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CENTERS OF CENTRALIZER NEARRINGS
DETERMINED BY INNER AUTOMORPHISMS OF
SYMMETRIC GROUPS

M. G. BOUDREAUX, G. ALAN CANNON, KENT M. NEUERBURG*, T. R.
PALMER, AND T. C. TROXCLAIR

ABSTRACT. The question of identifying the elements of the center
of a nearring and of determining when that center is a subnearring
is an area of continued research. We consider the centers of cen-
tralizer nearrings, My (S,,), determined by the symmetric groups
S, with n > 3 and the inner automorphisms I = Inn S,,. General
tools for determining elements of the center of M;(S,,) are devel-
oped, and we use these to list the specific elements in the centers
of MI(S4), M[(S5), and M[(SG)

1. INTRODUCTION

Let N be a right nearring. The center of N is C(N) ={c€ N | en =
nc for all n € N}. For a ring R, C(R) is always a subring of R. In
the nearring case, however, C(N) is not always a subnearring of V.
Several papers have investigated when C'(N) is a subnearring of N.
Foundational papers on the subject are [1], [3], and [8]. More recent
papers include [1], [5], [6], and [9]. Here, we continue the study of
centers of nearrings on a classical structure in nearring theory, the
centralizer nearring. For more information on nearrings see [7], [10],
and [11].

Let (G, +) be a group, written additively, but not necessarily abelian,
with identity 0. Let S be a semigroup of endomorphisms of GG and define
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Ms(G)={f:G— G| f(0) =0and fop = pof for all p € S}. Under
function addition and composition, (Mg(G),+,0) is a right nearring,
called the centralizer nearring determined by G and S. Centralizer
nearrings are fundamental in nearring theory since every nearring with
identity is isomorphic to a centralizer nearring for some G and S ([7],
Theorem 14.3). Therefore, restrictions are often placed on G and S to
develop theory for certain subclasses of centralizer nearrings.

We consider the problem of determining centers of centralizer near-
rings determined by the symmetric groups S,, with n > 3 and the set
of all inner automorphisms I = Inn S,,. We first develop theory for
functions in M4(G) and C(M4(G)) for arbitrary finite groups G and
automorphism groups A. Then we determine a method for construct-
ing all functions in M;(S,,). General properties of centers of M (S,,) are
investigated and then the centers of M;(S,,) are completely determined
for n = 4,5, and 6.

Throughout the paper we adopt the following notation. We let Ag
denote the orbit of ¢ € G determined by A. For a subset M of G, we
let Z(M)={ce G| c+m=m+cforall m e M} be the centralizer
of M in G. For g € GG, we denote the inner automorphism determined
by g by ¢4(z) = —g + = + g. The identity function is denoted by id.
We often use juxtaposition to denote multiplication (composition) of
functions in M4 (G).

2. PROPERTIES OF FUNCTIONS IN M4(G)

Throughout this section, we let G be a finite group, A be a group of
automorphisms of G, and N = M (G).

Definition 2.1. Let A be a group of automorphisms of G, and let
g € G. The stabilizer of g in A is Staba(g) ={p € A | p(g9) =g}

Lemma 2.2. ([10], Lemma 3.30) (Betsch’s Lemma) Let 0 # g, € G
and go € G. Then there exists f € N such that f(g1) = go if and only
Zf StabA(gl) - StabA(gg).

Lemma 2.3. Let f € N and g € G. Let h € G such that p(g) = h for
some ¢ € A. Then f(h) = ¢f(g), and f(h) is completely determined
by f(g). Also, if f(g) = kg for some integer k, then f(h) = kh. In
addition, f(g) =0 if and only if f(h) = 0.

Proof. For f € N, g € G, and ¢(g9) = h, we get f(h) = fp(g) =
©f(g), and f(h) is completely determined by f(g). If f(g) = kg, then
f(h) =¢f(g) = o(kg) = kp(g) = kh. For the last statement, assume
f(g) = 0. Then f(h) = 0 by the previous sentence. If f(h) = 0,
then 0 = f(h) = ¢f(g). Thus f(g) is in the kernel of . Since ¢
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is an automorphism, we conclude that f(g) = 0. This completes the
proof. O

For f € N, once a single value f(g) is known, the values of the
function for elements in the orbit determined by ¢ are known as well.
Hence, defining function values on a set of orbit representatives and
then extending the function to values in orbits creates a function in V.
The stabilizer containment condition in Betsch’s Lemma guarantees
that a function created in this way is well-defined.

Theorem 2.4. Let c € C(N) and g € G. Then c(g) =0 or c(g) € Ag.

