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Abstract. The finite element method is used for the modal analysis of two-dimensional composite elastic
structures with space-dependent material parameters. The scope is limited to two-dimensional, linear,
isotropic, perfectly bonded composites under plane strain. The numerical examples represent multilayer
and particle-reinforced composites with explicitly resolved particle regions, while the formulation also
permits smoothly varying coefficients for functionally graded materials. The study combines variable-
material modeling and finite element modal analysis within a unified framework. The elastodynamic
problem is formulated in weak form, and the properties of the associated variable-coefficient elasticity
operator are established under standard assumptions. The dynamic model is then approximated using
finite elements to study the effects of geometric and material properties on the natural frequencies and
mode shapes. A mesh-refinement study confirms convergence of the first six frequencies and stability
of the associated mode shapes. A global bending-frequency consistency check is performed against the
Euler—Bernoulli solution for a homogeneous clamped—clamped layer, while the heterogeneous cases are
treated as parametric applications. For the prescribed multilayer configurations, the computed frequen-
cies increase with the stiffness or thickness ratio and decrease with the density ratio. For the particle-
reinforced composite, the two-dimensional particle area fraction produces a non-monotonic frequency
response, which is interpreted qualitatively in terms of the stiffness—inertia balance. These findings
demonstrate the ability of the proposed model to capture the main modal features of heterogeneous elas-
tic structures.
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1 Introduction

Composite and multilayer elastic structures are widely used in modern engineering applications because
they combine low weight with enhanced mechanical performance. In practical configurations such as
layered panels [24], sandwich structures [9], coatings [15], and particle-reinforced components [37], the
geometry and material properties affect the vibration response. Modal analysis therefore helps predict
structural behaviour and supports the reliable design of heterogeneous elastic structures [10,21]. Clas-
sical beam and plate theories, including Euler—Bernoulli beam theory [33], provide useful analytical
insight for simple homogeneous configurations. The vibration modes and natural frequencies of more
general systems, including multilayer structures and composites, are commonly approximated using fi-
nite element methods [24,27,35]; their modal characteristics may be significantly influenced by Young’s
modulus [21], density [4], and thickness [8].

The study of such models involves both theoretical and numerical considerations. Weak formu-
lations, well-posedness results, and classical beam and plate theories provide the mathematical basis
for describing elastic vibrations with variable material parameters [5, 6, 14, 30]. In previous related
work, Magouh et al. [23] developed semi-analytical static and dynamic solutions for functionally graded
electro-elastic multilayered plates. The present study continues the investigation of multilayer dynamics
through a full two-dimensional finite element modal formulation for elastic structures with explicitly pre-
scribed material regions. Natural frequencies and mode shapes are commonly approximated using finite
element and related discretization techniques [18,27,34,35]. Recent studies have addressed functionally
graded hybrid shells and plates, porous graded solids, short-fiber composites, fiber—metal laminates, and
stochastic free vibration of bidirectionally graded plates [1 I, 12, 16,26,28,36].

Other computational developments include multiscale finite element methods, which incorporate fine
material variations into coarse-scale basis functions [ 3]. Reduced-order models based on proper orthog-
onal decomposition reduce the computational dimension of structural dynamic systems [ 7]. Experimen-
tal modal testing has also been combined with numerical modelling to validate the natural frequencies of
composite structures [3 1], while machine-learning methods have been proposed for the automatic iden-
tification of natural frequencies and mode shapes from measured structural responses [22,25]. However,
these approaches are generally specialized to particular structural theories, reinforcement architectures,
computational objectives, or experimental and data-driven settings. Within this context, the present work
combines established variable-material modeling, mathematical analysis, finite element error estimates,
and comparative multilayer and particle-reinforced applications in a single framework with explicitly
defined material regions. The multiscale, reduced-order, experimental, and data-driven approaches com-
plement the present deterministic full-order formulation and represent relevant directions for future ex-
tension and validation.

Accordingly, this work applies the finite element method to the modal analysis of two-dimensional
multilayer and composite elastic structures with spatially varying material parameters. The numerical
examples use linear isotropic materials under plane strain and assume perfect bonding at internal inter-
faces. The elastodynamic problem is formulated in weak form, the properties of the associated elasticity
operator are established, and the finite element approximation is derived. The influence of key physi-
cal parameters on the first natural frequencies and mode shapes is then investigated. A homogeneous
clamped—clamped layer provides a consistency check, after which two-layer and particle-reinforced con-
figurations are examined through parametric studies.
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2 Mathematical formulation

2.1 Governing equations

An elastic body described in the Cartesian coordinate system (O, x,y) is considered. The spatial position
is given by the vector x = (x,y), and the displacement from the reference configuration to the current
deformed configuration in the domain Q C R? is denoted by u(x,#) = (u;,uz). Here, time is represented

by ¢. Small deformations are assumed, i.e. aui < 1, so that the linear elasticity framework can be
Xj
used [0, 14, 19]. This assumption is suitable for low-amplitude modal analysis about the undeformed

equilibrium state.

