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PULLBACK OF LIE ALGEBRA AND LIE GROUP
BUNDLES, AND THEIR HOMOTOPY INVARIANCE

K. AJAYKUMAR*, B. S. KIRANAGI AND R. RANGARAJAN

ABSTRACT. We study the pullback Lie algebra (group) bundle of a
Lie algebra (group) bundle and show that the Lie algebra bundle of
the pullback of a Lie group bundle & is isomorphic to the pullback
of the Lie algebra bundle of &. Then, using the notion of Lie
connection on a Lie algebra bundle, we show that the pullbacks of
a Lie algebra bundle £ over a smooth manifold M with respect to
two smooth homotopic functions fo, f1 : N — M are isomorphic
to Lie algebra bundles over N.

1. INTRODUCTION

Pullback of a Lie algebra bundle over a topological space was studied
in [9]. In this paper we extend the result to smooth Lie algebra bundles
with admissible norm.

We then show that for any Lie group bundle there exists a pullback
Lie group bundle unique upto isomorphism. We establish an isomor-
phism between the Lie algebra bundle of the pullback of a Lie group
bundle &, and the pullback of the Lie algebra bundle of Lie group
bundle &.

The importance of pullback bundles lies in promoting a bundle mor-
phism 7" between bundles over different base spaces to a bundle mor-
phism 7" between bundles over a common base space. We shall show
the existence and uniqueness of such 7.
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Finally using the notion of connection on smooth Lie algebra bundles
[1] we show that the pullbacks of a Lie algebra bundle £ over a smooth
manifold M with respect to two smooth homotopic functions fy, fi :
N — M are isomorphic Lie algebra bundles over N.

Notations and Terminology: All base spaces are assumed to be
paracompact smooth manifolds. We denote the pullback of a bundle
& = (§&,m, M) by f*¢ = (f*¢, f*m, N) with respect to smooth map
f: N — M, where N and M are smooth manifolds. All underlying
fields are of characteristic zero.

2. PRELIMINARY DEFINITIONS

Definition 2.1 ( [I1]). Let G denote any topological group. A princi-
pal G—bundle is a fiber bundle 7 : P — X together with a continuous
right action P x G — P such that G preserves the fibers of P (i.e. if
y € P, then yg € P, for all g € G) and acts freely and transitively on
them in such a way that for each x € X and y € P,, the map G — P,
sending g to yg is a homeomorphism. In particular each fiber of the
bundle is homeomorphic to the group G itself. Frequently, one requires
the base space X to be Hausdorff and possibly paracompact.

Definition 2.2 ( [2] ). A real (complex) smooth vector bundle is
a locally trivial smooth family of vector spaces. That is a surjective
smooth map p : E — M of a smooth manifold ' onto smooth manifold
M, such that:
(1) foreach z € M, E, = p~*(z) has a finite dimensional real(complex)
vector space structure.
(2) for each © € M, there is a neighbourhood U of xz in M, a
positive integer k£ and a diffeomorphism h : p~1(U) — U x R¥
such that h|g, : B, — x x RF is a vectorspace isomorphism.

Definition 2.3. Let p: £ — M and p' : ' — N be smooth vector
bundles. A smooth map f : F — F’ is said to be a smooth vector
bundle homomorphism if f induces a map f : M — N such that
the diagram,

commutes and the restriction f : E, — E}(m) is linear for all x € M.
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Definition 2.4. Let p : E — M and p' : E' — M be smooth vector
bundles. A smooth vector-bundle homomorphism f : £ — E’ is said
to be an isomorphism of smooth vector bundles if

(1) pof=p

(2) f is a diffeomorphism, such that its restriction to each fibre is
a vectorspace isomorphism.

If such an isomorphism exists then E and E’ are said to be isomorphic
smooth vector bundles.

Definition 2.5 ( [2] ). A smooth weak (normed) Lie algebra
bundle (¢, 7, M) is a smooth vector bundle together with a smooth
morphism O : £ ® ¢ — ¢ inducing a (normed) Lie algebra structure on

each fibre &,.

