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Abstract. In the seminal work of Isbell [16], he demonstrated that the property of com-
mutativity is preserved under dominions. In particular, this implies that commutativity is also
preserved under epimorphisms. In this paper, we show that the subvarieties V; = [pgr =
pgr™](for any integer n > 2) and Vo = [p"¢"? = 0|(for any integers ny, na > 0) of the variety
of commutative semigroups are closed under dominions.

Keywords: Epimorphisms, Dominions, Zigzag equations, Variety.

AMS Subject Classification 2010: 06F05, 20M30, 20M50.

1 Introduction

The broader investigation into which varieties remain closed under epis has been a subject of
interest in semigroup theory, ring theory, and related fields [7]. For instance, Gardner demon-
strated in [8] that certain identities weaker than commutativity fail to be preserved under epis
in rings, even though the variety of commutative rings is closed under epis [6]. In semigroups,
Higgins [12] established that identities where each side contains a repeated variable are not
preserved under epis. Despite these advances, a comprehensive classification of all semigroup
identities preserved under epis remains an unresolved challenge.

The preservation of commutativity under dominions was shown by Isbell [16] which in partic-
ular implies that commutativity is also preserved under epimorphisms. Khan [17-19] extended
this result in several significant directions. He established that all subvarieties of the variety
of commutative semigroups are closed under epimorphisms. He also proved that all permuta-
tion identities are preserved under epimorphisms and all subvarieties of variety of permutative
semigroups are closed under epimorphisms. In this direction, Ahanger, Shah and Khan [2,4, 5]
extended these results to the varieties of commutative and permutative posemigroups. Also,
Ahanger, Nabi and Shah [3] extended the classical work of Isbell, Higgins and Khan, leading
to the discovery of several new saturated and closed varieties of semigroups. Furthermore,
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Khan [17] advanced the theory by showing that any non-trivial permutation identity, apart
from commutativity, cannot be preserved under dominions. This leads to the conclusion that
non-trivial permutative varieties, excluding commutative varieties, cannot be closed under do-
minions. Though the variety of commutative semigroups is closed under dominions but whether
all the subvarieties of the variety of commutative semigroups are closed under dominions is still
an open problem. Therefore, it is natural to inquire which subvarieties of the variety of commu-
tative semigroups are closed under dominions.

In this paper, we partially answer this question by finding certain subvarieties of commutative
semigroups closed under dominions. The problem is still open, so the authors are contributing
partial results.

For further details on varieties of semigroups and posemigroups, the reader is referred
to [1,9-11,13,14].

2 Preliminaries

Consider two semigroups S and U, with the property that U is a subsemigroup of S. Consider
an element d within the semigroup S. Following the framework proposed by Isbell [16], d
is defined to be dominated by U if, for any pair of semigroup morphisms o, 8 : S — T,
ua = uf, for all u € U implies da = dB. All such elements of S that are dominated by U
is called the dominion of U in S, denoted by Dom(U,S). The condition dids € Dom(U,S)
holds for all di,ds € Dom(U, S). Therefore, Dom(U, S) is a subsemigroup of S containing U.
A subsemigroup U of a semigroup S is said to be closed in S if Dom(U,S) = U and U is said
to be dense or epimorphically embedded in S if Dom(U,S) = S. A semigroup U is classified
as absolutely closed if U remains closed within every containing semigroup. If Dom(U, S) # S,
then there exist at least two distinct morphisms on S that coincide on U. When this condition
holds true for all semigroups that properly contain U, we refer to U as being saturated. A class
V of semigroups is said to be a variety if it is closed under subsemigroups, morphic images and
direct products. A class V of semigroups, satisfying a collection [u; = v;,7 > 1] of identities,
defines a variety determined by these identities. The list of identities is called a presentation of
V, and we write V = [u; = v;,7 > 1]. We consider u = 0 (where u is a nonempty word) as a
semigroup identity and it means the combination of the two identities uy = v and yu = u, where
y is a variable not occurring in the word w, Khan [17, Remark 4]. A variety V is absolutely
closed or saturated if all of its members are so and it is closed if Dom/(U, S) = U for all S,U € V
with U as a subsemigroup of S.

