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Abstract. In this paper, we propose and analyze a mathematical model
describing the effect of awareness programs by public media on the preva-
lence of Typhoid fever. A threshold quantity Ry, similar to the basic re-
production number is derived. We investigate the biologically meaningful
equilibrium points and their local stability analysis. The global stability
analysis has been performed with respect to the disease free equilibrium
(DFE) Ej by considering suitable Lyapunov function. We derive the sta-
bility condition of the DFE point Fy and the interior steady-state £* with
respect to the basic reproduction number Ry. We perform the analysis of
Hopf-bifurcation with respect to the rate of executing awareness programns
which has a substantial role on the dynamics of the model system. We in-
vestigate extensive numerical simulations to validate our analytical findings.
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1 Introduction

Typhoid fever is one of the major public health problems in the develop-
ing country. A gram-negative bacterium Salmonella enterica serovar Typhi
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(S. Typhi), that is a human restricted bacteria transmitted via faecal in-
fectivity of food and water, causes typhoid fever which is one of the most
dangerous human infectious diseases. For the urban and peri-urban popu-
lation typhoid fever is a major cause of morbidity and mortality. Annually,
21.6 million people affected and approximately 2, 00, 000 people die due to
typhoid fever throughout the world. In Asia almost 80 % cases are death
and 20 % in Latin America and Africa. In India, the disease happen with
an occurrence ranging from 102 to 2,219 per 100,000 of the population
[25, 2]. This disease is transmitted by urine-oral route or feco-oral route,
either by urine or carriers or directly through hands soiled with feces or
indirectly by ingestion of contaminated water, milk, food or through flies
[23]. When we intake unhygienic food or water, temporarily the Salmonella
bacteria attack the small intestine and enter the bloodstream. The bacteria
are carried by spleen, bone marrow and white blood cells to the liver. The
incubation period for typhoid fever is eight to fourteen days and the dura-
tion of illness is about four to six weeks [1]. The signs and symptoms of the
typhoid fever are as follows: vomiting, constipation, slight abdominal pain,
headache, nausea and appearance of a rash (rose rash) on the abdomen.
In South Asia, children carry one of the highest typhoid difficulties in the
world [3, 20]. In another studies have publicized in areas of endemicity
and outbreaks, between 6% to 21% are under two years of age and about
25% to 33% of pediatric typhoid fever cases are under five years of age [16].
Typhoid fever is known in the pediatric age group from different appear-
ance, for instance diarrhoea in infants, septicemia in neonates and as lower
respiratory tract infections in older children [19, 8, 21].

The most important source regarding health information for the com-
mon civilization is the media awareness programs; which are mainly play
an important accountability in providing an influence for the population
to convey their knowledge of diseases [9, 5, 10]. Media also makes people
aware with the requisite preventive practices such as wearing protective
masks, social distancing, vaccination etc. Aware people accept these prac-
tices and attempt to reduce their chances of becoming infected. Mass media
are generally used to spread information to vast audiences through the use
of media, such as Radio, Newspapers, Television, Posters, Internet, Books,
Journals and Billboards. They could play a pivotal role in communicating
typhoid fever-associated health information to the general public so as to
raise awareness on typhoid fever-associated matter and troubles. A math-
ematical model presented an evaluation of the impact on case finding of
a mass media health education campaign for TB control in Cali, Colom-
bia is studied by Jaramillo [6]. Huo and Wang [5] studied a mathematical
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model with the influence of awareness programs but they did not change
the drinker’s behavior which focused on the community environment around
the nondrinker. Many researchers have already studied theoretically by us-
ing media awareness effect in their model and they got some interesting
results and some unexplore dynamics of typhoid fever [22, 17, 18].

In our article, we introduce the effect of awareness programs motivated
by the works of Adtunde et al. [1]. Due to introduction of awareness pro-
grams the behavior of the susceptible population has been changed and
reduced the contact rate of susceptible individuals with infective individ-
uals. We also introduce a divide class C(t) of those who are conscious
of risk and renounce from infection by avoiding contact with the infected
individuals. Moreover, we see that the cumulative density of awareness
programs M (t) increases at a rate proportional to the number of infected
individuals. We establish the sufficient conditions for the global stability
of the equilibrium points and give some numerical simulations to explain
our main outcomes. Our result shows that the awareness programs are an
effective measurement in reducing the infections.

This paper is organized in the following order. In the next section, we
formulate a mathematical model for the treatment of typhoid fever by con-
sidering role of the awareness programs affected by media. The qualitative
analysis of the model including the positivity of the solutions have been
discussed in the Section 3. The global stability of the disease free equilib-
rium point Fy and the local stability of the endemic equilibrium point E* is
studied in the Section 4. In Section 5, based on the normal form theory and
center manifold theorem, we establish explicit expressions to determine the
direction of Hopf-bifurcation. We perform extensive numerical simulations
for suitable choices of parameter values in Section 6. The paper ends with
a brief discussion and conclusions.

