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TIGHT CLOSURE OF A GRADED IDEAL RELATIVE
TO A GRADED MODULE

F. DOROSTKAR * AND R. KHOSRAVI

ABSTRACT. In this paper we will study the tight closure of a
graded ideal relative to a graded module.

1. INTRODUCTION

Throughout this paper G is an arbitrary abelian group with identity
e and R will denote a commutative ring with identity and with prime
characteristic p. Also R° will denote the subset of R consisting of all
elements which are not contained in any minimal prime ideal of R.
Further N and Z will denote respectively the set of natural numbers
and the set of integer numbers.

The main idea of tight closure of an ideal in a commutative Noe-
therian ring (with prime characteristic) was introduce by Hochster and
Huneke in [7].

Let R be a Noetherian ring and I be an ideal of R. We recall that
an element x of R is said to be in tight closure, I*, of I, if there exists
an element ¢ € R° such that for all sufficiently large e, cz? € (a*" :
a € I). The ideal (a** : a € I) is denoted by I”l and is called the
eth Frobenius power of I. In particular if I = (ay,as,...,a,), then

e

TP = (¥, a2, ...,af"). The reader is referred to [12] for the tight

cey Wy

closure of an ideal.
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In the remainder of this paper, to simplify notation, we will write ¢ to
stand for a power p° of p. For any ideals I and .J, !4+ Jl4 = (14 J)ld],
Il jld = (1.J)ldl,

In [2], the dual notion of tight closure of ideals relative to modules
was introduced and some properties of this concept which reflect results
of tight closure in the classical situation were obtained. It is appropriate
for us to begin by briefly summarizing some of main aspects.

Again let R be a Noetherian ring. Let [ and J be ideals of R and
let M be an R—module. [ is an F'—reduction of the ideal J relative to
M, if I C J and there exists a ¢ € R° such that

(0:p7 119 C (0257 €9 for all ¢ > 0.

It is straightforward to see that the set of ideals of R which have I as
an F'—reduction relative to M has a unique maximal member, denoted
by I*'M] and called the tight closure of I relative to M. This is in fact
the largest ideal which has I as F'—reduction relative to M (see [2]).

An element x of R is said to be tight dependent on I relative to M,
if there exists an element ¢ € R° such that

(0 :p7 T C (0277 cx?) for all ¢ > 0.
Moreover in [2], it was shown that

'™ = {2 € R: x is tight dependent on I relative to M}.

In this paper we will introduce the tight closure of a graded ideal
relative to a graded module and we will prove some properties for it.

2. AUXILIARY RESULTS

Let G be a group. A ring R is said to be a G—graded or a graded ring
of type G if there exists a family {R, : 0 € g} of additive subgroups
of R such that R = @@ R, and R,Rs C R,s for every 0,6 € G. Every

oeG

element of h(R) = |J R, is called a homogeneous element. Further
oceG

any nonzero homogeneous element r, € R, is called a homogeneous

element of degree o and we will write deg(r,) = o. It is well known
that R, is a subring of R and 1 € R..

If R is a graded ring, then every nonzero element » € R has a unique
expression 1 = r,, + 75, + ... + 75, as a finite sum of nonzero homo-
geneous elements. The elements 7,,,74,, ..., 75, are called the homoge-
neous components of r. Also if I is an ideal of the graded ring R, then
19" denotes the ideal of R generated by the elements h(I) = I N h(R).
Clearly h([) is the set of the homogeneous elements in I.
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Let R be a graded ring of type G. An R—module M is said to be a
graded left R—module if there exists a family {M, : o € g} of additive
subgroups of M such that M = @ M, and R,Ms C M,s for every

oelG
0,0 € G. Every element of h(M) = |J M, is called a homogeneous
oeG
element. Further any nonzero homogeneous element m, € M, is called

a homogeneous element of degree o and we will write deg(m,) = o.

Every nonzero element m € M has a unique expression m = m,, +
My, + ... + My, as a finite sum of nonzero homogeneous elements. The
elements mg,, Mgy,, ..., My, are called the homogeneous components of
m. An submodule N of M is said to be a graded submodule if for every
n € N the homogeneous components of n are in N. A submodule N
of graded R—module M is a graded submodule if and only if N is
generated by some homogeneous elements. An ideal I of graded ring
R is called a graded ideal if it is a graded submodule of R—module R
(see [5]).

Let R be a graded ring of type GG and let M be a graded R—module.
The injective hull of M in the category of graded R—modules is denoted
by E9(M). It follows from [0, 1.1], that E9(M) is a submodule of the
ordinary injective hull F(M). A graded injective R—module E is a
graded injective cogenerator if it is a cogenerator in the category of
graded R—modules.

