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SOME NUMERICAL RESULTS ON TWO CLASSES OF
FINITE GROUPS

M. HASHEMI * AND M. POLKOUEI

ABSTRACT. In this paper, we consider the finitely presented groups
G, and K(s,1) as follows;

G = {a,bla™ =b™ =1, [a,b]* = [a,b], [a,b]® = [a,b])
K(s,1) = (a,blab® = bla, ba® = a'b);
and find the n**-commutativity degree for each of them. Also we

study the concept of n-abelianity on these groups, where m,n,s
and [ are positive integers, m,n > 2 and g.c.d(s,l) = 1.

1. INTRODUCTION

Let G be a finite group. The n'*-commutativity degree of G, written
P,(G), is defined as the ratio

H(z,y) € G x Glz"y = ya"}|

GI?
The n'"-commutativity degree, first defined by Mohd. Ali and Sarmin
[11]. In 1945, F. Levi introduced n-abelian groups [10]. For n > 1,

a group G is called n-abelian if (zy)” = 2z"y™ for all x and y in G.
Abelian groups and groups of exponent dividing n are clearly n-abelian.
Some other studies of this concept can be seen in [1, 2, 5]. In [9],
the n'"-commutativity degree and n-abelianity of 2-generated p-groups
of nilpotency class two have been studied. Through this paper, the
standard notation [a,b] = a~'b~1ab is used for the commutator of the
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elements a and b.

Here, we consider the following finitely presented groups:
Gm = {a,bla™ =" =1, [a,b]" = [a,b], [a,b]" = [a,b]), m > 2;
K(s,1) = (a,blab® = b'a, ba® = a'b), where g.c.d(s,l1) =1,
which are nilpotent groups of nilpotency class two.
In Section 2, we state some lemmas and theorems are needed in the
proofs of main results. Section 3 is devoted to compute the n'"-
commutativity degree of G,, and K,,, where m = [ — s + 1 and

K,, = K(1,m). The n-abelianity of these groups have been studied
as well.

2. PRELIMINARY

In this section, we state some lemmas and theorems which will be
used in other sections. First, we state a lemma without proof that
establishes some properties of groups of nilpotency class two.

Lemma 2.1. If G is a group and G' C Z(G), then the following hold
for every integer k and u,v,w € G :

(i) [uwv, 0] = [, w][o, w] and [, vu] = [u,o][u, w];

(ii) [u*, v] = [u, v*] = [u, v]*;

(i1) (uv)* = ukvk[v, u]FE=1/2,

The following lemma can be seen in [0].

Lemma 2.2. Let G,, = (a,bla™ = b™ = 1, [a,b]* = [a,b], [a,b]® =
la,b]) where m > 2 , then we have
(1) every element of Gy, can be uniquely presented by a'b’[a, b]t, where
1<i,j,t<m.
(ii) |G| = m3.
Now, we state some lemmas which can be found in [3, 1].
Lemma 2.3. The groups K(s,1) = (a,blab® = bla, ba® = a'b), where
g.c.d(s,l) =1, have the following properties:
(1) |K(s,0)| = |l — s|?, if g.c.d(s,l) = 1 and is infinite otherwise;
(ii) if g.c.d(s,1) = 1, then |a| = |b| = (I — s)? and a'~% = b*~.

Lemma 2.4. (i) For every | >3, K(s,l) = K(1,2 —1).
(i1) For everyl > 2 and g.c.d(s,l) =1, K(s,s+1) =2 K(1,l+1).
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Lemma 2.5. Every element of K,, can be uniquely presented by x =
aPbra™m where 1 < 5,7,6 < m — 1.

Lemma 2.6. In K,,, [a,b] ="' € Z(K,,).
Also we recall the following lemma of [3].

Lemma 2.7. For the integers o, 5, (0 < a < ) and variables x, z and
u, the number of solutions of the equation p®x = zu (mod p?) is

P e+ 1)p —a).

Proposition 2.8. For the integer S and variables x,y,z and u, the
number of solutions of the equation xy = zu (mod p°) is

p2ﬁ—1(pﬁ+1 +p6 —1).
Proof. By Lemma 2.7, the number of solutions of zy = ij (mod p?) is

B
> o) (a+ 1)p—a),

To complete the proof, we proceed as follows:

B
> 6" (et 1)p—a)

_ _ a+1)p—«a
(RN BTN ol Gl
a=0 P
1 B+t
= B+ Dp - B) + P2 - (p+ 220 o )
33 38—1 26—1 pﬁ—l 26—1
= p7=pP T +2p (p—l)p_1+p

Corollary 2.9. For the integer n = p{'p5>...p,* and variables x,y, =
and u, the number of solutions of the equation xy = zu (mod n) is

Hle 2ot (p it 4 p = 1).
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Corollary 2.10. Let m,n be integers and x,y,z and u be variables
where 1 < x,z2 <n and 1 < y,u < m. Then the number of solutions
of the equation xy = zu (mod d) is

pr‘“ Pt 4 i — 1)

where d = g.c.d(m,n) = p{'p3*..pp~.

