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2-D SKEW CONSTACYCLIC CODES OVER R|z,y; p, 0]
H. MOSTAFANASAB

ABSTRACT. For a finite field [y, the bivariate skew polynomial
ring F, [z, y; p, 0] has been used to study codes [25]. In this paper,
we give some characterizations of the ring R[x,y; p, 0], where R is
a commutative ring. We investigate 2-D skew (A1, Ag)-constacyclic
codes in the ring R[z,y; p,0]/(xz! — A, y® — A2);. Also, the dual of
2-D skew (A1, Ag)-constacyclic codes is investigated.

1. INTRODUCTION

Cyclic codes are amongst the most studied algebraic codes. Their
structure is well known over finite fields [17]. Recently codes over rings
have generated a lot of interest after a breakthrough paper by Ham-
mons et al. [12] showed that some well known binary non-linear codes
are actually images of some linear codes over Z, under the Gray map.
Constacyclic codes over finite fields form a remarkable class of linear
codes, as they include the important family of cyclic codes. Consta-
cyclic codes also have practical applications as they can be efficiently
encoded using simple shift registers. They have rich algebraic struc-
tures for efficient error detection and correction, which explains their
preferred role in engineering. In general, due to their rich algebraic
structure, constacyclic codes have been studied over various finite chain

rings (see [1, 2,7, 8,9, 10, 18, 24]). Two-dimensional (2-D) cyclic codes
are generalizations of usual cyclic codes which were introduced by Ikai
et al. [I3] and Imai [I1]. Gilineri and Ozbudak studied the relations
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between quasi-cyclic codes and 2-D cyclic codes [ 1]. Decoding prob-
lem for 2-D cyclic codes was studied by some authors [20, 21, 22, 23].
Polynomial rings and their ideals are essential to the construction and
understanding of cyclic codes. For the first time in [3] non-commutative
skew polynomial rings have been used to construct (a generalization
of) cyclic codes. Skew-cyclic codes were introduced by Boucher et al.
[5, 6]. They considered the skew-cyclic codes as ideals or submodules
over skew polynomial rings and studied dual skew-cyclic codes. Skew
constacyclic codes have been investigated by by Boucher et al. in []
and Jitman et al. in [I5]. Xiuli and Hongyan [25] generalized the 2-
D cyclic codes to 2-D skew-cyclic codes. They studied the structures
and properties of 2-D skew-cyclic codes. Also, they built relationships
between 2-D skew-cyclic codes and other known codes.

Throughout this paper, let R be a commutative ring. For two given
automorphisms p and 6 of R, we consider the set of formal bivariate
polynomials

t

k
Rlz,y;p,0] = { Z Zai7jxiyj|a,-7j € Rand k,t € NO}

§=0 i=0

which forms a ring under the usual addition of polynomials and where
the multiplication is defined using the rule
az'y’ x bx"y* = ap'®’ (b)ax""yI e,

and extended to all elements of R[z,y;p,0] by associativity and dis-
tributivity. The ring R|x,y; p, 0] is called a bivariate skew polynomial
ring over R and an element in R[x,y;p, 0] is called a bivariate skew
polynomial. 1t is easy to see that R[z,y;p,0] is a non-commutative
ring unless p and # are indentity automorphisms on R. For a bivariate
skew polynomial f(z,y) in Rz, y;p,0], let (f(z,y)); denote the left
ideal of R[z,y; p, 0] generated by f(z,y). Note that (f(z,y)); does not
need to be two-sided.

In section 2, we give some characterizations of the ring R[z,y; p, 0].
In section 3, we introduce and investigate 2-D skew (A1, A2)-constacyclic
codes in Rz, y;p,0]/{x! — A\, y° — Ag);. Also, the dual of 2-D skew
(A1, A2)-constacyclic codes is investigated.

