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BASIS OF A MULTICYCLIC CODE AS AN IDEAL IN
FylX1,. o XX~ 1 X0 = 1)

R. M. LALASOA, R. ANDRIAMIFIDISOA*, AND T. J. RABEHERIMANANA

ABSTRACT. First, we apply the method presented by Zahra Sep-
asdar in the two-dimensional case to construct a basis of a three
dimensional cyclic code. We then generalize this construction to a
general s-dimensional cyclic code.

1. INTRODUCTION

Multicyclic codes are cyclic codes of dimension s, or s-D cyclic codes,
where s > 2 is an integer. Two-dimensional cyclic codes have been in-

tensively studied ([2, 3, 7, &, 9, 10, 11]). There are much less results
about general s-D cyclic codes, where s > 3 . Because of their rich
mathematical structure, as in [0], involving Algebraic Geometry or in

[5, 9, 10, 11], using group algebra and Galois Theory or ideals in a
polynomial quotient ring, multicyclic codes are of great importance.

A fundamental problem in coding theory is the construction of a
generator matrix, which allows to find parameters of the code and to
encode messages. The representation of a 2-D cyclic code as an ideal
in a polynomial quotient ring makes the construction of a generator
matrix possible, since it can be deducted from a basis of the ideal

([9, 10, 11]).
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Sepasdar, in [9, 11] presented a method which allowed to construct
an ideal basis of a 2-D cyclic code, which is represented as an ideal
in a two-variables polynomial quotient ring. Her method is based on
an “elimination principle”, and the fact that the coefficients of two-
variate polynomials in the ideals are also polynomials in one variable,
which belongs to principal ideals, and therefore, already have a “gen-
erator polynomial”. From these generator polynomials, one then can
construct a basis of the code, as a vector space.

In the present paper, we apply Sepasdar’s method first to the 3-D
case and then to the general s-D case (s > 2). It is organized as follows :

In Section 2, we give a brief description of multicyclic codes, as ideals
in a polynomial quotient ring. Then we describe the structure of these
polynomial quotient rings. Finally, we describe an auxiliary polyno-
mial quotient ring which will allow us to apply Sepasdar’s method to
higher-dimensional cases

In Section 3, we first describe 2-D cyclic codes while applying what
we saw in Section 2 to the 2-D case. We also present Sepasdar’s result.

In Section 4, we state and prove our main Theorem 4.1. This give the
construction of a basis of a 3-D code, as an ideal in a three-variables
polynomial quotient ring. We prove it by using Sepasdar’s method
with ideals in two variables, a modification of the method and more
calculation to the 3-D case.

In the last Section 5, we state and prove Theorem 5.1, which is the
generalization of Theorem 4.1 to the s-D case, by induction.

2. MULTICYCLIC CODES

Throughout this paper, F, denotes the Galois Field with ¢ elements
(where ¢ is a power of a prime number). Let s > 2 be an inte-
ger, Xi,...,X, distinct letters (or variables) and py,...,ps > 1 in-
tegers. Let F,[X1, ..., X;] the ring of the polynomials in the variables
Xy, ..., X, with coefficients in F,. An element of this ring is of the
form

d(X1,...,X,) = Z Aoy, X X (2.1)

(a1ye.., ) EN®
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where d,, . o, € F,, the sum being finite.

A multicyclic code, or more precisely, an s-dimensional cyclic code
(s-D multicyclic code), is an ideal I in the quotient ring (and also an
F-algebra)

R=F,[Xy,..., X /(X" —=1,..., X —1). (2.2)

For o =1,...,s, let x, be the residue class of X, modulo the ideal
(X' —1,..., X —1):

T =Xo + (X7 —1,..., X —1). (2.3)

We then have
xhe = 1. (2.4)

We will need some supplementary notations :

o Let Z /p, Z = {0,1,...,p, — 1} be the set of the residue classes of
the integers modulo p,. for 0 = 1,...,s. Now, construct the abelian
groups

Gs=Z|pmZx...XZL/psZ,
95_1:Z/p12><...><Z/p5_1Z.

o Let F,[x1, ..., 2] be the set of polynomials in the variables z1, . .., z.
Using (2.4), we have

Ff][x17 e 71‘3] :{ Z Talzmvasx?l e ‘CE?S ralr--»as E ]Fq
(alpugas)egs (26)

for (au,...,a5) € Gg}.

