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A GENERALIZATION OF GRADED PRIME
SUBMODULES OVER NON-COMMUTATIVE GRADED
RINGS

F. FARZALIPOUR AND P. GHIASVAND*

ABSTRACT. Let G be a group with identity e. Let R be an associa-
tive G-graded ring and M be a G-graded R-module. In this article,
we introduce the concept of graded 2-absorbing submodules as a
generalization of graded prime submodules over non-commutative
graded rings. Moreover, we get some properties of such graded
submodules.

1. INTRODUCTION

In this article, all rings are assumed to be associative rings with
identity, and all modules are unitary left R-modules. Let G be a group
with identity e and R be a ring. Then R is said to be a G-graded
if R = @QGG R, such that RyR;, C Ry, for all g,h € G, where R,
is an additive subgroup of R for all ¢ € GG. The elements of R, are
homogeneous of degree g. Consider supp(R,G) = {g € G | R, # 0}.
For simplicity, we will denote the graded ring (R,G) by R. If r € R,
then r can be written as ) gec Tg> where 7, is the component 7 in R,.
Moreover, R, is a subring of R and if R contains a unitary 1, then
1 € R.. Furthermore, h(R) =, Ry
Let I be a left ideal of a graded ring R. Then I is said to be a graded
left ideal of R, if [ = @gGG(I NRy), i e,forxzel z= decxg,
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where z, € I for all g € G. The following example from [1] shows that
a left ideal of a graded ring need not to be graded.

Example 1.1. Consider R = Ms(K) (the ring of all 2 x 2 matrices
with entries from a field K') and G = Z4 (the group of integers modulo
4). Then R is G-graded by

Roz( > ( )andezRgz{O}
1
1

Consider the left ideal I = } of R. Note that, (} 1) el
11 10 0 1 . .
such that (1 1) = (0 1) + (1 O)' If I is a graded left ideal of

0 1
ideal of R.

R, then (1 O) € I which is a contradiction. So [ is not a graded left

Assume that M is a left R-module. Then M is said to be G-graded
if M = @geG M, with R,M;, C Mg, for all g,h € G, where M, is
an additive subgroup of M for all ¢ € G. The elements of M, are
called homogeneous of degree g. Also, we consider supp(M,G) = {g €
G | M, # 0}. It is clear that M, is an R.-submodule of M for all
g € G. Moreover h(M) = {,cq My. Let N be an R-submodule of
a graded R-module M. Then N is said to be a graded R-submodule
if N = @,cq(NN M), i e, forme N, m=3 _,mg where
mg € N for all g € G. Moreover, M/N becomes a graded R-module
with (M/N), = (My+ N)/N for g € G. The following example shows
that an R-submodule of a graded R-module need not be graded (see

[1])-

Example 1.2. Consider R = M = My(K) and G = Z4. Then R and
M are G-graded as in Example 1.1 and similarly N = <<i D> is
an R-submodule of M which is not graded.

Graded prime ideals play an important role in the theory of graded
rings. A proper graded ideal I of a non-commutative graded ring R
is said to be graded prime if whenever J and K are graded ideals of
R such that JK C I, then either J C [ or K C I (see [l]). If R is
commutative, this definition is equivalent to: a proper graded ideal
of a graded ring R is said to be graded prime if whenever rys;, € I for
some 74,5, € h(R), then r, € I or s, € I. Graded prime ideals over
commutative graded rings have been studied in [13].
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Graded prime submodules over non-commutative graded rings have
been introduced and studied by R. Abu-Dawwas and et al. in [I]. A
proper graded submodule N of a graded R-module M is said to be
graded prime, if IK C N for some graded ideal I of R and graded
submodule K of M, then K C N or I C (N : M). It is easy to show
that this definition is equivalent to: a proper graded submodule N of a
graded R-module M is graded prime, if r,Rm; C N where r, € h(R)
and my, € h(M), then mj, € N orr, € (N : M). If N is a graded prime
submodule of M, then (N : M) = P is a graded prime ideal of R. In
this case, we say that N is a P-graded prime submodule of M. A graded
R-module M is called graded prime, if the zero graded submodule is
graded prime in M. If R is commutative, this definition is equivalent
to: a proper graded submodule N of a graded R-module M is said to
be graded prime, if rym;, € N where r, € h(R) and my, € h(M), then
my € N or r, € (N : M). For more information about graded prime
submodules over commutative graded rings see [1, 5, 6, 7, &].

