Journal of Algebra and Related Topics JQT
Vol. , No. -, 2027, pp. -. Research Article '<

On balancing and Lucas-balancing numbers
expressible as a product of two k-Lucas numbers

Bibhu Prasad Tripathy', Utkal Keshari Dutta?, Bijan Kumar Patel®*

T Department of Mathematics, Government (SSD) Higher Secondary School, Tapovan,
Bhubaneswar 751030, Odisha, India
tDepartment of Mathematics, School of Applied Sciences, KIIT University, Bhubaneswar,
Bhubaneswar 751024, Odisha, India
§P. G. Department of Mathematics, Government Women’s College, Sundargarh 770001,
Sambalpur University, Odisha, India
Emails: bptbibhu@gmail.com, utkal. duttafma@kiit.ac.in, tiit.bijan@gmail.com

Abstract. A positive integer n is called a balancing number if 1+2+---+(n—1)=(n+1)+
(n+2)+---4(n+r) holds for some positive integer . Then r is called a balancer corresponding
to the balancing number n. It is well known that if n is a balancing number, then 8n? + 1 is a
perfect square, and its positive square root is called a Lucas-balancing number. For any integer
k> 2 let {lek)}n>,(k,2) denote k-generalized Lucas sequence which starts with 0,...,2,1(k
terms) where each next term is the sum of the k preceding terms. In this paper, we look at
all the balancing and Lucas-balancing numbers that can be represented as the product of two
k-Lucas numbers.
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1 Introduction

A positive integer n is called a balancing number if
I+2+-+Mnn-1)=Mn+1)+n+2)+-+(n+r)

holds for some positive integer . Then r is called a balancer corresponding to the balancing
number n (see [4]). The balancing sequence { By, }n>0 is defined by By = 0, B; = 1, and

Bpy1 =6B, — B,_1, forall n>1.
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The first few terms of the balancing sequence are
0,1,6,35,204,1189,6930, 40391, 235416, 1372105, 7997214, 46611179, . ..

Corresponding to each balancing number n, the positive value of v/8n? + 1 is known as a Lucas-
balancing number which is denoted by C,, (see [13,14]). Let {C,}n>0 be the Lucas-balancing
sequence following the same recursive pattern as the balancing sequence, but with the initial
conditions Cy = 1,7 = 3. Its first few terms are

1,3,17,99,577,3363,19601, 114243, 665857, 3880899, 22619537, 131836323, . ..

The balancing and Lucas-balancing sequences are the sequences A001109 and A001541 respec-
tively, in the online encyclopedia of integer sequences (OEIS). The characteristic equation for
both of these sequences is 22 — 6z + 1 = 0, which has roots v = 3+ 2v/2 and § = 3 — 2v/2. With
these values of v and §, the Binet formulas for the sequences of balancing and Lucas-balancing,
numbers are respectively given by

no_ §n n 5"
B, = and Cp=21"% forall n>1. (1)
42
Using induction, it can be seen that the inequalities
AL < B, <A" and A" < 2C, <A™ hold for all n > 1. (2)

The Lucas sequence {Ly, }»>0 is the binary recurrence sequence defined by
Ln+2 = Ln+1 + Ln for n > 0

with initials Ly =2 and L; = 1.
Let k > 2 be an integer. We consider a generalization of the Lucas sequence {L,(f)}nz,(k,m
defined as

LB =1® 1Py L™, = STLY, foralln > 2,
i=1
with the initial conditions L(_'“()k_Q) = L(_k()k_?)) == L(ﬁ) = OvL(()k) = 2 and Lgk) = 1

This sequence L%k) is called the k-generalized Lucas sequence or the k-Lucas sequence. This

generalization is a family of sequences, with each new choice of k£ producing a unique sequence.
For example, if &k = 2, we get Lq(f) = L, the classical Lucas sequence.

Diophantine equations have a long history involving balancing numbers, Lucas-balancing
numbers, and the k-Lucas sequence. In recent years, the study of k-Lucas sequences has attracted
considerable attention from many researchers. One can go through [3,5,16,19] for more details.
Similarly, balancing and Lucas-balancing numbers have been studied from many perspectives;
for example, see [15,17]. In 2019, Ddamulira [8] searched for X-coordinates of Pell equations,
which are products of two Lucas numbers. Then, Erduvan and Keskin in [10] determined all
repdigits that are products of two Lucas numbers. In the same year, Erduvan et al. [11] tackled
the problem of finding repdigits base b as products of two Lucas numbers. Recently, Adédji et
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al. [1] found Padovan and Perrin numbers, which are products of two generalized Lucas numbers.
Motivated by the above works, the present work aims to determine all balancing and Lucas-
balancing numbers that are products of two k-Lucas numbers. To be more precise, we show the
following results.