A morphism v : S — T in the category of all semigroups is called an epimorphism (epi for
short) if, for all semigroups W and all morphisms «, 5 : 7T — W,

ya=78 = a=p.

It can be easily seen that every surjective morphism is an epimorphism in the category of
semigroups and in the category of groups one has the converse result that every epimorphism
is surjective. However, in the category of semigroups, there exist non-surjective epimorphisms.
It is not hard to see that v : S — T is an epi if and only if the inclusion map i : Sy — T is epi
and the inclusion map i : U — S is epi if and only if Dom(U, S) = S.
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An identity u = v is said to be preserved under epis if the following holds: whenever a sub-
semigroup U of a semigroup S satisfies u = v and such that Dom (U, S) = S, then S itself must
satisfy u = v and the identity u = v is said to be preserved under dominions, if U satisfies u = v
implies Dom(U, S) also satisfies u = v, where S is any semigroup containing U as a subsemi-
group. Let V be the variety of semigroups such that whenever U € V implies Dom(U, S) € V
for any semigroup S containing U as a subsemigroup, then we say V is closed under dominions.

The Isbell’s Zigzag Theorem serves as a pivotal tool in the theory of semigroup dominions, of-
fering a precise characterization of the elements of a semigroup S that reside within its dominion
when considered in any containing semigroup. This theorem is critical in the analysis of domin-
ion elements. Because of the foundational role the Isbell’s Zigzag Theorem plays in the study of
semigroup theory, particularly in the context of epimorphisms and dominions, it is included as
a central result in texts like Howie’s [15]. The proof of the theorem, drawn from Howie’s work,
underpins the structural understanding of semigroup dominions, providing essential insight into
how certain semigroup elements interact within larger classes of semigroups. Equivalently the
necessary and sufficient condition for an element of a semigroup to be in dominion is provided
by the famous Isbell’s Zigzag Theorem [16] and is as follows:

Theorem 1 ([16], Theorem 2.3). Let U be a subsemigroup of a semigroup S and z € S. Then
z € Dom(U,S) if and only if z € U or there exists a series of factorization of z as follows:

z = Bomn, Bo = a1/
B2i-17i = B2ii+1, @ifoi = ait1fBeiy1 (1=1, 2,..., m—1) (1)
Bom—1Vm = Bom, amBom = 2z,
where a1, a9,..., am, V1, V2,--., Ym € S and By, B1, B2, ..., Pom € U.
The above series of factorization of z is called zigzag of length m in S over U with value z and
spine By, B1, B2,..., Bom. In whatever follows by zigzag equations we shall mean equations of

the type (1).
Following results are also useful for our investigations.

Theorem 2 ([16], Corollary 2.5). If U is a commutative subsemigroup of a semigroup S, then
Dom(U, S) is also commutative.

Theorem 3 ([20], Lemma 3.2). Let U be a commutative subsemigroup of a semigroup S. Let
z € Dom(U,S) \ U and let (1) be the zigzag of length m over U with value z. Then for any
positive integer k,

= an B

3 Main Results

Lemma 1. Let U be a commutative subsemigroup of a semigroup S. Let z € Dom(U,S)\ U
and let (1) be the zigzag of length m over U with value z. Then,

1185 = (T 85 (] Bor-1)z
k=0 k=0 k=1

where n > 1 is any integer.
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Proof. For any integer n > 1 we have,
m m
H ng_l = alﬁlﬁg_Q H ng_l (by zigzag equations (1))
k=0 k=1
1
= alﬁg(H B H By D1 (because U is commutative)
k=0
1
— agﬂg(H ﬁg,;Q)(H 5;,;1)& (by zigzag equations (1))
k=0 k=2