2 The Mathematical Model

In our model, S(t) represents the susceptible individuals who can be in-
fected but have not yet contracted with Salmonella typhi but may contract
with it if exposed to any mode of its transmission. The number of infected
individuals I(t) who have contracted with the Salmonella typhi and they
are active to capable of transmitting the diseases. The number of individ-
uals who, although apparently healthy themselves, harbor infection which
can be transmitted to others is denoted by carriers C'(¢). The number of
individuals who are recovered after treatment or media awareness prograins
and are the immune to the diseases is described by R(t), whereas M (t) rep-
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resents the cumulative density of awareness programs driven by the media.
It is considered that, due to awareness programs, uninfected population
from a different class and avoid contacting with the infected population.
Also we consider the interaction from awareness programs between aware
individuals and uninfected population. The total number of population
N(t) at any time ¢ is given by

N(t) = S(t) + I(t) + C(t) + R(t). (1)
ASM
b
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Figure 1: The figure shows the schematic representation depicting the dy-
namics of the Typhoid fever.

The schematic diagram (Figure 1) leads to the following system of cou-
pled nonlinear ordinary differential equations

45 — A — aSI — pS — ASM,

dt
4 = oST — pl — oI — BI — b,
€< = BI — pC — 6C —C, (2)

AR — T + O — uR,

M — keI —0M,
where A is the recruitment rate of individuals into the community by birth
or migration (susceptible) and p is the per capita mortality rate of sus-
ceptible individuals. Dissemination rate of awareness among susceptible
due to which they from a class is represent A. The typhoid fever-indicated
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mortality rate is o. The rate of infection is «. The rate of progression from
infective to carrier is 5. The rate of recovery from carrier stage is y. The
carrier-induced mortality rate is . The rate of recovery from the infectious
stage is b. Moreover, the awareness programs increase with increase in
disease related death rate £&. Here k is the proportionality constant which
governs the implementation and @ represents the depletion rate of these
programs due to ineffectiveness.

3 Qualitative analysis of the model

3.1 Invariant region

Lemma 1. All feasible regions Q defined by

= {(S(0), I(¢),C(t), R(t), M (t)) € R
S(t) + ()+O()+R()§%M(t>§“—f}

with initial conditions S(0) > 0, I(0) > 0, C(0) > 0, R(0) > 0 and
M(0) > 0 are positively invariant for equation (2).

Proof. Adding the first four equations of equation(2), we have

— < — — uN.
dt — p a

It follows that

-

N(t) < — = N(0)exp™,
1

where, N(0) is the initial total number of people. Thus,
A
limsup N (t) < —
t—00 ,U
Then, 0 < S(t) + I(t) + C(t) + R(t) < % Thus, since the equation (2)
monitors human population, it is plausible to assume that all its state

variables and parameters are nonnegative for all ¢ > 0. Further, from the
last equation of equation(2), we have,

dM

= k&l —OM < M.
a =rél -0 kKE—0

It follows that
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where M (0) represents the initial value of cumulative density of awareness
programs. Thus,

Q= {(S(8), 1(1), C(t), R(t), M (1)) € S,
S(t) + 1(t) + C(t) + R(t) < & M(t) < %5},
is a positively invariant set for equation(2). O

So we consider dynamics of equation (2) on the set € in this article.

3.2 Positivity of solutions

To ensure that the solutions of the equation (2) with positive initial condi-
tions remain positive for all £ > 0, it is necessary to prove that all the state
variables are nonnegative. In order to do that, we study following lemma.

Lemma 2. If S(0) >0, I(0) >0, C(0) >0, R(0) > 0 and M(0) > 0, then
the solutions S(t), 1(t), C(t), R(t) and M(t) of equation (2) are positive
forallt > 0.

Proof. Under the given initial conditions, it is easy to prove that the so-
lutions of the equation (2) are positive; if not, we assume a contradiction
that there exists a first time ¢; such that

S(O) >0, S(tl) =0, S,(tl) <0,
C(t) >0, I(t)>0, R(t) >0,
M(t) >0, 0<t<ty.

In that case, from the first equation of equation (2), we have
S’(tl) =A>0,

which is a contradiction meaning that S(¢) > 0, t > 0. Or there exists a 2
such that

C(0) >0, Cf(t2) =0, C'(t2) <0,

S(t)y>0, I(t) >0, R(t) >0,

M(t) >0, 0<t<to.

In that case, from the second equation of equation (2), we have

C,(tg) = ASM > 0,
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which is a contradiction meaning that C'(¢) > 0, ¢ > 0. Or there exists a 3
such that

[(0) >0, [(t?)) <0, [I(t3) =0,

S(t) >0, C(t) >0, R(t)>0,

M(t) >0, 0<t<ts

In that case, from the third equation of equation (2), we have
I'(ts) =0,

which is a contradiction meaning that I(¢) =0, ¢ > 0.

