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RELATIONS BETWEEN G-SETS AND THEIR
ASSOCIATE G-SETS

N. RAKHSH KHORSHID AND S. OSTADHADI-DEHKORDI*

ABSTRACT. In this paper, we define and consider G-set on I'-
semihypergroups and we obtain relations between G-sets and their
associate G-sets where G is a I- semihypergroup and G is an as-
sociated semihypergroup. Finally, we obtain the relation between
direct limit of G-sets from the direct limit defined on G-sets.

1. INTRODUCTION

The concept of semigroup generalized by Sen and Saha[23]. They de-
fined the notion of a ['-semigroup as a generalization of a semigroup. In
continue, mathematicians extended many classical properties of semi-
groups to ['-semigroups, for instance Chattopadhyay [!, 2|, Hila [1&, 19],
Hila et. al. [20], Sen et. al. [23, 21] and many others.

The concept of hypergroup was introduced in 1934 by a French
mathematician F. Marty [22] and he published some notes on hyper-
groups, using this concept in algebraic functions, rational fractions,
non-commutative groups. The concept of I'-semihypergroups was in-
troduced by Davvaz et al [17]. After that Dehkordi et. al. [0, 7]
investigated the ideals, rough ideals, homomorphisms and regular re-
lations of I'-semihypergroups. Dehkordi et al introduced the notions
of another I'-hyperstructures [!1]. Also, Dehkordi defined the notion
quasi-order I'-semihypergroup and introduced quasi-order semihyper-
groups associated with a quasi-order I'-semihypergroups [12].

MSC(2010): 05C65, 20N15.
Keywords: I'-semihypergroup, G-set, @—set, direct limit.
Received: 27 September 2020, Accepted: 14 November 2020.
*Corresponding author .

75



76 RAKHSH KHORSHID AND OSTADHADI-DEHKORDI

In this paper, we will introduce the notion G-set in context of I'-
semihypergroups as a generalization of G-set on semihypergroups. Also,
we will obtain the notion G-set associated with G-set and study its re-
lations with G-set. Finally, we will prove that the direct limit on G-set
exists by using of direct limit on G-set.

2. PRELIMINARIES

First of all, we recall some notions and results about I'-semihypergroup
that we shall use in the following paragraphs. Let G be a nonempty
set and P*(G) be the set of all nonempty subsets of G. A map
o: G x G — P*(G) is called hyperoperation on G and the couple
(G, o) is called hypergroupoid. When (z,y) € G* then its image under
o is denoted by z oy. Let A and B be nonempty subsets of hyper-
groupoid G. Then, Ao Bis givenby AoB= |J aob. Also, x0 A

a€AbeB
is used for {z} o A. A hypergroupoid (G, o) is called semihypergroup
if hyperoperation o is associative and a semihypergroup is hypergroup
ifforallze G,G=20G=Goux.

Definition 2.1. Let G and I'" be nonempty subsets. Then, G is called
a ['-semihypergroup, when for every a € I there is a hyperoperation
By : G x G — P*(G) such that for every a, 8 € T and x,y, 2z € G:

(2 o y) s 2 = T Ba (y Bp 2).
A T-semihypergroup G is called I'-hypergroup, when for every oo € T"
and x € G,
G=2®,G=God, .

Definition 2.2. Let G be a [-hypergroup. Then, we say that G is a
I'-polygroup if the following conditions hold:

(1) Va€l',de, € G: Vg €G, €4 Do g =9 Do €a =49,

(2)VgeG, g eCGen€G : ea€gDag tNgdag,

(3) 1 €92 Pags =€ G1Dags s BEG " Dagr
Also, we say that a I'-polygroup G is a canonical [-hypergroup, if the
following condition holds:

V91792 EGa aEF, g1 EBQQQZQQ Da g1

Example 2.3. Suppose that G is a canonical hypergroup, H < GG and
I'=H. For all « € I', we define

HgH @ HpH = Hpaa 'g;H= | ] HtH.
tegiaalgs

Therefore, G//H = {HgH : g € G} is a '-polygroup.
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Definition 2.4. Let GG be a I'-semihypergroup and X be a non-empty
set. We say that X is a left G-set, if there is an external hyperoperation
h:Gx X — P*(X) with the property

h(gl DPa g2, .T) = h(gla h(QQa l’)),

where a € I', g1, 92 € G and x € X.
If e is an scalar identity of GG, we say that X has a unitary when
h(e,z) = x, for every z € X.