Definition 2.6 ( [2] ). A weak Lie algebra bundle, £ = (£, 7w, M) is said
to have an admissible norm if there is a continuous map || || : ¢ = R
such that it induces a norm on each fiber which satisfies

I, Il < [yl

Definition 2.7 ( [7] ). A locally trivial smooth (normed) Lie algebra
bundle, for short a smooth Lie algebra bundle, is a smooth vector
bundle £ = (£, 7, M) whose standard fibre is a (normed) Lie algebra
say L, in which each fibre is a (normed) Lie algebra such that for each
x in M there is an open set U in M containing x and a diffeomorphism
¢ : U x L — 7 1(U) such that for each z in U, ¢, : {z} x L — 7 !(x)
is a (normed) Lie algebra isomorphism.

Remark 2.8. Every locally trivial smooth Lie algebra bundle is a weak
Lie algebra bundle. But the converse is not true in general [3].

Definition 2.9 ( [2] ). A Lie (topological) group bundle is a smooth
(topological) fibre bundle (G, 7, M) in which each fibre G,, = 7~ (m)
and the fibre type F, has a Lie (topological) group structure and for
which there is an atlas {¢; : U; x F' — Gy, } such that each ¢;,, : ' —
Gm, m € U; is an isomorphism of Lie (topological) groups.

Definition 2.10 ( [2] ). Let G = (G, 7, M) be a Lie group bundle with
local trivialization {(U, ¢)}. Then for the identity section é : M — G,
defined by é(m) = e,,, the identity element in the Lie group G,,, we

see that
L(g) = U Tem(gm)
meM
forms a smooth fibre bundle over M, where T, (G,,) is the tangent
space of G, at e,,. Since each fibre G,, is a Lie group isomorphic to the
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standard fibre G, it is clear that T, (G,,) is a Lie algebra isomorphic to
g = T.G. Therefore L(G) = UpenTe,,(Gm) forms a smooth Lie algebra
bundle over M with local trivialization (U, d¢) given by

dop : U x T.G — UpevTe,, (Gm)-

such that
Aoy, - {m} x T.G — T, (Gm)

is a Lie algebra isomorphism induced by the differential of ¢,,. We call
L(G) the Lie algebra bundle of the Lie group bundle G.

Definition 2.11. Let &, 71 be two (smooth) Lie algebra bundles over
the same base space M then a (smooth) vector bundle morphism f :
& — n is said to be a Lie algebra bundle morphism if for each = in
M, f, : & — n, is Lie algebra homomorphism.

3. PULLBACK OF LIE ALGEBRA AND LIE GROUP BUNDLES

Theorem 3.1. Let f: N — M be a smooth map and & = (&, 7, M),
a Lie group bundle. Then there exists a Lie group bundle f*® =
(f*®, f*m,N) and a unique Lie group bundle morphism f : f*& — &
such that for each n in N the fibre (f*®),, of [*®& is isomorphic to the
fibre By of & under f. Further such a Lie group bundle is unique
upto isomorphism.

Proof. The set f*& = {(n,g) € N x &| f(n) = 7w(g)} is a smooth
submanifold of N x &, by the implicit function theorem for maps, and
f*r: f*& = N, (f*m)(n,g) = n is a smooth surjective map. It is
then clear that each fibre (f*®), of f*® carries Lie group structure
isomorphic to the fibre &, of &.

Suppose {(U, ¢)} is a local trivialization of & = (&, 7, M). For n in
N, let U be the neighbourhood of f(n) and ¢ : 7= (U) — U x G is

given by ¢(g) = (¢#1(g), ¢2(g)). Define

Fo:(frm)7 (fHU) = fFHU)x G
by
[ o(n, g) = (n, ¢2(g)).
Then
(f*@)n: (f'm)~H(n) = n x G
is a Lie group isomorphism and {(f~'(U), f*#)} forms a local trivial-
ization for (f*®, f*r,N). Thus f*& = (f*®&, f*r, N) is a Lie group
bundle. We call f*®& the pullback of Lie group bundle & with respect
to smooth map f: N — M.
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Now define f : f*®& — &, by f(p,g) = ¢. Then clearly f is a Lie
group bundle morphism such that f((f*®),) = G- O

Theorem 3.2. Given a smooth (normed) Lie algebra bundle § = (&, 7, M)
and a smooth map f : N — M. Then there exists a smooth (normed)
pullback Lie algebra bundle f*¢ = (f*¢, f*m, N) such that for each n in
N the fibre f*&, of [*€ is isomorphic to the fibre {p(ny of & and such a

Lie algebra bundle is unique upto isomorphism.