Proof. Let g € G. Define f: G — G by f(z) = g Ei;ﬁi
¢ € A. Consider x € Ag. Then ¢(x) € Ag as well. So pf(z) = p(z) =
fe(x). Now let © & Ag. Then p(z) € Ag and ¢f(z) = ¢(0) = 0
fe(x). It follows that f € N.

Thus, fc(g) = cf(g) = ¢(g) and ¢(g) is fixed by f. Thus ¢(g) =0
c(g) € Ag.

Lemma 2.5. Let c € C(N) and 0 # g € G. Let f € N with f(g)
h #0. Then c¢(h) = fc(g), and c(h) is completely determined by c(g).
In particular, if ¢(g) = g, then c(h) = h. Also, c(g) = 0 if and only if
c(h)=0.

Proof. For c € C(N), g € G, and f(g) = h # 0, we get ¢(h) = cf(g) =
fe(g). Thus, c¢(h) is completely determined by ¢(g). If ¢(g) = g, then
c(h) = felg) = f(g) = h.

For the last statement, assume c¢(g) = 0. Then c(h) = fe(g) =
f(0) = 0. Now assume c¢(h) = 0. Then 0 = ¢(h) = fc(g). Assume
¢(g) # 0. By Theorem 2.4, ¢(g) and g are in the same orbit. Since
fe(g) = 0, it follows from Lemma 2.3 that h = f(g) = 0, a contradic-
tion. Hence ¢(g) = 0, and the proof is complete. O

. Let

Os

Definition 2.6. A subset A = {ay,as,...,a;} of a set of orbit repre-
sentatives V is a set of atoms if: (i) for each a;,a; € A with a; # a;,
there is no f € N such that f(a;) = a;; and (ii) for each v; € V\ A,
there exists f; € N and a; € A such that f;(a;) = v;.

Let A = {aj,as,...,a;} be a set of atoms in a group G. Note that
every nonzero element of GG is either an atom or the image of an atom
under a function in A or N. By Lemmas 2.3 and 2.5, every function
¢ € C(N) is completely determined by the values ¢(a;) where a; € A.

To show an arbitrary function @ € N is in the center, we use the
following lemma.
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Lemma 2.7. Let « € N. Assume af(a) = fa(a) for all f € N and
all atoms a € A. Then o € C(N).

Proof. Let V be a set of orbit representatives and A C V, a set of
atoms. For each g; € V\A, there exists f; € N and a; € A such that
fila;) = gi. So af(g;) = af(fila;)) = a((ffi)(a;)) = (ffi)(ala;)) =
f(fia)(az) = flafi)(a;) = fa(fi(a;)) = fa(g).

Since o and f are zero-preserving, we conclude that af(0) = fa(0).
Now let 0 # h € G. Then there exist g; € V and ¢ € A such that
o(g:) = h. From above, we get af(h) = (af)(o(g:)) = plof)(g) =
o(fa)(gi) = (fa)(e(gi)) = fa(h). Since h € G is arbitrary, we have
a e C(N). O

3. FUNCTIONS IN M/(S,,)

Now we consider M;(G) where [ is the set of all inner automorphisms
of an arbitrary finite group G. The next theorem is Betsch’s Lemma
applied to I.

Theorem 3.1. [2| For g1, g0 € G, the following are equivalent:
(1) There exists f € M(G) such that f(g1) = go;

(it) Z(g1) € Z(g2);

(iii) g2 € Z(Z(g1))-

Next, we focus our attention on the group (S,,+), where addition
represents the usual composition of permutations in S,. Throughout
the remainder of the paper, we mix the standard juxtaposition of el-
ements in S, and the new addition symbolism. We use the former
when representing elements in S,, and the latter when combining such
elements.

In light of the above theorem, to identify elements in M;(.S,,) we first
need to determine Z(Z(g)) for all g € S,,.

Definition 3.2. For g € S,,, let Move g = {i € {1,2,...,n} | g(i) # i}.

Definition 3.3. Let g1,92,...,9. € S,. We say this collection of ele-
ments is pairwise disjoint if for every distinct pair g; and g, Move g; N
Move g, = (). We call a sum of pairwise disjoint elements a pairwise
disjoint sum.

Lemma 3.4. [2] Let g = g1 + g2+ - - - + g, be a pairwise disjoint sum
in S, where each g; is a pairwise disjoint sum of k; cycles and k; # k;
for all i # 7.