Residual stresses and thermal effects are neglected in the present model. This provides a baseline
model for initially stress-free components; prestressed, thermally loaded, or large-amplitude applications
require an extended formulation.

For a heterogeneous composite material, spatial variations in the mechanical properties are repre-
sented by the density and Lamé parameters p(x), A(x), and p(x). These functions may be piecewise
constant or smoothly varying according to the material microstructure [6,30]. The density is assumed to
satisfy 0 < Pmin < p(x) < Pmax almost everywhere in Q.

In the reported numerical examples, these coefficients are piecewise constant over known layer, ma-
trix, and particle subdomains. Smooth deterministic functions may instead be prescribed for a function-
ally graded material. More precisely, if Q = Uiv’:”l Q, is the partition into homogeneous material regions,
the distribution used for each parameter g € {p,A,u} is

Ni
q(x) = ZQrXQr(x)? ey
r=1

where Yq, equals one in Q, and zero elsewhere. This phase-indicator law represents the sharp interfaces
of conventional laminates and particulate composites.

The linear elastodynamic equations are written as [0, 14, 19]:
p(x)i—V-o=f, inQx .7, )
o =2u(x)e(m)+A(x)(V-u)l, inQx.7, 3)
u=>0, onI'p x .7, @)
o-n=gy, onI'y x .7, &)
u = u, inQ, forr =0 (6)
u=vy, inQ, forr =0 @)

Here, .# is the time interval, I is the identity tensor, and the spatial dependence of the Lamé parameters A
and U represents material heterogeneity. The Dirichlet and Neumann parts of the boundary are denoted
by I'p and I'y, respectively.

The present constitutive law is linear and isotropic; anisotropy, including fiber-reinforced behaviour,
can be introduced through o = C(x) : €(u), where C(x) is a spatially varying stiffness tensor. Nonlinear
material behaviour would require tangent-stiffness linearization about an equilibrium configuration or a
nonlinear modal-analysis formulation.
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With small displacement gradients, the deformation is measured by the strain tensor, defined as [0, 19]

1

€= (Vu + VMT) ()

9 |

or, in component form,

1 8u,~ du j
gij B 5 <8xj + 8x,-> ’ (9)
2.2 Boundary conditions

For all numerical examples, the structure occupies a rectangular domain Q = (0,L) x (0,H), where H
denotes the total thickness of the considered configuration. The vertical ends are clamped, while the
upper and lower external surfaces are traction-free. Accordingly, the boundary decomposition is

Ip={(x,y):x=00rx=L, 0<y<HY},

Iy ={(x,y):0<x<L,y=0ory=H}.

Both displacement components vanish on the clamped boundaries,
u, =0, uy, =0 onIp,
and the homogeneous Neumann condition is imposed on the remaining external boundary,
c-n=0 onIy.

For the multilayer and particle-reinforced configurations, the internal material interfaces are assumed to
be perfectly bonded and are not included in I'y.

2.3  Weak formulation

For the weak formulation of (2)—(3), the Hilbert space is introduced as [3,6, 19]

V= {ve [H'(Q)]: v, :0}. (10)

The tensor contraction operator : is given by
2
A:B= Y A;B; (11)
i,j=1
for any two matrices A and B. The following relation is then obtained:

c:Vv=0:¢(v) (12)

By applying the divergence theorem and Green’s identity, together with the Neumann condition

o -n = gy on 'y and the condition v =0 on I'p, the following weak form is obtained: find u : & — V
such that

m(ii,v) +a(u,v) =1(v) WveV, (13)
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where the displacement u = u(x,t) satisfies u(-,#) € V for each t € .#, and ii denotes the second time
derivative of u. The stiffness and mass bilinear forms a(-,-) and m(-,-) and the linear functional /(-) are

given by
a(u,v) = ( (x)e(u) : e(v)) + (AX)V-u,V-v),
( ) fv)+(gn:v)ry, (14)
/p(x)w~vdx.