Dually, a non-empty set X is a right G-set if there is an external
hyperoperation h : X x G — P*(X),

h(z, 91 ®a g2) = h(h(x, g1), g2).

In the same way, we say that X has a unitary when h(z,e) = z, for
every r € X.

Example 2.5. Suppose that GG is a semihypergroup, N is a subsemihy-
pergroup of G and I' = {n € N : n is an scalar element of G }. Then,
G is a I'-semihypergroup and N is a I'-subsemihypergroup of G with
the following hyperoperation:

vxay€G7n€F7 x@ny:xnya
Therefore, G x N is a I'-semihypergroup by following hyperoperation:

(91,11) ©n (g2, m2) = {(t,5) : t € g1g2, 5 € nina},

where (g1,n1), (g2, m2) € G X N.
Also, we define the equivalence relation N* on G as follows:

Ve,y € G, tN'y<=Vne N, &, N=y&, N.

Thus, [G : N*] = {[z]n~ : x € G} is a left (G x N)-set:
h:(GxN)x|[G: N — P*(|G: N*)),
h((g7n)7 [m]N*) = [g Dn x]N*-
Definition 2.6. Let G and H be ['-semihypergroups. Then, we say
that X is a (G, H)-set if it is a left G-set by external hyperoperation
hi: G x X — P*(X) and a right H-set by external hyperoperation
he : X x H— P*(X) and
hQ(h1<gv l’), h) - hl(ga hQ(‘Ta h))a

where g € G, h € H and z € X.
Definition 2.7. Let G be a canonical I'-hypergroup and X be a left

G-set. Then, we say that X is reversible if z; € h(g,z5) implies that
Ty € h(g~', x1), where x1, 79 € X and g € G.
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Definition 2.8. Let G be a I'-semihypergroup and X be a left G-set
and x € X. Then, stabilizer x defined as follows:

Stab(x) ={g € G : z=h(g,2)}.

Definition 2.9. [12] Let H be a I'-semihypergroup and the relation p
defined on
HxT={(z,a):2€ Hael},

as follows:
(z,a)p(y,B) <=Vz e H, 1B, z=1yDs =

This relation is equivalence. Then, the set H = {[(z, a)l,:re€ Hoae
I'} is a semihypergroup by the following hyperoperation:

(2, )], o [(y, )], = (2. B)], - 2 € 2 Da y}-

Let X be a left G-set, A, B C X and © be an equivalence relation
on X. Then, we say that (A, B) € O if for every a € A thereis b € B
such that (a,b) € © and for every b € B there is a° € A such that
(a',b) €O.

Definition 2.10. Let G be a I'-semihypergroup and X be a left G-set.
Then, an equivalence relation © is called regular, when
(1,22) € © = (h(g,21), h(g,22)) € O.

By the regular relation on left G-sets, we can construct quotient left
G-sets as follows:

Proposition 2.11. Let X be a left G-set and © be an equivalence
relation on X. Then, [X : O] = {[z]e : € X} is a left G-set by the
following hyperoperation:

h:Gx[X:0] — P(X:0]),

hg, [xle) = {[tle = t € h(g, )},
such that X is a left G-set by a hyperoperation h : G x X — P*(X).
Proof. Suppose that [z1]e = [r2]e. Since © is regular relation on X,
implies that (h(g,71),h(g,22)) € ©. Hence, h(g, [r1]e) = h(g, [r2]e)
and the hyperoperation & is well-defined. Also, for [r]e € [X : ©] and
91,92 € G,

h(g1 @a g2, [2]0) = Uy 0nge h(g, [z
t

o)

t € hlg, )}
h( 6904927 )}

[t]e : tEf[l(]q

,h(ga, 7))}
(glah(QZa ))-

This complete the proof. O

gegG1Dag2 []9
[tlo:t €

I
:‘|,—»—u—*—\c
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Proposition 2.12. Let G be a commutative I'-semihypergroup and X
be a left G-set. Then, X is a (G,G)-set.