The notion of 2-absorbing ideals over commutative rings which is a
generalization of prime ideals has been introduced and investigated by
A. Badawi in [3]. A proper ideal I of a commutative ring R is said to
be 2-absorbing, if abc € I, where a,b,c € R, then ab € I or ac € I
or bc € I. Also, the concept of 2-absorbing submodules have been
studied in [12, 15]. A proper submodule N of an R-module M is called
2-absorbing, if whenever a,b € R and m € M with abm € N, then
am € N or bm € N or abM C N. After that in [2, 1], the authors
extened the notion of 2-absorbing ideals to graded rings. A proper
graded ideal I of a graded ring R is said to be graded 2-absorbing, if
abc € I, where a,b,c € h(R), then ab € I or ac € I or be € I. The
concept of 2-absorbing submodules over non-commutative rings has
been studied in [9]. In this paper, we introduce and study the notions of
graded 2-absorbing and graded strongly 2-absorbing submodules over
non-commutative graded rings. Several results concerning such graded
submodules are given.

2. GRADED 2-ABSORBING SUBMODULES

In this section, we introduce the concepts of graded 2-absorbing and
graded strongly 2-absorbing submodules of graded modules over an
associative graded ring.

The following Lemma is known, but we write it here for the sake of
references.

Lemma 2.1. Let M be a graded module over a graded ring R. Then
the following hold:
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(i) If N is a graded submodule of M, I a graded ideal of R, r € h(R)
and x € h(M), then Rx, IN and rN are graded submodules of
M.

(ii) If N and K are graded submodules of M, then N + K and
NAOK are also graded submodules of M and (N : M) is a
graded ideal of R.

(iii) Let {Nx} be a collection of graded submodules of M. Then
>y Na and (N, Ny are graded submodues of M.

Definition 2.2. Let R be a non-commutative graded ring and N be a
proper graded submodule of a graded R-module M. Then N is a graded
2-absorbing submodule of M if a,Rb, Rm;, C N implies a,bp,M C N or
agmy € N or bymy, € N for all a,, b, € h(R) and my € h(M).

Definition 2.3. Let R be a non-commutative graded ring and N be
a proper graded submodule of a graded R-module M. Then N is a
graded strongly 2-absorbing submodule of M if whenever a4, b, € h(R)
and my, € h(M) with a,bpymy, € N, then a,bpM C N or a;my € N or
bymi € N.

Example 2.4. Consider R = {(8 8) ta,b e Zg}, M =R and G =

Zy (the group of integers modulo 4). Then R is G-graded by Ry =

{(g 8>;a622},32:{<8 8):()EZ2} and Ry = R; = {0}.

Clearly, M is G-graded by M, = R, for all g € G. It is clear that {0}
is a graded strongly 2-absorbing submodule of M, and so it is a graded
2-absorbing submodule of M.

Lemma 2.5. Let M = @geG M, be a graded R-module and N =
@geg Ny be a proper graded submodule of M. If N be a graded 2-

absorbing submodule of M, then Ny is a g-2-absorbing R.-submodule
of My for all g€ G.

Proof. Let a,b € R. and m € M, with aR.bR.m C N,. Since N is a
graded 2-absorbing submodule of M and N, = NN M, C N, we get
either ab € (N :g M) or am € N or bm € N. If ab € (N (g M),
then ab € (Ny :p, M) as (N : M) C (NN My) g, My) = (Ny g,
M,). Suppose that am € N. Since am € M, and am € N, we have
am € NN My, = N,. If bm € N, then similarly we conclude bm € Nj.
Therefore IV, is a g-2-absorbing R.-submodule of M,. 0J

Proposition 2.6. Let R be a graded ring and N be a graded prime
submodule of a graded R-module M. If agRbyRmy C N and agmy, € N,
then by M C N for all ag, by, € h(R) and my, € h(M).
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Proof. Let a4, by, € h(R) and my, € h(M). Assume that a,Rb,Rmy
N and a;m; ¢ N. First, we show that b,Rm; C N. Let r
> gec Ty be any element of the graded ring R. Then ayR(byrymy)
agRbpRmy, € N. Since N is a graded prime submodule, a,M C N
or byrgmy € N. Then byrgmy € N because aym; ¢ N. Hence
bprmy, = Zg’EG bprgmy € N, that is b,Rm; C N. Since N is a
graded prime submodule and a,m; ¢ N, it follows that m; € N so
that b, M C N, as needed. OJ

NN

Definition 2.7. Let R be a non-commutative graded ring and M be a
graded R-module. A proper graded submodule N of M is called graded
completely prime, if a;m;, € N where a, € h(R) and my € h(M)
implies my, € N or agM C N.

A graded R-module M is graded completely prime if the zero graded
submodule of M is a graded completely prime submodule of M.