Let N2 = Ny x Ny. Then N2 is a partial ordered set with (4, j) > (k, 1)
if and only if 7 > k and j > [. Moreover, N2 can be also totally ordered
by a kind of lexicographic order “=", where (7, 7) = (k,!) if and only
if 5 > 1l or both j =1 and ¢ > k. Otherwise, (i,7) — (k,1) means
j > lor both j =1 and i > k. Notice that (i,7) > (k,{) implies that
(i,7) = (k,1), but the converse does not necessarily hold. A nonzero
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bivariate polynomial f(z,y) € R[z,y;p, 0] is said to have quasi-degree
deg(f(z,y)) = (k,t) if f(z,y) has a nonzero term ay, ,z*y’ but does not
have any nonzero term a; ja'y’ such that (i,j) — (k,t) holds. In this
case, ay, is called the leading coefficient of f(x,y). A bivariate skew
polynomial is called monic provided its leading coefficient is 1. Let IF,
be the Galois field with ¢ elements. For any polynomials f(z,y) and
g(z,y) in F [z, y; p, 0] we have

deg(f(z,y) x g(z,y)) = deg(f(z,y)) + deg(g(=,y)).

It is straightforward to see that F,[x, y; p, 8] has no nonzero zero-divisors.

2. BASIC PROPERTIES OF R|x,y;p, 0]

In this paper we denote by R?Y (resp. R??) the subring of R that is
fixed by p, 0 (resp. pf).

Let R be a commutative ring and f(x) € R[z]. In [16], McCoy
observed that if 0 # g(z) € R[z] be such that f(z)g(x) = 0, then there
exists a nonzero element r of R such that f(z)r = 0. Now, we state
the bivariate skew version of the McCoy condition.

Theorem 2.1. Let f(x,y) € Rx,y;p,0]. If f(z,y) *xg(x,y) =0 for
some 0 # g(x,y) € R[x,y; p,0], then there exists 0 # r € R such that

f(z,y)xr =0.

Proof. Suppose that f(z,y) = Y. fijz'y’. We can assume that
(3,5)eA
g(x,y) is of the minimal degree deg(g(z,v)) = (u, v)( — (0, 0)) (with
respect to “="), and g(z,y) has the leading coefficient ¢, ,. By the
minimality of deg(g(z,y)) we have f(z,y) * gu, # 0. If fig9(x,y) =0
for every (i,j) € A, then f;;g., = 0 for every (i,j) € A. Now,
since f(z,y) € RP’[z,y;p,0], then f(z,y) * gy, = 0 which is a con-
tradiction. Therefore f;;g(x,y) # 0 for some (i,j) € A and so as-
sume that (k,t) is the largest pair with this property (with respect to
t k o _
“="). Hence 0 = f(z,y) * g(z,y) = (%%fi,jxly]) * g(x,y) which
j=01i=
implies that p'07(friGuw) = [e1p'0(guw) = 0. Then fr,gu. = O.
Thus deg(g(z,y)) — deg(frig9(z,y)). On the other hand f(x,y)
(ferg(z,y)) = f(z,y) * (g(z,y) * frr) = 0 which contradics the mini-
mality of deg(g(x,y)). O

The center of a ring S, denoted by Z(.S), is the subset of S consisting
of all those elements in S that commute with every element in S.
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Proposition 2.2. Let g(z,y) € Z(R[z,y; p,0]). Then (z*y' x g(z,y));
is a two-sided ideal in R[x,y;p, 0] for every k,t € Ny.

Proof. Let g(z,y) € Z(R[x,y; p,0]). Assume that f(z,y) = > > a; 2"y’
j=0i=0
€ R[z,y;p,0]. Then

(@' > g(,y) * fla,y) = ("Y' *g(z,)) Zzazﬂy

7=0 =0

= xkyt* ZZawxy )*gxy)

7=0 =0
(since g(m y) is central)

j=0 i=0
= << Zpket(ai,j)xiy ) * 2y ) *g(x,y)
j=0 i=0
= Zpket(ai,j)xiy ) * (2" * g(z,y))
j=0 i=0
which belongs to (z*y'g(x,));. Hence, the result follows. O
Proposition 2.3. Let [{p)| | | and |[(8)| | s. Then RPP[z!,y*;p,0] C