Proof. The proof is straightforward. OJ

Example 2.13. Let G be a canonical hypergroup and H be a sub-
canonical hypergroup of G. Then, G is a left H-set by the following
hyperoperation:
h:HxG— PQ),
h(a,g) = a lga.
Let ay, a0 € H and g € G. Therefore, h(ajas, g) = (ayas) tg(aias)
and we have

h(Oél, h(OéQ, g)) = h<0517 052719042)
=a; Yo tgan)ay
= (a01) ' g(agm).

Because H is canonical hypergroup, we have ajas = asay. Also, G is
a right H-set, because H is commutative.

Definition 2.14. A map ¢ : X — Y from a left G-set X(By a
hyperoperation hy) into a left G-set Y (By a hyperoperation hy) is called
a G-map if

¢(hi(g,x)) = ha(g, ¢(x)).
When X and Y are (G, H)-sets and ¢ : X — Y is a G-map and an
H-map, then ¢ is called (G, H)-map. A G-map ¢ is called isomorphism
when it is both one to one and onto.
Let Mor(X,Y) be the set of all G-maps from X into Y, where X and
Y are left G-sets. Then, Mor(X,Y) is a left G-set.

Definition 2.15. Let (I, <) be a partially ordered set and {X; : i € I}
be a collection of (G, H)-sets, where G and H be I'-semihypergroups.
Also, for every 4,5 € I such that ¢ < j, there are (G, H)-maps «;; :
X; — Xj such that

(Do = Ix;,

(2)6(1‘]‘ O Qj = Wik.

Then, we say that (X, a;)ijer is a direct system of (G, H)-sets.

A (G,H)-set X is called a direct limit of (X;, ;) jer if there exist
(G,H)-maps f; : X; — X such that for all ¢ < j, §; 0 a5 = fi.
Also, if there exists a (G, H)-set Y with the property that there exist
(G, H)-maps v; : X; — Y such that v; o oy; = 7, where ¢ < j, then
there is a unique (G, H)-map § : X — Y such that § o §; = ~;, for

every ¢ € I. We write liT?Xi =X.
1€
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3. RELATIONS BETWEEN (G-SETS AND THEIR ASSOCIATE (G-SETS

In this section, we introduce the notion G- -set by use of the notion G-
set. Also, we define a regular relation © on G-sets and obtain some ex-
amples and results. Throughout this section, G is aI*- semihypergroup
unless otherwise states. In continue, we construct G- set, where G is an
associated semihypergroup of I'-semihypergroup G.

Let GG be a I'-semihypergroup, X be a left G-set by a hyperoperation
h:Gx X — P*(X) and the relation A defined on

XxGxT ={(x,9,7) € X,geG,veTl},
as follows:
(z,9.0)\y, g, 8) <= Vg €G, h(g®ag ,x)=hlg ®sg.,y).
Then, A is an equivalence relation and
X = {l(z,g,)]x 1z € X,9g€ G,a €T},

is a left G-set by the following hyperoperation:

hiGx X —Pr(R).

h([(g. Ny (2.9 B)]5) = [(hg, 2).9". H)]x.

Because
(g1, )]y © (92, B)]ps (w9, 1)]N) = hl[(g1 Bar 92, B)]s 1.9 )
h(g1 ®a 92,2), 9 ,7)]A
h(g1, h(g2, %)), g ,7)Ix
E([(gl, a)lp [(h(g2,2),9" 7))
= h([(g1, )] P([(92, B)],» [, 9, M)]N)
for every [(g1, )], [(92,8)], € G and [(a:,g ;)] € X.
Definition 3.1. Let X be a left G-set and A C X. Then, we define

A= {[(z,9,)]x:x € A,g € G,a €T}

Example 3.2. Let G be a canonical I'-hypergroup and X be a reversible
left G-set with unit by an external hyperoperation h. Then, we define the
equivalence relation = on X as follows:

Vap, 29 € X,y =29 <= 39 € G : z1 € h(g,x2).