2 m 2
= 04254(1_[ 53{2)(1_[ ng_l)(H Bor—1) (because U is commutative)
k=0 k=3 k=1

= Oémﬁzm(H 5;;;2)(1_[ Bok—1)
k=1

k=0

= z(H 6;‘,;2)(1_[ Bar—1) (by zigzag equations (1))
k=0
= (H Bor H Bak—1)z (by Theorem 2),
k=0 k=1

as required. O

Lemma 2. Let U be a commutative subsemigroup of a semigroup S. Let z € Dom(U,S) \ U
and let (1) be the zigzag of length m over U with value z. Then,

1155t H By
k=0

where n > 1 is any integer.

Proof. The proof follows by applying Lemma 1 (n — 1)- times. O

Lemma 3. Let U be a commutative subsemigroup of a semigroup S and U satisfies the identity
pqr = pqr"(for any integer n > 2). (2)

Let z € Dom(U,S) \ U and let (1) be the zigzag of length m over U with value z. Then

(IIsHz=
k=0
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Proof. We first prove that

(H ﬁg,;l)z = a5 ( H ﬁg,;_ll)z”_lw foralll=1, 2,..., m—1. (3)
k=0

k=141

To prove (3), we use induction on I. For [ =1 we have,
m
(H Bz = ( Hﬁzk 1)2" (by Lemma 2)
k=0
H 521@ 1 n_lﬂo’h (by zigzag equations (1))
Hﬂgk 2" 'y (by Theorem 2)

= a187 H B2ty (by zigzag equations (1)).

Thus, (3) holds for [ = 1. Assume inductively that (3) holds for I = r (< m — 2). We show that
it holds for I = r + 1. Now,

m
(H BNz = o B4 ( H Br1)z" 1y, (by inductive hypothesis)
= k=r+1

H BBy 12" 1y, (because U is commutative)
k=r+1

H 5% 1)Bar—12" 1y, (as U satisfies the identity (2))
k=r+1

H ﬂ% ) n_lﬁwflw (by Theorem 2)
k= r+1

H B% 1) 2" 1By v,41 (by zigzag equations (1))
k= r+l

= ;S ( H ,8% LA L1 (by Theorem 2)
k=r+1

= 189 11( H ﬁ% 1) =1y 1 (by zigzag equations (1)),
k=r+2

as required. Now, for any integer n > 2 we have,

(T 85 1)z = om-185,_5(B5n11)2" " ym-1 (by equation (3))
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= 155051 Boy1 2" 2 ym—1 (by zigzag equations (1))
= 1051 1 BoBm_37112" 2 Ym—1 (because U is commutative)
= m-105 1 BoBam—3712""*Ym—1 (as U satisfies the identity (2))
= p—1B2m— 353,,_11 1,80712"*277%_1 (because U is commutative)
= m—1Pom—305 1 12" 1 (by zigzag equations (1))
= Qp— 1ﬁ2m 12" L B3 Ym—1 (by Theorem 2)
= Qup_ 152m 12" 1 Bom_ovm (by zigzag equations (1))
= Oém_lﬁgm_g/82m712nil’}/m (by Theorem 2)
= B 12" 1y, (by zigzag equations (1))
= amzfBy, 12" 2y, (by Theorem 2)
= QmmBom By 1 Bov12" ym  (by zigzag equations (1))
= AmmBomBoBy_1712" 2 ym (because U is commutative)
= mm BomBoBoam—1712""Ym (as U satisfies the identity (2))
(

= amamﬁgmﬁgm,lﬂmlz”_‘?ym because U is commutative)
= apmzBom_12""*ym (by zigzag equations (1))

= 02" Bom_17m (by Theorem 2)

= 2" 1P (by zigzag equations (1))

= o Bamz" (by Theorem 2)

= 2" (by zigzag equations (1)).