Similarly, it can be shown that R(¢) > 0 and M( ) > 0 for all ¢ > 0.
Thus, the solutions S(0) > 0, I(0) > 0, C'(0) > 0, R(0) > 0 and M(0) >0
of equation (2) remain positive for all £ > 0. O

4 Analysis of the Model

There are one disease-free equilibrium point Ey and endemic equilibrium
point E* for equation (2).

4.1 Disease-free Equilibrium and the Basic Reproduction
Number

The model has disease-free equilibrium given by Ey(A,0,0,0,0). In the
following, the basic reproduction number of equation (2) will be obtained
by the next generation matrix method formulated in [24].

Let z = (I, R, M, S,C)" then equation (2) can be written as

where

ul + oI + BI + bl
—bl —~vC' + uR
U(z) = —rEI + OM
—A+ ST+ pS + ASM
—B1 + pC +6C +~C — ANSM
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The Jacobian matrices of ®(z) and ¥(z) at the disease-free equilibrium
Ey are, respectively,

_ Fox2 O
Voxa 0 O 0
-w& 0 68 0 0
DU(Eo)=| s o m 0 ;
1 H
0 0 =22 0 u+d+y
where N
(07
(520 Cve pto+p+b 0
0 0 —b 7
The model reproduction number denoted by Ry is thus given by
Aa
Ry = .
T+ +B+0)

4.2 Global Stability of E

Theorem 1. For equation (2), the disease-free equilibrium Ey is globally
asymptotically stable if Ry < 1.

Proof. We introduce the following Lyapunov function [12, 15]:
1
U(S(t),I(t),C(c),R(t),M(t))=S—InS+C+1+ ;R.

The derivative of U is given by

U=8-5+1+C+1R
=A—aST—pS—ASM — £(A — aST — pS — ASM)
+aSl —pul —ol — I —bl + I — pC —6C —~C
+5:(b] +7C — pR) + vl — OM
=A1l—g) = pS—bR—(u+0)C —~(1~-1)C
Hot B+ -S4 fa(— )l

If Ry < 1, then /L—a(l—RLO) < 0. As we know, 1—% <0,pu<1and
(aﬂiw < A, so we obtain U < 0. Furthermore, U = 0 only if S =1

or Ry = 1. The maximum invariant set in {(S,I,C,R,M) : U = 0} is
the singleton Ey. By LaSalle’s Invariance Principle [13], Ej is globally

asymptotically stable in 2. O
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4.3 Endemic equilibrium
4.3.1 Existence of the endemic equilibrium

Theorem 2. If Ry > 1, equation (2) has a endemic equilibrium E*(S*, I*, C*,

R*, M*), where
S* = pto+p+b
o )

C* = AkE(pto+B+b)+abf rx

Oap+o+)
R bt Ct
=
x _ K& 7%
M* = 5E,

Proof. From equation (2) it follows that

A—aST—puS—ASM =0,
aSl —pul —ol — I — bl =0,

BI — uC —oC —~C =0, (27)
bl +~C — uR = 0,
K€L — OM = 0.

Now from the fourth and fifth equations of (27), we obtain

bl
R = +T7C’ (28)

M= %51. (29)

and from the second equation of (27), we obtain

pto+pB+0
=

s (30)

Then substituting (29) and (30) in to the third equation of (27), we obtain

_Aé(p+ o+ B+b)+abf
B Oa(p + 6+ )

For I # 0 substituting equations (29)and (30) into the first equation of
(27), we get

o 1.

_ HO(Ro — 1)
OXREFO

Therefore, there exists a unique positive root in the interval (0,1) when
Ry > 1; there is no positive root in the interval [0,1] when Ry < 1. For
Ry > 1, we carry out the simulation and give the following conjecture.

]
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Conjecture: If Ry > 1, the endemic equilibrium E* of equation(2) is
globally asymptotically stable.

Remark: Since the global stability of equation(2) is a hard problem,
we only carry out simulation. How to prove the global stability of the
endemic equilibrium E* of equation(2) and give the conditions based on
model parameters is still an open problem.

5 Analysis of Hopf-bifurcation
The variational matrix around E*(S*, I*,C*, R*, M*) is

—A11 —aS* 0 0 —AS*
al*  —Ay 0 0 0
AM* B —As; 0
0 b ¥ — U 0
0 K& 0o 0 -0

with Ajy = al* + AM* + p, Ao = p+o+F+band A3 = p+ 0 + 7.
Therefore the corresponding characteristic equation is

w? + A1w4 + A2w3 + A3w2 + Ayw + As =0, (33)

where

A1 :A11 +A22+A33+H+9,

Ay = A1 Aoy + 0(An + Ag) + Asgp + (Azs + 1) (A + Az +6)
+a?S*I*,

Az = A1 Ax0 + a20S* I+ — AaréS*T* + A33,U,(A11 + Ags + 9)
+(A33 + H)(AHAQQ + 9(A11 + Azz) + GQS*I*),

Aq = (A33 + M)(AllAQQH + a5 I — )\a/-ifS*I*)
+A33,U(A11A22 + 9(A11 + Azz) + GQS*I*),