Let # =y and ¢ € G be arbitrary. Then, we prove that h(g/,:c)ih(g/,y).
If u € h(g', z) be arbitrary, then z = y implies that there exists g € G such
that = € h(g,y). Hence,

uw€h(g,x) Chig h(g,)) = Mg ©ag.y) = hlg Dg’y) = h(g.h(g .v)).
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because G is commutative. Thus, There exists v € h(g/,y) such that u €
h(g,v). This means that v = v. Similarly, we can show that for every
v € h(g,y), there exists u € h(g', ) such that u = v. We conclude that =
is regular. Also, [X :=] = {[z]z : # € X} is a left G-set by the following
hyperoperation:

he s G x [X =] — PH(X =),
h@( 7[ ]E) - [h’(gvxﬂz-

First, we show that h® is well-defined. Suppose that (g1, [x1]=) = (g2, [z2]=)-
Hence, g1 = ¢2 and [z1]= = [z9]=. This implies that z; = x3. Then,
h(g1,z1)=h(g2, z2), because = is regular. We obtain

[h(g1,21)]= = [h(g2, 22)]=.
Also, we have
he (g1 @a g2, [2]=) = [h(91 Ba g2, )]=
= [h(g1, h(g2, 7))]=
= 1®(g1, [h(g2, 7)]=)
= h(g1,h” (92,[37]5)),

for every g1,92 € G, € ' and [z]= € [X :=]. We conclude that [X :=] is a
G-set.

Example 3.3. Consider the left (G x N)-set [G : N*] defined in Example
2.5. We obtain

(G N = {[([z]x-> (g, m), 2 la : [el- € [G 2 N7], (g,m) € G x N, €T},
is a left G x N-set as following:

h:(GxN)x[G: N — P*([G: N¥)),

h([((g,7),n1)]ps [([]n=s (g, n),m2)]a) = [(R((g,m), [2]n+), (91 ), m2)
Also, [G : N*] is a left (G, N)-set by the following hyperoperation:

B (G x N) x [G N — PG NY)),

he (([(g:m)lps [(n.12)],), [([2]v+, (g, 1), ma)]n) =

i

[(h((g,n),[:z] )7(9 y ) nS)])\
Proposition 3.4. Let X be a left G-set. If ey is a unit of X, then [(eq, )],
1s a unit of X.

Proof. Suppose that [(x,g, )]\ € X. Then,

R([(eas @)p, [(2, . B)]2) = [(Alea, ), g, )]
= [(z, 9, B)],

because e, is a unit of X, so h(eq,x) = x. Therefore, [(eq, )], is a unit of

~

X. g
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Definition 3.5. Let G and H be I'-semihypergroups such that GNH = ), X
be a (G, H)-set by hyperoperations hi and hg, and the equivalence relation
A defined on X x G xI' and X x H x I'. Then,

X ={[(z,t,a)]x:z€ X,t e GUH,a €T},
is a (@, H )-set by the following hyperoperations:

hi:Gx X —PHX) : (g:@)p (@ g, ) = [(h(g,2), 9, B)],
hy: X x H—P*X) : ha(l(x,h', B)x [(hs 2)],) = [(hala, h), B, B)]a.
Because

I
=
3
“

>
[\
=
=
Q.
=
=
>

= }/L;([(gv O‘)]pvﬁ;([(‘xv glv ,B)])\, [(hv 7)],0))

Proposition 3.6. Let X be a reversible left G-set and G be a I'-polygroup.
Then, X is a reversible left G-set.

Proof. Let [(z,9,a)]x € h([(g',7)]p [(4:9", B)]2), then

[(l’, 9, a)])\ S [(h(gla y)7 g”) ﬁ)])\

So, there is [(t, g, 8)]x € X such that t € h(g',y) and [(z,g,0)]x = [(t.9", B)]x.
We conclude that y € h((g')~",t), because X is reversible. Then,

[(y.9", B)x € ()58, 9" B)x = R([((g) 1 )]s (0" A1)
=h([((g) " Mo [(2, 9. )]).
Therefore, [(y, 9", 8)]x € B([((9") " N]ps [(2, 9, )]).- =

Proposition 3.7.ALet G Q@ a commutative T'-semihypergroup and X be a
left G-set. Then, X is a (G, G)-set.