Z(R[z,y; p, 0]).
Proof. Let a € R?? b € R and i, j, k,t € Ny. Therefore
(axlzySJ) (bxkyt) — apliesj (b)xli—l—kysj—HE

= baghHliytrsi

= (aty) « (07 @)y Y)
= (ba*y?) * (az''y®) (since a € RP 0.
Consequently R*Y[z!,y*; p, 0] C Z(R[x,y; p, 0]). O
Proposition 2.4. Let \ be a unit in R. The following conditions hold:
(1) If (x' — \); is a two-sided ideal of R|x,y; p,0], then |{p)| |l and

p(A) = A.
(2) If (y* — A}y is a two-sided ideal of R[z,y; p, 0], then [(0)| | s and
0(\) = A.

Proof. The proof is similar to that of [15, Proposition 2.2]. O
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Proposition 2.5. Let A\, Ay be units in R. The following conditions
hold:

(1) If|(0)] | s and (x'=\y,y*—N2); is a two-sided ideal of Rz, y; p, 0],
then |(p)| | I and p(A1) = A1.

(2) If {p)| | I and (x'=X1,y*—NA2), is a two-sided ideal of R[z,y; p, 0],
then |(8)] | s and O(Xg) = As.

Proof. Suppose that [{(0)| | s and (x! — A, y® — A\2); is a two-sided ideal.
Let 7 € R. Then ra! — rX\; = r(z! — \;) = (2 — \)r’ for some 7’ € R.
The remainder is similar to the proof of [15, Proposition 2.2]. O

Theorem 2.6. Let A € R. The following conditions hold:
(1) If |[{p)| | I and X € RP?, then x' — X is central in R[x,y; p,0).
(2) If |(0)] | s and X\ € RP?, then y* — X is central in R[z,y;p,0)].
(3) If [{p)| | L, [{0)| | s and Ay, Ay € RPY then (x' — Ay, y® — Nao); is
a two-sided ideal of R|x,y;p,0)].

Proof. (1) Suppose that |(p)| | [, p(A) = XA and §(\) = X\. Let a € R
and k,t € Ny. Thus

(axkyt)*(xl . )\) — ar k—Hyt (L’EkytA
— alerk t kﬁt()\)axkyt
= (zl *xp ! ) — Xaz"y!
= (xl * azky ) NazFyt

= (' =) * (az"y").
Consequently z! — X € Z(R[z, y; p, 0)).
(2) The proof if similar to that of (1).
(3) Is a direct consequence of parts (1) and (2). O

Corollary 2.7. Let R be a ring. The following conditions hold:
(1) Let O(X) = X\. Then |[{p)| | I and p(\) = X if and only if x' — X
is central in R[x,y; p,0].
(2) Let p(A) = X. Then |(8)| | s and O(X\) = X if and only if y* — X
is central in R[x,y; p,0].

Proof. By Proposition 2.4 and Theorem 2.6. 0
Proposition 2.8. Let fxg be a monic central bivariat skew polynomial
in Rlx,y; p,0] for some f,g € Rl[z,y;p,0]. Then fxg=gxf.

Proof. Since f x g is central, then we have (g x f)xg = g% (f xg) =
(f % g) * g. Therefore (g x f — f xg) xg = 0. On the other hand
f * g is monic, so the leading coefficient of ¢ is unit. Hence ¢ is not a
zero-divisor. Consequently fxg = g* f in R[z,y;p,0]. O
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Corollary 2.9. Let |(p)| | I, |(0)| | s and A1, Ay € RPP. If (z! — A\p)

(y* = A2) = fxg for some f,g € Rz, y;p,0], then fxg=gx*[.