Theorem 1. All the solutions of the Diophantine equation
By = L)L (3)
in positive integers I, m,n and k with k > 2 and 1 <m < n are
By =LY foral k>2 By=LPLY forall k>3 and Bs=LPLY.
Theorem 2. All the solutions of the Diophantine equation
C; = L® k) (4)

in positive integers [,m,n and k with k> 2 and 1 <m <n are C; = Lgk)Lgk) for all k> 2.

To show our main results, we proceed as follows: First, we rewrite equation (3) and (4) in
two suitable ways in order to obtain two different forms in logarithms of algebraic numbers,
which are both nonzero and small. Next, we use twice a lower bound on such nonzero linear
forms in logarithms of algebraic numbers due to Matveev [12] to bound n polynomially in terms
of k. When k is small, we use a reduction algorithm due to Dujella and Pethé [9] to reduce the
upper bounds to a size that can be easily handled. When k is large, we use the fact that the
dominant root of the k-Lucas sequence is exponentially close to 2. So, we use this estimation in
our further calculation with linear forms in logarithms to obtain absolute upper bounds for n
and k, which can be reduced by using Dujella and Pethd’s result [9]. In this way, we complete
the proof of our main results. Our proof relies on a few preliminary results, which are extensively
discussed in the subsequent section.

2 A few preliminaries

This section presents the definitions, notation, properties, and results that will be used in the
rest of this study.
2.1 Linear forms in logarithms
Let v be an algebraic number of degree d with a minimal primitive polynomial
d .
FO) =0V 4 YT o g =g [J(V = 4Y) € Z]YT,
j=1

where the b;’s are relatively prime integers, by > 0, and the ~()’s are conjugates of . Then the
logarithmic height of ~ is given by

d
1 .
hy) = - [ Togbo + 3 log (max{]r)],1})
j=1
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With the above notation, Matveev (see [12] or [7, Theorem 9.4]) proved the following result.

Theorem 3. Let 11, ...,ns be positive real algebraic numbers in a real algebraic number field IL
of degree dy,. Let aq,...,as be non-zero integers such that

Ai=nft-nls —1#£0.

Then
—log|A| < 14307 517 dE (1 + log di)(1 + log D) - By -+ B,
where
D > max{|ai],...,|as|},
and

Bj > max{dph(n;),|logn;|,0.16}, forallj=1,...,s.

2.2 The reduction method

Our next tool is a version of the reduction method of Baker and Davenport (see [2]). Here, we
use a slight variant of the version given by Dujella and Petho (see [9]). For a real number z, we
write ||z|| for the distance from x to the nearest integer.

Lemma 1. Let M be a positive integer, p/q be a convergent of the continued fraction of the
trrational T such that ¢ > 6M, and A, B,u be some real numbers with A > 0 and B > 1.
Furthermore, let

€ :=||ugl|| = M -||Tq]].

If € > 0, then there is no solution to the inequality
0<|ur—v+pl < AB™Y

in positive integers u, v and w with

log(Ag/e)

u< M and w> log B

2.3 Properties of k-Lucas sequence

The characteristic polynomial of the k- Lucas sequence is
Up(x)=ab —ab 1 — ..z — 1

The above polynomial is irreducible over Q[z] and it has one positive real root that is ¢ := ¢(k)
which is located between 2(1 — 27%) and 2, lies outside the unit circle (see [22]). The other
roots are firmly contained within the unit circle. To simplify the notation, we will omit the

dependence on k of ¢ whenever no confusion may arise. The Binet formula for Lff) is

k

k
*) _ o o1 N~ Cei—D(pi—1)
Ln ;(2@1 1)fk(§01)(pz ZZ; 2+ (k‘ + 1)(‘101 _ 2) Pi 5
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where ¢ = @1,02,...,pr are the roots of the characteristic polynomial Wy (x). It was also
shown in [6, Lemma 2] that the approximation

_ 3
LY = (20 = Dfule)e" | < 5,
holds for all n > 1 and k£ > 2. So, for n > 1 and k£ > 2, we have

LE = (20 — 1) fr(p)@" " +er(n), where |ex(n)| < <. (5)

DO o

Furthermore, it was shown by Bravo and Luca in [6, Lemma 2] that the inequality
Pl < Lgf) < 20" holds for all n > 1 and k > 2. (6)
Lemma 2 ([18], Lemma 2.4)). For every positive integer n > 2, we have
L) < 3.2"72 holds for all 2 <n < k+ 1.

Lemma 3 ([6], Lemma 2). Let k > 2 be an integer. Then we have

1 ‘
B < and || <1, 2<i<h

So, the number fi(p) is not an algebraic integer.