2.4 Existence and uniqueness

The continuity and coercivity of the spatial elasticity operator in (13) are established next. For each fixed
load, the Lax—Milgram theorem applies once a(-, ) is shown to be continuous and coercive on V and /(-)
is shown to be continuous. The theorem below concerns the associated elliptic spatial problem, not the
full dynamic initial-value problem.

Theorem 1. Suppose that T'p has positive boundary measure and that (L, A € L*(Q), with u(x) > po >0
and A (x) > 0 almost everywhere in Q. Let f € [L*(Q)]? and gy € [L*(T'y)]?. Then the associated elliptic
variational problem has a unique solution u € V such that

a(u,v) =1(v), Ywev, (15)
where
a(u,v) - 2(‘11()6)8(14),8(\/)) + (A(X)V . M,V : V), l(V) = (f,V) + (gN;V)FN
The following classical inequality is used to establish coercivity of the bilinear form [3, 6, 19].

Theorem 2 (Korn’s inequality). There is a constant C > 0 such that, for eachv €'V,
lem)I? > Clvll3- (16)

Proof of Theorem 1. Let u,v € V. Since p and A are essentially bounded, the following estimate is
obtained from the Cauchy—Schwarz inequality:

|a(u,v)| <2[pll=) [le@) [ eW) + 1Al @) V-l V- V]

(17
< Cllullv[vv,

so a(-,-) is continuous on V x V.
For the linear functional, the following estimate is obtained by combining the trace theorem with the
Cauchy—Schwarz inequality:

L)< I lz2@pp Ve + lenllza@mop Ve p

(18)
<€ (Il + lewlizzqeyyz) IVl

hence [ is continuous on V.
It remains to establish coercivity. Using u(x) > o > 0 and A(x) > 0, the following inequality is
obtained:

a(v,v) =2(ue(v),€(v)) + (AV-»,V-v) > 2polle(v) . (19)
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By Korn’s inequality, there exists a constant C > 0 such that
leWI* = Clvlly, eV (20)

Therefore,
a(v,v) > 2uC||v||37, Ywev, (21)

which proves the coercivity of a(-,-) on V.
Since a(+, -) is continuous and coercive on V, while /() is continuous on V, the Lax—Milgram theorem
ensures the existence of a unique element u € V satisfying

a(u,v) =1(v), Yvev.

This establishes the unique solution of the associated elliptic variational problem. For the dynamic
problem, if 0 < Ppin < P(x) < Pmax almost everywhere, ug € V, vy € [L*(Q)]?, and the time-dependent
load belongs to L2(.#; V'), standard second-order evolution theory gives a unique weak solution. O

The continuity and coercivity of a(,-) and the positivity of m(-,-) provide the analytical basis for the
continuous and discrete eigenvalue problems. The conditional approximation estimates are then assessed
numerically through the mesh-refinement study.

3 Finite element discretization

3.1 Spatial discretization

The weak problem (13) is approximated using finite elements [1, 14, 19,38]. Let # = {K} be a shape-
regular triangular mesh on Q, and let V}, be the polynomial space

Vh:{VGV:v|K€[P1(K)]2,VK€Ji/}. 22)

This space consists of displacement vectors whose components are continuous, piecewise linear, and
zero on I'p. The discrete finite element problem is stated as follows: find u;, € V}, such that

m(iip, vi) + a (up,va) = 1(v), Vv € Vp. (23)
The three independent components of the stress tensor ¢ and strain tensor € are represented by

O = [61] (ep)) G]z]T (24)

and
£=len en 2en) . (25)

Thus, Hooke’s law is expressed in matrix form as
o =C(x)e (26)

with the matrix C(x) defined as
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A(x)+2u(x) A(x) 0
Clx)= A(x) Alx)+2u(x) 0 |. (27)
0 0 1 (x)

The reported two-dimensional computations use the plane-strain assumption. In each material region,
Young’s modulus E and Poisson’s ratio v are converted to the Lamé parameters through

Ev E

B (e A T(E)

Thus, the matrix in (27) is the plane-strain constitutive matrix; plane stress would require a different
constitutive matrix and is not considered here.