This proves the lemma completely. O
Corollary 1. Let U be a commutative subsemigroup of a semigroup S and U satisfies the identity
pqr = pqr"(for any integer n > 2).

Let z € Dom(U,S) \ U and let (1) be the zigzag of length m over U with value z. Then,
(1] 25!
k=0

Proof. The proof follows by Theorem 2 and Lemma 3. Ul

Theorem 4. A subvariety Vi = [pqr = pqr"](for any integer n > 2) of the variety of commu-
tative semigroups is closed under dominions.

Proof. Let Vi be the variety defined as in the statement of the Theorem. Let U € V; and S
be any semigroup containing U as a subsemigroup. We show that Dom(U,S) € V; by showing
that for any p,q,r € Dom(U,S),

pqr = pqr".
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To prove the Theorem completely, we consider the following cases.

Case 1. If p,q,r € U, then, pgr = pqr™ holds trivially.
Case 2. If p,q € U and r € Dom(U,S) \ U. Let (1) be a zigzag of minimum length m over U

with value r. We first prove that

m
pqr = agm—i( H pqﬁgml 1Ym-yforalll=0, 1,..., m —1. (4)
k=m—I1

To prove (4), we use induction on {. For [ = 0 we have,

pgr = rpq (by Theorem 2)
= amfBampq (by zigzag equations (1))
= mpqPam (because U is commutative)
= mpqPs, (since U € Vi)

= amﬁgn_llpq&m (because U is commutative)

= amﬂgglpq&m_yym (by zigzag equations (1)).

Thus, (4) holds for I = 0. Assume inductively that (4) holds for I = r (< m —2). We show that
it holds for [ = r 4+ 1. Now,

m
pgr = am—yp( H pq,82 (m—r)—1Ym—r (Dy inductive hypothesis)
k=m—r
m
= m—rBa(m—r) H YpgYm_r (because U is commutative)
=m—

k T

m
= Qm—(r+1) 62 (m—r) H qu)/m r (by Zigzag equations (1))
=m—

k r

= A (r41) ”k_l)pqﬁg(m_r)_ﬂm_T (because U is commutative)

k

:Js%:ls

= U (r11) S )P4y o Ym—r (since U € V1)

k=

3

'

s

= Qpp—(r41) 63,;1)pq52(m_r)_27m,r (because U is commutative)

k=m—(r+1)

3

= (r41) By IPaBa(m—(r+1))—1¥m—@+1) (by zigzag equations (1)),

k=m—(r+1)
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as required. Now,

par = oa (][ B paBiy (by equation (4))
k=1

m
= o151 ( H BQk )pgy1 (because U is commutative)

Dpgy1 (by zigzag equations (1))

||,’:]3

2 pgBoyr (because U is commutative)

I
s =
X

b
Il
—

le)pqﬂgvl (since U € V1)

= (

3

>
Il
—

= pq(H By DBoy1 (because U is commutative)
k=0

Q(H BrNr (by zigzag equations (1))

= pgr"™ (by Lemma 3),

as required.

Case 3. If ¢,r € U and p € Dom(U,S) \ U. Let (1) be a zigzag of minimum length m
over U with value p. Then,

pqr = amfBomqr (by zigzag equations (1))
= amBomqr” (since U € V)
= pqgr" (by zigzag equations (1)),

as required.

Case 4. If p,r € U and ¢ € Dom(U, S) \ U. Then,

pgr = qpr (by Theorem 2)
= qpr" (by Case 3)
= pgr" (by Theorem 2),

as required.

Case 5. If p € U and ¢,r € Dom(U,S) \ U. Let (1) be a zigzag of minimum length m
over U with value g. Then,

pgr = qpr (by Theorem 2)



Dominions and varieties of commutative semigroups 9

= amBampr (by zigzag equations (1))
= amBampr”™ (by Case 2)

= qpr™ (by zigzag equations (1))

= pgr" (by Theorem 2),

as required.