Furthermore, Bravo et al. in [6] showed that the logarithmic height of fi(¢) satisfies
h(fr(p)) <log(k+1)+logd forall k> 2. (7)

Lemma 4 ([18], Lemma 2.6). For allk > 2 and n >k + 1, we have

. 1
L®) =3.9""2(1 4¢), where ]§\<W (8)

2.4 Other useful lemmas

We conclude this section by recalling two lemmas that we will need in this work.

Lemma 5 ([21], Lemma 2.2). Let a,z € R. If0 < a <1 and |z| < a, then

—log(l —a
|log(1—|—x)]<g(a)-|x]
and
lz| < —— le” — 1.

Lemma 6 ([20], Lemma 7). If m > 1, S > (4m?)™ and W < S, then x < 2™S(log S)™.
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3 Proof of Theorem 1

We begin our analysis of (3) for 1 < n < k+ 1. In this case, it is known that L%k) =3.2n2,
thus the equation (3) transforms into

Bl — 32 . 27’YL+7L747

which has no solution in the range 1 < n < k+ 1. From now on, we consider that n > k42 and
k> 2.

3.1 An upper bound for | versus n
Combining inequalities (2) and (6) with the equation (3), we have
A< By = LWL < 4om < 4%,
This leads us to the inequality
(i) e (52)

By using this and taking into account that 2(1 —27%) < ¢(k) < 2 for all k > 2, it results

1< 0.8n+ 1.79. (9)

3.2 Bounding n in terms of k

In this subsection, we will bound n in terms of k. Namely, we will show the following lemma.

Lemma 7. If (I,m,n,k) is an integer solution of (3) with k > 2 and n > k + 2, then the
inequalities
n < 5.8 x 10328 log® k (10)

hold.
Proof. Using Binet’s formulas (1) and (5), we rewrite the equation (3) as

’}/l _ 6[
4v2

which implies

= (20 = D fe(e)e™ " +ex(m)) (20 — 1) fulp)e" ™" +ex(n)) (11)

l
4% — (20 = 12 f29)™ % = (20 — 1) ful9)e" Ler(m) + (20 — 1) fiu(9)™ en(n)
5l

+—.
4v2

+ek(n)ex(m)
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Thus, we obtain

3(2¢ — 1) fr(e) o 3(2¢ — 1) fr(p) S

!
v 2 2 m+4n—2
— — (20 -1 < 12
- o= V2R . . (12)
4 42
Dividing the above inequality by (2¢ — 1)? f2(¢)¢™ ™2 and using the fact fx(¢) > 1/2, we get
20 —1)72f 2 1.5 15 2.5 5.5
,YZSO*(WH*TLfQ)( ' ) fk (SO) —1| < — — e < —. (13)
4\/§ QOm (pn (pm n SDm
Let o
—(mtn—2) 20 = 1) fi " (p)
Ay = l (m+n 2)( k —1. 14
1=7 Wi (14)
From (13), we have
IA1] < 5.5 M1, (15)

Suppose that A; = 0, then we get

file) = e
4220 —1)%
and so fZ(p) is an algebraic integer, which is impossible. Hence A; # 0. Therefore, we apply
Theorem 3 to get a lower bound for A; defined by (14) with the parameters:

M=, =g, M= o=V i o)
. ; . ; 3 - 4\/5 )

and
ap:=1, ay:=—(m+n—-2), az:=1.

Note that the algebraic numbers 7,72, 73 belongs to the field L := Q(¢p, \/5), SO we can assume
dp, = [L: Q] < 2k. Since h(m) = (log~v)/2 and h(n2) = (log¢)/k < (log2)/k, it follows that

max{2kh(m ), |logm|,0.16} = klog~ := By

and
max{2kh(nz),|logna|,0.16} = 2log 2 := Bs.

Using the estimate (7) and the properties of logarithmic height, it follows that for all k£ > 2

h(n3) < 2h(2¢ = 1) + 2h(fi(p)) + h(4V2)
log 32

< 2log3+2(log(k+ 1) +1log4) +
< 12.91og k.
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Thus, we obtain
max{2kh(n3), |logns|,0.16} = 25.8klogk := Bs.

Finally, the fact that m < n and the inequality (9) imply that we can take D := 2n. Therefore,
according to Theorem 3, it comes that

log |Aq| > —1.432 x 10M(2k)?(1 + log 2k) (1 + log 2n)(k log ) (2 log 2)(25.8k log k). (16)
Comparing the lower bound (16) with the upper bound (15) of |A1]| yields
(m —1)logp —log5.5 < 3.62 x 1013 k* log k(1 4 log 2k)(1 + log 2n).