As = A33,U,(A11A229 + o208 I — )\a/-ifS*I*)

Now, we will study the Hopf-bifurcation [11, 12, 4] of the above system,
taking A as the bifurcation parameter. The necessary and sufficient con-
dition for the existence of the Hopf-bifurcation, if it exists is A = Ay such
that

(i) 4; > 0,i=1,2,3,4,5,

(ii) A1(Xo)A2(Ao) > Az(Ao),

(i) A1(Ao)A2(Ao)A3(Ao) > (A3(X0))* — (A1(X0))*Aa(No),

(iv) (A3(Xo)A4(Xo) — A2(X0)A5(A0))(A1(A0)A2(Ao) — As(Ao))
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—(A1(X0)A1(X0) — A5(X0))? = 0,
and (v) if we consider the eigenvalues of the characteristic equation (33) is
of the form, w; = v; + in;, then % £ 0,i = 1,2,3,4,5. The condition

(A3(Ao)As(Ao) — A2(Xo) A5(Xo))(A1(Ao)A2(Ao) — A3(Ao))
—(A1(No)As(No) — A5()\0))2 =0.

Therefore, one pair of eigenvalues of the characteristic equation (33) at
A = Xg are of the form w; 9 = £in where 7 is positive real number.

Now, we will verify the Hopf-bifurcation condition (v), putting w =
v +in in (33) and separating real and imaginary parts, we have

v® + At + (A — 100203 + (A3 — 6410202

+(5n* = 349 + Ag)v + (Ain* — Asn® + A5) =0, (35)
(n%)? — (1002 + 4A1v + As)n? (36)
+(5v* + 44103 + 34902 + 2430 + Ay) = 0.
Substituting the value of 72 from (36) in (35), we get
I/5 + A11/4 + (A2 — 10h(l/))l/3 + (A3 — 6A1h(l/))l/2 (37)
+(5(h(l/))2 — 3A2h(l/) + A4)I/ + (A1 (h(l/))2 — Agh(lj) + A5) = 0,
where )
h(v) = 5((10u2 +441v + Ay) — F),
and

F = \/(101/2 + 4A11/ + A2)2 — 4(51/4 + 4A11/3 + 3A21/2 + 2A3V + A4)
Differentiating with respect to A and putting A = Ay, we have

K h(0) G — (h(0)*8r — G2 20

ﬁ} x=ro 5(R(0))2 + 2414(0)1/(0) — 3A3h(0) — Ash/(0) + Ay

Since h(0)%52 — (h(0))295t — %55 = S*I*[h(v)(2X00 + 2uo + 2433%0 —
ARE) — 2A33u0X0] # 0, this ensures that the above system has a Hopf-
bifurcation around the interior equilibrium E*. Hence as the recruitment
rate of individuals into the community by birth or migration (susceptible)
A crosses its threshold value, A = Ay, then all population starts oscillating
around the interior equilibrium point.

This ensures that the above system has a Hopf-bifurcation around the
interior equilibrium E*. Now, we further reduce the set of differential
equation (2) into the normal form in order to determine the direction and
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stability criterion of the bifurcating periodic solution. Here, the Poincare’s
method is used to put equation (2) into the normal form following the pro-
cedure outlined by Hassard et al. [4]. For the sake of simplicity, introducing
the new variables.

The equation (2) can be written as

i = f(z,)\), where z=(SICRM)", (41)

Now we calculate right eigenvectors ui, usg, ug and us of the Jacobian
matrix J at E* corresponding to the eigenvalues w; = in,ws,wys and ws
respectively, at A = A\g:

Ryy — 1Ry Ry Ry Rys
Roy — 1Ry Ros Ry Ros
up=| Rs1—iR32 |,uzs=| Rsz |,usa=| Rzs |, us=| Rss
Ry — 1Ry Rys Ry Rys
R51 —iR50 Rs3 Rs4 Rs5

For equation (41), define

R = (Re(u1), —Im(u1), us, u4, us)

Ry Ry Ri3 Ris Rys
Ry1 Ry Roz3 Roy Ros ;
= | Rs1 R32 R33 R3s Rss
Ry Ryo Ryz Rys Ry
1 0 1 1 1

where

_ Agbr? _ Asant0 _ 0 _
Ry =B, Rio="3E" Ra=g; Ran=1F

R31 — ()\AzzM*+a[3[*)(9A33+U2)+)\T]2M* (071433)

(A3;+n?)kéal* ’
R — AnM™ (0A33+U2)+U(A3379)()\A22M*+O¢/3[*)
32 (A§3 +n?)kéal* )
Ry — Lu=n®) + Y(AAzo M*+aB1*) (0 Azz+n°)+An? M*(§—Asz3)
AT kWP n?) (A3 +n?)réal* ’
_ (A22+4ws)(04ws) _ Agaf4ws(0+A2)+wd
Ry3 = REal® , Rog = wEal" ,
Ryo = MM (0Ass+1°) +1y(As3 —0) A M* +afI") | _p(ntp)
42 (AZ,+n2)kEal* wE(2+n2)’
R o AM* (A22+(U3)(0+UJ3)+O¢[3[* (0+UJ3)
33 — (Asztws)arll* )
R — (9+W3)(chl* (A33+UJ3)+/\M* (A33+W3)+0¢ﬂ[*)
43 (Azztws)(ptws)arlI* ’