Proof. 1t is straightforward. O

Example 3.8. By Example 3.2, = is an equivalence relation on reversible
left G-set X with unit such that G is a I-polygroup. We define the relation
= on X as follows:

[(x,g,a)])\%[(y,gl,ﬁ)],\ — Elg” €G : [(.%',g,()é)])\ € [(h(g”7y>ag/76>])\-

Then, the relation = is an equivalence. Suppose that [(x,g/,oz)]/\ € X.
Therefore, z € X. So, x = x, because = is an equivalence relation on X.
Hence, there is g € G such that x € h(g,z). We conclude that

[(337 g/’ O‘)])\ € [(h’(gv CC), g/’ Oé)])\,
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This implies that [(z, g, a)],\z[(:n g, )] So, the relation = is reflexive.
Suppose that [(z, g, )] [(y,g B)]a. Hence, there is g € G such that

[(z,9,0)lx € [(h(g ,y),9,B)lx. So,
(2, 9,0)] € h([(g" 7)] [( g'sB)]»); for every v € . We obtain
[

(.9 B)x € B(1((g") " s [(2, 9, 2)]1)

= [(hl(g") " 7). 9, @)
Then, [(y,4 , B)]xZ[(x, g, a)]x. This implies that = is symmetric. Now, we

(
(

show that the relation = is transitive: Suppose that [(z, g, a)xZ[(y, 4, 8)]a
and [(y, 9, B)xZ[(2,9",7)]x. Therefore, there exist g1, g2 € G such that

(2,9, )]x € [(h(91,9). 9", B)xs (w9, B)Ix € [(A(g2,2), 9", 7))
Thus,

[(z, g, )]x € h([(91,7 )]s [(4, 9 B)]n) € R([(g1,7 Vs [(B(92, ) g4 )]0

[(h(g1, (g2, 2))s 9+ 7))

= [(hlg1 © g2.2),9" ),y €T.
'Y

"

Then, there exists ¢ € g1 @ g2 such that [(z,g,a)]x € [(h(g",2),9",7)]x.
gl

We conclude that [(z, g, @)xZ[(2,9", 7))

Definition 3.9. Let X be a left G-set and © be an equivalence relation on
X. We define the relation © on X as follows:

(2,9, 0)xO[(y, g, B)x <= Vg" € G : h(g@ag ,2)Oh(g By ,y).
Proposition 3.10. Let X be a left G-set and ¢ © be an equivalence relation
on X. Then, O is an equivalence relation on X.

Proof. Suppose that [(x,g,a)]s € X be arbitrary. It’s obvious that for every
g €G,
[h(g @a g, 2)]e = [M(g @a g, 2)]e-
Therefore, h(g ®a g ,2)Oh(g ®a g, z). So,
[(2, 9, )]\O[(, g, )]

Thus, O is reflexive. Suppose that [(z, g, a)]x [( y,9 . B)]x. Therefore, for
every ¢ € G, we have

g ®ag ,2)Oh(g S5 ,y).
We obtain B

h(g D9 ,Y)Oh(g a g ),

because © is symmetric. Then,

[(y’g/a B)])\@[(:’Ua 9, Ot)])\.
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So, O is symmetric. Now, we show tha:c\ O is transitive. Let
[(z,9,)x0O[(y, 9, B)]x and [(y, 9, B)]AO[(z,9 ,7)]x- Then,

Vg1 € G,h(g ®u g1,7)Oh(g &g, y), h(g ©p91,9)0h(g ©pg1,2).

We obtain
h(g DPa g1, ﬂf)@h(g” 69[3 g1, 2)7

because © is transitive. We conclude that [(z,g,a)]x0[(z,¢",7)]x. O

Every regular relation on a left G-set X of commutative ['-semihypergroup,
induce a regular relation on left G-set X as follows:

Proposition 3.11. Let © be a reqular relation on a left G-set X such that
G is a commutative I'-semihypergroup. Then, © is a regular relation on X .