(2.5)

e In the same manner, we define

Fq[xl, - ;xs—l] :{ Z 77041,...,043_1'%(1)‘1 e x?iEl Tay,.as—1 € IF‘]
(a1yeey005-1)€Gs 1
for (aq,...,as-1) € Gs_1}.
(2.7)

Note that the set Fy[z1,..., x| (resp. Fy[z,..., Xs_1]) is finite and
has cardinality ¢”*"?s (resp. ¢°*"Ps=') since it can be identified with
the set of mappings from G (resp. Gs_1) to IF,.

e Let S be the quotient ring

S =TF,[X1,..., Xo ] (X —1,..., X007 — 1), (2.8)

The following proposition gives another representation of the ring R :
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Proposition 2.1. With the preceding notations, the rings
R=T,[X1,....Xs]/(X{" = 1,...,XP — 1) and F,lx1, ..., zs] are iso-
morphic.

Proof. Let 4 be the ring homomorphism defined by

s Fo[ X1, ..., Xs] — Fylxq, ..., x4

2.
fori=1,...,s. Let d(Xy,...,X;) € F[X1,...,X,] asin (2.1). Using
(2.4), we then have

ps(d( X1, ..., X)) = Z das...00 7" mod P g mod ps

(atye..,c0s)EN®

where “a, mod p,” designs the remainder of a, by the euclidean di-
vision of a, by p,, Moreover, ¢; is surjective and its kernel is the ideal
(X{* —1,...,XP —1). Therefore, by the first isomorphism theorem
for rings ([1]), there is an isomorphism ¢ which makes the following
diagram commutative :

F X, ..., X £ y Fylzn, ...,z

Ts Pt

Fy X1, XX = 1, X0 1)

where 7, is the canonical surjection. This proves the proposition.
OJ

The following proposition gives another representation of the ring .S:

Proposition 2.2. With the preceding notations the rings
S=F,[X1,..., X ] (XD —1,..., X7 —1) and Fy[zy, ..., 251] are
1somorphic.

Proof. We define the homomorphism 1, by

ws : ]F(Z[Xh s 7XS—1] — Fq[y17 s 7ys—1]

2.10
X y= X+ (X0 -1, xey —1y 210

(It is not the same as ¢,_; defined by (2.9). Here, y; is the residue
class of X; modulo the ideal (X{* —1,..., X" —1)). Using the same
arguments as for the mapping ¢, in (2.9), there exists an isomorphism
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1h, which makes the following diagram commutative :

]Fq[Xla-was—l] v ? ]Fq[yly-"vys—l]

l 1/75 ,,—””\,
Ts—1 -7

F(I[le cee 7XS—1]/<X1pl - 1’ e ’Xfiil - 1>’

(2.11)
where 7,_; is the canonical projection. Now define the homomorphism

0 by
0 :]Fq[yl,...,ys—ﬂ —>Fq[m1,...,$s—1] (2.12)

for i = 1,...,s. The mapping 6 is obviously surjective and since its
domain and codomain have the same cardinality (see the remark next to
(2.7)), it follows that it is bijective, hence a ring isomorphism. Going
back to the commutative diagram (2.11), we have that the mapping
0 o1, is an isomorphism between S and F[z1, ..., x]. O

From the propositions 2.1 and 2.2, we then can make the following
identifications:

R=TF,[X1,...,X,)/(X0" —1,..., X" —1) = Flay, ...,z
and
S = Fq[Xl, ce ,Xs_l]/<X1pl - 1,. .. ,XspiEl - ]_> = F[ZEl, N ,st_l].
(2.13)

We directly deduce the following corollary :

Corollary 2.3. Using the notations in (2.13), we have
R =F,[z1,...,xs_1][xs] = Slxs]. (2.14)

Remark 2.4. For d(X;,...,X;) € F,[Xy,...,X;], by the division al-
gorithm ([1, 5]) of d(X1,...,Xs) by X7 — 1, for 0 = 1,...s, we can
write

g

d(X1,. . X)) = (X, X)X = 1) +r(Xy,.., X)), (2.15)
o=1

with ¢,,r € F,[X1,..., X;] and r being of the form
r(Xp, o X) = ) Tapa X X (2.16)