Using the facts 1 + log 2k < 3.5logk for all £k > 2 and 1 + log2n < 2.3logn for all n > 4, we
conclude that
mlogp < 2.95 x 1014k*10g? k log n. (17)

To apply Theorem 3 for a second time, we return to (3) and formulate it as

1_ sl
v =9 n—1 (k)
= ((2¢ — 1 + L®.
™G (20 = D fir(p)e ex(n))
From the above, it follows
l l
— 5 — e = D)™ = 57(@ +ex(n)| < 1.7 (18)
4v/2Ly; 4v/2Ly,
If we divide through by (2¢ — 1) fx()" !, we obtain
1.7 2.6
As| < < —, 19
[zl (20 = Dfilp)e™t — on (19)
where L
20— )7 f
A2 — ’YlSO_(n_l)( 2 ) fk; (90) 1. (20)

42 Lk

In a similar manner used to show that A; # 0, one can verify that Ay # 0. Now, let us apply
Theorem 3 with

1)1
(1) = (7.1) . (mraz) = (g —(n — 1)), and (13, a3) := ((2“0 D @),1).

421k

The number field containing 11, 72,73 is L := Q(¢, v/2), which has degree dp, = [L : Q] = 2k. As
calculated before, we take
By = klog~, By = 2log2.

However, we need to determine h(n3) and subsequently Bs. Using logarithmic properties and
(17), we determine that for all & > 2,

20— 1) (p)
4y/2L%)

h(ns) <h <
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< h(2p — 1) + h(fr(#)) + h(4V2) + h(L{}))

log 32
< log3 +log(k + 1)+ log4 + % +log2 +mlog e
< 2.96 x 10*k* log? k log n.

Thus, we conclude that
max{2kh(n3), | logns|,0.16} = 5.92 x 10"k log? klog n := Bs.

Finally, by the inequalities (9) and I < 0.8n + 1.79 < 1.3n which hold for all n > 4, we can take
D := 1.3n. Therefore, applying Theorem 3 and comparing the resulting inequality with (19),
we obtain

n < 1.45 x 102k log? klog? n,

where we have used the facts 1+ log 2k < 3.5log k and 1 + log(1.3n) < 2logn for all £ > 2 and
n > 4. Therefore, we obtain

< 1.45 x 10°°Kk% log® k. (21)

log?n

Thus, putting S := 1.45 x 102%k%log® k in (21) and using Lemma 6 with the fact 64.84 +8log k +
3log(log k) < 1001og k for all k > 2, gives

n < 2% (1.45 x 10%k%log® k) (log (1.45 x 10**k®log® k))?
< 2% (1.45 x 10%k® log® k) (64.84 + 8log k + 3log(log k))*
< 5.8 x 1032k%10g” k.

This establishes (10) and completes the proof of Lemma 7. O

3.3 The case when 2 < k£ <600

In this subsection, we will show the following result.

Lemma 8. If (I,m,n, k) is an integer solution of (3) with 2 < k <600 and n > k+2, then our
variables are bounded as follows:

n <448 and [ < 360.

Proof. To apply Lemma 1, we define

(22)

20 — 1)72f, 2
Iy :—log(A1—|—1)—llog’y—(m+n—2)log<p+log<( P =Dy (QP))

4v2

Suppose that m > 6, then by (15), we have |A1| < 0.73. Choosing a := 0.73, we obtain the
inequality
—log(1—-10.73) 5.5 9.9
I < ‘ <
| 1’ 0.73 gOmfl (pmfl
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by Lemma 5. Thus, it follows that

(20 — 1) (0) 9.9
llogy—(m+n—2)logp+lo <
g7 — ( ) log ¢ + log ( Wi
Dividing the above inequality by log ¢, we get

(2<p1)‘2fk2(sa)>

log(

1 42

I(2270) —mtn)+2+ <=2
log ¢ log ¢ pmt

In order to apply Lemma 1, we set

2p—1)"2f72
10g<(e0 i («p))
, A:=245 and B:=o.

log v

Tl T ey
We have 7 ¢ Q. Indeed, if we assume there exist coprime integers a and b such that 7 = a/b,
then we get that % = 7°. Let 0 € Gal(K/Q), the Galois group of the extension K/Q, such
that o(¢) = ¢, for some i € {2,...,k}. Applying this to the above relation and taking
absolute values we get 1 < 2% = |p;| < 1, which is a contradiction. Moreover, we note that
M, = |5.8 x 10328 log® k|, which is an upper bound of I from Lemma 7. For each k € [2,600],
we find a good approximation of 7 and a convergent p;/q; of the continued fraction of 7 such
that ¢ = q(k) > 6M} is a denominator of a convergent of the continued fraction of 7 with
e = e(k) := ||ug|| = Mg||Tq|| > 0. A computation with Mathematica revealed that if k € [2,600],
then the maximum value of log(Ag/e)/log B is 431.767, which is according to Lemma 1, is an
upper bound on m — 1.