_ (A22+4wa)(04wa) _ Agaf4wa(0+Az)+w?
R14 - rEal* ) R24 - kéal* ,
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Ray = AM™* (A2 +wa)(04wa)+aBl* (0+ws)

- (Azz+waq)aréI* ’
Ras = (0+ws)(abl* (Asg+wa)+AM* (Agz+ws)+afI™)
44 (Asstwa)(ptws)arél* ’
_ (Aso+ws)(0+ws) _ Apl+ws(0+Asz)4w?
R15 - rEal* ) R25 - kEal* )
R — AM* (A22+w5)(9+w5)+a6[* (0+UJ5)
35 (Ass+ws)akll* )
Ras = (9-1—0.)5)((1()[* (A33+UJ5)+)\M* (A33+UJ5)+C&6[*)
45 (Asz+ws)(ptws)ousET* ’

Equation (41) is transformed such that F(X) = R™'f(E* + RX), where
X = (z1 y1 21 v1 w1)T and E* is steady state. Thus we obtain

X = F(X). (43)
We now use the transformation

S =8+ Riiz1 + Rioy1 + Rizz1 + Rusvi + Riswy,
I =I" + Ro1z1 + Raoy1 + Roszi + Roavi + Roswi,

C =C" + Ra1z1 + R3oy1 + R3z21 + Raavr + Rsswy,
R = R* + Ry + Rapy1 + Razz1 + Raavi + Ryswy,
M = M* + Rs1z1 + Rsay1 + Rs321 + Rsqv1 + Rssw;.

Using the above transformation, equation (2) reduces to

dr1 _ (a10a3z—azoe13)(@12a23—az2a13)  (@10a23—a20013)(@12033—a32a13)
dt L L ?
dy1 _ (a10a33—asoa1s)(@11a23—az1a13)  (@10023—a20013)(a11033—a31013)
dt L L )
dz; _ (a10a32—asz0a12)(a11a22—az1a12)  (a10a22—a20012)(a11a32—a31012)
dt L Ly )
dv; _ (@40061—060041)(a43a51 —a53041)  (@40051—050041)(@43061 —A63041)
dt L Lo ?
dwy _ (040051 —a50a41)(a42061—062041)  (@40061—060041)(a42051—052041)
dt — L Lo ?
where