Let R be a G—graded ring and S be a multiplicatively closed set of
G-homogeneous elements not containing 0. Then Rg is a graded ring
where for every g € G

(Rs)g = {g :r € Ry, s € Rhg—l,h S G}

Similarly, if M is a graded R—module, then the graded Rg—module
My is defined. If P is a G—graded prime ideal of R, then S = h(R)— P
is a multiplicatively closed set of G-homogeneous elements. Also the
G'—graded ring Rg and Rg—module Mg is denoted by Rpy and M p).
We know the ring R(py is a graded local ring with graded maximal
ideal PR(py. For every x € h(R) — P multiplication by x induces an
automorphism of £9"(R/P) and so E9"(R/P) is an R(py—module.
Let R be a G—graded ring. A graded R—module M is called graded
Noetherian or gr—Noetherian if M satisfies the ascending chain con-
dition for graded R—submodules of M. We know that, a graded
R—module M is graded Noetherian if and only if each graded submod-
ule of M is finitely generated or if and only if each non-empty family of
graded submodules of M has a maximal element (see [3]). A commu-
tative G—graded ring R is called graded Noetherian or gr—Noetherian
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if R is graded Noetherian as an R—module. If R is a Z—graded Noe-
therian ring then R is a Noetherian ring (see [0, 2.1]).

In the remainder of the paper, we assume that R is a commutative
graded Noetherian ring of type G (or when we declare, it is a Z—graded
Noetherian) with characteristic p.

By using a method similar that they used in [3, 1.5], one can obtain
the next proposition.

Proposition 2.1. Let R be Z—graded ring and F' be a graded injective
cogenerator R—module. Let I and J be graded ideals of R. Then I C J
if and only if (0:p J) C (0 :p I).

Corollary 2.2. Let R be Z—graded ring and I,.J be graded ideals. Let
P be a graded prime ideal of R and E' = E9"(R/P). Then the following
conditions are equivalent:

(b) IR(p) © JRp).
Proof. This is well knowon from [10, 2.1(D)] that E9"(Rp)/PRp)) is
a graded injective cogenerator. We know from [0, 4.5],

E9(Rp)/PR(p)) ~ (B (R/P))p) = B (R/P).

Now since (0 ‘E97(R/P) J) g (0 ‘E97(R/P) [) if and only if (O :EQT(R(P)/PR(P))
J)C (0 {B97 (R py/ PR (p) I) the proof is clear from 2.1.

It is well-known (cf. [11]) that, if I is a graded ideal of R then I* is
also a graded ideal.

Definition 2.3. Let I and J be graded ideals of R and M be an
graded R—module. We say that [ is a graded F'—reduction of the
ideal J relative to M, if I C J and there exists a ¢ € R° such that

(02 19 C (025 ¢J9Y for all ¢ > 0.

If the graded ideal [ is a F'—reduction of the the graded ideals J and J’
relative to M then [ is a F'—reduction of the graded ideal J+J' relative
to M. Since R is a graded Notherian ring, the set of graded ideals R
which have the graded ideal I as a graded F'—reduction relative to M
has a unique maximal member, denoted by I*M] and is called the
gr-tight closure of I relative to M. This is in fact the largest graded
ideal which has I as F'—reduction relative to M.

Definition 2.4. Let [ be a graded ideal of R and M be a graded
R—module. A homogenous element a € h(R) is called graded tight
dependent on I relative to M, if there exists a ¢ € R° such that

(07 1Y C (0 :pf ca?) for all ¢ > 0.
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Also an element x € R is called graded tight dependent on I relative
to M, if every homogenous component of x is graded tight dependent
on [ relative to M.

Remark 2.5. Let I be a graded ideal of R and M be a graded R—module.
Since I'9 is a graded ideal of R, (0 :p; I?) is a graded submodule of
M (see [9, Chap. 2, Sec. 11, Prop. 31]).

Remark 2.6. Let I be a graded ideal of R and let M be a graded
R—module and z € R. Also assume that, x has the homogeneous com-
ponents Ty, ...,o,, € h(R). Then z is graded tight dependent on I
relative to M if and only if I is a graded F'—reduction of the graded
ideal I + Rx,, + ... + Rx,,, relative to M.

Remark 2.7. Let I and J be graded ideals of R and let M be a graded
R—module. Then the following conditions hold.

(a) I C I* C [*orM],

(b) If I C J then [*sMl C Jror[M

( ) ([*gT[M])*gT[M] — [*gT[M]_

(d) ]*gr[M]J*gT[M] - (IJ)*QT[M]

Theorem 2.8. Let I be a graded ideal of R and let M be a graded
R—module. Then

oM — {4 € R: xis graded tight dependent on I relative to M}.