Proof. By Theorem 2.6 and Proposition 2.8. 0
3. 2-D SKEW (A1, A3)-CONSTACYCLIC CODES

Definition 3.1. Let C be a linear code over R of length ls whose
codewords are viewed as [ X s arrays, i.e., ¢ € C is written as

€o0,0 1 - Co,s—1
C1,0 (&1 B Cls—1
CcC =
Cl-10 C-11 --- Ci—1s-1

We say that C is a column skew Ai-constacyclic code if for every [ x s
array ¢ = (¢; ;) € C we have that

>\1P(Cz—1,0) )\1P(Cl—1,1) . )\10(01—1,5—1)
P(Co,o) P(Co,l) cee P(Co,s—l)
: : .. : eC.
P(Cz—2,o) P(Cz—z,l) - P(Cl—2,5—1)

Also, we say that C is a row skew \o-constacyclic code if for every [ x s
array ¢ = (¢; ;) € C we have that

AQQ(CQS_l) 9(0&0) e 9(0&5_2)
AQH(CLS—l) H(Clp) e 0<CLS—2)

: : .. : €C.
)\29(6171,571) 9(0171,0) . 9(0171,572)

If C is both column skew A;-constacyclic and row skew Ag-constacyclic,
then we call C a 2-D skew (A1, A2)-constacyclic code.
Define R° := Rlx,y; p,0]/{x' — A1, y° — Xa);. Consider the R-module

s—11-1

isomorphism R — R° defined by (a;;) — > > a; ja'y? where R**
j=0i=0

denotes the set of all [ x s arrays. Then a codeword ¢ € C can be denoted

by bivariate skew polynomial ¢(x,y) under above isomorphism.

Theorem 3.2. A code C in R° is a 2-D skew (A1, A2)-constacyclic code
if and only if C is a left R|x,y; p,0]-submodule of the left R[z,y; p,0]-
module R°.

Proof. Similar to the proof of [25, Theorem 3.2]. O

As a direct consequence of Theorem 2.6(3) and Theorem 3.2 we have
the next result.
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Corollary 3.3. Let |(p)| | I, [{8)] | s and \;, s € R??. A code C in R°
is a 2-D skew (A1, \y)-constacyclic code if and only if C is a left ideal
of R°.

Theorem 3.4. Let fi(z,y), f2(x,y) € Rlx,y;p,0] be two nonzero bi-
variate polynomials where fo(x,y) is monic. Provided that deg(fi(x,y))
> deg(fo(x,v)), there exists a pair of polynomials h(x,y)(# 0), g(x,y) €
Rz, y; p, 0] which satisfy fl(x y) = h(x,y)*fQ(x,y) +g(x,y) such that
g(x,y) = 0 or deg(fo(w,y)) £ deg(g(z,9))( « deg(fi(w,1)))-

Proof. The proof is similar to that of [25, Theorem 2.1]. O

Lemma 3.5. Let C be a 2-D skew (A1, A2)-constacyclic code in R° and
g(x,y) be a monic polynomial in R|x,y;p,0]. Then g(x,y) is of the
minimum degree (with respect to “<”) in C if and only if C = (g(x,y));.

Proof. The “if” part is obvious. Let g(x,y) be a monic polynomial
of the minimum degree (with respect to “<”) in C. If ¢(z,y) € C,
then by the Division Algorithm in R|x,y;p, 0], there exists a pair of
polynomials h(z,y)(# 0), r(z,y) € R[z,y; p, 0] which satisfy c(x,y) =
h(z,y) * g(z,y) + r(z,y), where either r(z,y) = 0 or deg(g(z,y)) £
deg(r(z, y))( +— deg(c(z, y))) AsCis an R[z,y; p,0]-module, r(z,y) €
C and the minimality of the degree of g(x,y) implies r(xz,y) =0. O

Theorem 3.6. Let C be a 2-D skew (A1, \p)-constacyclic code in Ty

and g(x,y) be a monic generator polynomial of C in F,[x,y; p,0]. Then
the following conditions hold:

(1) g(z,y) divides (z' — \1) % (y° — )\2)
(2) Suppose that deg(g(z,y)) = (I — k,s —t). Then

g(z,y), y*xg(z,y), ... Ly txg(z,y)
B_ ) Tr9@y) :Cy*g( v, - ey Tlixglay)
" xg(z,y), w’“*ly*g(:ﬁ,y), ey gz, y)

is a basis for C over F, and so |C| = ¢**.