(1) If |[Move g| # n — 2, then Z(Z(g)) = (g1) + (92) + -~ + {(gr)-

(ii) If |Move g| = n=2, then Z(Z(g)) = (g1)+(g2) +- - -+ (gr) +((a b)),
where a and b are the two distinct elements not in Move g.
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Example 3.5. Consider the group Sig. Then

(i) Z2(Z(1234)) =((1234));

(i) Z(Z((12)(34)(56 7)(8 9 10))) = ((12)(3 4)) 4 ((5 6 7)(8 9 10));
(i) Z(Z((123)(456)(7 8))) = ((123)(4 5 6)) + ((7 8)) + ((9 10)).

Note that in describing centers of centralizer subgroups, we cannot
separate cycles of the same length. For example, g = (1 2 3 4 5 6),
(1 3 5), and (2 4 6) commute with g> = (1 3 5)(2 4 6). Therefore
g,(135),(246) € Z(g*). However neither (1 3 5) nor (2 4 6) commute
with g. Thus (13 5),(246) € Z(Z(g%)).

In S, an orbit determined by all inner automorphisms consists of all
permutations having the same cycle structure. So to define a function
f € M;(G), we choose one element g; of each cycle structure, define f
on these elements so that f(g;) € Z(Z(g;)), then extend to all other
elements of G via Lemma 2.3.

Theorem 3.6. [2] The nearring M;(S3) is a commulative ring. In
particular, M;(Ss) = (id) = Zs.

Proof. Let f € M;(S3). Then f(12) € ((12)) and f(123) € ((123)).
Since f is completely determined by the values f(1 2) and f(1 2 3), we
conclude that there are at most six functions in M;(S3). Also, with id €
M;(S3), we see that (id) C M;(S3), and there are at least six functions
in M;(Ss). It follows that M (S;) = (id) = Zg, a commutative ring. [

Defining functions in the manner described above, we identify the
functions in M;(S,) for n = 4,5,6 in the table below. For each cycle
structure representative z € S,,, the function f € M;(S,,), maps x into
the sets listed in the adjacent columns. For example, in S5, f(1 2 3) €

((123))+{(45)).
TABLE 1. All functions f € M;(S,,) for n =4,5,6

T € Sn f c M[(S4) f S M](S5) f S M[(Sﬁ)
(12) ((12)) +((34)) ((12)) ((12))
(123) ((123)) ((123)) +((45)) ((123))
(12)(34) ((12)(34)) ((12)(34)) ((12)(34)) + ((56))
(1234) ((1234)) (1234)) ((1234)) +((56))
(123)(45) ((123)) +((45)) | ((123)) +{(45))
(12345) ((12345)) ((12345))
(12)(34)(56) ((12)(34)(56))
(123)(456) (123)(456))
(1234)(56) [(1234)) + (6]
(123456) ((123456))
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Corollary 3.7. The orders of M;(S,) for n =4,5,6 are:
(i) [M1(Sa)| = 96;

(ii) [Mr(Ss)| = 2880;

(iii) | M7(Ss)| = 1,658, 880.

Proof. Since functions in M/(S,,) are completely determined by their
values on cycle structure representatives, we need only count the num-
ber of possibilities of function values on these representatives. For
f € M;(Sy), there are four possible values for f(1 2), three possible
values for f(1 2 3), two possible values for f((1 2)(3 4)), and four pos-
sible values for f(1 23 4). Thus |M;(Ss)| =4-3-2-4=96. A similar
method of counting gives the results for M;(Ss) and M;(Ss). O

4. FuncTIions IN C'(M;(S,,))

In general C'(N) is not a subnearring of N (see [3]). It may be
that C'(IV) is not even additively closed. Thus the question of when
C(N) is a subnearring of N is of particular interest. The first theorem
determines when C(M;(Sy)) is a subnearring of M;(S,,) for n > 3.

Theorem 4.1. The following are equivalent for n > 3:

(1) M;(S,) is a commutative ring;

(i1) C(M;(S,)) is a subnearring of M(S,);

(iii) n = 3.

Proof. 1t M;(S,,) is a ring, it follows that C'(M;(S,,)) is a subnearring
of M;(S,). So (i) implies (ii). Assume n > 4. We know that id €
C(M;(Sy)). Consider the function id + id € M;(S,). Then (id +
id)(1234) = (1234)+(1234) = (13)(24). Thus the function
id + id does not preserve cycle structure and id + id ¢ C(M;(S,)) by
Theorem 2.4. Hence if n > 4, then C(Mg(S,)) is not a subnearring of
M;(S,,), and (ii) implies (iii). We have (éi7) implies (i) by Theorem
3.6, and the proof is complete. O

The next lemma gives information about function values of elements
in the same orbit of S,, under the action of I.