Proof. Let x be graded tight dependent on I relative to M. Let x have
the homogeneous components z,,, ..., z,, € h(R). Then for every 1 <
1 < n there exists a ¢; € R° such that

(0 19 C (0 2y cizd ) for all ¢>> 0.
Let ¢ = ¢y¢o...¢,,. Then ¢ € R° and for all ¢ > 0 we have

(0 :py I19) C ﬂ (0:p cRxl) C (0 :py C(Z R, )"

ThlS shows that [ is a graded F— reductlon of the graded ideal I +
Z Rz,, relative to M. Thus I + Z Rz, C I*M and so o = z,, +

=1 =1
A 1y, € TForM]

For converse inclusion, let y € I*s*[M]. Since I is a graded F—reduction
of the graded ideal I*s7M] relative to M, there exists a ¢ € R° such
that

(07 1Y C (0 25 (IO for all g > 0.
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Let ¥ = Yo, + ... + Yo, Where ys,, ..., ys, € h(R). Since '™ is a graded
ideal, Yo, .., Yo, € oM. This implies that for all 1 < i < k and
q > 0 and so we have

(0 :s ][Q]) C(0:y c([*g'r[M])[Q]) C (0: Cygl)‘

Hence y = Yy, + ... + Y5, is tightly dependent on I relative to M and
this completes the proof. O

Proposition 2.9. Let I be a graded ideal of R and M be a graded
R—module. Further assume that S is a multiplicatively closed subset
of R. Then

ST My (g1 lSTIM,

Proof. Let £ € S7Y(I*M). Let © = z,, + %o, + ... + 2,, where
Toyy Lags oy Lo, € h(R). By 2.8, x,, is graded tight dependent on [
relative to M for every 1 < i < n. So for each 1 < i < n, there exists
a ¢; € R° such that

(027 1) C (0 2y cizd ) for all ¢>> 0.

Let ¢ = ¢1¢y...¢,. It is straightforward to see that ¢ € (S7'R)° and for
every 1 <11 <n we have
q

x?

(0 :g-12 ST C (0 1y % f’) for all ¢ > 0.
This follows that ¢ = w% -+ x% + ...+ %= is graded tight dependent
on S7'7 relative to ST'M and so £ € (S1)*er S M by 2.8, O

3. MAIN RESULTS

Theorem 3.1. Let R be a Noetherian G—graded ring and M be a
graded R — module. Then for every graded ideal I of R we have

JrorM] — (_]*[M])gr_

Proof. Since R is a Noetherian ring, I*™] can be defined. But I is a

graded F—reduction of I*sM] relative to M then I*swM C [+IMl and

so [*oM C (IMhor - Now let oz € (I*™M)9" and z = > z,, where
i=1

Ty, 1s a homogeneous element of degree o; for every 1 <1 < n. Since

(I*MN9 is a graded ideal, we have 2, Zg,, ..., T, € (I*M)9r C [+IM],

This follows that for every 1 < ¢ < n, there exists ¢; € R° such that

(0 g 19 C (0 :ps 525,7) for all ¢ >> 0.
Then z = 3. x,, € "M So (1*M)9r C [*or[M] and this completes

=1
the proof. O
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Theorem 3.2. Let R be a Z—graded Noetherian ring and M be a
graded R — module. Then I'™! is a graded ideal.

Proof. Since R is a Z—graded Noetherian ring, R is a Noetherian ring.
Then the integral closure of the ideal I relative to R—module M namely
I*™] can be defined. Let z € I*M and let = 2,, + ... + 2, where
Toys s Lo, € W(R) and deg(z,,) = o for all 1 < j < n. Since z € [*M]
there exists a ¢ € R° such that for all ¢ > 0 we have

(07 19 C (027 cx?) C (01 c(zl + ...+l )).
Assume that ¢ = ¢, + ¢, + ... + ¢, where ¢, ¢y, ...y ¢, € h(R) and
deg(cy,) = t; for all 1 < i < r. By 2.5, (0 :py 119) is a graded sub-
module of M. If my is a homogeneous element of (0 :3; I19) then
> ezl my = 0. Let
i=1j=1 !
ti, —t;

21 <y, 00 <71 < gy, 2 < b
Ojy — O3y

q>{

If 41 # iy or j; # jo then deg(ctilxgjlm)\) # deg(ctizxghm,\). This
follows that for all ¢ > 0, ¢;, @2 my = 0 and so cag my = 0. Thus

(0 a7 1Y C (0 13y ca) for all ¢>> 0
for every 1 < ¢ <n. Then z,, € M1 and so 1Ml ig a graded ideal. [

Corollary 3.3. Let R be a Z—graded Noetherian ring and M be a
graded R — module. Then for every graded ideal I of R we have

J[rorM] — p¥[M]
Proof. This immediately follows from 3.1 and 3.2. OJ

Lemma 3.4. Let R be a Z—graded Noetherian integral domain and let
I be a graded ideal of R. Let P € Ass(R). Then

Jrar[E9T(R/P)] _ prgr[R/P)
Proof. By 3.3, I*or[E"(B/P)] — BT (R/P)] and [*erlB/P) = [+B/P] - Gince
R/P < E9(R/P), I's B (RIP] C [orlB/PL Now let o € [*arlf/P,
Then there exists ¢ € R° such that

(0:gyp I') C (0 :5/p ca?) for all ¢ 0.