Now, we fix 1 < m < 432 and we consider

(24)

(20— 1) f M (e)
4v/2L" '

It is easy to see that |As| < 0.78 for n > 3. As a result, using inequality (19) and Lemma 5, we
obtain

[y :=log(A2 + 1) =llogy — (n — 1)10g<p+10g<

—log(1—0.78) 2.6 5.1
h<<— — < —. 25
1 WE o S o (25)

Replacing (25) by (24) and dividing through by log ¢, we obtain

Re-1) " M e)

log | 2= _Jx ¥)

log v ( avaLly > 12.6

Il—— ) —-—(n-1 . 26
<10g</>> =1+ log ¢ = e (26)

To apply Lemma 1 to (26), this time for 1 < m < 432, we set

2e=1)"1f )
log (W)
- A

I
-, 087 =14+ , :=12.6 and B := .

~ log’ log
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Again, for (k,l) € [2,600] x [1,432], we find a good approximation of 7 and a convergent
pi/q of the continued fraction of 7 such that € = e(k) := ||ug|| — Mk||7q|| > 0, where Mj, :=
|5.8x 1032k log® k| which is an upper bound of [ from Lemma 7. After doing this, we use Lemma
1 on inequality (26). Again, a program in Mathematica revealed that the maximum value of
log(Agq/e)/log B over all (k,m) € [2,600] x [1,432] is 448.584, which according to Lemma 1, is
an upper bound of n.

Hence, we deduce that the possible solutions (I, m,n, k) of (3) for which k € [2,600] satisfy
k+2 <m <n < 448. Therefore, we use inequality (9) to obtain I < 360. O

3.4 The case when k > 600

In this subsection, our primary goal is to show the following lemmas that aim to prove that
there does not exist any solution for the case when k > 600 and n > k + 2.

Lemma 9. If (I,m,n, k) is a solution of the Diophantine equation (3) with k > 600 andn > k+2,
then k and n are bounded as

k<312x 10" and n<5.6x 10",
Proof. For k > 600, the following inequalities hold
n < 5.8 x 10°2k%log” k < 2F/2.
Hence, from Lemma 4, we have

LI k) — g . gmin=d(] 4 £)2, (27)

Inserting (27) and (1) in (3), we obtain

l
L —9. 2m+n74 —9. 2m+n74 (25 + €2) +

51
442 42
The above equality and the fact (2§ + 52) < 3/2”“/2 together with n > m > k + 2 yields that

3 1 4

la—26—(m+n—32
a7t d) 1| < oo+ o < (28)

In order to use Theorem 3, we take
(m,a1) = (,1),  (mp,a2) = (3,-2), and (n3,a3):= (2,—(m+n—3/2)).
The number field containing 11, 72,73 is L := Q(v/2), which has degree dy, = [L : Q] = 2. Here
Az = 43720 (min=3) _q (29)

is nonzero. If As = 0, then

32 . 2m+n—% — ’Yl,
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which is impossible because the left-hand side is rational, whereas it can be seen that the right-
hand side is irrational. Therefore, A3 # 0. Moreover, since

log v

h(m) = 5 h(n2) = log 3, h(ns) = log 2.

Therefore, we may take
By :=logy, By:=2logd and Bs:=2log?2.

Finally, the fact that m < n and the inequality (9) imply that we can take D := 2n. Thus,
taking into account inequality (28) and applying Theorem 3, we obtain

k < 3.76 x 103 logn, (30)

where we have used the fact that 1 4 log2n < 2.3logn for n > 4. On the other hand, from
Lemma 7 we get

logn < log(5.8 x 1032k®log® k) < 75.44 + 8log k + 5log(log k) < 115log k
for k > 2. So, from (30) we obtain
k < 4.33 x 10" log k.
Further using Lemma 6 and Lemma 7 the above inequality leads to
k<312x 10" and n < 5.6 x 10",

This completes the proof of Lemma 9. O

The bounds obtained for n and k from the above lemma are very large. Now, our next goal
is to reduce this upper bound to a reasonable range for which we will prove the following lemma.

Lemma 10. The equation (3) has no solutions for k > 600 and n > k + 2.

Proof. Here, we attempt to reduce the upper bound on n and k. To do so, we first consider
3
s3:=—|m+n-— 5 log2 4+ llog~ — 2log 3.

Since k > 600, then from (28) we have |A3| < 0.01. Choosing a := 0.01, we obtain the inequality

—log(1—0.01) 4 4.1

U3] = [log(Az +1)| < 0.01 ok S k2

(31)

by Lemma 5. Thus, it follows that

3 4.1
‘(m—kn—z) log2 —llog~vy +log9| < STk
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Dividing the above inequality by log~y, we get

3\ log2 log9 2.33
- = —1 —. 32
’<m+n 2) log~y logy| = 272 (3
Applying Lemma 1 with parameters
_ log2 ~log9

A:=233 and B :=2.