Proposition 2.8. Let N be a proper graded submodule of a graded
R-module M. Then the following hold:

(i) If N s a graded prime submodule of a graded R-module M,
then N is a graded 2-absorbing submodule of M.
(ii) If N is a graded completely prime submodule of a graded R-

module M, then N is a graded strongly 2-absorbing submodule
of M.

Proof. (1) Assume that N is a graded prime submodule of M. Let
agRbp,Rmy, C N and agmy, ¢ N where a,4, b, € h(R) and my, € h(M).
Thus b,M C N by Proposition 2.6. Then bym; € N and ayb,M C
agM C N. Hence N is a graded 2-absorbing submodule of M.

(73) Assume that N is a graded completely prime submodule of M and
let a,bymy, € N but a;my, N for some a,, b, € h(R) and my, € h(M).
Hence a,M C N. Therefore, a,opM C a,M C N, and so N is a graded
strongly 2-absorbing submodule of M. 0

Definition 2.9. Let M be a graded left R-module. M is called a semi-
commutative graded module, if whenever a,m;, = 0 for a, € h(R) and
my, € h(M), we have a;Rmy, = 0. A graded submodule N of a graded
R-module M is a semi-commutative graded submodule, if whenever
agmy, € N for a;, € h(R) and my, € h(M), we have agRm;, C N.

Proposition 2.10. Let M be a graded left R-module. If N is a graded
2-absorbing submodule which is also a semi-commutative graded sub-
module, then N is a graded strongly 2-absorbing submodule.

Proof. Let ag4,b, € h(R) and my € h(M) be such that a,bymy € N.
Since N is a semi-commutative graded submodule, we have a,Rb, Rm;, C
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N. Since N is graded 2-absorbing, so agm; € N or bym; € N or
agbpM C N. Hence N is a graded strongly 2-absorbing submodule of
M. O

Lemma 2.11. Let N be a proper graded submodule of a graded R-
module M. Let g € G. If Ny is a g-2-absorbing R.-submodule of My,
then (Ny :p, M) is a 2-absorbing ideal of R..

Proof. Let a,b,c € R, with aR.bR.c C (N, :zr, M,) and suppose that
ac & (Ny :g, My) and bc & (Ny :r, My). We show that ab € (N :g,
My). Since ac,bc & (Ng :g, M,), there exist my, m; € M, such that
acmg ¢ N and bem) ¢ N, Now aR.bR.c(my +m,) € N,. So ab €
(Ng :r, My) or ac(mg+m;) € Ny or be(mg+my) € Ny. If ac(mg+my) €
Ny, then acmy & N, since acm, & Ny. Similarly, bem; ¢ N,. Since
aR.bR.cmy; C N, and bem, ¢ Ny and acmy, ¢ N, we have ab € (Ng :r,
M,). Hence (N, :r, M,) is a 2-absorbing ideal of R.. O

Proposition 2.12. The intersection of each pair of graded prime (graded
completely prime) submodules of a graded R-module M is a graded 2-
absorbing (graded strongly 2-absorbing) submodule of M.

Proof. Let N and K be two graded prime (graded completely prime)
submodules of M. If N = K, then N N K is a graded prime (graded
completely prime) submodule of M, so that N N K is a graded 2-
absorbing (graded strongly 2-absorbing) submodule of M. Assume
that N and K are distinct. Since N and K are proper submodules of
M, then N N K is a proper submodule of M. Now, let a4, by € h(R)
and my, € h(M) be such that a,Rby Rm;, € NN K (agbymy € NNK)
but agmy, ¢ NN K and agby M ¢ N N K. Then we can conclude that

(a) agmy & N or a;my, ¢ K, and

(b) agby M ¢ N or agby M ¢ K.
These two conditions give 4 cases:

(1) agmy, ¢ N and agby M ¢ N;

(2) agmp € N and aby M € K;

(3) agmp ¢ K and agby M ¢ N;;