Proof. (1) Assume that g(z,y) does not divide (2! — A;)* (y* — X2). By
the Division Algorithm, there exist f(z,y)(# 0),7(z,y) € F [z, y; p, 0]
which satisfy

(@' = M) * (v = Xo) = fla, y) *g(a, y) + 7“(ﬂc,y)
such that either r(x,y) = 0 or deg(g(z,y)) £ deg(r(z,y)). If deg(g(z,y))
£ deg(r(x,y)), then

T(w, y) = (@ = )% (Y = X) = flz,y) % g(a,y)
= —flx,y)~g(z,y) (mod (xh =\, y° — )\2)1)
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is also in C which contradicts the minimality of deg(g(z,y)) with re-
spect to “<”. Consequently r(x,y) = 0 and so we are done.

(2) Let 0 # f(x,y) € C = (g9(z,y));- Then there exists q(z,y
F,[z,y; p, 0] such that f(z,y) = q(z,y)*g(z,y). Notice that deg(f(z
<(l—1,s—1). Hence

deg(q(z,y)) = deg(f(z,y)) — deg(g(z,y))
<(I-1,s—1)—(—k,s—t)=(k—1,t—1).
Therefore, B is a generating set for C. Assume that {a;;|0 < i <
k—1,0<j<t—1}isasubset of R such that

y) €

Y))

t—1 k-1

Zzazjxy *gfL’ y)_o

7=0 =0

o~

—1k-1

Given r(z, Z > a;jx'y’ such that r(x,y) # 0, we have that

y) =
=0 :=0
deg(r(z,y)) < (k—1,t — 1) and r(z,y) x g(x,y) = 0. Therefore, there
exist ql(x y) and ga(x,y) in Fylx, y; p, 0] such that

r(z,y) * g(z,y) = q(z,y) * (2 = A1) + q2(z, y) * (¥° — o).
Hence

deg(q1(z, ) * (2" — A1) + @2(2,9) * (y° — X2)) deg(r(z,y)) + deg(g(z,y))

< (I—1,5-1),
which is a contradiction. Consequently r(z,y) = 0 that implies a; ; = 0
forall0<i:<k—1land0< )5 <t—1. O

Proposition 3.7. Let R be a domain and A1, Ay be units in R. Suppose
that C is a 2-D skew (A1, A2)-constacyclic code in R° that is generated

by
s—t—11—k—1 —k—1

g(x Z Zgwxy +Zr€l ’“y+zxy

Then g(x,y) * xy € C if and only if g(x, y) € R’)a[x, y; p, 0.

Proof. Clearly zy*g(z,y) € C. Assume that g(z,y)*zy € C. Therefore
s—t—11—k—1

vyxg(r,y) —gle ey = > > (pblgiy) — gij)r Ty

= plz,y) xg(z,y),

for some p(z,y) € Rz, y; p,0]. It is easy to see that p(x y) is constant
and p(z,y)goo = 0. Since g(z,y) is a right divisor of (! — A1) * (y* — A2)
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and Aj, Ay are units, then goo is a unit. Hence p(z,y) = 0 and so
p0(gij) =gijforall 0 <i<l—k—1and 0 <j <s—t—1. Therefore
g(x,y) € B[z, y; p,0].

For the converse, assume that g(z,y) € B[z, y; p,0]. Thus zy*g;; =
p0(gi)ry = gizjey forall 0 <i<l—k—-1land0<j<s—t—1
Hence g(z,y)zy = zy * g(x,y) € C, so we are done. O

Definition 3.8. For two [ x s arrays ¢ = (¢; ;) and d = (d; ;) we define:

s—1 1—-1
c@® d:= Z Z Ci,jdi,j-
j=0 i=0
We say that ¢, d are orthogonal if ¢ ©® d = 0. The dual code of a
linear code C of length [s is the set of all [ x s arrays orthogonal to all
codewords of C. The dual code of C is denoted by C*.