Lemma 4.2. Let g = g1+ g2+ - -+ g, be a pairwise disjoint sum in S,
where each g, s a pairwise disjoint sum of k,, cycles and k, # k, for
allw #y. Let f € M;(S,,), and assume f(g) = i1g1+1i2go+- - -+i,g, for
some integers iy, is, ..., 0. Leth € Ig, say o(g) = h = jig1+jage+-- -+
Jrgr for some integers ji, ja, . .., jr where j, is relatively prime to |g,|
forallw=1,2,....r. Then f(h) = (i1j1)g1 + (i2J2)g2 + - - - + (471 Gr--

Proof. First note that since ¢(g9) = (g1 + g2+ -+ g,) = ¢(g1) +
w4+ (gr) = h = jig1 + J2go + - - + Jrgr with k,, # k, for all w # y
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and the cycle structure of ¢ is the same as the cycle structure of h, it

follows that ¢(gw) = Jwgw for all w. Thus, f(h) = fe(g) = ¢f(g) =
o(i1gr +i2g2+- - +irgr) = t10(g1) +- - +ir0(gr) = 1191+ +irdrgr,
and the result follows. O

Now we consider functions ¢ € C(M/(S,)) and their function values
on elements in different orbits.

Lemma 4.3. Let g = g1 + g2 + - - - + g» be a pairwise disjoint sum in
Sy where each g, is a pairwise disjoint sum of k,, cycles and k,, # k,
for all w # y. Let ¢ € C(M(S,)) and assume c(g) € Ig, say c(g) =
©(g) = i191 + i2ga + « -+ + i,g. for some integers iy, is, ..., 1, where iy
is relatively prime to |gy| for allw =1,2,...,r. Let f € M(S,) and
assume h = f(g) = jig1+J292+ - -+ Jrgr for some integers ji, ja, . . ., Jr-
Then c(h) = (i1j1)g1 + (i2j2)g2 + - - - + (irJr) gr-

Proof. As described in the proof of Lemma 4.2, ¢(gy) = iwgw for all
w. Therefore c(h) = cf(g) = fe(g) = fe(g) = ¢f(g) = ©(J191 + jogo +

ot gege) = (1) + o+ dep(gr) = Jriagy + - 4 Jriegr, and the
result follows. OJ

Lemma 4.4. Let g = g1 + g2 + - -+ + g» be a pairwise disjoint sum in
Sy where each g; is a pairwise disjoint sum of k, cycles and k,, # k,
for all w # y. Let f,a € M(S,) such that f(g),a(g) € Ig. Then

af(g) = folg).

Proof. We consider two cases. First assume |Move g| # n — 2. By
Lemma 3.4, Z(Z(g)) = (1) + (92) + -+ + (gr). Since f(g),a(g) € Iy,
it follows that f(g) =i191 +i2g2 + - - + i, and a(g) = j1g1 + j2g2 +
-+ + jr9r, for integers 11,140, ...,%, J1,J2,---,Jr Where 7, and j, are
relatively prime to |g,| for all w = 1,2,...,7. We also observe that
there exist ¢, po € I such that ¢1(g9) = f(g) and p2(g9) = a(g).

As in the previous two lemmas, we get that ¢1(gw) = #wgw and
02(gw) = Juwgw for all w. Thus af(g) = api(g) = pralg) = ¢1(j191 +
Jog2 + 0+ Grgr) = J101(g1) + Jap1(g2) + - + Grpi(gr) = Jiliigr) +
J2(t2g2) +- - -+ Jr(irgr) = 11(j191) +i2(J2g2) +- -+, (Jrgr) = t102(91) +
i902(g2) + -+ ippa(gr) = @2(irgy + i2g2 + - +irgr) = paf(g) =
fe2(9) = falg). So af(g) = fa(g).

For the second case, assume |Move g| = n — 2. By Lemma 3.4,
Z(Z(9)) = (1) + (g2) + - -+ (gr) + ((c d)), where ¢ and d are the two
distinct elements not in Move g. If f(g),a(g) € {(g1) + (g2) + -+ (9:),
then af(g) = fa(g) from the previous case. So we assume at least one
of f(g) or a(g) includes the element (¢ d) as a summand.