Because the stress and strain tensors considered here are symmetric, the following expression is
obtained:

a(up,v) = / el (v)C(x)e (uy) dx. (28)
Q
The finite element approximation u;, € Vj, is written in matrix form as
T
diz
0 0 01| ®
U ¢1 () cee Oy d
up = = 2 | =@d(t), 29
h[@L[O o 0 @ ... 0 @ : 9d(t) 29
dnil
[ dn2 |

where ¢;, i = 1,2,...,n;, are the hat basis functions, d(¢) is the time-dependent vector of nodal displace-
ments, and #; is the number of unconstrained nodes.
The strain field is related to the displacement field through

€11 d/0dx 0

& |=| 0 9/9x [ “ } . (30)
2e1 d/0xy 9/dx | L2
Introducing the corresponding strain matrix gives
d/dx; 0
B=| 0 9/ox ‘g] 0 qu 0 - "g“ 0 } (31)
a/ax2 a/axl ¢1 ¢ ... On;

The discrete strain and stress fields are then obtained as

€=Bd(t),

o =C(x)Bd(1). (32)
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The following matrix system is obtained from the finite element discretization:
Md+Kd=F(t), (33)

where the 2n; X 2n; mass and stiffness matrices are denoted by M and K, respectively:

M= [ p()e pdx (34)
Q
K= / B"C(x)Bdx. (35)
Q
The 2n; x 1 load vector is
F:/ (prdx—i—/ o' gnds. (36)
Q Ty

The integrals that define the mass matrix, stiffness matrix, and load vector are evaluated using higher-
order Gauss quadrature over triangular elements [7].

3.2 Modal analysis

At the continuous level, the free-vibration eigenproblem is to find an eigenpair (®@;, ¢;), with ¢; € V\ {0},
such that
a(¢j,V) = (Djzm((]’j,v), Yvev. (37)

The corresponding finite element eigenpair is denoted by (®; 4, 9 5).
For free vibration, F(t) = 0, and a harmonic solution of (33) is sought in the form

d(t) = qjsin(@jut),
where ¢; is the nodal vector associated with ¢; ;, and @; ;, is the discrete natural frequency. Substitution
into (33) gives the generalized algebraic eigenvalue problem

qu' = (OJZ’hMC[j.
Thus, (0}7 5 18 the discrete eigenvalue.
For any nonzero modal vector ¢, the Rayleigh quotient is defined by
q"Kq
q"Mq

%(q) = (38)
For a discrete eigenmode ¢;, #(q;) = a)j%h, showing that each natural frequency is governed by the
balance between modal stiffness and modal mass.

3.3 Numerical implementation

The finite element assembly, generalized eigenvalue solution, and post-processing were implemented
in MATLAB. After application of the Dirichlet boundary conditions, the stiffness and mass matrices
are real, sparse, and symmetric, and the mass matrix is positive definite. The first ten eigenpairs were
computed using a restarted Lanczos-type Krylov subspace method [20, 32], and the first six eigenpairs
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were retained for the reported results. The smallest-magnitude option corresponds to a shift-and-invert
spectral transformation with zero shift. This transformation targets the eigenvalues nearest zero and
therefore the lowest natural frequencies. Since only the lowest modes were required, no nonzero shift
was used to target interior or higher eigenvalues.

The eigensolver iteration was accepted when its residual convergence criterion was satisfied for all
requested eigenpairs; convergence with respect to spatial discretization is examined separately in Sec-
tion 4.1. The consistent mass matrix defined by the finite element integral above was used without mass
lumping. The eigenvectors were mass-normalized so that g7 Mq i = 6ij.

The specified geometries were discretized using shape-regular conforming triangular meshes with
continuous piecewise-linear displacement functions. The maximum element sizes used in the numer-
ical cases are stated with the corresponding results. Material coefficients were assigned according to
the prescribed material subdomains. A triangular Gaussian quadrature rule exact for at least quadratic
polynomial integrands was used; it therefore integrates the consistent mass and stiffness contributions of
the piecewise-linear elements with piecewise-constant material coefficients.

For a mesh with n; unconstrained nodes, the algebraic system contains 2n; active displacement de-
grees of freedom. Complete per-mesh timing and hardware records were not retained, so no estimated
computational-cost values are reported.

3.4 Error estimates

Assume that the element integrals defining the stiffness form are evaluated with a quadrature rule accurate
enough to preserve Galerkin orthogonality. The accuracy of the finite element solution uy, is assessed
through the error e = u — uy,, leading to the following conditional a priori estimate.

Theorem 3 (Conditional a priori estimate [19]). Assume that the mesh resolves the material interfaces
and that ulg, € [H?*(Q,)]? for every material subdomain Q.. Then the finite element solution uy, satisfies

N 1/2
Vel <Ch (Y lulfrq, (39)

r=1

where C is independent of u, uy, and the mesh size h.

For an interface-fitted mesh, a residual indicator can be defined element-wise by

hg
Nk = hgllF+ V- oullo x + ~ Il 115 200 + ik llgn — On - 1llg gk -

Here, [0}, - n]] denotes the traction jump across an interior element edge. This expression is used only
as a residual indicator; no reliability or efficiency bound is claimed for discontinuous coefficients and
material interfaces.