(al ----- as)

where a, < p, — 1 for 0 = 1,...s. Therefore, a representative of the
residue class of d(X7, ..., X,) modulo the ideal (X' —1,..., XP —1)
is 7(Xy,. .., Xs). Using this, we can find the result of Proposition 2.1 :
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the class of d(Xy,...,Xs) is the same of that of r(Xy,..., X;), which

is
- (a5 (0%
r(z1,...,x5) = 5 Togoas Lyt - X0,

and immediately deduce that

R = { Z Taq,.., Ozsx(l)é1 o 'x(js Tay,..as € Fq} - Fq[xla ,SL’S]
(al 77777 as)egs
Similar considerations also allow to show that S = F[z1,..., 25_1].

Using Corollary 2.14, an element f(z1,...,xs) € R can be uniquely
written under the form

flan,. . ag) =Y filzr,. . wa)al, (2.17)

where f;(x1,...,25.1) € Sfori=0,...,ps — 1.

3. TWO DIMENSIONAL CYCLIC CODES

Let I,n > 1 be integers, X,Y two letters or variables, F,[X,Y] the
ring of polynomials in X, Y with coefficients in F, and R the quotient
ring

R=TF,[X,Y]/(X"'—1,Y™ —1).
and S the quotient ring
S = F,[X]/(X' ~ 1).
According to (2.3), let
=X+ (X' -1, Y"-1)
y=Y + (X' - 1,Y" - 1)
the residue classes of X and Y modulo the ideal (X' —1,Y™ —1). A

two dimensional (2-D) cyclic code is an Ideal I in R. Using (2.13), we
can write

R=TFyz,yl ={ Z da,ﬂxayﬁ | das € Fy},
(a,B)€G2
where Gy = Z /IZ X Z /mZ and
S =F,[z] ={ Z Cax® | co € Fy}.
a€Z /IZ
Here is Sepasdar’s result :

Result 3.1 (Sepasdar, [0, 11]). An ideal in F,[X,Y]/(X'=1,Y™—1),
1.e. a two-dimensional cyclic code has a finite basis.
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If I is an ideal in R = F [X,Y]/(X' — 1,Y™ — 1), this result states
that there exist elements pi(z,y),...,pe(z,y) € R (where k > 1 is an
integer) such that an element c¢(z,y) € I may be written as

k
C(l‘, y) = Z Ui(ZE, y)pz(ma y)
i=1
with u;(z,y) € Rfori=1,... k.
4. IDEAL BASIS OF A THREE-DIMENSIONAL CYCLIC CODE
Now, applying what we saw in Section 2 for s = 3, A 3-D cyclic code
is then an Ideal [ in R =F X" Y™ Z"|/(X'-1,Y™ —1,Z"—1). By
(2.8),
S =F,[X,Y]/(X'—1,Y™~1).
According to (2.3), let
r=X+(X'-1,Y"-1,2"-1)
y=Y + (X' -1, y"—-1,2" - 1),
r=Z4+ (X' -1, Y™ —1,2"-1)

the residue classes X, Y and Z modulo the ideal (X'—1,Y™—1, Z"—1).
Using (2.13), we can write

R=F[z,y,2] ={ Z daﬁﬁxayﬁzv | da,sy € Fyl,
(a7ﬁv'y)€g3

S =Flz,y] =1 Z Ca Y’ | cap € Fyl,
(a,8)€G2

where Gs = Z/IZXZ|/mZXZ /nZ and Go = Z /IZ X Z /mZ. By
(2.17), an element f(z,y,2z) € R can be uniquely written under the
form

Y

f(x,y,z) :X_:fl(xay)zl (41)

where f;(x,y) € Sfori=0,...,n— 1.
Using the equality 2" = 1, we have
Zf(CC,y,Z) = fn—l(x’y) + fo(CL’,y)Z +oeee At fn—Q(‘ray)zn_lu

ZQf(l‘,y,Z) = fn—Q(xay) + fn—l(xvy)z + -+ fn—3(x7y)zn_17 (4 2)

Zn71f<$ay>z) = fl(xay) + f2($,y)2 + o fO(xvy)Znil'

The main task in this section is to prove our main theorem:
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Theorem 4.1. Using the preceding notations, let I be an ideal of
R=F, /X, Y™ Z" /(X' -1, Y™ —1,Z"—1). Forj=0,...,n—1, let
I; be the following set

I = {g;(z,y) € S| 3g(x,y,2) € I with g(x,y, 2 Zgz T, Y)z

wheregi €S fori=y,...,n—1}.
(4.3)

Then the following hold:
()

(1) The I;’s are ideals of S, generated by elements py ...,pr] €S,
i.e.