Assume both f(g) and «(g) include (¢ d) as a summand. Since
f(g9),a(g) € Ig, without a loss of generality it follows that g, = (a b)
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with a,b € Move g, no other g, consists solely of two-cycles, and
a,b & Move (g1+g2+---+gr—1). Thus, g = g1 +go+---+g—1+(ab),
f(g) =101 +i2g2+- -+ ir_1gr—1 + (c d) and a(g) = jigi + Jogo + - +
Jr—19r—1+ (c d), for integers iy, 42, ..., 4r_1, 1,72 - - -, jr—1 Where i,, and
Jw are relatively prime to |g,| for all w =1,2,...,r — 1.

Since g1+go+- - +gr_1, 1191 +i2ga+- - -Fip_1gr—1, and jigi1+j2go+- - -+
Jr—19-—1 are in the same orbit, there exist 7,75 € 5, with Move 7 U
Move 15 C Move (g14+¢g2+- - -+¢gr—1) such that o, (g1+9g2+- - -+¢,—1) =
i1g1+1292+- - +ir_1gr—1 and @, (g1 +g2+- - -+ Ggr—1) = Jj1g1+Jj2g2+- -+

Jr—19r—1. Thus Pri+(acb d)(g) = f(g) and Prot(acb d)(g) = a(g)' Note
that ¢ry@cbay(cd) = (ab) = Yryi@ac v ay(c d). Also, as in the case

where ’MOU@ g| # n_27 Pri+(a ¢ b d) (gw) - Z-'Lugw and Prot(a ¢ b d) (gw> =
Jwgw forallw=1,2,... r—1.
Therefore,
af(9) = apri@cb a(9)
= Pri+(ach d)a(g)
= Pri+(a ¢ b d) (jlgl + - +.jrflgrfl + (C d))
= jlgpn+(a cbh d)(gl) + - +j7“—1‘;07'1+(a cb d)(gr—l)
+ Prit+(a c b d) (C d)
= ji(i1gr) + -+ + Jr—1(ir—19r—1) + (a D)
=i1(j1g1) + -+ tp—1(Jr—1Gr—1) + (a D)
= ilSOTg—I—((z cb d)(gl) + -+ ir—19072+(a cb d)(grfl)
+ @rt(a c b ay(c d)
= Qrot(acbaliigr +- -+ 19,1 + (c d))
= Pryt(@ch d)f(g)
= f%pm—f—(a cb d)(Q)
= fa(g).

Finally, assume g = g1 + g2 +--- + g1+ (a b), f(g) = 1191 + 1292 +
o+ ip_1gr—1 + (¢ d) and a(g) = jig1 + Jog2 + -+ + Jr—1Gr—1 + (a b),
for integers i1, i9,...,%_1, J1, Jo2, - - - , Jr—1 Where i,, and j,, are relatively
prime to |g,| for all w = 1,2,...,7 — 1. As in the previous situation,

we find 7 and 7 which give ¢, 1 ¢ b 0)(9) = f(9) and ¢, (g) = a(g).
Computations as above yield a.f(g) = fa(g). This completes the proof.
0

Theorem 4.5. Let a € M;(S,). Then a € C(M(S,)) if and only if
the following three conditions are satisfied:
(i) For every atom a, a(a) = (1) or a(a) € Ia.
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(ii) For every atom a, a(a) = (1) if and only if af(a) = (1) for all
f € My(Sy) with f(a) # (1),

(iii) For every atom a with a(a) # (1), af(a) = fa(a) for every
f € M(S,) such that f(a) € Ia and f(a) # (1).

Proof. Assume o € C(M;(S,)). Condition (i) follows from Theorem
2.4, and condition (i7) follows from Lemma 2.5. Condition (7i¢) follows
from the definition of center.

For the converse, let a be an atom and f € M;(S,). We consider
various cases.

Assume f(a) = (1). Then either a(a) = (1) or a(a) € Ia by con-
dition (7). If a(a) = (1), then af(a) = a(1) = (1) = f(1) = fa(a).
If a(a) € Ia, then fa(a) = (1) by Lemma 2.3. Thus af(a) = a(1) =

(1) = fa(a).

Assume f(a) € la. Again, ecither a(a) = (1) or a(a) € Ia. If
ala) = (1), then fa(a) = f(1) = (1) = af(a) by Lemma 2.3. If
a(a) € Ia, then fa(a) = af(a) by the previous lemma.

Now assume f(a) € Ia and f(a) # (1). If a(a) = (1), then af(a) =
(1) by condition (i7). Thus, a.f(a) = (1) = f(1) = fa(a). If a(a) # (1),
by condition (iii), af(a) = fa(a). Thus a € C(M;(S,)) by Lemma
2.7. 0

5. CENTERS OF M[(Sy), M;(S5), AND M;(Se)

In this section, we completely determine the functions in C'(M;(S,))
for n =4, 5, and 6. We begin by finding functions in C'(M;(Sy)).

