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POSITIVE CONE IN p-OPERATOR PROJECTIVE
TENSOR PRODUCT OF FIGA-TALAMANCA-HERZ
ALGEBRAS

M. SHAMS YOUSEFI

ABSTRACT. In this paper we define an order structure on the p-
operator projective tensor product of Herz algebras and we show
that the canonical isometric isomorphism between A, (G x H) and

Ay (G)&" A, (H) is an order isomorphism for amenable groups G
and H.

1. INTRODUCTION

Operator spaces were introduced in the mid 70’s by E.G. Effros [0].
By Ruan’s Theorem each operator space can be embedded completely
isometrically in B(H) for some Hilbert space H. The C*-algebra B(H)
has a natural order structure, inducing a cone on any embedded -
subalgebra (see [3] for more details on order structure of operator al-
gebras). Also, the dual of a C*-algebra has a natural cone. The case
is more interesting when the dual space is a Banach algebra. An ex-
ample is the commutative C*-algebra Cy(G), and a less trivial example
is provided by the group C*-algebra C*(G), which is the enveloping
C*-algebra of the Banach algebra L'(G) of absolutely integrable (with
respect to the Haar measure) Borel functions on G. In this case, the
dual space B(G), is the Fourier-Stieltjes algebra. The Fourier algebra
A(G) and Fourier-Stieltjes algebra B(G), introduced by Eymard in the
60’s [7], are commutative Banach algebras which have a natural order
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structure (given by the cone of positive-definite functions) and a quite
relevant operator space structure.

Let G be a locally compact group, the Fourier algebra A(G) consists
of all coefficient functions of the left regular representation A\ of G

A(G) ={w= (¢, n) : &, ne LG},

which is a Banach algebra with the norm |w||ag) = inf{||{|l2]|7]l2
w = (A, 1)}, introduced by Eymard in 1964 [7]. For an abelian group
G, the Fourier transform yields an isometric isomorphism from A(G)
onto Ll(@), where G is the Pontryagin dual group of G. In general,
A(G) is a two-sided closed ideal of the Fourier-Stieltjes algebra B(G)
[7]. This is the linear span of the set P(G) of all positive definite
continuous functions on G. There is a vast literature about A(G) and
B(G). In an earlier paper, the authors studied the order structure of
the Fourier algebra A(G) [15].

There are reasons to believe the significance of the order structure
of the Fourier algebra. For instance, it is shown by W. Arendt, J.
De Canniere that for locally compact groups GG; and G5, the Fourier
algebras A(G;) and A(G») are order isomorphic (in either positive-
definite or pointwise orders) if and only if G; and G5 are isomorphic
and homeomorphic, whereas a similar statement about usual Banach
algebra isomorphism fails [2].

In [¢], Figa-Talamanca introduced a natural generalization of the
Fourier algebra, for a compact abelian group G and p € (1,00), by
replacing Lo(G) by L,(G). In [9], Herz extended the notion to an
arbitrary group, leading to the commutative Banach algebra A,(G),
called the Figa-Talamanca-Herz algebra. The p-analog of the Fourier-
Stieltjes algebra, is defined as the multiplier algebra B,(G) of A,(G)

[1],[12]. Runde in [13] defined this algebra using coefficient functions
of p-representations on ().SL,-spaces.
In [16] the authors introduced and studied the order structure of

A,(G), and extended the result of Arendt and De Canniere. In this pa-
per, using the p-operator space structure on A,(G)®"A,(H), for locally
compact groups G, H, we introduce an order structure on this space.
Then we show that the isometric isomorphism between A,(G x H) and
A (G)®"A,(H), studied in [5], is an order isomorphism for amenable
groups GG and H. The amenability assumption is crucial and may not
be removed.
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2. p-OPERATOR SPACES

In this section we give a brief introduction to the notion of p-operator
spaces, defined by Daws in [5] and studied in [1]. Let n € N, p € (1, 00),
and let E' be a vector space. We denote the vector space of n x m
matrices with entries from E by M, ,,(E). We put M, ,,, := M, ,,,(C).
The space M, := M, ,, is equipped with the operator norm |- |, from
its canonical action on n-dimensional L,-space , £;. The matrix space
M, acts on M, (E) by matrix multiplication. For a square matrix
a = (a;;) € M,,, we have

lall sy = sup{(D_ 1D aya;P)7 25 € C ) |aylP < 1},
i=1 j=1 j=1

Definition 2.1. Let E be a vector space. A p-matricial norm on E is
a family (|| - ||,,)s; such that for each n € N, || - ||, is a norm on M, (E)
satisfying

A2l < A2llalids (12 @ yllnpm = maz{[lz]ln, [yllm},

for each A € M, o, 0 € M, @ € M, (E), and y € M,,,(E). Here A-z-p
is the obvious matrix product, and |A| and |u| are the norms of A and
p as the members of B(£2, ¢") and B(¢", (), respectively.