L= pY, . p) {Zpu 2, 9)qu(z, ) | qu € S}
pn=1

(2) There exist elements pgj)(x Y, 2), ...,pgi) (z,y,2) € 1, such that

(z,y,2 pr T, y)z (4.4)
for 5 = 0,...,n— 1,4 = j,...,n — 1, where pgj)(x,y) e S, with
p%)(fv,y)=pff)(fv,y)‘f0w=41,..-, i
(3) The elements p, ...,p%), j=1,...,n—1 generate I, i.c.

I'= <p§0)7-"7p7(~(1))>p§1)7-"apg)’---7p§j)7"'7pg)7‘"’pgnil)a"wpv("::ll))'

Proof. We see that that all the I;’s are non-empty since they contains
the zero polynomial.

(1) Fix an element j € {0,...,n — 1}. If go(z,y) € I;, there exists
g(x,y, z) € I such that

g(z,y, 2 Zgﬂ:y

First, we have xzgo(x,v), ygo(z,y) € I; since I is an ideal of R and
n—1
vg(z,y,2) = > xgi(z,y)2 yg(z,y, 2 Zygl z,y)z
i=j
are elements of I. Second, for g(z,y,z) and g (x,y,z) € I, we have
g(x,y,2z) + ¢ (x,y,z) € I since I is an ideal. Thus, with obvious nota-
tions, go(z,y) + go(z,y) € I;, for go(x,y) and g((z,y) € I; and, I; is
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indeed an ideal of S =F,[X,Y]/(X'"—1,Y™—1). By Result 3.1, it has

a basis {p1 , D5 ), o ,p,(ng)} (where r; € N¥), as stated in the theorem.

The ideal Iy will be of special interest:

In ={g0(x,y) € S| Jg(z,y, 2) € I with g(z,y, 2) Zgzxy
WheregiESforZ—(),...,n—l}.
(4.5)
By (4.2), it follows that
2 f(x,y,2) € Iy, (4.6)
which yields that f;(z,y) € Iy fori =0,...,n— 1.

(2) The assertion results from the fact that pff)(x,y) is an element

of Sfor j=0,...,n—1and g =1,...,r; and the definition of I; in
(5.2).

By (4.2) and (4.6), where we replace f by p\), we have, by appro-

priate choices of k, zkpg)(x,y, z) € I, which implies that pgi) € I for
1t =0,...,n—1. This latter being generated by p§0>, ey ,p£‘3), there
exist tl(i)l,(x y) € S such that

) (x,y) Zpy z, Yt (2, ) (4.7)

for j=0,...,n—1and p=1,...,r;. Using (5.3) and (4.7), we then

have
n—1 7o

(@,y,2) = D> p0 (@, y)tin (z,y)2" (4.8)
i=j v=1
Now, consider an element f(z,y,z) € I of the form (4.1). Since

fola,y) € Iy, there exist ¢ (z,y) € S, p=1,...,ro such that

Zpﬂ (z,y)q (x,y). (4.9)

Using (4.7) for j = 0 and the fact that pOH (x,y) = p&o) (x,y), from (2),
Theorem 4.1, it follows that