Proof. From the methods of [9] and arguments in the proof of Theorem
3.1, it follows that there exists a unique (upto isomorphism) smooth
pullback Lie algebra bundle f*¢ = (f*¢, f*m, N) such that for each n
in NV the fibre f*, of f*¢ is isomorphic to the fibre £, of £.

Further let ||.|| : £ — R be the map on £ which induces norm on each
fiber. Let ||.||* be the map defined on f*¢ as

1(n, 9)Il = llg
Then the diagram
fr& —— Nx¢

| |~

R Il ¢

commutes, where i is the inclusion map and 7’ is the projection map
onto the second component. Hence ||.||* is a continuous map from f*¢
to R which induces norm on each fiber of the pullback of £&. Thus f*(£)
is a Lie algebra bundle with admissible norm. Hence the theorem.

O

We now show in the succeeding theorems that the pullback of Lie
group bundles promote a bundle morphism 7" between Lie group bun-
dles over different base manifolds to bundle morphism 7' between bun-
dles over a common base manifold.

Theorem 3.3. Let & = (&,m, N) and $ = (9,7, M) be Lie group
bundles and T : & — § be a Lie group bundle morphism descending to
a smooth map f : N — M. Then there is a unique Lie group bundle
morphism T : & — [*§) such that fo T =T where

f: f*9H — 9 is the Lie group bundle morphism induced by f.

Proof. Uniqueness of such T follows from the uniqueness of f.
Define T': & — N x $ by

T(g) = (m(9),T(g)), forall g e &



20 K. AJAYKUMAR, B. S. KIRANAGI, R. RANGARAJAN

Then T : & — f*§) is a Lie group bundle morphism as 7' : & — §) is
a Lie group bundle morphism and 79 o T' = f o ;. Thus we have the
commutative diagram,

where f: f*9 — 9, f(n, h) = h is a Lie group bundle morphism.
We see that foT:T as

(foT)(g) = f(T(g)) = f(m(9).T(g)) =T(9)
0

Theorem 3.4. Let & = (&, m, M) and H = (9, me, M) be Lie group
bundles and T : & — $) be a Lie group bundle morphism. If f : N — M
18 a smooth map, then there is a unique Lie group bundle morphism
[T f*®& = f*$ over N such that f*T|, = T|sx) set theoretically.

Proof. Define f*T : f*®& — f*$) by,
fT((n,9)) = (n,T(g)) forall (n,g) € [*&

Then f*T is smooth since T : & — §) is smooth. Also we see that
the following diagram commutes

o L g
N

as

(f*m o f*T)((n, 9)) = [*m(f*T((n, 9)))
= [ m((n,T(g)) =n
= f*me((n,g)), forall (n,g) € f*&.
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f*T is a Lie group bundle morphism , let (n,g1), (n,g2) € (f*®),,
JT((n, g1)(n, g2)) = f*T(n, g1 - g2)
= (n,T(g91 - 92))
= (n,T(g1)) - (n,T(g2))
= f"T(g1) - [*T(g2) = f"T((n, 91)) - FT((n, g2))

Thus f*T: f*& — f*$ is a Lie group bundle morphism and obviously
STl =Ty =

Relation between L(f*®) and f*L(&) :

Theorem 3.5. Let & = (&, 7, M) be a Lie group bundle with identity
section and L(®) be its Lie algebra bundle over M. Let f : N — M
be a smooth map. Let f*® be the pullback of the Lie group bundle &.
Then L(f*®), the Lie algebra bundle of f*® is isomorphic to f*L(®),
the pullback of L(®) over N

Proof. Let mg : L(&) — M and f7m: L(f*®) — N be the correspond-
ing smooth projections. Now, define f : f*®& — & by f((n,g)) = g.
Then f is a smooth Lie group bundle morphism such that, fn =
Fligeeyn : (f*®), — () is a Lie group isomorphism.