~

Proof. Suppose that [(z, g1, 01)]A0[(y, g2, a2)]x and [(£,7)], € G. We show
that

~~

B[ M)or [, 91, 00Ot s (9,92, 2)]2)-
Let [(u, g1,a1)]x € /I{([(t,’y)]p, [(z,g1,1)]x). Then, we have

o~

h([(t, M)]p, [(z, 91, a1)]x) = [(A(t, 2), g1, 1))
Hence, u € h(t,z). By the assumption, h(g; @® t,2)Oh(ge ® t,y), for all
aq a2
t € G. This implies that
h(g1, h(t, ))Oh(g2, h(t,y))-
There exists v € h(t,y) such that h(gi,u)Oh(gz,v). For every z € G,
h(z, h(g1,u))Oh(z,h(g2,v)). Indeed, O is a regular relation. By the com-
mutativity of G, we have h(g1, h(z,u))Oh(g2, h(z,v)). Hence,
h(g1, h(z, h(t,x)))Oh(g2, h(z, h(t,y))).
Hence, h(g1 @ z, h(t, z))Oh(g2 & 2, h(t,y)). By the definition of ©, we have
aq a2

=~

[(h’(tv JJ), g1, al)b\@[(h(t’ y)a 92, 042)])\7

hence, we conclude that

~

R[] s [ g1, ) ])OR((E )]s (95 g2 @2)])-
Which means that © is regular. 0

Proposition 3.12. Let X be a left G-set and © be a reqular relation on X.
Then,

[([#les g, @)Ix € [([(2, 9, )] -
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Proof. Suppose that [(¢,g,a)]x € [([z]e,g,a)]x. Hence, t € [z]o. So, tOx.
We have h(g//, t)Oh(g", x), for every ¢ € G, because O is regular. Also, we
have

h(g, h(g".t)Oh(g, h(g", 2)).
We conclude that h(g ®a g ,t)Oh(g ®a g ,x). This means that
[(ta 9, Oz)])\é[(l', g, Ck)])\,
and we obtain [(t, g, a)]x € [([(z, 9, @)]x)]g- O

Proposition 3.13. Let G be a I'-polygroup and X be a reversible left G-set
with unit and consider relations = and = defined in Examples 3.2 and 3.8.

Then,

[([(z1, g1, c)]N)]= = [([21]=, 91, 1))

Proof. By the definition of the equivalence relation =, we have
(21, 91, 00)]0)]z = {[(w2, 92, 02)]x € X : [(w2, 92, 22)n=[(w1, 91, 1) ]2}
= {[(z2,92,02)]x € X : 3¢ € G : [(w2, 92, 02)]x € [(hlg",71), 91, 1) ]a}
= [(h(guaxl)vglval)])\
= U [(tvglv 041)},\

teh(g” x1)

= U [(tv 91, al)b\

t=x1

= U [(taglaal)])\

te[zi]=
= [([z1]=, 91, 1)
Il

Proposition 3.14. Let X be a left G-set and © be a regular relation on X.
Then, [X : O] is a left G-set.

Proof. We define ' : G x [X : ©] —s P*([X : ©]) such that
1 ([(g: )]s [([(,9, B)g) = [([((g,2), 9 BN
We have
1 ([(g1,01)]p © [(92, 02)],: [([(2, 6, B)]W)]5)
= ([(91 © g2, 02l ([, B))]g)

!

= (l(h(g1 @ 92,2),.9, B)N)]g

= [([(h(g1, h(g2,2)). 9 . B)]N)]g
([(g1, al)]m [([(P(g2,2). ', B)]N)]a)
([(g1: 1)l 1 ([(92, 02)]ps ([, 9, B)N]))-

W
W
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O
Theorem 3.15. Let X be a left G-set and © be a regular relation on X.
Then, [X : ©)] is a left G-set.
Proof. We have [X : © 0] = {l([xle, 9, 0)]x : [ale € [X : O],g € G,a € T'}.
We define h* : G x [X O] — P*([X : ©]) such that

1 ([(g, )]s [([2]e, g, B)]3) = [([A(g, 7))o+, B)]x.