P> "p pop
The vector space E equipped with a p-matricial norm (|| - ||,,)2, is
called a p-matricial normed space. If moreover, each (M,,(E), || - ||») is

a Banach space, E is called an (abstract) p-operator space.

Clearly 2-operator spaces are the same as the classical operator
spaces. For more details about operator spaces see [6], [13] and [20].

Definition 2.2. Let F and F be p-operator spaces, and let T €
B(E, F), then for each n € N

T M, (E) — M,(F), T™([zy]) = [T(z;)]
is the n-th amplification of T. The map T is called p-completely
bounded if
T | et := sup [T < oo.
If |||y < 1, we say that T is a p-complete contraction, and if 7™ is
an isometry, for each n € N, we call T a p-complete isometry.
We use the notation =P~%° for p-complete isometries.

By [5, Section 4], the collection CB,(E, F') of all p-completely bounded
maps from E to F' is a Banach space under || - ||,s» and a p-operator
space through the identification

M, (CB,(E, F)) = CB,(E,M,(F)) (neN).
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Let SQ, be the collection of subspaces of quotients of L, spaces (the
Banach spaces of the form L,(X) for some measure space X), where
we identify spaces which are isometrically isomorphic. A concrete p-
operator space is a closed subspace of B(FE), for some E € SQ,. Now
[0, Section 4.1] shows that an abstract p-operator space can be isomet-
rically embedded in B(E) for some E € SQ,.

3. TENSOR PRODUCT

Daws in [5] defined the p-operator space projective tensor norm on
the tensor product of two p-operator spaces X and Y, that is

[ulln = nf {{la[[[lz[{lyI5], v = a(z ©y)8} ,u € Mun(X @Y)

where the norm of o and [ is taken as members of all linear maps on
suitable ¢, spaces. The norm defined above, gives X ® Y an abstract
p-operator space structure and the completion is denoted by X&Y'

Theorem 3.1. [5, Proposition 4.9] Let X, Y and Z be p-operator
spaces. There is a identification

CB,(XR"Y, Z) =t~ CB,(X,CB,(Y, Z)).

4. FIGA-TALAMANCA-HERZ ALGEBRAS

Throughout the rest of this paper G is a locally compact group, p is
a real number in (1, 00) and ¢ € (1, 00) is the conjugate scalar of p, that
is }D + é = 1. Figa-Talamanca-Herz algebras are our main examples of
p-operator spaces, studied in [5]. For any function f : G — C we
define f : G — C by f(z) = f(z~1), € G. The Figa-Talamanca-Herz
algebra A,(G) consists of those functions f : G — C for which there
are sequences (&,)0%, and (n,,)r; in L,(G) and L,(G), respectively,
such that f =3°°,¢, 7, and

YnZillnllllmlly < oo

The norm || f|[4,(@) of f € A,(G) is defined as the infimum of the
above sums over all possible representations of f. Then A,(G) is a
Banach space which is embedded contractively in Cy(G). It was shown
by Herz that A,(G) is a Banach algebra under pointwise multiplication.
When p = 2, we get the Fourier algebra A(G).

Let A\, : G — B(L,(G)) be the left regular representation of G
on L,(G), defined by A\,(s)(f)(t) = f(s~'t). Then ), can be lifted to

a representation of L;(G) on L,(G). The algebra of pseudomeasures
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PM,(G) is defined as the w*-closure of \,(L1(G)) in B(L,(G)). There
is a canonical duality PM,(G) = A,(G)* via

(€0, T):=(5Tm) (€€ Lp(G),n e Ly(G), T € PMy(G)).