3. THE n'*~-COMMUTATIVITY DEGREE OF (,, AND K,,

In this section, by considering the groups G,, and K,, we get ex-
plicit formulas for their n'*-commutativity degrees. First, we prove the
following proposition.

Proposition 3.1. For the integers m,n > 2;

(1) If G =Gy, and x € G, then we have
xn — am'bnj[a’ b]nt—@ij

(2) If G = K,,, and x € G, then we have

- anﬁbn'yan m— 1)5+n(n 1)( 1) v

Proof. We use an induction method on n. By Lemma 2.2, the assertion
holds for n = 1. Now, let

" = a""b"[a, b]""

—1) ..
n(n2 )’L]

Then -
. . n(n—1
mn-i—l — g [a7 b]nt—i

Since G' C Z(G), by Lemma 2.1 we have

mn-{—l _ a(n+1)ib(n+1)j [a7 b](n—i—l)t

940 [a, b]".
_ n(n2+1) ij

The second part may be proved in a similar way. 0

Theorem 3.2. For m,n > 2, let G = G, | = g.c.d(n,m) and

[0}

T=pipe®? - p®. Then we have:

Di a;+1 + Di a _ 1
H 2a1+1 ’
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Proof. Let A, = {(z,y) € G x G| 2"y = ya"}. By Lemma 2.2, we can
write z = a"b'[a, b and y = a2b2[a, b]*2 where 1 < iy, is, j1, Jo, t1,t2 <
m. Then by Proposition 3.1 we have

n(n—1)
2

" = gMpni [a7 b]ntl— 1171

So
n(n—1
2

)

a"y = a" " a, b g2 b2 g, b]*2.

Since G is a group of nilpotency class two, G' C Z(G). Hence by
Lemma 2.1

Q?ny = MpvLgl2pi2 [a,b]nt1+tsz
n(n=1)

gitiz [b, a]nizjl pritiz [CL, b]nt1+t2*n 2

1171

1171

girtizpniitiz [a’ b] nt1+ta— "("Q_U i1j1—nizj1
On the other hand, we obtain
ylﬂ — gt itz [a7 b]nt1+t2—n(n2_1)iljl—ni1j2_

So if 2"y = ya™, then

1171 —ni2j1 — anil—i-igbnjl-i-jz [CL b]nt1+t2—n("z_l)iljl_nil-h
, .

gV iz gtz [a7 b]nt1+t2—n(n2_1)
Thus by uniqueness of presenting of ™y and yz", Lemma 2.2, we must
have

[CL, b]ni1j2—ni2j1 —1.

Because of |G'| = m, niyjo = nisj; (mod m). Furthermore, if [ =
g.c.d(n,m) then we have

i1J2 = 21 (mod T> (%)

Now, let 7 = p1®py* ---p,*, where p; are prime numbers and «;
are positive integers. So by Lemma 2.10, the number of solutions of
congruence (%) is

m m 2 o o
(m_/l)2<m_/l)2 Hpi%” Pt 4 g - 1),
=1

Now since the parameters ki and ko are free and 1 < ki, ky < m, we
obtain

s
|An’ _ m2l4 Hpi2o¢,-—1 (piai—&-l +piai . 1)
=1
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Finally
|An]
P,(G) = ek
B m2[4 Hf:l piQai—l (piai-i-l + p % — 1)
mb
1

= Gyt L™ et pi =)
=1

[T, p2 (gt + p — 1)

s %
H¢:1 b;
S . .
_ H Pt pi— 1
o 20+1 :
=1 Pi

The following table is a verified result of GAP [7], when m = 6.

n |l | m/l| The number of solutions | P, (G)
1 [1]6 ]330 2=

2 1213 928 %

3 |32 810 2

4 1213 228 %

5 (1|6 |330 =

6 6|1 1296 1
1216 |1 1296 1

Theorem 3.3. For m,n > 2, let G = K,,. Then we have:

S a;+1 o
P A pi™ -1
PO =] 5=

i=1

Y

where | = g.c.d(m — 1,n) and ™1 = p1py*2 - pe.