Theorem 3.9. Let [(p)| | I, |{0)| | s and A, Ay be units in R such
that \y € RPNy € RY. Suppose that C is a code of lenght ls over
R. Then C is 2-D skew (A1, \2)-constacyclic if and only if C+ is 2-D
skew (A, Ay ')-constacyclic. In particular, if \2 = X2 = 1, then C is
2-D skew (A1, \2)-constacyclic if and only if C* is 2-D skew (A1, A2)-
constacyclic.

Proof. First of all, \; € R?,\s € R? imply that A\, € R* ', Xy € R?"".
Let ¢ = (¢;;) € C and b = (b; ;) € C* be two [ x s arrays. Since C is a
column A;-constacyclic code, then

pl_1<)\101,0) pl_l()\lcl,1> ce pj_l()\lcl,sfﬁ
o=

1

Plil()\lczo) Plil()\lcm) 1(/\102,5—1)
Plil(/\1Cz—1,o) ,0171()\101—1,1) cee Plil(/\lcl—l,s—l)
P o) P Heoa) e P (cos-1)
is in C and so it is orthogonal to b = (b, ;), i.e.,
-1 s—1 s—1
0= P Neig)bicng + Y0 o )b
i=1 j=0 =0
-1 s—1 s—1
=M\ ( P eig)bia + Z Pl_l(co,j))\flbl—u)
i=1 j=0 =0
Therefore
-1 s—1 s—1
P ei)birs + P o)A by, = 0,
i=1 j=0 =0
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Hence
-1 s—1 s—1
Csz i—1,j +ZCOJ)\1 p<bl 1])
i=1 j=0 §=0
which shows that
A p(bi—o) AT p(biean) oo AT p(bicrs-n)
p(boo) p(bo,1) . p(bo,s—1)
p(bi—2,0) plbi21) ... p(bi-2,5-1)

is orthogonal to ¢ = (¢; ;) and so it belongs to C*+. Thus C* is column
A '-constacyclic. On the other hand, since C is a row Ay-constacyclic
code, then

08_1(>\20071) e 05_1(/\200’3_1> 05— 1(
05_1(/\20171) e 95_1(/\201’3_1> 05— 1( )
98_1()\20171,1) e 95_1()\20171,571) 95—1(0171,0)
is in C and so it is orthogonal to b = (b, ;), i.e.,
s—1 1-1 -1
0= 6~ 1()\262]) 5 — 1+298 lczO)bzs 1
j=1 i=0 i=0
s—1 1-1 -1
( 0" 1 cz] 1,j—1 + Zes 1 Cz O)>\2_1bi,s—1>
j=1 i=0 =0
Thus
s—1 [—

1
0° 10@] 1,J— 1+Zes 1610)\ b'Ls 1—0
0

7j=1 =

So we have

s—1 -1 -1
= Z ¢ ;0(bij—1) + Z Ci,0>\2_19(bi,s—l)a
j=1 i=0 i=0
which shows that
Ay O(bos—1)  O(boo) ... O(bos—2)

A 0(bisq)  O(bio) .. O(brs o)

M0 s1) O(bii1o) oo O(bi_1s2)
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is orthogonal to ¢ = (c¢; ;) and so it belongs to C*. Thus, it follows that
C* is row ), '-constacyclic. Consequently C* is 2-D skew (A7', A5 1)-
constacyclic.

The converse holds by the fact that (C+)* =C. O

The ring R|x,y; p, 0] can be localized to the right at the multiplica-
tive set S = {z'y | i,7 € N}. The existance of the localization
R[z,y; p,0]S™1 follows from [19, Theorem 2| since S verifies the fol-
lowing two necessary and sufficient conditions:

(1) For all z'1y/t € S and f(z,y) € R[x,y; p, 0], there exists x2y2 €
S and g(z,y) € R[z,y;p,0] such that f(z,y)ax"yt = x2y72 x
g(z,y). To prove this note to the multiplication rule z'y’ xa =
P09 (a)x'y’.