In particular PM(G) is the group von Neumann algebra VN(G). If
the map A, from the projective tensor product L,(G)®" L,(G) to Co(G)
is defined by

Ap(g ® F)(s) = (9, Mo(8) 1),
L

for g € L,(G), f € L,(G), and s € G, then A,(G) is isometrically

isomorphic to L,(G)®' L,(G)/kerA, and the dual space of A,(G) is
PM,(G) = Ay(G)* = kerA,™ = {T € B(Ly(G)) : T|gera, 0}
Since PM,(G) € B(L,(G)), it has a natural p-operator space struc-

ture. In particular A (G) carries a natural dual p-operator space struc-
ture [5, Section 5.1]. Also there is a quotient structure on A,(G), mak-
ing the map A, : Lq(G)®7Lp(G) — A,(G) a p-complete quotient map.
When G is amenable, then the two natural p-operator space structures
on A,(G) agree.[5, Theorem 7.1]

One of the main result of [5] is the following, which we shall use later.
Proposition 4.1. [5, Theorem 7.3] Let G and H be amenable locally

~

compact groups. Then A,(G)&"A,(H) =P~ A, (G x H).
For p = 2 this result is proved in [0, Theorem 7.2.4].

Remark 4.2. We use the above identification, whenever we consider an
element u € A,(G)®"A,(H) as an element of A,(G x H).

In this paper we study the above isomorphism of p-operator spaces
as ordered spaces. We show that with a canonical order structure on
p-operator tensor product the above equality is order isomorphism.

5. ORDER STRUCTURE

The concept of positivity appears in the theory of ordered spaces,
lattice spaces and C*-algebras.

If Fis areal vector space, then Fc = E+iF is the complexification of
E [17]. Each R-linear map 7' : £ — F has a unique C-linear extension
T : Ec — Fo. A real vector space F endowed with an order relation
< is called a real ordered space if, given x,y € E, the relation x <y
implies v + 2 < y+ 2z and ax < ay, for all z € E and o € R,. The
positive cone of F is B, = {z : 0 < x}. We say that F, is proper
if B, N(—E;) = {0}. The complexification of a real ordered vector
space is called an ordered space. For given ordered spaces E¢ and Fg,
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a C-linear map 7' : E¢c — F¢ is positive if T(E,) C Fy, and is an order
1somorphism if it is one-one, surjective positive map with a positive
inverse.

The dual space of each (normed) ordered space is an ordered space
as well. Let A be a normed space which is an ordered space. p € A* is
positive if for all positive element z in A, we have () is positive.

In this section we give the definition of positivity in spaces which
will be studied in this paper.

Let 1 < p < 0o, X be a measure space and 1 < ¢ < oo be the
conjugate scalar of p.

e The natural order structure on C and M,, = M,,(C) come from
their C* algebra structures. An element u € C is positive if it
is a real and positive scalar. A matrix [a;;] € M, is positive if

Z a,-jcic_j > 0,

12
for all chose of scalars ¢q,--- ,¢, € C.
e The natural positive cone of each C*-algebra gives an order
structure. Also by Ruan’s Theorem [0], each operator space

E isometrically embeds in B(H) for some Hilbert space H and
inherits a natural order structure of C*-algebra B(H).

e We say that T' € B(L,(X)) is positive if (T'f, f) > 0 for each
f e L,(X)N Ly,X), where the pairing is the canonical dual
action of L,(X) on L,(X). For p = 2 this order is the natural
order on the C*-algebra B(Ly(X)).

e We say that T' = [T};] € M, (B(L,(X))) = B(L;(X)), (where
L, (X) is the direct sum of n-copies of L,(X)), is positive if

Z(ﬂjfi;fﬂ >0,
ij=1
for each f1,---, fr € Ly(X) N Ly(X).

o We know that B(L,(X)) = (L,(G)®'L (G))*. For T = [T}]
belongs to M, (B(L,(X)).), (B(L,(X)).) is the predual space)
we say that T is positive, if for each, m € N and ¢ = [¢;;] €
M, (B(L,(X)))4+, the natural matrix action (¢, T) = [(¢ij, T)]
€ M,,,, is positive.

e For p’' € (1,00) and measure space Y subspaces M C B(L,(X))
or M C B(Ly(X))sand N C B(L,(Y)) or N C B(Ly(Y))s, we
say that alinear map T': M — N is (p, p')-completely positive,
if for all n € N, the n-th amplification 70 : M, (M) —
M, (N), T [z;;] = [T(zi;)] of T is a positive map.
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For simplicity, in the case where p = p’ we call such maps
p—completely positive.
e Let M be as above, then since M,,(M*) = CB,(M,M,,), we say
that 7' € M,,(M*) is positive, when it is a p-complete positive
map from M to M,,.

Lemma 5.1. Let the matriz [v;;] be a positive element in M., (B(L,(X))),
then for each o = (v, - , ), scalar row vector, we have alv;jla* is
positive, where o is the conjugate transpose of a.