For an isolated eigenmode satisfying the stated piecewise H> regularity, classical conforming finite
element eigenvalue theory gives a first-order eigenfunction error in the energy norm for the piecewise-
linear space V}, and a second-order eigenvalue error [2]:

19; = ¢salla = O(h),  |oj — @, = O(H?).
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Table 1: Mesh-convergence study for the first six natural frequencies and their observed convergence rates

Dimax Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
Frequency Rate  Frequency Rate Frequency Rate Frequency Rate Frequency Rate Frequency Rate
L/2°  0.020353 - 0.058991 - 0.11897 - 0.1995 - 0.29934 - 0.33009 -

L/2° 0016273 —0.95 0.044822 —0.62 0.087692 —0.45 0.14449 —0.35 0.2149 =0.30  0.29846  —2.18
L/27  0.0083694 2.86 0.023048 2.86 0.045124  2.86 0.07447 2.86 0.11103 2.85 0.15471 2.84
L/2%  0.0072828 1.53  0.020056  1.54 0.03927 1.53  0.064812  1.53  0.096631 1.53 0.13467 1.53
L/2° 0.0069068 1.87 0.019026 1.83  0.037246 1.85  0.061473 1.84  0.091642  1.85 0.12771 1.85

L/2' 00068037 - 0018736 -  0.036683 - 0.06054 - 0.09026 Z 0.12578 -
Since w; > 0,
2 2
|07 — @3]
h
|0~ 04l = ———F==0().
. Wj+ O p

Thus, the first-order estimate concerns the eigenfunction in the energy norm, whereas the corresponding
eigenvalue and frequency estimates are second order. The self-convergence rates in Section 4.1 are
observed numerical rates and provide supporting evidence rather than a proof of these estimates.

4 Numerical results

This section presents numerical experiments that assess the finite element model and illustrate the in-
fluence of material and geometric parameters on the dynamic response of composite elastic structures.
Figure 1 shows the three configurations considered: a single homogeneous layer, a two-layer struc-
ture, and a composite matrix with embedded particles. First, the FE approximation is compared with
Euler—Bernoulli beam values for a homogeneous clamped—clamped layer [29, 33]. The effects of the
stiffness ratio E, /E), thickness ratio H,/H|, and density ratio p,/p; on the first six natural frequencies
and associated mode shapes are then examined for a two-layer clamped—clamped structure. Finally, the
effect of particle content is studied for a composite elastic layer containing particles with different mate-
rial properties. The homogeneous comparison provides a consistency check, whereas the two-layer and
particle-reinforced cases are parametric studies without independent benchmarks. Both heterogeneous
configurations are deterministic and explicitly prescribed; no stochastic sampling or micromechanical
homogenization is used. Accordingly, the trends reported below are observations for the prescribed
configurations rather than general theoretical conclusions. In the particle study, vy denotes the two-
dimensional particle area fraction; the particle regions are resolved explicitly rather than replaced by
homogenized material properties.

No analytical or published two-layer benchmark matching the present geometry, boundary condi-
tions, plane-strain assumption, and material parameters is used; consequently, the two-layer study is
presented as a parametric application rather than an independently validated case.

4.1 Mesh convergence

A mesh-refinement study was performed by decreasing the maximum element size from L/2° to L/2'°.
The first six frequencies progressively stabilize under refinement, as shown in Table 1, confirming numer-
ical convergence. The associated mode shapes retain the same spatial patterns over the refined meshes,
indicating modal stability.
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(a) Single homogeneous layer

(b) Two-layer structure

Beam matrix .
Particles

e ' ¢ [ ° °

(c) Composite structure

Figure 1: Sketches of the three configurations studied in the numerical experiments.

The self-convergence rate uses frequency differences from three consecutive meshes. For mode j
and mesh level k,
log <|(0j,k—1 - wj.,k‘)
|0k — Ojky1]

log2

Pjk=

Here, ;  is the frequency obtained with fiyax = L/ 2k, The negative rates for the coarsest mesh triplet
result from the increase in the consecutive frequency differences and indicate that these coarse meshes
are outside the asymptotic range. The rates then become positive as the mesh is refined and range from
1.83 to 1.87 for the finest available mesh triplet. These values are close to the second-order frequency
rate associated with the piecewise-linear eigenvalue approximation and are therefore consistent with the
eigenproblem error estimates stated above.