(4) agmy, ¢ K and agby M ¢ K;
We first consider Case (1). Since a,RbyRm; € NN K C N and
agmy & N, it follows from Proposition 2.6 that by M C N. This is
a contradiction because agb, M ¢ N. Hence Case (1) does not occur.
Similarly, Case (4) is not possible. Next, Case (2) is considered. Again,
we obtain that by M C N and then bymy, € N. Let r=3_ ,;ry € R.
Since a,RbyRm;,, € N N K C K, it follows that a,R(byrymy) C
agR(by Rmy) € K. Hence a,M C K or byrgmy, € K because K is a
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graded prime submodule of M. If a,M C K, then a,b, M C a,M C K
contradicts a,b), M ¢ K. Then byrymy, € K. That is byRmy, C
K. Since K is a graded prime submodule, byM C K or m;, € K.
If by M C K, then agb’gM C K leading to the same contradiction.
Therefore, m;, € K and then bym;, € K. Hence bym;, € NN K. The
proof of Case (3) is similar to that of Case (2). Now, let N and K are
graded completely prime submodules of M and azbym;, € NN K C
N. We consider Case (1). Since azbym;, € N and N is a graded
completely prime, we have a,M C N or bymy, € N. If a;M C N, then
agb;M C agM C N which is not possible. So suppose that bymy, € N.
Therefore b) M C N or mj € N. This is not possible and hence Case
(1) does not occur. Similarly, Case (4) is not possible. Next, Case
(2) is considered. We have azbym;, € N N K C K and since K is a
graded completely prime submodule of M, it follows that a,M C K or
bymy € K. If a,M C K, then agb’gM C agM C K which contradicts
agh, M ¢ K, thus bymy, € K. From agbym, € NN K C N we have
agM C N or bymy, € N. Since bymy, € N, a,M C N is not possible.
Hence bymy, € NN K. The proof of Case (3) is similar to that of Case
(2). O

Proposition 2.13. Let N and K be two graded submodules of a graded
R-module M and N C K. If N is a graded 2-absorbing (graded strongly
2-absorbing) submodule of M, then N is a graded 2-absorbing (graded
strongly 2-absorbing) submodule of K.

Proof. If K = M, then there is nothing to prove. Let a,Rby Rmy, C N
(agbymp € N) where ag, by € h(R) and m;, € h(K). Since N is a
graded 2-absorbing (graded strongly 2-absorbing) submodule of M, so
either a;m;, € N or bym;, € N or asby € (N : M). Since N C K,
implies (N : M) C (N : K), then either a;m; € N or bymy, € N or
agby € (N : K). Therefore N is a graded 2-absorbing (graded strongly
2-absorbing) submodule of K. 0J

Lemma 2.14. Let N be a proper graded submodule of a graded R-
module M. Let g € G. Ny is a g-2-absorbing (g-strongly 2-absorbing)
R.-submodule of M, if and only if aR.bK C N, (abK C N,) implies
ab € (Ny :gr, M) or aK C N, or bK C N, for each a,b € R, and
R.-submodule K of M,.

Proof. Let N, be a g-2-absorbing submodule of M,. Suppose that
ab & (Ny :p, M) and aK ¢ N, and bK ¢ N, for some a,b € R, and a
submodule K of M,. Then there exist my, m; € K such that am, ¢ N,
and bm’g ¢ N,. Since aR.bR.m, C aR.bK C N, (abm, € abK C
N,), ab & (N, g, M,) and am, ¢ N we get bm, € N,. Also, since
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aRbR.m;, C aRLK C N, (abm) € abK C Ng), ab & (Ny :r, M,)
and bm; & N, we get am;, € Ny. Now, since aR.bR.(m, + m;) C
aR.bK C N, (ab(my +my) € abK C Ng) and ab & (N, :r, M,) we
have a(m, +m;) € Ny or b(m, +m) € N,. If a(my + m;) € Ny, i.
e. (amy + amj) € Ny, then since am; € N, we get am, € N, which
is a contradiction. If b(m, +my) € Ny, i. e. (bm, + bmy) € Ny,
then since bm, € N, we get bm; € N, which is a contradiction. Thus
ab € (Ny :g, M,) or aK C N, or bK C N,. The converse is clear. [

Proposition 2.15. If N, is a g-2-absorbing submodule of an R.-module
M,, then (Ny :p, Remy) is a 2-absorbing ideal of R, for every m, €
M, — Ny.

Proof. Let a,b,c € R, and m, € My, — N, be such that aR.bR.c C
(Ny :r. Remy). aR.b(R.cR.)my C N,. Since R.cR,. is an ideal of R,
we have (R.cR.)m, is an R.-submodule of M,. It follows from Lemma
2.14 that a(R.cR.)m, C Ny or b(R.cR.)m, C N, or abM, C N,. Thus
ac € (Ny : Remy) or be € (Ny : Remy) or abR.my, C abM, C Ny i. e.
ab € (Ny : Remy), as needed. O

Theorem 2.16. If N is a proper graded submodule of a graded R-
module M. Let g € G. If Ny is a g-2-absorbing (g-strongly 2-absorbing)
R.-submodule of M, and I and J are ideals of R, and K an R.-
submodule of M, such that IJK C N, then IK C Ny or JK C N, or
IJ C (Ny g, M,).