Thus, the differential df, : T,, ((f*®),) — Teﬂm((@)f(n)) is a Lie
algebra isomorphism, for every n € N, where e, is the identity element
in the fiber f*&, and ey, is the identity in &¢,). Now define a map
O:L(f"G)—= f*L(G)Db

o) = (f'mc(l), dfx. (1)
Then © is a smooth vector bundle morphism and preserves Lie
bracket fibre-wise as for each n € N

Ollu, 1] = (n,d fulln, 1))
= (n, [dfu(ln), dfu(L})])
= [(n, dfu(la), (n, dfa(l})
= [

O(ln), ()]

Hence the theorem. 0J
Remark 3.6. Adjoint bundle associated to a principal bundle is a nat-
ural example of smooth Lie algebra bundle [5, 7]. One of the earliest
examples of adjoint bundles can be found in [6]. It is easy to see that

the following result holds good for adjoint bundles: Let f : N — M
be a smooth map. Let m : P — M be a principal G-bundle and let
frm: f*P — N be the pullback of P. If & = adP is the adjoint bundle
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associated with P, then the pullback f*¢ is isomorphic to the adjoint
bundle associated with f*P.

4. HOMOTOPY INVARIANCE OF PULLBACKS

Here we show that the pullbacks of a Lie algebra bundle £ over a
smooth manifold M with respect to two smooth homotopic functions
fo, fi : N — M are isomorphic Lie algebra bundles over N using the
notion of Lie connection [, 4] on &.

Definition 4.1 (Lie Connection). Let £ = (£, 7, M,0) be a smooth
Lie algebra bundle. A Lie connection [1] is a linear map

V :T(TM) — End(D(€)), X — Vy

satisfying the following conditions:

(1) Vx(aA) = (X.a)A+aVxAforall X € I'(TM), a € C*(M,R),
AET()

(2) V(ax+by)A = (IVXA + beA for all X, Y € F(TM),
a,be C*(M,R), AeT()

(3) Vx[A,B] =[VxA, B+ [A,VxB] for all X € T'(TM),
A, BeT(¢)

Remark 4.2. The notion of Lie Ehresmann connection is studied in [1].
It is shown that it is equivalent to the notion of Lie conncetion on
(normed) smooth Lie algebra bundles and that a smooth Lie algebra
bundle over a paracompact manifold admits Lie Ehresmann connection.

Throughout this section we fix a smooth Lie algebra bundle 7 : & —
M and a Lie connection V on £.

Definition 4.3 (Parallel transport). Let f : R — M be a smooth
path. A Lie algebra isomorphism ¢; : &, — ) is called the parallel
transport along the path f from f(0) = m to f(t). A section s € I'(£)
is called parallel along f if

pi(s(m)) = s(f (1))

Such a parallel transport can be obtained from an injective Lie alge-
bra homomorphism &, — I'(f*¢). We have from [10, Lemma 1.32] that
the map v — s¥, where s” € I'(f*¢) such that s¥(0) = v and the covari-
ant derivatie %s” = (0 is an injective vector space homomorphism, as
the Lie connection V on ¢ is also a Linear connection on &, as a vector
bundle.
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Further for vy, vy € &, we have % [s", 5%2] = [Zs", 2]+ [s"1, ¥ 5"2] =
0 and [s",s"](0) = [s"*(0),s"2(0)] = [v1,v2]. Therefore [vy,vs] +—

[s", s"2] (by injectivity) and hence the map is an injective Lie algebra
homomorphism. Thus we have

Proposition 4.4 (Parallel transport). Let f : R — M be a smooth
path and let f(0) = m. Then there is a unique Lie bundle morphism

0 :Rx&, —=¢& (4.1)
which induces f : R — M and restricts to Lie algebra isomorphism in
the fibres such that fo = floyxen : {0} X & — &n s the identity map.
4.1. Bundles over M xR. First let us recall the definition of cartesian

product of two vector bundles.