Hence,
h*([(g91, a1l 0[(927a2)]p,[([fv] 6.9 8))
= W ([(91 ®ar 92, 22)lp, [([7]e, 9, B)1)
= [([1(g1 ®ay 92, 7))o, /ﬁ)]
= [([n(g1, h(g2,2))]e, 9, B)]A
= 1" ([(g1, @0)lps [([Alg2. 2o, g, B)])
= 1 ([(g1, @), 1 ([(92: @2)]s [([2]0. ' B)]))-

0

Corollary 3.16. Let X be a left G-set and © be an equivalence relation on
X. Then,

[([z1]e, g1, a1)]x = [([w2]e, g2, 02)]x = [(1, 91, 01)]AO[(x2, g2, 2)] .
Proof. By the definition of A and @), we have
([z1]e, 91, 1) A([z2]e, 92, 2) =
Vg € G, h(g1 ®ay g s [21]0) = hlg2 Day g [w2]e)-

Hence, for every t; € [x1]e there is 2 € [z2]e such that

(g1 By 9 t1) = (g2 By g+ 12)-
We obtain h(g1 @a, 9", 11)0h(g1 @ay g, 21) and h(gz Ga, B9, 12)Oh(g2 o
®g ,x2), because t10x1,t20xo. This implies that

(g1 By g5 21)Oh(g2 Doy g 72).
We conclude that [(z1, g1, al)},\@[(xg,gg,og)h. O

Corollary 3.17. Let G be a I'-polygroup and X be a reversible left G-set
with unit. Then,

[([z1]=, g1, 21)]x = [([22]=, 92, @2)]x == [(71, g1, a1)]A=[(22, g2, a2)] 5.
Proof. By Proposition 3.13, we have
[([z1]= g1, a1)]x = [([22]=, 92, a2)]A
= [([(z1, 91, 01)]))]= = [([(22, 92, @2)]\)]=
= [(21, 91, 1) 5 =[(22, g2, 22) a-
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U
Theorem 3.18. Let X be a left G-set and © be an equivalence relation on
X. Then, there is an epimorphism between G-sets [X : O] and [X : ©)].
Proof. We define a relation ¢ : [)?\ 0] — [X : O] as follows:

o([([z)e, g, )]x) = [([(z, 9, )])]5-
Suppose that [([z]e, g, @)]x = [([W]e, ¢, 8)]x. By Corollary 3.16, we conclude

that

[([(z, 9, 0)1)]s = [([(w, 9, BN
This means that ¢ is well-defined. Let [([(x,g,a)]\)]g € [X : ©]. Then,
[(x,g9,)]x € X. Thus, z € X,g € G, € T'. This implies that [z]g € [X :
©]. So, [([*]e, g, ®)]x € [ﬂ] and ¢ is onto. Also, ¢ is homomorphism:

o(h*([(g, )]s [([#le, ' B)]2) = @([([1(, )], LB

[
=1 ([(g, >1p, m(x,g’, B)1)ls)
=1'([(g, )], &([([] 0, g, B)]N)),

for every [(g,a)], € G and [([z]e, 4, 8)]x € [X : ©]. We conclude that ¢ is
an epimorphism of G-sets. O

Theorem 3.19. Let G be a I'-polygroup and X be a reversible left G-set
with unit. Then,
(X : S| [X =]

Proof. We define VU : [X : 2] — [f;} such that
Y([([(z, 9, 0)n)]2) = [([2]=, g, @)]x-

By Corollary 3.17, it’s obvious that ¥ is well-defined and one to one. Let
[([z]=, 9, )]x € [E] be arbitrary. Hence, [z]=z € [X :=],g € G and
a € I'. Then, x € X. We conclude that [(x,g,a)]) € X. This implies that
[([(z,g,a)]\)]z € [X : Z]. Thus, ¥ is onto. Also, we have

/

V(R ([(9: )]s [, 9, B)2) = U([([(x, 9 Ba g, B)]N)]2)

[
=1([(g, )], [([)=, 9" A1)
=1([(g, )] T([([(2, 9, B)]N)]2))-

So, W is isomorphism. O

Proposition 3.20. Let ¢ : X — Y be a G-map. Then, there is a (A?—map
v: X —Y.
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Proof. We define
TU:X Y