4.2 Homogeneous consistency check

To check the finite element approximation, the first six natural frequencies of a homogeneous two-
dimensional thin elastic layer with clamped—clamped boundary conditions are compared with Euler—
Bernoulli beam-theory values. The layer has length L = 10 and thickness H = 0.1, and the finite element
mesh has a maximum element size of /iy, = 0.01. The material is homogeneous and isotropic, with
Young’s modulus £ = 1, Poisson’s ratio v = 0.3, and density p = 1. As shown in Table 2, the FE fre-
quencies agree closely with the analytical reference values for all six modes. The relative error is nearly
uniform and decreases from approximately 5.34% for the first mode to 4.49% for the sixth mode. This
difference should not be interpreted as discretization error alone: the plane-strain continuum includes
transverse constraint and shear effects absent from classical Euler—Bernoulli theory. Mesh refinement
reduces discretization error but does not eliminate these modeling differences; their individual contri-
butions have not been quantified here. This agreement shows that the FE model captures the global
dynamic behaviour and reproduces the expected frequency trend. Figures 2-3 show the first six mode
shapes, whose deformation patterns are consistent with beam theory and exhibit an increasing number of
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Table 2: First six natural frequencies of a homogeneous single layer with clamped—clamped boundary conditions

Mode Beam Theory FEM Relative error

1 0.00646 0.00680 +5.34%
2 0.01780 0.01874  +5.24%
3 0.03490 0.03668 +5.10%
4 0.05769 0.06054 +4.94%
5 0.08619 0.09026 +4.73%
6 0.12037 0.12578  +4.49%

Table 3: Variation of the first six natural frequencies with the stiffness ratio E,/E; for a two-layer clamped—
clamped structure

E>,/E; Model Mode2 Mode3 Moded4 Mode5 Modeb6
0.5 0.00916 0.02516 0.04908 0.08061 0.11951 0.16547

1 0.01105 0.03034 0.05918 0.09721 0.14412 0.19957
2 0.01296  0.03559 0.06942 0.11406 0.16913 0.23425
5 0.01564 0.04295 0.08382 0.13778 0.20443  0.28332
10 0.01830 0.05028 0.09819  0.16149  0.23980 0.33261
20 0.02226  0.06118 0.11955 0.19676 0.29247  0.40606
50 0.03094 0.08509 0.16641 0.27412 0.40791 0.56696

100 0.04148 0.11408 0.22321 0.36782 0.54763 0.76156

nodal regions as the mode number increases.

4.3 Parametric studies
4.3.1 Effect of stiffness ratio

In the second case, a two-layer clamped—clamped elastic structure is considered, with material properties
that are constant within each layer. Accordingly, g(x) = q1xq, (x) + ¢2X0,(x), and the coefficients are
discontinuous only across the bonded interface. The structure has length L = 10, equal layer thicknesses
H| = H, = 0.1, and a maximum element size of Ay,x = 0.01. The densities are p; = 1 and p, =2, and
Poisson’s ratio is v = 0.3 in both layers. The first-layer Young’s modulus is fixed at E; = 1, while E» /E;
is varied to examine the influence of stiffness contrast. As shown in Table 3, all six frequencies increase
with E, /E| in the reported cases, consistent with the greater stiffness produced by increasing the Young’s
modulus of the second layer. Figures 4 and 5 show that the overall first-mode pattern remains essentially
unchanged across the investigated stiffness ratios.

4.3.2 Effect of thickness ratio

In the third case, the same two-layer clamped—clamped elastic structure is considered with H; = 0.1,
while the thickness ratio H,/H, is varied by changing the second-layer thickness H,. The same mesh
settings are used, and the material parameters remain fixed at £; = 1 and E; = 2. As shown in Table 4,
all six natural frequencies increase with H, /H| in the reported cases. Because H, is changed while H; is
fixed, the total thickness, geometry, mass, and stiffness vary simultaneously; the observed trend therefore
cannot be attributed to a single isolated effect. Figures 6 and 7 show that the overall first-mode pattern is
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Figure 2: Mode shapes 1-3 of the homogeneous single layer with clamped—clamped boundary conditions.

Table 4: Variation of the first six natural frequencies with the thickness ratio H,/H; for a two-layer clamped—
clamped structure.

H>/H; Mode 1 Mode 2 Mode3 Mode4 Mode5 Mode6
0.1 0.00785 0.02162 0.04231 0.06978 0.10397 0.14476
0.25 0.00892 0.02455 0.04801 0.07912 0.11776 0.16377
0.5 0.01031 0.02834 0.05538 0.09117 0.13550 0.18816

1 0.01296  0.03559  0.06942 0.11406 0.16913 0.23425
2 0.01874 ~ 0.05130  0.09963 0.16280 0.23990 0.32965
3 0.024902 0.067804 0.13082 0.21208 0.30980 0.32990

preserved. Differences in the plotted magnitudes reflect the adopted mass normalization and should not
be interpreted as physical vibration amplitudes.