Proof. Suppose IJK C N, and IJ ¢ (N, : M,). We show that K C
N, or JK C N,. Suppose IK ¢ Ny and JK ¢ N,. There exist a; € [
and ay € J such that ;K ¢ N, and aoK ¢ N,. But ajR.asK C
IJK C N, (mpaeK € IJK C N,). Since N, is a g-2-absorbing (g-
strongly 2-absorbing) R.-submodule of M, it follows from Lemma 2.14
that ajas € (N, : My). Since IJ € (N, : M,), there exist by € I and
by € J such that bibs M, € N,. Now since N, is a g-2-absorbing (g-
strongly 2-absorbing) R.-submodule of M, and byR.bo K C IJK C N,
(bibo K C IJK C Ny) and also biby M, g N, it follows from Lemma
2.14 that b K C N, or b K € N,. We have the following cases:
Case (1): byK C N, and by K ¢ N,,.

Since a1 R.bo K C IJK C Ny (ab K C IJK C N,) and a1 K ¢ N,
and boK ¢ N, it follows from Lemma 2.14 that aiby € (N, : M,).
Since K C N, and a1 K ¢ N,, we conclude (a; + b1)K € N,. On
the other hand, (a; +b1)R.b2 K C Ny ((a1 + b1)bo K € Ny) and neither
(a1 +b1)K C N, nor byK C N, we get that (a; + b1)by € (N, : M)
by Lemma 2.14. But since (a3 + b1)by = (a1b2 + b1bs) € (N, : M) and
arby € (N, : M), we get biby € (N, : M,) which is a contradiction.
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Case (2): boK C N, and bh K ¢ N,,.
By a similar argument to case (1), we get a contradiction.

Case (3): K C N, and by K C N,,.
bo K C Ny and as K € N, gives (as+b2) K € N,. But a1 Re(az+b2) K C
Ny (ai(ag +b2)bo K C Ny) and neither a1 K C N, nor (az +be) K C N,
hence a;(az + be) € (N, : M,) by Lemma 2.14. Since ajay € (N, : M)
and (ajas + biby) € (N, : M,), we have a;by € (N, : M,). Since
(a1 + b1)Reas K C Ny ((a1 + b1)agK C N,) and neither as K C Ny
nor (a3 + b1)K C Ny, we conclude (aq + by)az € (N, : My) by Lemma
2.14. But (a1 + b1)as = ajas + biag, so (aras + bias) € (N, : M,)
and since ajas € (Ny : M,), we get bjas € (N, : M,). Now, since
((ll -+ bl)Re(ag —+ bg)K g Ng ((a1 -+ b1>(a2 + bg)K g Ng) and neither
(a1+b1) K C Ny nor (az+b2) K C Ny, we have (a1+by)(as+bs) = (ajas+
arby + byag + biby) € (Ny : My) by Lemma 2.14. But ajas, a1be, bias €
(Ny = My), so biby € (N, : M,) which is a contradiction. Consequently,
IK C N, or JK CN,. 0

Corollary 2.17. Let I and J be two ideals of R, and P a g-2-absorbing
R.-submodule of M,. If mq € My such that IJmgy C P, then Imy, C P
or Jmg C P orlJ C(P:p, M,).

Proof. Let IJmy, € P. Then IJR.m, C P and consequently Im, C
IR.m, C PorJm;, CJRm,; CPorl]C(P:M,). O

Lemma 2.18. Let I be an ideal of R. and N, be a g-2-absorbing (g-
strongly 2-absorbing) submodule of M,. If a € R., my, € M, and
IR.aR.m,; C N, (Iamy, C N,), then am, € N, or Im, C N, or
Ia C (Ny: M,).

Proof. Suppose that am, ¢ N, and Ia € (N, : M,). Then there exists
b € I such that ba & (N, : M,). Now, bR.aR.m, C N, (bam, €
Ny), implies that bm, € Ny, since Ny is a g-2-absorbing (g-strongly 2-
absorbing) R.-submodule of M,. We show that Im, C N,. Let c € I.
Thus (b + ¢)R.aR.my C IR.aR.my C N, ((b+ c)am, € Iam, C Ny).
Hence either (b+c)m, € N, or (b+c)a € (N, : M,). If (b+c)my, € N,
then by bmg € Ny it follows that cmy € Ny. If (b+c)a € (Ny : M), then
ca & (Ny : M), but cR.aR.my € Ny (cam, € Ny). Thus emy, € N,.
Hence we conclude that Img, C N,. O

Corollary 2.19. Let N, be a g-2-absorbing (g-strongly 2-absorbing)
submodule of My. Then (Ny iy, I) = {my € My : Imy € Ny} is a
g-2-absorbing (g-strongly 2-absorbing) submodule of M, for every ideal
I of R..