V([(z, g9, )]x) = [(¢(2), g, @)]x-
We show that U is @—map:

C(hi (g, 7]y (2, 9, 0)]n)) = ‘I’([(hl(g z), 9, )]\

This complete the proof. O
Corollary 3.21. |Mor(X,Y)| < [Mor(X,Y)|.
Corollary 3.22. Mor()A(,S/;) is a left G-set.
Proof. 1t is straightforward. O
Definition 3.23. Let X be a left G-set. We have
Stab(x) = {[(g, )], : ©=h(g,2) , a €T},
Proposition 3.24. Let X be a left G-set and [(z, g, )]\ € X. Then,
Stab([(z, g,@))x) = Stab(x).
Proof. By Definition 3.23, we have

/

Stab([(x, g, a)]x) = {[(gl7,8)]p €q : [(z,g,a)]\ = ﬁ([(g By (2, 9,0)]0)}
= {[(Qlaﬁ)]p eq : [(x,g,a)]\ = [(h(g/,:v),g,a)h}
={l(¢,B),€CG : z=h(g,)}
={l(g,B), €GC : ¢ € Stab(x)}
= Stab(z).

4. RELATIONS BETWEEN DIRECT LIMIT OF (G, H)-SETS AND THEIR
ASSOCIATED (G, H)-SETS

Let G and H be I'-semihypergroups and {X;};c; be a collectlon of direct
system of (G, H)-sets. Then, we construct a direct system of (G H )-sets as
follows, where G and H are associated semihypergroups. Also, we consider
a relation between direct limit of direct systems {X;}ie; and {X;}icr.
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Theorem 4.1. Let (I,<) be a partially ordered set and {X;}ier be a collec-
tion of (G, H)-sets, where G and H be T'-semihypergroups such that GNH =

0 and (X, cuj)ijer be a direct system of (G, H)-sets, then (5(\1-,@)@]-61 s a
direct system of (G, H)-sets.

Proof. We conclude that {:Y\i}z‘el is a collection of (G, H)-sets, where (G, o)
and (H,o) are semihypergroups.

Therefore, there are (G, H)-maps a;; : X; — X such that

1) ag = Iz,

2) & o -

Because for every [(z;, g, )]\ € X, we have

aii([(zig, )Ia) = [(ci(wi), 9, )lx = [(i, g, @],

&i\j o aj\k([(fﬁi,ga a)lx) = alj

In the following, we show that limX; = (limA;).
i€l i€l

Corollary 4.2. Let (G,H)-set X be a direct limit of (X;, ;)i jer- Then,
X is a direct limit of (X;, auj)ijer-

Proof. There exists (G, H)-maps (; : X; — X such that §j o ay; = 517
because X is direct limit of (Xj, a”)uel We know X is a (G, H)-set, so X
is a (G, H)-set. We conclude that 3; : X; — X are (G, H)-maps. We have

Bi o @i ([(xi, g, )n) = B(@5 ([(xi, 9, )]))
= Bj([(cij(x:), g, 0)])
= [(Bj(cuj(xi)))]a
= [(Bi(xi), g9, a)]x
= Bi([(xi, 9, 0)]).-

Suppose that T" be a (G, H)-set and 7; : X; — T be (G, H)-maps such
that v; o aj = ;. Therefore, there exists a unique (G, H ) map 0: X —T

such that § o o; = ;. We conclude that 'y] o O‘w =, 5:X — T hea
(G, H)-map and § o 5; = ;. We show that 5 is unique. Let 51: X — T be
(G, H)-map with the same properties of 5, therefore

51(8*(2)) = B (51(x)) = B*(8(x)) = 6(5* ().
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5. CONCLUSION

In this paper, we introduce and consider the concept of left(right) G-
set in the context of I'-semihypergroup and is a new research topic of hy-
perstructure theory. Also, we define the homological concept direct limit
of left(right) G-sets. The present study can be further applied to introduce
and consider flat I'-semihyperring. A possible future study could be devoted
to the introduction and analysis of fuzzy rough n-ary left(right) G-sets.
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