Py = A —p(S* + Ruzy + Ripyr + Rizzr + Rugvy + Riswn)
—Oz(S* + Ri1x1 + Rioy1 + Rizz) + Ryjqvy + R15w1)
+(I* 4+ Ro1z1 + Rooyr + Rosz1 + Roavi + Roswi)
—)\(S* + Ri1z1 + Rioy1 + Rizz + Rigvy + R15w1)
+(M* + Rs121 + Rsoy1 + Rs321 + Rsav1 + Rsswy),
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Py = Oz(S* + Riz1 + Rioy1 + Rizz + Rigvy + R15w1)
+(I* + Ro1x1 + Rooy1 + Rosz1 + Rogvy + R25w1)
—(p+ o0+ B+ b)(I* + Rorz1 + Raoyn + Razzi + Roavi + Roswy),
Py = B(I* + Ro1z1 + Raoyy + Rozzi + Rogvy + Ryswy)
—(p + 6 +7)(C* + R31w1 + R3ay1 + R3zz1 + Rasvr + Raswi),
P4 = b(I* + R21:U1 + R22y1 + Rzgzl + R241)1 + R25w1)
+7(C* + R3121 + R3oy1 + R3zz1 + R3avi + R3swy)
—p(R* + Ryz1 + Ragyr + Razz + Rygvy + Ryswy),
Ps = k€(I* + Ro1z1 + Rogyr + Razz1 + Roavy + Roswy)
—0(M* + Rs121 + Rsay1 + Rs321 + Rsqvy + Rsswy),
L = (a11a23 — az1a13)(a12a33 — az2a13)
—(a11a33 — azrai3)(a12a23 — azoa;3),
Ly = (ai3a22 — ag3a12)(ar1a32 — aziaiz)
—(a13a32 — azzaiz)(a11a22 — az1a12),
Ly = (as2a51 — as2a41)(a43061 — 063041)
—(as2a61 — ag2041)(a43a51 — a53041),
ao = (P1Rys — PyRi5)(R14R35 — R34 Ry5)
—(P1R35 — P3Ry5)(R14Ro5 — RoyR1s),
apy = (Ry1Ros — Ro1 Ry5)(R1aR3s — R3aRys)
—(R11R35 — R31Ry5)(R14Ros — RaaRys),
a2 = (Ry2Ros — Ri5R92) (R4 R35 — R3aRy5)
—(R12R35 — R3aRy5)(R14Ros — RaaRys),
a3 = (R13R95 — Ro3Ry5)(R1aR3s — R3aRys)
—(Ri3R35 — R33R15)(R14Ros — Ry Rys5),
azp = (P1Ras — PoRi5)(R14Rys — Ry Rys)
—(P1Ras — PyR5)(R14Ros — RogRys),
az1 = (Ri1Ros — Ro1 Ri5)(R1aRys — RysRy5)
—(Ri1Ras — Ry Rys)(R1aRos — Ry Rys),
ag = (Ri2Ros — Ri5R2)(R14Rys — RysRy5)
—(Ri2R45 — RiaRy5)(R14Ros — Ry Ry5),
azs = (R13Ro5 — Ro3Ri5)(R1aRys — RasRy5)
—(Ri3R25 — RosRi5)(R14Ros — RogRys)
azo = (P1R2s — PoRi5)(R14Rs5 — Rs54R15)
—(P1Rs5 — PsRy5)(R14Ros — RogRys),
a3y = (Ry1Ros — Ro1 Ry5)(R1aRss5 — RsaRys)
—(R11Rs55 — Rs1 Ry5)(R14Ros — RaaRys),
azz = (R12Ros5 — Ri5R92)(R14Rs5 — RsaRys)
—(R12R55 — Rs2R15)(R14Ros — RayRys),
azz = (R13R95 — Ro3Ry5)(R1aRs5 — RsaRys)
—(R13Rs55 — R53R15)(R14Ros — RoaRys),
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ay = (P1Ryy — PyR11)(Ri2R31 — R3aRyy)
—(P1R31 — P3Ry1)(Ri2R2 — RooRuy),
asy = (Ri13Ro1 — Ro3Ri1)(Ri12R31 — R3a2Ryy)
—(Ri3R31 — R33R11)(R12Ro1 — Roa Ryy)
as2 = (Ri4Ro1 — RosR11)(Ri12R41 — R32Ry1)
—(R1aR31 — R3qR11)(R12Ro1 — Roa Ryy)
as3 = (Ri5Ro1 — RosRi1)(R12R31 — R3a2Ryy)
—(RisR31 — R3sR11)(Ri2Ro1 — Rya Ryy),
aso = (P1Ra1 — PyRy1)(Ri2R41 — RaoRyy)
—(PyR41 — PyR11)(Ri2R21 — RooRyy),
as1 = (Ri13Ro1 — Ro3Ri1)(Ri12R41 — RyaRyy)
—(Ri3R41 — RyzRi1)(Ri2Ro1 — Rya Ryy),
asy = (R14Ro1 — RoaRy1)(Ri12Ry1 — Ry Ryy)
—(Ris4R41 — RygRi1)(Ri12R21 — RoaRyy),
as3 = (Ri5R91 — RosRy11)(Ri12 Ry — Ry Ryy)
—(RisR41 — RygRi1)(Ri12R21 — RoaRyy),
agy = (P1Ry — PyR11)(Ri2Rs1 — RsaRRy1) — (P1Rs;
—P5Ry1)(Ri2R21 — RyoR11),
agr = (R13R91 — Ro3Ry1)(R12Rs51 — RsaRyy)
—(Ri3R51 — Rs3Ri1)(Ri12R21 — RoaRyy),
agy = (R14Ro1 — RoaRy1)(Ro1 Rs1 — RsaRyy)
—(RiaR51 — RsyRi1)(Ri2R21 — RoaRyy),
agz = (R15R91 — RosR11)(R12Rs51 — RsaRyy)
—(RisR51 — RssR11)(Ri2Ro1 — RoaRyy).

Therefore, equation (43) is the normal form of equation(41) from which
the stability and direction of the Hopf-bifurcation can be computed. In
equation(41), on the right hand side of the first term is linear and the second
is non-linear in Y's. For evaluating the direction of periodic solution, we
can evaluate the following quantities at A = Ay and origin:

1[o2rt | 92r! -(62F2 62F2)]
= = + “+ 1 + -
U= [ oy} dy3 Oy ay3 )1’

_ L[@FL PR g 028 (PR 9PF? 2 F?

902 = 1| 5,2 ay2 dy10ys oy? oy2 By10ys ) |’
_ 1okt 0%r! + 02 F? +i O%2F2  92F?2 o O2F?