Let ¢ € C(M;(S,)). By Table 1 and Theorem 2.4, ¢(12 3) € ((12 3)),
c(1234)e{(1),(1234),(1432)},¢(13)e{(1),(13),(24)}, and
((13)20)) € ((13)(2 4).

We note that {(1234),(123),(13)} is a set of atoms for S, since by
Table 1, there exist functions fi, fo € M;(Sy) such that f1(1 23 4) =
(1 3)(24) = fo(1 3). Assume ¢(1 2 3 4) = (1). By Lemma 2.5,
c((13)(24)) = (1) = ¢(1 3) as well. Now assume ¢(1 2 3 4) # (1
By Lemma 2.5, ¢(1 3) # (1) and ¢((1 3)(2 4)) # (1). Thus ¢(1 3)
[(13),(2 )} and e((1 3)(2 4)) = (1 3)(2 4)

By considering all combinations described above, we get the following
lemma describing necessary conditions for functions ¢ € C(M/(Sy)).

)-
€

Lemma 5.1. Let ¢ € C(M;(S,)). Then c is one of the functions f or
g whose images are given in the columns of the following table. The
remaining values for ¢ are obtained by extending to the other elements
i each orbit via Lemma 2.5.
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resS; | [ 9(x)
(123) [((123)) ((123))
(1234) | (1) |(1234)or(1432)
1 (
1

(13) (1) (13)or(24)
134 @ (13)(24)

For example, the function g € C'(M;(S,)) given by ¢g(123) = (12 3),
9(1234)=(1432),9(13)=(24),and g((13)(24)) =(13)(24) is
described by the second column of the table.

Theorem 5.2. The set C(M(Sy)) consists of all functions described
by the table above. Thus |(C(M;(Sy))| = 15.

Proof. Let a be a function represented by one of the columns given in
the table above. Then a € M/(Sy) by Table 1. For a set of atoms for
Sy we use {(1234),(123),(13)}. From the table we see that for every
atom a, a(a) = (1) or a(a) € Ia.

Note that a(1 2 3 4) = (1) if and only if a((13)(2 4)) = (1) if and
only if a(1 3) = (1). Thus, for every atom a, a(a) = (1) if and only if
af(a) = (1) for all (1) # f(a) with f € M;(Sy).

Now we consider atoms a with a(a) # (1) and functions f € M;(S,)
such that f(a) € Ia and f(a) # (1). Since f(1 2 3) € ((1 2 3)), the
atom (1 2 3) does not satisfy the condition. Thus there are only two
cases to consider.

For the first case, let f € M;(Sy) with f(1234) =2(1234) =
(13)(24). By Lemma 2.3, f(1432)=2(1432)=(13)(24).

Assume (1 2 3 4) € {(1 234),(1432)}. Then o((1 3)(24)) =
(13)(24). Soaf(l1234)=a((l 3)(2 4)=(13)(24) = fa(l234).

For the second case, let f € (54) Wlth f(l 3) = ( 3)(2 4).
So f(24) = feu 23 (1 3)290 234)f( ) 90(1234(( 3)(24)) =
(1432)+(13)(24)+(1234)=(13)(24).

Assume a1 3) € {(1 3),(24)}. Then a((1 3)(24)) = (1 3)(24). So
af(13)=a((13)(24)) = (13)(24) = fa(1 3).

Thus, for all atoms a with ( ) # (1) and all functions f € M;(S,)

such that f(a) € Ia and f(a) # (1), we have af(a) = fa(a). Hence,
by Theorem 4.5, a € C(My(Sy)).

The first column of the table accounts for 3 different functions. The
second column of the table yields 3 -2 -2 -1 = 12 different functions.
Hence |[(C'(M;(S4))| = 15. O
(S5)). Let ¢ € C'(M;(S5)).
12345)),¢((123)(45)) €

Next, we determine the functions in C'(M;
By Table 1 and Theorem 2.4, ¢(12345) € ((
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{(1),(123)(45),(132)(45)},c(1234)e{(1),(1234),(1432)},
c((13)(24) €((13)(24)),c(123)e((123)), and c¢(45) € ((45)).

Note that {(12345),(123)(45),(1234)} is a set of atoms for S
since by Table 1, there exist functions fi, fo, f3 € M;(S5) such that
fi((123)(45)) = (123), fo((123)(45)) = (45), and f3(1234) =
(13)(24). Assume ¢((123)(45)) = (1). Then ¢(123) = (1) =c(45)
by Lemma 2.5. If ¢((1 2 3)(4 5)) # (1), then ¢(4 5) = (4 5).