(2) If for 21yt € S and f(x,y) € Rlx,y;p,0] we have z'1yit
f(z,y) = 0, then there exists x2y?2 € S such that f(z,y)x"2y”? =
0. But since z2y?2 is never a zero divisor, f(z,y) must be zero.

Now, we consider the ring R[z,y;p,0]S™!

t k

> >~ a7 'y Ya;;, where the coefficients are on the right and where the
7=0i=0
multiplication rule is given by az ™'y~ = 27y~ pd(a).

consisting of the elements

Proposition 3.10. Let v : R[x,y; p,0] — R[x,y; p,0]S™! be defined by
t ok t ok
U( agay’) =) ) Ty ay.
=0 i=0 =0 i=0

Then 1 is a ring anti-isomorphism.

Proof. Similar to [, Theorem 4.4]. O

From now on, we assume that A\, )\, € R*%, | (p) | || and

RONREE

s—11-1 s—11-1
Theorem 3.11. Leta(z,y) = > > a; 2"y’ andb(z,y) = Y > b ja'y’
j=0i=0 j=0i=0

be in Rz, y;p,0]. Suppose that N3 = \3 = 1. Then the following con-
ditions are equivalent:

(1) The coefficient matriz of a(x,y) is orthogonal to the coefficient
matriz of x'y’ (' 1y* L x Y (b(z,y))) for alli € {0,1,...,1—1}
and all 7 € {0,1,...,s — 1},
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(2) The coefficient matriz of a(x,y) is orthogonal to

bi—1,5-1 O(b—15-2) .. 6 b-1p)
p(bi—2s-1) pO(bi_as—2) ... po*1(b_ap)
A= : : . :
P (bos—1) pTO(bos—2) .. PO (Do)

and all of its column skew \i-constacyclic shifts and row skew
Ag-constacyclic shifts;
(3) a(z,y) *b(x,y) =0 in R°.

Proof. (1)<(2) With a routine computation we can deduce that the
coefficient matrix of 2!=1y*~1 % ¢(b(z,y)) is equal to A, also the coef-
ficient matrices of a'y? (z'1y*~! x ¥ (b(x,y))) for 0 < i < 1 —1 and
0 < j < s—1 are precisely column skew \;-constacyclic shifts and row
skew Ao-constacyclic shifts of A.
s—11-1
(2)<(3) Suppose that a(z,y) x b(z,y) = >, > ¢ x'y? € R°. For
=0 k=0
ke{0,1,...,0—1} and t € {0,1,...,s — 1} we have that

Cht = E E ai,jp" 0 (buv) + E E a;,jp' 0’ (Mbuw)
Jjtv=t i+tu=k Jjtv=t itu=k+lI

0<j,v<s—1 0<i,u<i—1 0<j,v<s—1 0<i,u<l—1

+ E E ai jp' 0 (A2buw) + E E @i jp 07 (A1 A2byy)
Jjtv=t+s i+u=k Jjtv=t+s itu=k+l!
0<j,v<s—1 0<i,u<l—1 0<j,v<s—1 0<i,u<l—1

k—upt—
= )\1)\2( E E Q5,50 “0 U()\l)\Qbuv)

Jjtv=t it+u=k
0<j,0<s—1 0<i,u<l—1

+ Z Z ai’jpk+l7u9t7v(>\2buv)

Jjtv=t i+u=k+1
0<j,v<s—1 0<i,u<l—1

+ Z Z ai,jpk7u€t+87v()\lbuv)