Proof. We must show that (ay, -+, ap)[vi] (@, -+ @) = 320 vijeuog
is positive. Suppose that f € L,(X) N L,(X), then since [v;;] is in
M, (B(L,(X)))+ we have

(D vy f, f) = (> (v f)a, f)
=1 ij=1
- <Z vij(aif), a; f) > 0.
ij=1

O

Theorem 5.2. Let A be a commutative unital C*-algebra, then a linear
map T : B(L,(X)) — A is completely positive if and only if it is
positive.

Proof. Proof is similar to that of operator spaces, we give it here for
convenience.

Without loss of generality we may assume that A = C'(Q2) for some
compact Hausdorff space €2, by Gelfand-Naimark Theorem. For a pos-
itive element v = [v;;] € M,(B(L,(X))) we must show that [T'(v;;)] is
a positive element in M, (C'(Q2)). By the isometrically isomorphism of
C*-algebras M,,(C(Q2)) = C(2,M,,) and for w € Q and o € C" we have

([T () @)l @) = S aT(vy) (w)a = T (D avya ) () 2 0,

since ) aw;;a is positive by Lemma 5.1. O
6. ORDER STRUCTURE OF HERZ ALGEBRAS

Fourier algebra and its natural order structure induced by its oper-
ator space structure, which is the same as the order structure induced
by positive definite functions as a proper cone, has been studied in
[15], where they defined complete order amenability of the Fourier al-
gebra and compared it with operator amenability. Also in [16] authors
studied the order structure of Figa-Talamanca-Herz algebras.
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With the notation of Section 4, we define the positive cone of A,(G)
as the closure in A,(G), of the set of all function of the form f =
P& &, for (&) in Ly(G) N Ly(@), and denote it by A,(G),. Since
with the norm of Fourier algebra the space C.(G) N P(G) is dense in
A(G) N P(G), the order structure defined above, in the case where
p = 2, is the same as the order structure of A(G), induced by the set
P(G) N A(G), as a positive cone.

The Banach space PM,(G) is a subset of B(L,(G)), and so has
a natural order structure, induced by B(L,(G))+. We say that ¢ €
A,(G)* is positive if (p, f) is a positive scalar, for all positive element
1'e 4,(G)

It is easy to see that T" € PM,(G) is positive as an element of
B(L,(G)) if and only if it is positive as an element of A,(G)*. Also since
A,(G)4 is closed, u € A,(G); if and only if for each T € PM,(G),
(Tu) > 0 [17].

By the definitions of order structure in Section 5, we can give the
order structure of matrix spaces of Figa-Talamanca-Herz algebra.

Let m,n € N, it is easy to see that T = [T};] € M,,(A,(G)) is positive
if and only if for every p-completely positive and p-completely bounded
linear map ¢ : PM,(G) — M, the natural action (¢, T") is a positive
scalar matrix.

For M = A,(G) or PM,(G)) and N' = A, (G) or PM,(G) we say
that a linear map T : M — N is (p, p')-completely positive if for each
positive integer n, the n-th amplification 7" : M[,(M) — M, (N) of
T is a positive map. If this is the case for p = p/, we say that T is
p-completely positive.

In the following, the positive cone of Figa-Talamanca-Herz algebra
is characterized.

Theorem 6.1. [16, Theorem 2.7] Let G be a locally compact amenable
group. Then A,(G)y = P(G) NA(G).

Let pu be a measure, and E a Banach space. Daws defined a norm on
the algebraic tensor product L,(y) ® E by embedding L,(u) ® E into
L,(u1, E) and he denoted the completion by L,(1) ®, E. It is easy to
see that L,(u) ® E is dense in L,(p, E), and so L,(1) ®, E = L,(p, E)
isometrically [5].

The Banach space PM,(G)®PM,(H) is the w*-closure of PM,(G)®
PM,(H)in B(L,(G)®,L,(G)) = B(L,(Gx H)). It has a natural order
structure, coming from B(L,(G x H)).

Theorem 6.2. [5, Proposition 7.2] Let G and H be locally compact
groups, then PM,(G)QPM,(H) = PM,(G x H).
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Let )\f, )\f , )\ng be the left regular representation on GG, H and
G x H, respectively, Then clearly,

AS(s) @ AL (t) = NS (s, ).