To To

ZZP L,y tow/ z,9)q (x,y). (4.10)

p=1 v=1
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Put

hl('xv%z) = f(xvyv Z) - ZPLO)(%% Z)Q;SO)(mvy)' (411)

p=1
We have

n—1 r9 710

h(z,y,2) = Z 22 =D NS O @, )t (2, y)q Y (2, )2

= =0 p=1 v=1
(by ( 8) for j = 0),
n—1 n—1 r9 1o
= (folw,9) + Y filw,m)=) = D> 00 (@, )t (@, 9)a (x, )7,
i=1 i=1 p=0 v=1
ro 7o 0 n—1
= (folw,y) = D> (@, y)tin (2, 9)a (@, 9) + > filw,y)z
p=1rv=1 i=1
— ro To
—Z SN TP @ )t (@, y)d (2, 1)) 2,
i=1 p=1rv=1
n—1 rg
—Zfzxy ZZPM 7,9)q) (x,y))7"
=1 =

(4.12)

Since f and p,(f)) are elements of I which is an ideal of R, the polynomial
hy is also an element of /. We remark that

n—1

hi(z,y,2) = > b (x,y)2

i=1

where hl(l) € Sfori =1,...,n— 1. In other words, hgl)(x,y) e 1.
Therefore, there exists q,(}) €S, u=1,...,r such that

Zp(” z,y).

Using (4.7), for 7 = 1, and the fact that pm N(z,y) = S)(x,y), from
(2), Theorem 4.1, it follows that

rTo
=N O, )t (@ y)a (@, y). (4.13)

p=1 v=1
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Put

h2(x7 Y, Z) = hl(xv Y, Z) - Z pibl) (9;" Y, Z)qil} ([L’, y) (414)

p=1

We have

ry ro n—1

(z,y,2 Zhl vy, 2)2 =Y 3N pO )t (@, y)a,) () 2

p=1 v=1 =1
(by (4.8) for j = 1),
—1 L To
= Z (2, 9)2" = Y Y 0 (@, )t (@ vty (x,9)) 2
=2 p=1 rv=1

T1 T0
S AL e ) )
i=1 p=1rv=1
n—1 r o
:Zh (2.9)2 =3 > oD@yt (@, y)a) (@, y)?
i=1 p=1 rv=1
n—1 rp
:Zh z,y)z" —ZZPW v, y)a, (2, y))?
i=1 p=1
(by (4.13) and (4.7) for j = 1).
(4.15)

(3) Since hy(z,y, z) and p&l)(a:, y, z) are elements of I which is an ideal
of R, the polynomial hs(z,y, 2) is also in I and can be written in the

form
n—1

ho(z,y,2) = Y b (x,y)7

=2
where hl(2 (z,y) € S. In other words, ho(z,y,z) € I,. Therefore there
exist q,g )(:r;,y) € S,u=1,...,ry such that

ZP(Q) (z,y). (4.16)

Using (4.7), for j = 2, and the fact that péu)(:v,y) = pff)(x,y), from
(2), Theorem 4.1, it follows that

T2 To

=33 0@ )t (2, y)g 2 (2, ). (4.17)

p=1 v=1
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Put

T2

hs(x,y,2) = ha(z,y,2) = Y _pP (2,9, 2)q (2, y). (4.18)
We then have

= Py, 2)2 - PO (@, )t (2, 9)qP (w, y) 2"

(by (4.8) for j = 2),
n—1 re 7o

= () (@, y)y)22 + D k)2 = > 0 (@, )5, 02 (x,1))
=3 p=1 rv=1

rg n—1 79

=SSO0 @yt (@ y)as (x,)) 7

,u,17,3111

n—1 r9 1o

:Zh (2,9)2" = 3N (@ )t (2, 9)g (2, )

=3 p=1 v=1

n—1 ro

:Zh (@) =Y pi (@ y)e? (@, y)2

(by (4.17) and (4.7) fzor j”: 2).
(4.19)

Since hs(x,y, z) and p,(f) (x,y, z) are elements of I which is an ideal of
R, the polynomial h3(x,y, z) is also in I and can be written in the form

(x,y,2 Zh(3) (x,y)z (4.20)

with h{¥ (2, y) € S.

Applying the preceding methods, we get polynomials

h4($ Y, Z), CIRIE hn—2($7yaz)7

(3)(1: Y,z )1<H<T3’ s 7q£n—2) (I7 Y, Z)1<M<Tn72

of S. Finally, put

Tn—1

hn—l(xayu Z) - hn 2 xz,Y,z Zp I y Y, 2 (n 2)($,y) (421>
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Then h,_i(x,v, ) is a polynomial of I of the form A" "{(z,y)z""!. In

other words, h" " (z,y) € I,,_1. Therefore, there exist ¢i" " (z,y) € S,
iw=1,...,7,-1 such that

Tn—1
h(n 1) Zp M 1)(x7y)7 (422)
which yields
Tn—1
hn 1 ,CE Y, 2 Zp .2? Y Q,([L 1)( ’y))zn—l
Tn—1

= Zp(" D(z,y,2)q (@, y).