Jjtv=t+s i+u=k
0<j,v<s—1 0<i,u<l—1

+ Z Z ai,jpk+l_u9t+s_v(buv)>

Jjtv=t+s itu=k+I
0<jw<s—1 0<i,u<i—1

which is the ®-product of

ao,o ao,s—1
a1,0 al,s—1
A1
a—-1,0 .. Al-1,5s—1

in the matrix
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A1 A2l O(MAabgi—1) - 0 (M Aabr) O (Aibps—1) - 05 (Abger1)
p()\]AZbk-—l,t) ,09(/\1)\25/c71,z71) ce /)et(AI)\Qbk—l,U) /?9t+1()\1bk71,,971) ce p9871(>\1bk—1,t+1)

Pk(/\l)\2b0,t) pke()\l)\ZbO,t—l) cee Pket()\l)\zbo,o) pkeH—l(AlbO,s—l) cee Pkgs_l(/\lbo,tJrl)
Pk+l()\2bl—1,t) /)k+19()\2bl—1,t—1) o pk+19t()\gbl,1)0) Pk+19t+1(bl—1,s—l) . pk+195_1(1)171,t+1)

P Nabks1s) P THONabry1so1) - PO Nabraro) PO (Brgrsat) - PO T By p1)

Therefore a(x,y) * b(z,y) = 0 in R° if and only if ¢, = 0 for all
ke {0,1,...,0—1} and all t € {0,1,...,s — 1} which is true if and
only if

apop ... Qos—1
aio ... OG1s-1
aj—10 .- A-15-1

is orthogonal to A and all of its column skew \;-constacyclic shifts and
row skew Ag-constacyclic shifts. O

Proposition 3.12. Let A\ = \2 = 1, g(z,y) be a right divisor of
(' — A1) x (y* — Xo) in Rlz,y;p,0] and h(z,y) := % with
deg(h(z,y)) = (k,t). Suppose that C is a 2-D skew (A1, \a2)-constacyclic
code of length ls over R that is generated by g(x,y). Then the bivariate
skew polynomial x*ytx1(h(z,y)) is a right divisor of (x'—X1)*(y* —Az)
and ¥yt «(h(z,y)) € Ct.

Proof. By the assumtions that A\;, \a € R?? | (p) | |l and | (0) | |s we
can see that

(Vg * Adaa' ™y )« (b9« vhle,y)) = Vlgle,y)) * Adaaly” « (h(a,y))

MAez'y” x 9 (g(@,y)) * P(h(w,y))

= >\1A2xlys*w(h(‘ray)*g(‘rvy))
(since 1 is a ring anti-isomorphism)
= 'y’ (@' = ) x (5" - A2))
= Mozly x(z7ly®

— 2 ' -y A1+ A1)

= (' =) * (" = o).
Moreover, since g(z,y) * h(x,y) = 0 in R°, then Theorem 3.11 implies
that a%y! x ¢ (h(x,y)) € C*. O

Now we can state the following open problem.

Problem 3.13. In Proposition 3.12, is C* generated by *y'x(h(z,y))?
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Theorem 3.14. Let g(x,y) be a monic right divisor of (x! —\;)* (y* —

A2) in Rlx,y; p, 0] and h(z,y) == W Suppose that C is a 2-

D skew (A1, A2)-constacyclic code of length ls over R that is generated

by g(x,y). Then for f(z,y) € Rlz,y;p,0], f(z,y) € C if and only if
f(x,y) *h(l’,y) =01 R° = R[I7y;p7 ‘9]/<(xl - )‘1) * <ys - /\2)>l‘

Proof. Let f(x,y) € C. Then f(z,y) = q(z,y) » g(x,y) for some
q(z,y) € Rlz,y;p,0]. So we have

flx,y)xh(z,y) = q(z,y)*g(z,y) * h(z,y)
= q(z,y)* (l’l — M) * (¥ — X)) =0,

in R°. Conversely, assume that y) x h(z,y) = 0 in R°. Then

f(z,
F(e,y) % ha,y) = ala.y) « @ — \) * (5 — Ag) for some q(x,y) €
Rlz,y;p,6]. Therefore f(z,) + h(z,y) = q(z,9) * 9(z,y) * h(z,1).
Now, since h(zx,y) is monic, f(x,y) = q(z,y) *x g(z,y) € C. O
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