T

T logy’ M logy

The fact that m +n — % < 2n and n < 5.6 x 1080 imply that we can take M := 1.12 x 108!
by Lemma 1. We found that ¢339, the denominator of the 339th convergent of 7 exceeds 6.
Furthermore, a quick computation with Mathematica gives us the value

log(Agssg/€)
log B

is less than 613. So, if the inequality (32) has a solution, then

k IOg(AQ339/6)
— < =P 261
5 < Iog B < 613,

which implies that k& < 1226.
With the above upper bound for k and by Lemma 7, we have

n < 5.4 x 10%%,

We continue as previously, but with M := 1.1 x 10%2, we get that k < 432, which contradicts
our assumption k > 600. This completes the proof of Lemma 10. O

3.5 The final step
According to Lemma 8 and 10, if (I, m,n, k) is a solution of the Diophantine equation (3) then
2<k<600, k+2<n<448, 1<m<n and 1<I[<360.

Using Mathematica, we verified that all the solutions of the Diophantine equation (3) are those
listed in the statement of Theorem 1. This concludes the proof of Theorem 1.

4 Proof of Theorem 2

We begin our analysis of (4) for 1 < n < k + 1. In this case, it is known that L,(lk) =3.2"2,
thus the equation (4) transforms into

Cl — 32 . 2m+n—4’

which has no solution in the range 1 < n < k+ 1. From now on, we consider that n > k42 and
k> 2.



14 B. P. Tripathy, U. K. Dutta, B. K. Patel

4.1 An upper bound for 1 versus n

The inequalities (2) and (6) together with the equation (4), imply

l
% <Oy = LPLE < 4pmt < 4™,

I < log 8 +om log ¢ .
logy logy

Using the fact that 2(1 — 27%) < (k) < 2 for all k& > 2, we obtain

so we deduce that

I <0.8n+1.18. (33)

4.2 Bounding n in terms of £

In this step, we will give an inequality for n in terms of k. More precisely, we will show the
following lemma.

Lemma 11. If (I,m,n,k) is an integer solution of (4) with k > 2 and n > k + 2, then the
inequalities
n < 4.72 x 10%2k3 log® k (34)

hold.

Proof. We use identities (1) and (5) to express (4) into the form

2 =

(2p = V()™ !+ er(m)) (29 = 1) filp)@" ! + ex(n)) (35)
which we rewrite as

l
% — 20 =1’ fR (@)™ = (20 — 1) fr(p)@" ler(m) + (20 — 1) fr(@) ™ 'er(n)

1
+ex(n)er(m) + %

Therefore, we get

! B B !
% . (290 N 1)2f]§(90)90m+n72 < 3(290 ;)fk((p) SOnfl + 3(2Q0 ;)fk;(@) mefl + % + @ (36)

Dividing both sides by (2¢ — 1) f2(¢)¢™ "2 and using the fact f;(¢) > 1/2, we obtain

1.5 1.5 2.75 5.75
A4l < o1 + o1 T pmtn=2 < o1’ (37)
where -
20— 1)"°f,
A4 = /Ylsof(m+n72)( @ ) fk (SD) o 1 (38)

2
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To apply Theorem 3, we need to show that Ay # 0. Indeed, A4 = 0, implies
fz(go) _ ,ylgp—(m+n—2)
k 220 —1)2
and so fZ(y) is an algebraic integer, which is false. To apply Theorem 3, we set

(20 — )72 £ 2(¢)
5 :

nm:=75 Mmn:=¢, nN3:=
and
a] = l’ ag = —(m+n — 2), asz :— 1

The number field containing 11, 72,73 is L := Q(¢, v/2), which has degree d, = [L : Q] = 2k. As
before, we have

_logy _logyp log2
h(n) = —5 and h(ng) = — <
Moreover
max{2kh(m ), |logm|,0.16} = klog~ := By
and

max{2kh(n2),|logna|,0.16} = 2log2 := Bs.

Using the properties of logarithmic height and the estimate (7), we obtain

h(ns) < 2h((2¢ — 1)) + 2h(fi(p)) + h(2)
< 2log3+ 2 (log(k + 1) +log4) + log 2
< 11.4logk

for k > 2. So, we can take
max{2kh(ns3), |logns|,0.16} = 22.8klog k := Bs.