920 = 3 ay? dy3 dy10y2 oy} oy2 Oy10y2 ) |°

3l 3l 3 2 3 2
o — L [a F PF | 8F O°F
N T + dy10y3 + dyidy> | Oy;

. 63F2 (93F2 (93F1 83F1
(5 5~ 5|
oy} ' oydy;  oyioy.  ays )]’

Jj _ 1| 9%*F! 92F? - 92F%2 92F!
Gl =3 {aylayj T opoy; T "\ yioy; — dwaoy; ) |




16 J. Mondal

Jj _ 1|0*Frt _ 9%F? - 92F? 9%F1
Glor = 2 [3?/1(9%' Oy20y; T dy10y; + Jy20y; ) |’
J _ 1|8%F7 8%2FI Jo_ 1|d8%FI _ 92FI o 92FI
= 4[ o o3 ]’ hiz = 4[ dy? o3 2155093 |
go_ by d o
Wiy = 50 W = pirompy J T 1,2,3,

and
. o o
g =Ga1 +> 5, (2G{1077{1 + G‘ioﬂl%o)-

Based on the above analysis, we can see that each g;; can be determined
by the parameters. Thus we can compute the following quantities:

. |2 .
C1(0) = ﬁ(gngzo —2[gn|* - _\9032\ > + 4

_ _ Re{Ci(0)}
H2 = T RelE (No)}’
,62 = —2R€{01 (0)},
Ty = _Im{C1(0)}+u21m{E’(/\o)}.

n

po determines the direction of the Hopf-bifurcation: if uo > 0(ue < 0),
then the Hopf-bifurcation is supercritical (subcritical) and the bifurcating
periodic solutions exist for A > Ag(A < Ag), P2 determines the stability
of bifurcating periodic solutions. The bifurcating periodic solutions are
orbitally asymptotically stable (unstable) if o < 0(82 > 0) and T» deter-
mines the period of the bifurcating periodic solutions, the period increases
(decreases) if To > 0(T» < 0).

6 Numerical Simulation

In this section, we carry out extensive numerical simulations to check the
feasibility of our analytical findings regarding stability and bifurcation of
the model equation (2) around the interior equilibrium point E*(S*, I'*, C*,
R*,M*). We perform the model simulation by using the standard MAT-
LAB differential equations integrator for the Runge-Kutta method and the
set of parameter values are specified in Table 1. For the set of parameter
values in Table 1, it may be verified that the model equation (2) has two
equilibrium points namely, the disease-free equilibrium point F(8.04189 x
10%,0,0,0,0) and the interior equilibrium point £*(1220,5872.91,189.245,
40784.5,587.291). The eigenvalues corresponding to the variational matrix
for the equilibrium point Ey of the model equation (2) are 1608.13, - 0.931,
-0.5, - 0.018, -0.018. Form the eigenvalues it is clear that Ey is unstable in
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Table 1: Description of parameters with their values.

Para- Definition Default
meter Value
(day™")
A The recruitment rate of indi-
viduals into the community by
birth or migration(susceptible) 144754 [1]
w The per capita mortality rate 0.018 [1]
I5} The rate of progression
from infective to carrier 0.03,0.04,0.05 [1]
o The rate of infection 0.0002  Estimated
b The rate of recovery from the
infectious stage 0.096 [1]
] The carrier-induced mortality rate 0.013 [1]
A Dissemination rate of
awareness among susceptible 0.2 [5]
v The rate of recovery from carrier stage 0.9 [5] 0.15
o The typhoid fever-indicated mortality
mortality rate 0.1,0.9,1 [1]
¢ The awareness programs increase with
increase in disease related death rate 0.5 [5]
K The proportionality constant
which governs the implementation 0.1 [22]
0 The depletion rate of these
programs due to ineffectiveness 0.5 [5]

nature. The eigenvalues of the Jacobian matrix corresponding to the equi-
librium point E* are given by - 118.659, - 0.246097 + 1.07159 i, - 0.931, -
0.018. It can be noticed that the two eigenvalues of the Jacobian matrix
are complex conjugate and the real part is negative and the other eigen-
values are negative. Therefore, the interior equilibrium point E* ia locally
asymptotically stable.

Figure 2 shows that the impact of susceptible individuals for different
values of « namely, 0.02, 0.002 and 0.0002. From the Figure 2 it is clear
that for the lower value of « the susceptible individuals shows maximum
variation of the dynamics. From the parameter values in Table 1, the com-
puter generated figure of infected individual I(¢) versus cumulative density
of awareness programs M (t) has been drawn in Figure 3 which designates
the stable limit cycle oscillations around the interior equilibrium point E*
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with g = 5.

The bifurcation diagram of the model equation (2) has been shown in
Figures (4-8) with respect to the parameter A\. From the bifurcation dia-
gram it is clear that for the lower value of A the model equation (2) is locally
asymptotically stable, but above the critical value of A (= A® = 0.0296) the
model equation (2) losses its stability and periodic solution arises through
Hopf - bifurcation. Above the critical value of A (= A\ = 0.0296), the
unique positive endemic equilibrium point E* is globally asymptotically
stable.