For s € G and t € H, suppose AS(s) € PM,(G)4, A (t) € PM,(H).,,
and f ® g belongs to L,(G x H) N L,(G x H), then

A (s, 1) f @9, f @ g) = (A ()()) @ N (1)(9), f ® g)
= (\J (), HN )(9), 9)
it means that AS* (s, t) belongs to PM,(G x H),. So
Conv(PM,(G)+ @ PM,(H)y) C PM,(G x H)+,
but since PM,(G' x H) = A,(G x H)*_, is w*-closed, and so

Conv(PM,(G); ® PM,(H).)" C PM,(G x H).

6.1. p-operator tensor product of Herz algebras. In this section
we discuss if the p-isomtrically isomorphism A,(G)&" A,(H) = Ap(G x
H), for amenable groups G and H, preserves the order structure.

Consider the following p-complete isometries defined in Proposition
4.1,

Dy : A ()& A, (H) — A, (G x H)

Py (AP(G)®pAp(H))* — CB,(Ap(G), PM,(H)),
0= u,v = pluv) e (A(G)R"A(H)), u,v e A(G)

Here we define an order structure on p-operator projective tensor
product of Herz algebras: we say that u € A,(G)&"A,(H) is positive
if for all p-completely bounded and p-completely positive linear map
T:A,(G) — PM,(H), (T,u) is a positive scalar, where the pairing is
defined as ®;(7T)~"(u). In this paper u € A,(G)®"A,(H) is considered
as an element of A,(G x H), identified with ®g(u).

The above definition can be given for two p-operator spaces which are
subspaces of some space of the form B(L,(X)) or B(L,(X))., for each
of preduals, if any. We use the generalized definition in the following
theorem.

Theorem 6.3. Let E and F be p-operator spaces which are subspaces
of some space of the form B(L,(X)) or B(L,(X))., then the linear
map ¢ : EQ'F — C is positive if and only if its natural induced map
T, : E — F* is completely positive.
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Proof. Let ¢ : EQ'F — C be a positive linear map. We must show
that, for each n > 1, the n-th amplification T, : ML, (E) — M, (F*) is
a positive map. But M, (F*) = CB,(F,M,,), with its natural definition
mentioned before.

Let x = [z;5] be in M,,(E)4+, m € N and y = [yw] be in M, (F),.
We need to check that Tén) ()(y) = [Tp(wij)|[ym] = [p(xi; @ y)] is a
positive scalar matrix. Let a = (¢q,...,cnn) be a scalar row vector
and put v = o - (z ®y) - a*. Then u belongs to (E®"F)%. Therefore
(T, (@) (y)ev, @) = pla- (@ y) - a*) = p(u) > 0.

On the other hand let T, : £ — F* be a completely positive.
We must show that he linear map ¢ : EQ'F — C is positive. Let
u € (E®Q"F), then by definition of positivity in E&®"F, the natural
action (T',u) is positive. It means that ¢(u) = (T, u) is positive. Now
the statement follows from Theorem 5.2. 0J

Corollary 6.4. The linear map T : A,(G) — PM,(H) is completely
positive if and only if the natural induced map @7 : Ap(G)@)pAp(H) —
C s positive functional.

The next proposition which is proved in [16, Proposition 3.4(ii)] will
be used in the Theorem 6.6, so we mentioned it here.

Proposition 6.5. Let G be an amenable locally compact group, p €
(1,00) and T : Ap(G) — PM,(G) be a linear map. Let T\ = T'| )
be the restriction of T to A(G).

(i) If T is p-completely positive, then T} is a completely positive linear
map from A(G) to VN(G).

(ii) If p > 2 and T is a bounded linear map, then for each n € N, we
have | Ti™|| < | T™]].

(iii) If 1 < p <2 and T is bounded, then for each n € N we have
1T < BT

(iv) If 1 < p <2 and T is a p-completely positive map, then there
are infinitely many n € N such that ||T™| < B2n?.

Theorem 6.6. Let G and H be amenable groups and 2 < p < co. Then
the p-complete isomrphism between A,(G x H) and A, (G)&"A,(H) is
an order isomorphism (ie. a positive map with positive inverse).

Proof. Let G and H be amenable groups and let u € A,(G x H),.
By Theorem 6.1, u belongs to P(G x H), so u is positive as an ele-
ment of A(G x H). We must show that u is positive as an element of
A4,(G)E A, (H).
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For this, let T': A,(G) — PM,(H) be an arbitrary p-completely
bounded and p-completely positive linear map, by the definition of
positivity in A,(G)&"A,(H), we must show that (T,u) is a positive
scalar.