Finally, the fact that m < n and the inequality (33) implies that we can take D := 2n. Therefore,
due to Theorem 3 one obtains

log |Ay| > —1.432 x 10M(2k)?(1 + log 2k) (1 + log 2n)(k log ) (2 log 2)(22.8k log k). (39)
Comparing the lower bound (39) with the upper bound (37) of |A4| yields
mlogp < 2.6 x 10"k*log? k log n, (40)

where we have used the facts 1 +1log 2k < 3.5logk for all £k > 2 and 1+ log2n < 2.3logn for all
n > 4.
To apply Theorem 3 the second time, we go back to (4) and we rewrite it as

2

= (2 — 1) fu(@)e" ' + ex(n)) L),



16 B. P. Tripathy, U. K. Dutta, B. K. Patel

which yields

! !
22%,?) — (2 = V) fr(p)e" | = ‘2L57'§) +ep(n)| < 2. (41)
If we divide through by (2 — 1) fx(©)¢™ !, we obtain
2
PR A e (42)
where
Ay e -0 @2 DTN O) "

2L
One can see that As # 0 by a similar method used to show that A4 # 0. We apply Theorem 3
to A5 defined by (43). To do this, we take

(20 -1 '(9) 1) |

k)

(771,&1) = (’77l)v (7727a2) = (907_(n - 1))7 and (773,(13) = ( (
2L,

Clearly L := Q(¢,v/2) contains 71,712,713 and di, < 2k. As calculated before, we can take
B; = klogvy and By = 2log2. We need to compute Bs. Using the estimates (6), (40) and
properties of logarithmic height, we have for all £ > 2,

20 — 1)~ f 1
2L,
< W((2p = 1)) + h( () + h(2) + h(LE)
< log3 +log(k+ 1)+ log4 + 2log2 + mlog e
< 2.7 x 10"k*10g? k log n.

Thus, we deduce that
max{2kh(n3), | logns|,0.16} = 5.4 x 10"% log? klogn := Bs.

The inequality (33) and the fact I < 0.8n + 1.18 < 1.1n, which hold for all n > 4, allow us to
select D := 1.1n. Therefore, applying Theorem 3 and comparing the resulting inequality with
(42), we obtain

n
o, < L18x 10%8k8 log3 k, (44)
og n

where we have used that 1+ log2k < 3.5logk for all £ > 2 and 1+ log(1.1n) < 1.8logn for all
n > 4. Thus, putting S := 1.18 x 10%®k®log® k in (44) and using Lemma 6 together with the
fact 64.63 + 8log k + 3log(log k) < 100 log k which holds for all k > 2, implies
n < 2% (1.18 x 10%k%log® k) (log (1.18 x 10**k%log® k))?
< 2? (1.18 x 10%8k% 1og® k) (64.63 + 8log k + 3log(log k))?
< 4.72 x 10%2k8 log® k.

This establishes (34) and completes the proof of Lemma 11. O
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4.3 The case when 2 <k <630

In this subsection, we will show the following result.

Lemma 12. If (I,m,n, k) is an integer solution of (4) with 2 < k < 630 and n > k + 2, then
our variables are bounded as follows:

n <428 and [ < 343.

Proof. Let us define

(45)

20 —1)72f, 2
Iy ::log(A4+1):llogfy—(m+n—2)log<p+log(( L4 )T (SO))

2

Assuming m > 6, from (37), we have |A4| < 0.76. Choosing a := 0.76, we obtain the inequality

—log(1—0.76) 575 _ 10.8

Iy < <
| 4’ 0.76 (pm—l (pm—l

by Lemma 5. Thus, it follows that

(20— 1>—2f,;2<so>>' _ 108

llogv—(m+n—2)loggo+log< 5 o1

Dividing the above inequality by log ¢, we get

2e—1)"2f%(¢)
logy ( 2 > 26.65
! - 2 . 4
<10g¢> (m+n)+2+ log & < o (46)

We apply Lemma 1 with the parameters

— -2

. log <W>

7_:<g7)’ p=2+ , A:=126.65 and B:=.
log ¢ log ¢

As seen before 7 ¢ Q. We take M), := |4.72 x 1032k 1og® k|, which is an upper bound of I
from Lemma 11. For each k € [2,630], we find a good approximation of 7 and a convergent
pi/q of the continued fraction of 7 such that ¢; = ¢(k) > 6 M}, is a denominator of a convergent
of the continued fraction of 7 with € = e(k) := ||uq|| — Mg|/7q|| > 0. A computer search with
Mathematica revealed that if k € [2,630], then the maximum value of log(Agq/€)/ log B is 412.739,
which is according to Lemma 1, is an upper bound on m — 1.

Now, we fix 1 < m < 413 and we consider

(47)

—14-1
Is :zlog(A5+1)zllogv—(n—l)logtp+log(<2<p_1) i (cp)>'

o)
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Suppose that n > 3. Then from (42), we have |A5| < 0.89. Choosing a := 0.89 and using Lemma
5, we obtain

—log(1—-0.89) 3 75
<< — —< —. 48
ITs| 0.89 pn T pn )
Replacing (48) by (47) and dividing across by log ¢, we obtain
Ce—1)"1f (p)
logv) ( 2Ly ) 18.5
l —(n—-1)+ < . 49
<logs0 =1 log ¢ Q" (49)
To apply Lemma 1 to (49), this time for 1 < m < 413, we set
2e-D " f (9)
log Y tos ( 2Ly )
=—— u=1+ , A:=185 and B:=o.
log ¢ log ¢

Again, for (k,m) € [2,630] x [1,413], we find a good approximation of 7 and a convergent
pi/q of the continued fraction of 7 such that € = e(k) := ||ug|| — Mk||7q|]| > 0, where M}, :=
|4.72 x 10%2k8log® k| which is an upper bound of I from Lemma 11. After doing this, we use
Lemma 1 on inequality (49). Again, a program in Mathematica revealed that the maximum value
of log(Agq/e€)/log B over all (k,m) € [2,630] x [1,413] is 428.947, which according to Lemma 1,
is an upper bound of n.