Likewise, if ¢(1 23 4) = (1), then ¢((1 3)(24)) = (1). If ¢(1 23 4) #

(1), then c((1 3)(2 4)) = (1 3)(2 4). Also, if ¢((1 2 3)(4 5)) =
(123)(45), then ¢(1 2 3) =(123) by Lemma 2.5

Now assume ¢((1 2 3)(4 )) =2(123)+14 5) = (13 2)(4 5).
Since f1((12 3)(4 5)) = 1(1 2 3) + 0(4 5) = (1 2 3), by Lemma 4.3,
c(123)=2(123)+045)=(132).

By considering all combinations described above, we get the following
lemma describing necessary conditions for functions ¢ € C(M;(Ss)).
In the table, note that superscripts designate corresponding function
values that must be used in tandem. For example, if ¢((1 2 3)(4 5)) =
(132)(45), then ¢(123)=(132).

Lemma 5.3. Let ¢ € C(M;(S5)). Then c is one of the functions
f, g, h, or k whose images are given in the columns of the following
table. The remaining values for ¢ are obtained by extending to the other
elements in each orbit via Lemma 2.35.

x € Sy f(z) g(x) h(x) k(x)
(12345) | ((12345)) | ((12345)) | ((12345)) | ((12345))
(123)(45)* | (123)(45)°
(123)(45) (1) (1) or or
(132)(45)" | (132)(45)
(1234) (1234)
(1234) (1) or (1) or
(1432) (1432)
(13)(24) (1) (13)(24) (1) (13)(24)
(123)” (123)°
(123) (1) (1) or or
(132)° (132)4
(45) (1) (1) (45) (45)

Theorem 5.4. The set C(M(S5)) consists of all functions described
by the table above. Thus |(C(M(S5))| = 45.

Proof. Let a be a function represented by one of the columns given in
the table above. Then o € M/(S5) by Table 1. For a set of atoms for
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S5 we use {(12345),(123
for every atom a, a(a) = (

Note that a((123)(45)) =
if «(45) = (1). Also, a(123
Thus, for every atom a, a(a)
(1) # f(a) with f € MI(SS)'

Now we consider atoms a with «(a) # (1) and functions f € M;(S5)
such that f(a) & Ia and f(a) # (1). Since f(12345) € ((12345)),
the atom (1 2 3 4 5) does not satisfy the condition. Thus there are four
cases to consider.

45),(1234)}. From the table we see that
or a(a) € Ia.

(1) ifand only if (1 2 3) = (1) if and only
4) = (1) if and only if a((1 3)(2 4)) = (1).
= (1) if and only if af(a) = (1) for all

For the first case, let f € M;(Ss) with f((123)(45)) =1(123) +
0(4 5) = (1 2 3). Note that there exists ¢ € I with ¢((1 2 3)(4 5)) =
2(123)+1(45) = (1 32)(45). By Lemma 4.2, f((1 3 2)(4 5)) =
2(123)+0(45) = (132). Assume a((1 2 3)(4 5)) = (1 2 3)(4 5).
Then af((1 23)45) = a(123) = (123) = f(123)45) =
fa((1 2 3)(4 5)). Next we assume «((1 2 3)(4 5)) = (1 3 2)(4 5).
Then of(1 234 5) = a1 23) = (132 = (0.3 24 ) =

fa((123)(45)

For the second case, let f € M;(S5) with f((123)(45)) =2(123)+
0(4 5) = (1 3 2). The remainder of the proof is similar to the first case.

For the third case, let f € M;(S5) with f((123)(45)) =0(123) +
1(45) = (45). Using ¢((123)(45)) = 2(123)+1(45) = (1 32)(45),
by Lemma 4.2 we get f((1 3 2)( 5)) = 0(1 2 3)+ 1(4 5) = (4 5).
Assume «a((1 2 3)(4 5)) = (1 2 3)(4 5). Then f((123)(45) =
a(db) =(45) = ((1 23)45)) = fa((1 23)45)). Now assume
a((12 3)(4 5) = (13 (1 5. Then af((1 2 5L 3) = a1 5) =
(45) = £((132)(45)) = fa((12 3)(4 5)).

Finally, for the fourth case, let f € M;(S5) with f(1 2 3 4) =
(1 3)(24). Then af(1 23 4) = fa(l 2 3 4) from the first case in
the corresponding proof for M (S,).

