 Notations and Preliminary Results
	3 Definitions and properties of fuzzy q-differentiability
	4 Numerical methods
	4.1 Fuzzy local q-Taylor's expansion
	4.2 Fuzzy q-Euler's method

	5 Conclusions