We will show that z € I'E(B/P) Let y € (0 :gor(r/p) I9). By using a
method similar that they used in [1, 3.6], one can see that there exists
t € R\ P such that ty € R/P. Since ty € (0 :g/p 1), caxty = 0.
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Since the multiplication by ¢ provide an automorphism on E9"(R/P),
we have that y € (0 :gor(g/p) cz?). Thus we have

(0 IEgr(R/p) ][q]) g (O ZEgr(R/p) CJZq) fO’I“ all q > 0
Therefore z € I*o7[F7"(R/P)] S the proof is complete. O

Proposition 3.5. Let R be a graded Noetherian integral domain of type
Z. Let I be a graded ideal of R and M be a graded R—module. Then
any homogenous element of degree lees than the degree of generators of
the generators of the graded ideal I can not be in I*or[E" M ynless it
18 nilpotent.

Proof. Assume that the graded ideal I can be generated by the homoge-
neous elements aq, ao, ..., a,, all of degree at least §. Let x be a nonzero
homogeneous element of R such that deg(x) < 0. Further assume that
x is not nilpotent and M is a graded R—module. Let P € Ass(M).
By [4, 1.5.6], P is a prime graded ideal. Since E9"(R/P) < E" (M),
[rorlBT ML pror B (RIP)] Tf we show o ¢ T*or[E(B/P)] then x can not
be in [*or B (D]
So let - € I*or[F*"(R/P)] Then there exists a ¢ € R° such that

(0 :gor(rypy 1) C (0 :gor(rypy ca?) for all ¢ > 0.

Then by 2.2, we have # S I[‘I}R(p) forall g > 0. Let ¢ = c1+ca+...+¢
where ¢y, o, ...,c;, € h(R). This follows that % has the expression
# = % + Cqu + ...+ % as a finite sum of homogeneous elements.
Since x is not nilpotent and R is a graded Noetherian integral domain
of type Z we can see # # 0 for every 1 <14 < k and so % # 0. But

for every 1 <i <k,

c;x
1

Then # ¢ I[‘I]R(p) for every 1 < ¢ < k. Since ][q}R(p) is a graded
ideal and < € [WRp), © € JWURp) for every 1 < i < k. This

contradiction shows that x ¢ . [*or[E7"(B/P)], U

deg(

) = deg(c;x?) = deg(c;) + gdeg(x) < qd for all g > 0.

Corollary 3.6. (See [11,2.1].) Let R be a Z—graded Noetherian inte-
gral domain. Let I be a graded ideal of R and M be a graded R—module.
Then any homogenous element of degree lees than the degree of gener-
ators of the generators of the graded ideal I can not be in I* unless it
18 nilpotent.

Proof. This is clear by 2.7(a) and 3.5. O]
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Theorem 3.7. Let I be a graded ideal of R and M be a graded Noe-
therian R—module. Further assume that S is a multiplicatively closed
set of homogeneous elements of R. Then

S—l(j*gr[M]) _ (S—lj)*gr[sflM]_

_ —1 .
Proof. Let £ € ,,(S71)*orl57 M Let £ be a finite sum of non-zero ho-
xX xX j—
mogeneous elements as T = %114—%224—...—1—%. 7, =rire..riarip1...mp

foreach 1 <4 <nand r = ryry...r, then 2;”? = F# and there exists
% € (S7'R)° such that
(0 15127 ST C (0 15211 %(m% )9) for all ¢ >0

for each 1 < i < m. By [5, 2.2], we can assume that ¢; € R°. If
C = C1Ca...cp, then ¢ € R° and
C Tiky,

(0 S-1pg S_ll[q]> Q (0 S-1pr I(

)9) for all ¢ >0

for each 1 < i < n. For every k € N, let ¢, = p*. Since M is graded
Noetherian R—module there exists n € N such that

(0 g T0)) = (0 1y Ty W > .
Now we can choose a t € S such that
(0 a7 1971) C (0 :pp c(tTiy, ) o)
for every 1 < i < n. This implies that
(0 0y 19 C (0 :pg c(tF52,5,)9) for all ¢ >0

for every 1 < ¢ < m. So the homogeneous elements t7;x,, is graded
tight dependent on I relative to M and so

T _ M %o, +1T2Zgy + ... +1TpT,, c g1 rorlM]
1 tr
Hence (S—11)*orIS7'Ml € §=1(1*[Ml) " The inverse inclusion follows
from 2.9 and so the proof completes. O
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