In the first step we will show that the map ¢ : A(G) — A,(G) is
(2, p)-completely positive, for this we must show that the map

i M, (A(G)) — M, (A4,(G))

is a positive map, with respect to the positive cones of M,,(A(G)) and
M,,(A,(G)). To this aim, for [z;;] in M, (A(G))+, we show that [z;]
belongs to M, (A,(G))+. But the order structure on M, (A4,(G)) is
defined by its dual space. So we prove that the natural action

(5], [wi]) € Mz,

gives a positive matrix, for n € N, [S;;] in M, (PM,(G))+ and [z;;] in

Forn € N and [z;;] € M, (A(G)). Since M,,(A(G))+ = CP?(VN(G),

M,,), where CP?(VN(G),M,,) is the set of all w*-continuous com-
pletely positive linear maps from VN(G) to M, it follows that [x;;] €
M,,(A(G));+ if and only if for each [T;;] € M,[VN(G)];, we have
[Thi(xi;)] € My2+. Since G is amenable, the embedding i : A(G) —
A,(G) is norm decreasing [9]. Therefore, each element [S;;] in M, ]
PM,(G)] can be considered as an element of M,[VN(G)]. More-
over, [S;;] € M,[PM,(G)]; if and only if ([S;][f],[f]) > 0, for all
[f] = (f1,~~~ fn) with f1,--- ., f, € C.(G). Now it is clear that if
[Si;] € M,,[PM,(G)]+, then it also belongs to M, [V N(G)|+, and so
([Sij], [zi5]) = [Sk(zij)] € M,2y. Therefore i : A(G) — Ay(G) is a
(2, p) completely positive map.
This fact implies that T|a) : A(G) — VN(G) is a completely
positive linear map and by Proposition 6.5(ii) it is completely bounded.
But A(G x H), is equal to the predual cone of all completely bounded
and completely positive linear map from A(G) to VIN(H) [15, Section
2]. It means that for u € A,(G x H); = A(G x H), (T, u) is positive
and so u is positive as an element A,(G)&"A,(H).

On the other hand let u be a positive element in A,(G)&"A,(H),
by the definition of positivity in p-operator tensor product which can
be seen in Section 5, we have for each p-completely bounded and p-
completely positive linear map 7' : A,(G) — PMy(H), the natural
action of T" on u is positive. But if T' : A,(G) — PM,(H) is a p-
completely bounded and p-completely positive linear map, then by the
computation above T} : A(G) — VN(G) is a completely positive and
by Proposition 6.5(ii), for p > 2 is completely bounded linear map.
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So T} belongs to the positive cone of CB(A(G),VN(H)). But the

isometrical isomorphisms
CB(A(G),VN(H)) = (A(G)®TA(H))* 2 VN(G x H),

are order isomorphism. It means that 7" which is an element of PM,,(G x
H), is a positive element of V.N(G x H) and so is a positive element of
PM,(G x H). But u is an element of A,(G x H) and for each positive
element 7" of PM,(G x H), T(u) is positive, now by the closedness of
the positive cone of A,(G x H), we have u € A,(G x H),. O

Remark 6.7. Let G and H be locally compact amenable groups, p €
(1,00), and T : A,(G)&"A,(H) — C be a positive linear map, then
by Theorem 6.6 (with the same nomination) T7': A,(G x H) — C is
a positive linear map. Since in this case A,(G x H)y = A(G x H) N
P(G x H), we have T|axn) : A(G x H) — C is a positive linear
map.

In the following we show that the map T A(GxH) 18 continuous, with
the norm of A(G x H).

Foru € A(Gx H), there exists uy, - - -, ug with w; € A(Gx H)NP(G X
H) and ||u;||a) < ||ullae)- It means that if we denote the unit ball of
A(G x H) by U then, U C Uy — Uy +i(Us — Uy). Suppose T aax )
is not continuous on U, — U, +i(Uy — U, ), then so is on U,. It means
that there exists a sequence {x,}°°, in U, such that ||Tz,| > n3, for
each n € N. Since A(G x H), is closed, z := >z, /n*isin A(Gx H),.
Hence Tz > Tx,/n? > 0, for each n € N. Therefore | Tz|| > n, for
each n € N, which is impossible. So T'|s(axm) is continuous with the
norm of A(G x H) so T belongs to A(G x H)*.

This shows that the restriction of 7" belongs to

CB(A(G),VN(H)) 2 VN(G)BVN(H) = VN(G x H).

But in this case we can not conclude continuity of 7. This is because of
decomposition of any element of Fourier algebra into positives, which
may fail for Herz algebras.
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