Proof. Let a,b € R, and my, € M, be such that aR.bR.mg € (Ng :ar, I)
(abmg € (Ny i, 1)). Thus IaR.bR.my C Ny (Iabmg, € Ny), then
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({aR.)R.bR.my, C IaR.bDR.m, C N,. Hence from Lemma 2.18 we have
(IaR.)my € N, or (IaR,b) C (N, : My) or bm, € N,. If bm, € Ny,
then IR.m, C N, and consequently bm, € (N, : M,) and we are done.
If IaR.b C (Ng: M), thenab € aR:b C ((Ng :r, My) g, I) = ((Ny :p,
I):g, My). If (IaR:)my C Ny, then am, € aRemgy € (Ny :py, I). Thus
bmg € (Ng ip, I) or am € (Ny :pg, I) or ab € ((Ng tag, 1) r, My)
which complete the proof for g-2-absorbing. Since Iabm, C N, and
N, is a g-strongly 2-absorbing, so by Lemma 2.18 we have abm, € N,
or Im; C N, or Iab C (N, : M,). If abm, € N, then am, € N,
or bmy, € N, or ab € (N, : M,). Hence for am, € N, it follows that
Iamy, C IN, C N, and we have amy, € (N, : M,). For bmy, € Ny it
follows that /bm, C IN, C N, and we have bm, € (N, : M,). For ab €
(Ng : My),we have ab € (Ng :r, My) :r, I) = ((Ng :m, I) :r, My). For
Img C Ny, we have my € (Ny :p, ) and thus amy € (N 1y, I). For
Tab C (Ny : M), we have ab € ((Ng :r, My) :r, 1) = (Ng :m, 1) iR,
M) and (Ng :pg, I) is a g-strongly 2-absorbing submodule of M,. [

Theorem 2.20. Let N is a proper graded submodule of a graded R-
module M. Let g € G. Let N, be a g-2-absorbing R.-submodule of M,.
Then (Ny :g, M,) is a prime ideal of R, if and only if (Ny :g, P) is a
prime ideal of R. for every submodule P of M, containing N,.

Proof. (=) Let I and J be ideals of R, such that IJ C (N, :p, P).
Hence IJP C N,. Since N, is a g-2-absorbing R.-submodule of M, it
follows from Theorem 2.16 that /P C N, or JP C N, or IJ C (N, g,
M,). For IJ C (N, :g, M), by assumption that (N, :p, M) is a
prime ideal of R., we get IP C IM, C N, or JP C JM, C N,. Hence
I C(Ny:p P)orJ C (Ny:g P)andso (N, :g P)is a prime ideal of
R..

(<) It is clear. O

Proposition 2.21. Let N and K be graded submodules of a graded R-
module M with K ¢ N. If N is a graded 2-absorbing (graded strongly
2-absorbing) submodule of M, then N N K is a graded 2-absorbing
(graded strongly 2-absorbing) submodule of K.

Proof. Since N and K are graded submodules of M and K ¢ N, KNN
is a proper graded submodule of K. Assume that N is a graded 2-
absorbing (graded strongly 2-absorbing) submodule of M. Let a,, by €
h(R) and z;, € h(K) be such that a,RbyRm; C N (azbymy € N).
Since K is a graded submodule of M, a,by K C K and agxp, byxy, € K.
Moreover, since a,Rby Rmy C NNK C N (azbym, € NNK C N) and
N is a graded 2-absorbing (graded strongly 2-absorbing) submodule of
M, agby M C N or agr, € N or byx, € N. Thus azby K C agby K N
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agby M C KNN or agxp, € KNN or byx, € KNN. Therefore, NNK
is a graded 2-absorbing (graded strongly 2-absorbing) submodule of
K. O

Proposition 2.22. Let N and K be graded submodules of a graded
R-module M with K C N. Then N is a graded 2-absorbing (graded
strongly 2-absorbing) submodule of M if and only if N/K is a graded
2-absorbing (graded strongly 2-absorbing) submodule of M/K .

Proof. Assume that N is a graded 2-absorbing (graded strongly 2-
absorbing) submodule of M, then N/K is a proper graded submodule
of M/K. Let ay4,by € h(R) and (my + K) € h(M/K) be such that
agRby R(mp+K) C N/K (asby(mp+K) € N/K). Let s,t € R. Hence
agsbytmy, + K = agsbyt(my, + K) € N/K. Then there exists n € N
such that azsbytm, + K = n + K so that azsbytm, —n € K C N
and so agsbytmy, € N. This shows that a,RbyRm; C N. (Similarly,
for the graded strongly 2-absorbing case, we get azb,m;, € N). As a
result, agmy € N or bymy, € N or agby M C N because N is a graded
2-absorbing (graded strongly 2-absorbing) submodule of M. Therefore,
ag(mp, + K) € N/K or by(my + K) € N/K or aby(M/K) C N/K.
Hence N/K is a graded 2-absorbing (graded strongly 2-absorbing) sub-
module of M/K.