4.3.3 Effect of density ratio

The effect of density contrast is examined using the same two-layer clamped—clamped structure, mesh,
and remaining material and geometric parameters. As shown in Table 5, all six natural frequencies de-
crease as Py /pj increases in the reported cases, a trend consistent with the greater modal inertia produced
by increasing the density of the second layer. Figures 8 and 9 show that the overall first-mode pattern
is preserved. Differences in the plotted magnitudes reflect the adopted mass normalization rather than
physical vibration amplitudes.
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Figure 3: Mode shapes 4-6 of the homogeneous single layer with clamped—clamped boundary conditions

Table 5: Variation of the first six natural frequencies with the density ratio p,/p; for a two-layer clamped—clamped
structure.

p2/p1 Model Mode2 Mode3 Moded Mode5 Mode6
0.2 0.02048 0.05624 0.10970 0.18015 0.26708 0.36967
0.5 0.01832 0.05031 0.09814 0.16119 0.23898 0.33086

1 0.01587  0.04358 0.08501 0.13964 0.20705 0.28671
2 0.01296  0.03559 0.06942 0.11406 0.16913 0.23425
5 0.00916 0.02517 0.04910 0.08068 0.11964 0.16573

10 0.00677 0.01859 0.03627 0.05959 0.08838 0.12244

4.3.4 Particle-reinforced structure

In the final case, an elastic layer containing particles with different material properties is considered.
The structure has length L = 10 and thickness H = 0.2. For nonzero particle area fractions, the structure
contains 20 equally spaced particles. If €, and €, denote the matrix and particle regions, respectively,
the implemented law is g(x) = gmXa,, (X) + qpXa,(x). The matrix has Ey = 1 and p; = 1, while the
particles have E, = 10 and p, = 2; Poisson’s ratio is fixed at v = 0.3 for both materials. Here, the
quantity denoted by vy is the particle area fraction in the two-dimensional domain, and each particle
region is represented explicitly by piecewise-constant coefficients. Table 6 reports the first six natural
frequencies as functions of this fraction. For the prescribed configurations, the frequencies initially
decrease and then increase, with only small variations; the stiffness—inertia explanation discussed below
is qualitative and has not been demonstrated by a separate modal-energy decomposition. Figures 10
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Figure 4: First mode shapes obtained for different values of the stiffness ratio E,/E; in the two-layer clamped—
clamped structure: (a) E;/E; = 0.5, (b) E;»/E} = 1, and (¢) E»/E| = 2, together with the corresponding color bar

Table 6: Variation of the first six natural frequencies with respect to the particle area fraction for the composite
clamped—clamped structure.

vy Model Mode2 Mode3 Mode4 Mode5 Mode6
0 0.01353 0.03716  0.07248 0.11905 0.17650 0.24439
0.05 0.01328 0.03649 0.07119 0.11700 0.17356 0.24046
0.1 0.01318 0.03621 0.07066 0.11615 0.17234 0.23884
0.15 0.01320 0.03625 0.07074 0.11628 0.17254 0.23915
0.2 0.01328 0.03649 0.0712 0.11703 0.17366 0.24070

and 11 show the same non-monotonic trend.

Because these particle-reinforced calculations have not been independently reproduced or bench-
marked, the reported values are retained only as preliminary results for the prescribed discretized ge-
ometries and are not used to establish a general design rule.

5 Discussion

5.1 Physical interpretation

For the computed multilayer configurations, the frequency trends can be interpreted through the stiffness
and mass terms in the Rayleigh quotient. Increasing E,/E; is consistent with greater modal stiffness,
while increasing p,/p; is consistent with greater modal mass. In the thickness-ratio study, however,
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Figure 5: First mode shapes obtained for different values of the stiffness ratio E,/E; in the two-layer clamped—
clamped structure: (a) E»/E; = 10, (b) E»/E; = 50, and (c) E>/E; = 100, together with the corresponding color
bar

changing H, alters the total thickness, geometry, mass, and stiffness simultaneously. For the particle-
reinforced configurations, the Rayleigh quotient provides a plausible qualitative stiffness—inertia inter-
pretation of the non-monotonic response, but the proposed stiffness—inertia explanation has not been
demonstrated quantitatively and should not be regarded as a general conclusion.