From the Figures (9 - 10), we can observe that for the lower thresh-
old value of A = 0.02 < 0.0296 = \° the model equation (2) is locally
asymptotically stable. Also, from the Figures (11 - 12), we can observe
that for the upper threshold value of A = 0.035 > 0.0296 = A° the model
equation (2) leads to oscillations with same amplitude. With respect to
the parameter values in Table 1, the computer generated figure of the cu-
mulative density of awareness programs M (¢) versus the carrier individuals
has been shown in Figure 13 with different initial values. From Figure 13
it can be observed that all the trajectories initiating inside the region of
attraction approach towards the equilibrium value (M*,C*). This indi-
cates the nonlinear stability analysis of (M*,C*) in M — C plane. The
phase portrait diagram generated in the three dimensional system which
have been shown in Figure (14 - 15). The Figure 14 shows the stable limit
cycle of the sub-system of the model equation (2) for the lower threshold
value of A = 0.02 < 0.0296 = A\°. The Figure 15 shows the oscillations of
the sub-system of the model equation (2) for the upper threshold value of
A =0.035 > 0.0296 = X\°.

7 Discussion and conclusions

In this article we investigate a mathematical model for Typhoid fever in-
corporating the influence of awareness programs. To control the infectious
diseases such as Typhoid fever, the media is widely acknowledged as a piv-
otal tool in influencing people consciousness towards the disease to devise
proper strategies. The qualitative analysis of the model, the existence of
disease-free and endemic equilibrium points and their stabilities is ana-
lyzed. The positivity and boundedness of solutions indicate that the model
equation (2) is biologically meaningful. The disease-free equilibrium point
is globally asymptotically stable has been proved by constructing suitable
Lyapunov function. We perform the analysis of Hopf- bifurcation with
respect to the parameter A, the dissemination rate of awareness among sus-
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Figure 3: There is a stable limit
Figure 2: The figure shows cycle oscillations of the model
the impact of susceptible indi- equation (2) with 8 = 5 in the
viduals for different values of I(t) — M(t) plane and the other
a. parameters are in Table 1.
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Figure 4: Bifurcation diagram of Figure 5: Bifurcation diagram of
the susceptible individuals with the infected individuals with re-
respect to parameter \. spect to parameter A.

ceptible due to awareness programs. Also, we investigate the direction and
stability of Hopf- bifurcation.

Awareness programs through public media make people aware about
the disease to take different consciousness (considering preventive medicine,
social distancing, vaccination etc.) to decrease their chances of being in-
fected. Awareness among the human population alters the pattern of dis-
ease spread and reduce the rate of infection [7, 14]. Our study indicates
that if we increase the dissemination rate (A) of awareness among suscepti-
ble due to awareness programs then the lower threshold value of A, that is,
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Figure 6: Bifurcation diagram of Figure 7: Bifurcation diagram of
the carriers individuals with re- the recovery individuals with re-
spect to parameter \. spect to parameter .

150

1001

—_—

M(t)

50F

Figure 8: Bifurcation diagram of the awarded individuals with respect to
parameter \.

A% < 0.0296 the model system is locally asymptotically stable and beyond
the threshold value A\° the model system become unstable. The threshold
value of the crucial parameter \ gives an idea how to prevent the disease
by various precautions like vaccination, preventive medicine etc. Another
important parameter « (rate of infection from susceptible to infections)
shows an impact of the dynamics of the model considered by us.

In most of the theoretical works on awareness programs, the basic as-
sumption is that the awareness could alter the pattern of disease spread
and reduce the rate of infection. The pattern of disease outbreak for var-
ious diseases are likely to be different and the consciousness are taken by
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Figure 9: The time series solutions shows that the interior equilibrium point
E* is locally asymptotically stable for A = 0.02 and the other parameters
are specified in Table 1.
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Figure 10: The time series solutions shows that the interior equilibrium
point E* is locally asymptotically stable for A = 0.02 and the other param-
eters are specified in Table 1.

aware people according to the said disease. In our study, we did not take
into account the optimization of the problem, that is, we did not minimize
the infection as well as we did not maximize the susceptible individuals
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Figure 11: The trajectories of individuals shows the same magnitude of
oscillations with A = 0.035 and the other parameters are specified in Table
1.
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Figure 12: The trajectories of in-
dividuals shows the same mag-  Figure 13: The figure shows the

nitude of oscillations with A = ponlinear stability of M (t) —C(t)
0.035 and the other parameters plane for different initial val-
are specified in Table 1. ues.

and awareness programs. We leave them for future research. We conclude
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Figure 14: The figure shows the nonlinear stability of A) S(t) - I(t) - C(t);
B) S(t) - I(t) - R(t); C) I(t) - C(t) - R(t); D) C(t) - R(t) - M(t); in the 3D
phase portrait diagram with A = 0.02. Other parameters are presented in
Table 1.

Figure 15: The figure shows the nonlinear stability of A) S(t) - I(t) - C(t);
B) S(t) - I(t) - R(t); C) I(t) - C(t) - R(t); D) C(t) - R(t) - M(t); in the 3D
phase portrait diagram with A = 0.035. Other parameters are presented in
Table 1.
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by saying that the analysis and results are presented in this paper may
be helpful to the future researchers and shed some light on the cumulative
density of awareness programs.
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