Hence, we deduce that the possible solutions (I, m,n, k) of (4) for which k € [2,630] satisfy
k+2 <m <n < 428. Therefore, we use inequality (33) to obtain [ < 343. O

4.4 The case when k£ > 630

This subsection aims to establish that there are no solutions for the case where £ > 630 and
n>k+ 2.

Lemma 13. If (I,m,n,k) is a solution of the Diophantine equation (4) with k > 630 and
n>k+2, then k and n are bounded as

k<31x10"7 and n<4.27x 10"
Proof. For k > 630, it is easy to see that
n < 4.72 x 1032k8 log® k < 2¥/2.

Inserting (1) and (8) in (4), we obtain

’Yl 51
— —9.ominTd gL gminTd (9e 4 €2) —
2 2
Asn >m > k+ 2, this and the fact (2§ + &2) < 3/2k/2 yield
1 4

Ag| = jyl3*22*(m+"*3) - 1’ < (50)

9k/2 T 22k < ok/2"
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But Ag is not zero. Indeed, if Ag were zero, we would then get that ! = 32.2m+"=3 ¢ Z_ which
is impossible. Therefore, we can apply Theorem 3 with

(nlval) = (771)7 (772aa2) = (3a _2)7 and ("737“3) = (27 _(m +n— 3))

Since 71,72, 13 are elements of the field L := Q(v/2), then di, = [L : Q] = 2. The fact that m <n
and the inequality (33) implies that we can choose D := 2n because m +n — 3 < 2n. On the
other hand, since

log v

h(m)=——,  h(p)=log3,  h(ns) =log2.

Thus, we can take
By :=logy, By:=2logd and Bs:=2log?2.

Thus, considering inequality (50) and using Theorem 3, we get

k < 3.76 x 10" logn, (51)

where we have used the fact that 1 + log2n < 2.3logn for n > 4. In contrast, Lemma 11 leads
to
logn < log(4.72 x 1032 k% log® k) < 75.23 + 8log k + 5log(log k) < 114logk

for k > 2. Thus, from (51), we get
k< 4.3 x 10 log k.
Further using Lemma 6 and Lemma 11 the above inequality leads to
k<31x10" and n<4.27x 10",
This finishes the proof of Lemma 13. Ul

The above lemma provides very large bounds for n and k. Our next goal is to minimize this
upper bound to a suitable range, for which we shall prove the following lemma.

Lemma 14. The equation (4) has no solutions for k > 630 and n > k + 2.

Proof. Now, we lower the bound on n and k. We define
I'g:=—(m+n—3)log2+llogy — 2log3.

Since k > 630, then from (50) we have |Ag| < 0.01. Therefore by Lemma 5, we have

—log(1—0.01) 4 - 4.1
0.01 ok/2 T k/2

ITs| = |log(Ag + 1)| < (52)

Thus, it follows that

4.1
|(m+n—3)log2 —llogy + 2log3| < ST
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Dividing the above inequality by log~y, we get

log 2 _ log9 < 2.33
log log v ok/2"

(m+n—3) (53)

To apply Lemma 1, we set parameters

~log2 ~log9

T = , W= , A:=233 and B:=2.
log v log vy

The fact m+n—3 < 2n and n := 4.27x 10" imply that we can take M := 8.54x 103" by Lemma
1. Using Mathematica, we find that ¢34 satisfies the hypothesis of Lemma 1. Furthermore,
according to Lemma 1, if the inequality (53) has a solution, then

k log(A
k 0g(Agzao/e)

612
2 log B <P

which implies that k& < 1222.
With this new upper bound on k£ and by Lemma 11, we have

n < 4.26 x 105,

We repeat the same process with M := 8.52 x 109, In this application, we obtain that k < 432,
which contradicts our assumption k£ > 630. This completes the proof of Lemma 14. O

4.5 The final step
According to Lemma 12 and 14, if (I,m, n, k) is a solution of the Diophantine equation (4) then
2<k<630, k+2<n<428, 1<m<n and 1<I[<343.

Using Mathematica, we checked that all the solutions of the Diophantine equation (4) are those
listed in the statement of Theorem 2. This completes the proof of Theorem 2.
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