Case 6. If ¢ € U and p,r € Dom(U, S) \ U. Then,
pgr = qpr (by Theorem 2)

= gqpr" (by Case 5)
= pgr" (by Theorem 2),

as required.

Case 7. r € U and p,q € Dom(U,S) \ U. Let (1) be a zigzag of minimum length m over
U with value p. Then,

par = amBomqr (by zigzag equations (1))
= amPamqr” (by Case 4)
= pqr" (by zigzag equations (1)),

as required.

Case 8. If p,q,r € Dom(U,S)\ U. Let (1) be a zigzag of minimum length m over U with
value p. Then,

pqr = amPamqr (by zigzag equations (1))
= amPamqr” (by Case 5)

n

= pqr" (by zigzag equations (1)),
as required. This brings the proof of the Theorem 4 to a conclusion. O

Theorem 5. A subvariety Vo = [p"q"2 = 0|(for any integers ni, ne > 0) of the variety of
commutative semigroups is closed under dominions.

Proof. Let Vo be the variety defined as in the statement of the Theorem. Let U € V5 and S
be any semigroup containing U as a subsemigroup. We show that Dom(U,S) € Vs by showing
that for any p,q,r € Dom(U,S),

ni ng

p"tq"r = p"g" = rp™q". (5)

Since, by Theorem 2, we need to prove only one side of (5). For this, we consider the following
cases.
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Case 1. If p,q,r € U, then, p"t¢"2r = p"t¢™ holds trivially.

Case 2. If p,g € U and r € Dom(U,S) \ U. Let (1) be a zigzag of minimum length m
over U with value r. Then,

1 N2

p"q"r = p"q"? Byy1 (by zigzag equations (1))
=p"q"y (since U € Vy)
=p"q" By (since U € Vy)
= p™q"?Byye (by zigzag equations (1))

=™ q" Bom—2Ym

=p"q", (since U € Vy)

= p"q"* Pom—1Ym (since U € Va)

= p"q" By, (by zigzag equations (1))
=p"q" (since U € Vy),

as required.

Case 3. If ¢,r € U and p € Dom(U,S) \ U. Let (1) be a zigzag of minimum length m
over U with value p. Then,

ni N

p"q"r = apt Byt ¢"*r (by Theorem 3)
= apl Byt g™ (since U € Vy)

1 N2

=p"q"* (by Theorem 3),

as required.

Case 4. If p,r € U and ¢ € Dom(U, S) \ U. Then,

1 N2

p"q"?r = ¢"*p™r (by Theorem 2)
=¢"p"t (by Case 3)
=p"q"* (by Theorem 2),

as required.

Case 5. If r € U and p,q € Dom(U,S) \ U. Let (1) be a zigzag of minimum length m
over U with value p. Then,
p"tq"r = ot By q"*r (by Theorem 3)
— a1 Aq" (by Case 4)

1 n2

=p"¢"* (by Theorem 3),
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as required.

Case 6. If ¢ € U and p,r € Dom(U,S)\ U or p € U and ¢q,r € Dom(U,S) \ U or
p,q,7 € Dom(U,S)\U. As r € Dom(U,S)\ U we may let (1) be a zigzag of minimum
length m over U with value r. Now,

1 N2

p"q"r =p"q" oy (by zigzag equations (1))
=p"q"%v; (by Cases 3, 4 and 5)
=p"q"pB1y1  (by Cases 3, 4 and 5)
=p"q"*B2y2 (by zigzag equations (1))

= pnl qn2 62m727m

n1 N2

= p™q"v, (by Cases 3, 4 and 5)

= p"q¢" Bam—17m (by Cases 3, 4 and 5)
= p"q" Boy, (by zigzag equations (1))
=p"q" (by Cases 3, 4 and 5),

as required. This completes the proof of the Theorem 5. O
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