Proof. Let G = K, and B, = {(z,y) € G x G|z"y = ya"}. By
Lemma 2.3, we can write = a®1b"1a(™ D% and y = a®2b72qm=1)%
where 1 < 1, B2, 71,72, 01,02 < m — 1. Then by Proposition 3.1, we
have

" = "By an(m—l)&—%(m—l)ﬁl“ﬂ )
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Now by using this fact that [a,b] = b™"! = a' =™, we obtain

"y = Py gr(m=1)01 4olncl) 1>(m—l)ﬂrﬂa62b’y2a(m—1)52
= "y gPrprz grim=1)01 +"<" D (m—1)B171+(m—1)52
a”'BH'BQb"71+"/2a(m_1)(”51*'52"'%'8171‘*'”6271)‘
and also
yr" = anﬂﬁ—,@gbn“/1+”/2an(m—l)51+(m—1)52+%(m—l)ﬁl“ﬂﬁ-n(m—l)ﬂwz'

So by uniqueness of presenting of 2"y and yx", Lemma 2.5, if 2"y = ya"
then
aM =D (Biy2—Fam) — |

and since |a| = (m — 1)%
nf1ye2 = nPayr (mod m —1).
Suppose that [ = g.c.d(n,m — 1). Then
—1

Biv2 = Boni (mod ). (xx)

Now, let ™— = p*'py*? - - p,*, where p; are prime numbers and «;
are posmve integers. So, by Lemma 2.10, we get

|Bn| = l4 sz%% arH +pz 1)

Thus
| By
IGI2

= ( l_IszOéz aﬁ_l +pi™ 1)

- pz’aiﬂ +p -1
H pi2a¢+1 :

=1
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4. n-ABELIANITY OF (G, AND K,

Here, we consider 2-generated groups G,, and K,, and investigate
when these groups are n-abelian.

Theorem 4.1. Form,n > 2, G,, is n-abelian if and only if m | @

Proof. Let x = a"b''[a, b]"* and y = a2b?[a, b]** be two elements of G,,
where 1 < 44,19, 71, J2, t1, L2 < m. By using Proposition 3.1 and Lemma

2.1, we obtain
xnyn — aml b’n]l [G, b]ntlf lelanlg bn]g [CL, b]ntgf
n(n—1)

anil bnjl am'Q ban [CL, b]n(tl +t2)— 5 (1171+4272)

n(n—1
2

)

—1). .
o

an(i1+i2)bn(j1+j2) [a7 b]n(t1+t2)7 n(n2—1) (i141+i2j2)—nZizj1 )

On the other hand, for computing (zy)™ we use an induction method
on n. Indeed
Ty = qirtizpiitiz [CL b]t1+t2—i2j1'
and if
n(n—1)

(zy)" = &"(ilﬂz)bn(ﬁﬂz)[a’ b]n(tﬁtz)*T(iﬁiz)(hﬂ'z)*nizh7

then

)n+1 _ an(i1+i2)bﬂ(j1+j2)ai1+i2bj1+jz[a7b}(n-l—l)(tl—ktz)—n“;l)(i1+i2)(j1+j2)—(n+1)i2j1

(zy

q (D (+i2) p(n+1)(j1+72) [a’ b] (n1)(t1+t2) — 2O (51 4in) (1 +j2) — (n+1)izj1 .

By Lemma 2.2, each element of G, has a unique expression in the form

a'b'la, b, 1 <i,5,t < m. So, Gy, is n-abelian (z"y" = (zy)", for all

z,y € G) if and only if

n(n—1)
2

n(n—1)
2

which is equivalent to

n2—n

2
Now since this holds for all z,y € G,,, the group G,, is n-abelian if

and only if m|”(nT_1) O

(i1J1+i2je)+niajs = (i1+i2)(j1+72)+nizj1 (mod m)

(iaj1 — i1J2) = 0 (mod m).

Theorem 4.2. For m,n > 2, K,, is n-abelian if and only if
n(n —1)
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Proof. Let x = a®b"a™ V3% and y = a®b2a(™"1% be two elements
of K,,, where 1 < 31, B2, 71,72, 01,02 < m —1. Then by Proposition 3.1
and Lemma 2.1, we get

2y = B8R pr(n92) g (m=1) (1 -+82)+ U (Bt B202)+02 o).

On the other hand by using induction on n, we obtain

(zy)" = a”(ﬂlﬂﬁ)b"('71+’72)a(mfl)(n(51+52)+%(61+52)(71+72)+n6271)_

Therefore by the uniqueness of presenting of (zy)"™ and z"y", K, is
n-abelian if and only if

@(ﬁmwm)m%ﬂl ~ ””’2‘ D (814 8) (1) 4 (mod m—1).
Hence

" 2_ n(ﬁﬂl — f172) =0 (mod m — 1).
This results that K, is n-abelian if and only if m — 1|”22—"_ O
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