Conversely, assume that N/K is a graded 2-absorbing (graded strongly
2-absorbing) submodule of M/K. Then N is a proper graded sub-
module of M. Let a,,by € h(R) and m; € h(M) be such that
agRbyRmy, C N (agbymy € N). Then a,RbyR(my + K) C N/K
(agby (mp + K) € N/K). Since N/K is a graded 2-absorbing (graded
strongly 2-absorbing) submodule of M /K, we obtain a,(m;, + K) €
N/K or by(mp+K) € N/K or agby(M/K) C N/K. Thatis agmy € N
or bgymy, € N or agbyM C N. This implies that N is a graded 2-
absorbing (graded strongly 2-absorbing) submodule of M. 0

Let R; and Ry be two G-graded rings. Then R = Ry X Ry becomes
a G-graded ring with homogeneous elements h(R) =, Ry, Where
R, = (Ry1)g X (Ry), for all g € G. Let M; be a graded R;-module
and My be a graded Rs-module. Then M = M; x M, is a graded
R = Ry X Ry-module [11].
Theorem 2.23. Let M be a graded Ri-module, My be a graded Rs-
module, R = Ry X Ry and M = My x Ms. Then
(i) Ny is a graded 2-absorbing submodule of My if and only if Ny X
My is a graded 2-absorbing submodule of M, and
(ii) Ny is a graded 2-absorbing submodule of My if and only if My X
Ns is a graded 2-absorbing submodule of M.
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Proof. (i) Assume that N; is a graded 2-absorbing submodule of M,

and also suppose that (ag,b,)R(ch, dn)R(mg,m)) € Ny x My where
(ag,by), (cn,dp) € h(R) and (mg, m},) € h(M). So (agRichRimy, byRady Romy,) =
(ag,by)R(ch, dp)R(my,my) € Ny X My, i. e. agRicpRimyp C Ny

and byRodypRomj, C Ms. Since Nj is a graded 2-absorbing submod-

ule of My, agenMy C Ny or agmy, € Ny or ¢ymy, € Np. That is
(ag,by)(ch, dn)M = (agep, My, bydp M) € Ny x Ms or (ag, by)(my, mj,) =
(agmy, bymy) € Ny XMy or (cp, dp)(my, my,) = (cpmy, dym),) € Ny x M.
Therefore Ny x M is a graded 2-absorbing submodule of M. Con-
versely, assume N; x Ms is a graded 2-absorbing submodule of M. Let

ag, by, € h(Ry) and my, € h(M;) be such that a,R1b,Rymy; C Ni. Let
Tg,yn € h(R2) and mj, € h(Ms). Then (ay, x4)R(by, yn)R(my, mj,) =
(agR1bp Rymy, x4 Royn Rom)) € Ny X M. Since Ny x M, is a graded 2-
absorbing submodule of M, (a,, ) (by, yn) M C NyxM; or (a4, z4)(mg, m),) €
Ny x M, or (bh,yh)(mk,mfc) € Ny x My. So (agthl,ZEgthz) =

(ag, o) (bn,yn)M S Ny x My or (agmp, xgmy) = (ag, x4)(mk,my) €

Ny x My or (bymy, ypmy,) = (bn, yn)(mi, my,) € Ny x Ma, 1. e. agbp, My C

Ny or agmy, € Ny or bpymy, € Ni. Thus NN is a graded 2-absorbing sub-
module of Mj.

(77) The proof is similar to that (7). O

Theorem 2.24. Let M; be a graded Ri-module, My be a graded Rs-
module, R = Ry X Ry and M = M, x M. Then
(i) N1 is a graded strongly 2-absorbing submodule of M if and only
if N1 X My is a graded strongly 2-absorbing submodule of M,
and
(ii) Ny is a graded strongly 2-absorbing submodule of My if and only
if M1 X Ny is a graded strongly 2-absorbing submodule of M.