For an arbitrary element f(z,y,z) € I we then have shown the follow-
ing equalities :

hi(z,y,2) = f(x,y, 2 Zp ,y,2)q (x,y),

/Ll

h2($ay> ) hl ,CE y Y, 2 Zp x, Y,z (Z’ y)

hs(w,y,2) = ha(z,y, 2 Zp@) r,y,2)4 (z,y),

Tn—2

hn71($;y72) — hn 9 Q; Y, 2 Zp(n 2) .T Y, 2 (n— 2)<$ y)

Z 0 (@, 2)q Y (2, y)

=1
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and finally have

70

flay,2) =Y o,y 2)qO (@ y) + (2. y),

pn=1
ZZPM ,9,2)¢ (2, y) +Zpu 2,y,2)q) (2, y) + ha(z,y),

)
Tn—1

ZZPM ,y,2)qy) (z,y) + +Zp M@,y 2)q0 D (z,y),
pn=1

and conclude that
(n—1)

0 1 7 i n—
I= <p§),...,p§?),p§),...,pﬁ}),...,pg),...,pgi),...,pl yee,pT DY,

5. BASIS FOR AN s-DIMENSIONAL CYCLIC CODE

Now, we generalize Theorem 4.1 for general s-D multicyclic codes
(s > 2). Let

R=T,[Xy,...,X,]/(X" = 1,..., X0 —1),
as in (2.2) and S the quotient ring
S=TF,[X1,..., X q]/(XP —1,..., X0 —1).

In section 2, by (2.13) and (2.14), we know that if z; denotes the residue
class of X; modulo the ideal (X{* —1,...,X? — 1), then

S =F,z1,...,2521], R=TFy[x1,..., 25 = S[z]. (5.1)

Theorem 5.1. Let I be an ideal of the quotient ring
R=T,[X1,.... X /(X" =1,..., X —=1). For j=0,...,ps— 1, let
I; be the following set

Ij = {g](l’l, ce ,-1'371) es ]Elg(xl, Ce ,xs) € I with

g(xy, ... x5) = Z gi(xy,. .. ,a:s_l)xi,

where g; € S fori=j,...,ps — 1}.
(5.2)
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Then the following hold:

(1) The I;’s are ideals of S, generated by elements p(j) ...,prj e S,
i.e.

IJ_<pg])7pg 7“"prg {ZP xla---7x5—1>q;t($l7"'axs—l) ‘QMGS}

(2) There exist elements pgj)(xl, Ce L)y ,]35«{,1,1(301, .., Ts) €1, such
that
ps—1

pl(f)(asl,..., pr Tiy. ., Teq)Th, (5.3)

forj=0,....n—1,i=j,...,ps—1, wherepl-i)(xl,...,xs_l) € S, with

p§ﬁ(m1,...,x5_1) p,(f)(xl,...,xs_l) forpu=1,...,r

(3) The elements pl ,...,pfg), 1=1,...,ps— 1 generate I, i.e.
0 1 j ; o1 —
I=p, . p e el ey,

Proof. We prove by induction on s: the case s = 2 was treated by
Sepasdar and the case s = 3 in Section 4. Now, suppose the theorem
is true for s — 1, where s > 4. Let I be an s-dimensional ideal in the
quotient ring R = F,[Xy, ..., X]/(X{" —1,..., X —1). By (5.1), we
have R = S[z,]. Using the representation S = F [ X, ..., Xs_1]/(X{' —

1,...,X?7"—1), by the induction hypothesis, each of the I;’s as in the

theorem have a basis {pu (x1,...,25-1)}, since they are ideals of S. As

we have done in Section 4, there are also polynomials pg) (T1,...,Ts)
whose set is a basis of I. Thus, the result is true for s and, therefore,
by induction, for all s € N*. O
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