The particle-reinforced results should therefore be regarded as preliminary observations for the pre-
scribed configurations and require independent numerical or experimental verification.

5.2 Design implications

Within the investigated configurations, the computed trends suggest that the modal response can be
adjusted through the stiffness, thickness, and density parameters. These observations are configuration-
specific: the thickness-ratio study combines several geometric and mechanical changes, and the particle-
reinforced results require independent verification before they are used for design or optimization. The
results are most directly relevant to layered panels and particle-reinforced components, while sandwich
structures and functionally graded materials remain possible extensions that were not explicitly demon-
strated.

For real composite structures, the model is most applicable as a first approximation when the re-
sponse is dominated by small in-plane vibrations and the constituents may reasonably be treated as lin-
ear, isotropic, and perfectly bonded. Quantitative prediction of many engineering components would
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Figure 6: First mode shapes obtained for different values of the thickness ratio H, /H) in the two-layer clamped-—
clamped structure: (a) H,/H; = 0.1, (b) H,/H; = 0.25, and (c) Hy/H; = 0.5.

additionally require anisotropy, damping, imperfect interfaces, manufacturing variability, and three-
dimensional effects.

5.3 Limitations

The model assumes linear isotropic elasticity, perfect bonding, and no damping, residual stress, or ther-
mal loading. The plane-strain formulation excludes out-of-plane deformation and three-dimensional
edge effects. Thin structures governed by plane stress require a different constitutive matrix, and general
three-dimensional composite components are outside the scope of the model. The homogeneous case
provides a global consistency check. The multilayer and particle-reinforced cases do not have indepen-
dent benchmarks. A quantitative comparison with a homogenized model was not performed because
no equivalent representative volume element or effective material law was defined for the particle ge-
ometries. The conclusions therefore apply to the prescribed two-dimensional geometries and material
data.

6 Conclusion

This work presents a finite element model for the modal analysis of two-dimensional composite elastic
structures with different material properties. The formulation is derived from the weak form of the elas-
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Figure 7: First mode shapes obtained for different values of the thickness ratio H, /H) in the two-layer clamped-—
clamped structure: (a) Hy/H; = 1, (b) Hy/H, =2, and (¢) H,/H; = 3.

todynamic problem and is used to compute the first natural frequencies and associated vibration modes
for several material and geometric configurations. More specifically, the study formulates the variable-
coefficient plane-strain eigenproblem, establishes the properties of its spatial operator, and derives a
conforming finite element approximation with a consistent mass matrix.

The study combines established variable-material modeling, mathematical analysis, finite element
error estimates, and comparative multilayer and particle-reinforced applications within the same modal
framework. The non-monotonic particle response is treated as a preliminary observation for the pre-
scribed configuration rather than as a general result. The reported applications concern deterministic
multilayer and particle-reinforced composites. The particle regions are explicitly resolved in two dimen-
sions and are not represented by a homogenized material law. Although the formulation can accommo-
date prescribed smooth gradation, stochastic microstructures require a separate probabilistic extension.

The verified evidence consists of the mesh-refinement behavior and the homogeneous Euler—Bernoulli
consistency check. The two-layer trends are configuration-specific parametric observations, while the
particle-reinforced results remain preliminary because neither heterogeneous case has an independent
benchmark. For the prescribed two-layer configurations, the computed frequencies increase with the
stiffness and thickness ratios and decrease with the density ratio. For the particle-reinforced layer, the
frequencies vary non-monotonically with the two-dimensional particle area fraction; this preliminary
trend and its qualitative stiffness—inertia interpretation require independent verification.

These findings show that the model captures the main dynamic features of multilayer and com-
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Figure 8: First mode shapes obtained for different values of the density ratio pp/p; in the two-layer clamped—
clamped structure: (a) p2/p; = 0.2, (b) p2/p1 = 0.5, and (c) p2/p1 = 1.

posite elastic structures and provides a computational tool for understanding how material distribution
affects vibration behaviour. The model is relevant to the design and optimization of layered and particle-
reinforced structures for which accurate prediction of modal characteristics is essential.

Future work may consider more general boundary conditions and more complex multilayer geome-
tries, as well as damping, anisotropic or viscoelastic materials, and fully heterogeneous spatial distribu-
tions of the elastic coefficients. Residual stresses, thermal strains, and temperature-dependent material
properties could also be incorporated to study modal behaviour under variable-temperature conditions.
Further developments may include a quantitative comparison with a homogenized model based on an
equivalent representative volume element, transient dynamic simulations, experimental validation, and
optimization of multilayer or composite configurations for targeted vibrational properties.
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