Thus, for all atoms a and all functions f € M;(Ss) such that f(a) &
Ia and f(a) # (1), we have af(a) = fa(a). Hence, by Theorem 4.5,
o€ O(M](S5))

The first column of the table accounts for 5 different functions. The
second and third columns of the table each yield 5 -2 = 10 different
functions. The fourth column gives 5 -2 - 2 = 20 different functions.
Hence |(C(M;(S5))| =5+ 10+ 10 + 20 = 45 total functions. O

3)
4

To determine functions in C(M;(Ss)), let ¢ € C(M;(Ss)). Us-

ing Table 1 and Theorem 2.4, we conclude that ¢(1 2 5 3 4 6) €
{(1),(125346),(16435 2)} c((154)(236)) € ((154)(236)),
c((13)(24)(56)) € ((13)(24)(56)), c(12345)¢e((1234D5)),
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c((1234)(56)) € {(1),(1234)(56),(1432)(56)}, c((123)(56)) €
{(1),(123)(56),(132)(56)}, ¢(1234)e{(1),(1234),(1432)},
co((13)(24)) € (13)(24)), c(123) € ((123)), and ¢(56) € ((5 6)).

Note that by Table 1, we can create functions in M;(Ss) mapping
(125346)to(154)(236)or (13)(24)(56). We can also create
functions in M;(Ss) mapping (123 4)(56) to (13)(24)(56), (1234),
(1 3)(24), or (56). Finally, we can create functions in M;(Ss) map-
ping (1 2 3)(5 6) to (1 2 3) or (5 6). From this, we can see that
{(125346),(1234)(56),(12345),(123)(56)} is a set of atoms
for Sg.

By Lemma 2.5, ¢(1 253 4 6) = (1) if and only if ¢(x) = (1) for all
(1) # x € Sg such that x is not a five cycle. Thusif ¢(125346) # (1),

then for all g € {(1 3)(2 4)(5 6),(1 3)(2 4),(5 6)}, c(g9) # (1); so
¢(g) = g for every element g of order two.

Ife(125346)=(125346), then e((154)(236)) = (154)(236)
by Lemma 2.5. If ¢(125346) =5(125346)= (16435 2),
then consider f; € M;(Ss) with f1(125346) =2(125346) =
(154)(236). Then c((154)(236)) =10(125346) = (145)(26 3)

by Lemma 4.3.

If¢((1234)(56)) =(1234)(56), thenc(l1234)=(1234)by
Lemma 2.5. If ¢((1234)(56))=3(1234)+1(56)=(1432)(56),
then consider f; € M;(Se) with f1((1234)(56)) =1(1234)4+0(56).
We conclude that ¢(1234) =3(1234)+0(56) = (14 32) by Lemma
4.3.

If ¢((123)(56)) =(12 3)( 6), then ¢(1 2 3) = (1 2 3) by Lemma

5. Ife((123)(56)) =2(123)+1(56) =(132)(56), then consider
fo € M;(Se) with fo((123)(56)) =1(123)+0(56) = (123). Then
c¢(123)=2(123)+0(56)=(132) by Lemma 4.3.

By considering all combinations described above, we get the following
lemma describing necessary conditions for functions ¢ € C'(M;(Se)).
As with the table for C'(M/(S5)), superscripts designate correspond-
ing function values that must be used in tandem. For example, if
c((1234)(56))=(1432)(56),thenc(1234)=(1432).

Lemma 5.5. Let ¢ € C(M;(Sg)). Then c is one of the functions f or
g whose images are given in the columns of the following table. The
remaining values for ¢ are obtained by extending to the other elements
i each orbit via Lemma 2.5.
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7 € S f(z) 9(@)
(125346) (1) (125346)“0r(164352)b
(154)(236) (1) (154)(236)*or (145)(263)°
(1324966 (1) (13)24)(06)
(1234)(506) (1) (1234)(56)°or (1432)(56)
(12345) [((12345)) (12345))
(123)(56) (1) (123)(56)°or (132)(56)7
(1234) (1) (123 4)or (1432)°
(13)(24) (D) (13)(24)
(123) (1) (123)or (132)7
(56) (1) (56)

Theorem 5.6. The set C(M;(Ss)) consists of all functions described
by the table above. Thus |(C(M[(Se))| = 45.

The proof follows the same conventions as those for C'(M;(S,)) and
C(M;(S5)) and is left to the reader.

The techniques developed in this paper can be used to describe all
functions in C(M;(S,)) for n > 7. Further research may be done to
describe the structure of these sets.
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