Definition 4.5 ([3]). Suppose 7 : & - M and 7' : ¢ — M’ are two
vector bundles with standard fibre F' and F’ respectively. Then the
cartesian product of the bundles £ and & denoted by & x & is the tuple
(Ex& mxa',Mx M F&F'). That is, the vector bundle

axa ExE — Mx M
whose standard fibre is F' & F”, the direct sum of the vector spaces F'
and F”.

Now let 7 : ( — M x R be a Lie algebra bundle with standard fibre
L. Let ig : M — M x R be defined by ig(m) = (m,0) and (y = (i9)*(¢)
be the pullback of ( with respect to ig. Then we can form the bundle

(o xR (4.2)

the cartesian product of the bundle (y with the bundle i : R — R.
Clearly the bundle (y x R is a Lie algebra bundle over M x R with
standard fibre L (in fact it is L x {0} = L).

Lemma 4.6. With the hypothesis and notations above, there is a Lie
algebra bundle isomorphism

0:XxXR—=( (4.3)
Proof. Let V¢ be a Lie connection on ¢. For each m € M define
Im R — M xR
by
gm(t) = (m, t)
Clearly each g¢,, is a smooth path in M x R such that g,,,(0) = (m,0) =

io(m). Then by Proposition 4.4 we have a Lie bundle morphism induc-
ing g, : R — M x R say

@ZC(m,o)XR_)C
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such that it restricts to Lie algebra isomorphism on each fibre,

Ot m,0) X At} = (o) = Clmat) (4.4)

But we know that ({p),, is isomorphic to Cm,0) = Gig(m)- S0 we have a
Lie algebra isomorphism

Pm,t - (CO)m X {t} — C(m,t) (45)
extending to a Lie bundle morphism
p:xXR—=C
over M x R. O

Theorem 4.7 (Homotopy invariance). Let fo: N — M and f; : N —
M be smooth homotopic maps. Then the pullbacks f;& and f{€ of a
smooth Lie algebra bundle w: & — M are isomorphic over N.

Proof. Let h : N x R — M be a homotopy connecting f, and f; i.e.
hlp : N x {0} — M and h|; : N x {1} — M are equal to fy and f;
respectively. Let ig : N X N xR and 7; : N —+ N X R be defined by
io(x) = (x,0) and 4;(x) = (2,1). Then hoig = fy and hoi; = f;. So
we have

fo& =1ig(h7¢)
and

fi&=1i1(h7¢)
By applying Lemma 4.6 to h*¢ corresponding to i, we see that h*&
is isomorphic to if(h*¢) x R. Similarly Lemma 4.6 applied to h*¢
corresponding to iy, we see that h*¢ is isomorphic to i (h*¢) x R.

Therefore i§(h*€) x R = i} (h*¢) x R and hence we have

ig(h€) = i1 (h*€)
that is
fo& = [i€
OJ
Corollary 4.8. Let fo: N — M and f, : N — M be smooth homotopic

maps. Then the pullbacks f5® and f{® of the Lie group bundle 7 :
B — M with simply connected fibres, are isomorphic over N.

Proof. Let & be the Lie algebra bundle £(®) of & over M. Then by

the above Theorem 4.7, we have
fo& = fi€
But we know by Theorem 3.5,
L(f®) = f5€
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and
L(f76) = [i€
Therefore the Lie algebra bundles £(f;®) and L(f;®) are isomorphic.
But since the fibres of & are simply connected, so are the fibres of f;®
and f;®. Therefore by uniqueness in [2, Theorem 3|, we have
fi® = fi6
O

Corollary 4.9. Every Lie algebra bundle over a contractible base space
15 trivial.

Proof. Let us fix mg in M, the base space of Lie algebra bundle £. Since
M is contractible the identity map of M is homotopic to the constant
map f: M — M, f(m) = my. Therefore by Theorem 4.7 it follows
that *¢ = f*¢. That is

§= M X &g

In the same way we have
Corollary 4.10. Every Lie group bundle over a contractible base space

18 trivial.
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