Proof. (1) Assume that N; is a graded strongly 2-absorbing submodule
of M, and also suppose that (a4, by)(ch, dp)(my, m)) € Ny x My where
(ag,by), (ch,dp) € h(R) and (my, mj,) € h(M). Then (azcpmy, bydym),) =
(ag,by)(ch, dp)(mg, my) € Ny x My, 1. e. agepmy, € Ny and bydpm), €
M,. Since N; is a graded strongly 2-absorbing R;-submodule of M,
it follows that azcp,M; € Ny or agmy € Ny or ¢ymy, € Np. That is
(ag,by)(ch, dn) M = (agen My, bydpMy) C Ny x My or (ag,by)(my, m),) =
(agmy, bymy) € Ny x My or (cp,dp)(mg, my) = (cpmy, dpymy,) € Ny X
M. Therefore N7 x My is a graded strongly 2-absorbing submod-
ule of M. Conversely, assume that N; x M, is a graded strongly 2-
absorbing submodule of M. Let a,, b, € h(R;) and my € h(M;) be
such that azb,my, € Ni. Let xy,y, € h(Ry) and mj, € h(M;). Then
(ag, ) (bn, yn ) (M, my,) = (agbpmy, xoypmy,) € NixM,. Since Nyx M,
is a graded strongly 2-absorbing R-submodule of M, (a,, x4) (b, yn) M C
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Ny x My or (a4, x4)(mi, my) € Ny x My or (b, yr)(my, my,) € Ny x Ms.
Thus (agbp My, z,ynMs) = (ag, x4) (bn, yn) M C Ny XMy or (agmy, xymyp,) =
(ag,zy)(my,my) € Ny x My or (bymy,ysmy,) = (b, yn)(mg,m},) €
Ny x My, i. e. agbpMy € Ny or agmy, € Ny or bymy € N;. Hence
Ny is a graded strongly 2-absorbing submodule of M.

(77) The proof is similar to that (7). O

Acknowledgments

The authors would like to thank the referee for careful reading.

REFERENCES

1. R. Abu-Dawwas, M. Bataineh and M. Al-Muanger, Graded prime submodules
over non-commutative rings, Vietnam J. Math., (3) 46 (2018), 681-692.

2. K. Al-Zobi, R. Abu-Dawwas and S. Ceken, On graded 2-absorbing and graded
weakly 2-absorbing ideals, Hacet. J. Math. Stat., (4) 48 (2019), 724-731.

3. A. Badawi, On 2-absorbing ideals of commutative rings, Bull. Austral. Math.
Soc., (3) 75 (2007), 417-429.

4. S. Ebrahimi Atani, On graded prime submodules, Chiang Mai J. Sci., (1) 33
(2006), 3-7.

5. S. Ebrahimi Atani and F. Farzalipour, On graded secondary modules, Turk. J.
Math., 31 (2007), 371-378.

6. F. Farzalipour and P. Ghiasvand, On the union of graded prime submodules,
Thai. J. of Math., (1) 9 (2011), 49-55.

7. P. Ghiasvand and F. Farzalipour, On graded weak multiplication modules,
Tamkang J. of Math., (2) 43 (2012), 171-177.

8. P. Ghiasvand and F. Farzalipour, On the graded primary radical of graded sub-
modules, Advances and Applications in Math. Sci., (1) 10 (2011), 1-7.

9. N. J. Groenewald and Bac T. Nguyen, On 2-absorbing modules over mon-
commutative rings, International Electronic Journal of Algebra, 25 (2019), 212
223.

10. N. Nastasescu and F. Van Opystaeyen, Graded Rings Theory, Mathematical
Library 28, North Holand, Amsterdam, 1937.

11. N. Nastasescu and F. Van Oystaeyen, Methods of Graded Rings, Lecture Notes
in Mathematics, vol. 1836, Springer, Berlin 2004.

12. Sh. Payrovi and S. Babaei, On 2-absorbing submodules, Algebra Collg., 19
(2012), 913-920.

13. M. Refaei and K. Al-Zobi, On graded primary ideals, Turk. J. Math., (3) 28
(2004), 217-229.

14. R. N. Uregen, U. Tekir, K. P. Shum and S. Koc, On graded 2-absorbing quasi
primary ideals, Southeast Asian Bulletin of Math., 43 (2019), 601-613.

15. A. Yousefian Darani and F. Soheilnia, On 2-absorbing and weakly 2-absorbing
submodules, Thai J. of Math., (3) 9 (2011), 577-584.



52 FARZALIPOUR AND GHIASVAND

F. Farzalipour
Department of Mathematics, Payame Noor University (PNU), P.O.Box 19395-
3697, Tehran, Iran.
Email: f_farzalipour@pnu.ac.ir

P. Ghiasvand
Department of Mathematics, Payame Noor University (PNU), P.O.Box 19395-
3697, Tehran, Iran.
Email: p_ghiasvand@pnu.ac.ir



	1. Introduction
	2. Graded 2-absorbing submodules
	References

