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Abstract. We derive explicit traveling-wave and solitary-wave solutions for a coupled fractional reaction—
diffusion system describing interacting populations. The analytical framework combines a rational—
exponential ansatz with an auxiliary-function expansion, where the auxiliary function satisfies a lin-
ear second-order ordinary differential equation. Time- and space-fractional derivatives, defined in the
sense of Jumarie’s modified Riemann-Liouville derivative, are incorporated through a fractional com-
plex transformation that reduces the governing fractional partial differential system to an ordinary dif-
ferential system. A homogeneous-balance procedure yields algebraic relations whose solutions generate
several families of closed-form expressions, including hyperbolic, rational, and oscillatory wave profiles
classified according to the discriminant of the auxiliary equation. The obtained solutions demonstrate
how the fractional-order parameters influence wave propagation, localization, and diffusion behavior,
providing additional insight beyond the corresponding classical integer-order model. Representative
graphical illustrations together with symbolic verification confirm the validity of the analytical solutions
and demonstrate the applicability of the proposed framework for studying nonlinear fractional reaction—
diffusion systems.
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1 Introduction

Fractional differential equations (FDEs) extend classical integer—order models by incorporating nonlo-
cal memory effects, which are crucial for describing real-world systems with hereditary and anomalous
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transport behaviors [4, 16,23]. In recent years, fractional calculus has gained increasing attention for
modeling complex processes in biological populations, viscoelastic materials, fluid dynamics, and as-
trophysical systems [19,21,34]. Unlike integer-order models, fractional frameworks capture long-term

memory and spatial heterogeneity, both of which play a central role in realistic dynamic systems.
Recent studies have demonstrated the relevance of fractional reaction—diffusion equations in describing
biological and chemical interactions with nonlocal memory [8,20,27]. These models generalize the clas-
sical reaction—diffusion paradigm by including time- and space-fractional derivatives, thereby providing
a more accurate description of anomalous diffusion and dispersal patterns. Analytical advances, such as
those by Mahmoud [20] and Sarwe et al. [27], have highlighted the feasibility of obtaining closed-form
and approximate solutions for fractional systems with variable coefficients.

Various analytical methods have been developed to solve nonlinear FDEs, including perturbation ap-
proaches, the homotopy analysis and homotopy perturbation methods [9], Hirota’s bilinear formula-
tion [12], the %—expansion technique [2,3,6,24,33], and the Exp—function method [25,30,32,35]. These
methods provide systematic tools for constructing exact traveling-wave solutions that reveal the structure
and propagation mechanisms of nonlinear waves. Moreover, recent numerical frameworks, such as col-
location and finite-difference schemes for fractional systems [26], complement analytical developments
by providing accurate simulations for nonlocal diffusion processes.

In ecological and biological contexts, fractional reaction—diffusion models have proven effective for
describing spatial dispersal, invasion fronts, and pattern formation [1, 18,22, 28]. Skellam’s pioneering
work established that random dispersal combined with exponential growth produces linearly expanding
population fronts, while subsequent studies have revealed nonlinear effects, such as density dependence
and Allee thresholds, that slow or even halt propagation [13,22]. The inclusion of fractional derivatives
extends these insights by accounting for anomalous migration, long-range dispersal, and memory-driven
diffusion [, 8].

Motivated by these considerations, this study aims to derive analytical traveling-wave and solitary-wave
solutions for a coupled nonlinear fractional reaction—diffusion system modeling interacting populations.
In contrast to the corresponding integer-order formulation, the fractional model incorporates memory
effects and anomalous diffusion, allowing a broader class of wave structures and providing a more
flexible description of population dispersal dynamics. By employing Jumarie’s modified Riemann—
Liouville fractional derivative together with a fractional complex transformation and both the Exp-
function and %—expansion methods, explicit families of traveling-wave solutions are obtained. The
modified Riemann—-Liouville derivative is adopted because it is well suited for describing non-smooth
physical quantities frequently encountered in biological and diffusion processes while preserving conve-
nient analytical properties that facilitate the application of exact solution methods. These characteristics
make it an appropriate choice for the analytical treatment considered in the present work.

Moreover, Jumarie’s derivative preserves several familiar and useful properties of classical calculus,
including linearity, the derivative of a constant being zero, a modified product rule, and a chain-rule-
type property. These features make analytical techniques, such as the Exp—function method and the
%—expansion method, more straightforward to apply within the framework of the present paper. The
obtained solutions are classified into hyperbolic, rational, and oscillatory families according to the dis-
criminant of the auxiliary equation. This classification provides a systematic characterization of the ad-
missible wave structures and facilitates comparison with the corresponding classical reaction—diffusion
model. Graphical illustrations are presented to demonstrate the qualitative behavior of the obtained so-
lutions.
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The remainder of this paper is structured as follows. Section 2 formally states the problem. Section 3
introduces the analytical framework and the transformation techniques employed in the study. Section 4
presents specific model applications along with the corresponding parameter selections. Section 5 con-
cludes the paper by summarizing the main findings and outlining potential directions for future research
on fractional population models.

2 Problem definition

In this section, we introduce a coupled fractional reaction—diffusion system that models the dynamics
of interacting populations. To formulate the system, we employ Jumarie’s modified Riemann-Liouville
fractional derivative, which is well suited for handling non-differentiable population profiles [13—15].
When species invasion is examined in more complex ecological settings involving interspecific interac-
tions, most existing extensions focus primarily on pairwise competition. Under such conditions, a system
of coupled partial differential equations is typically used to describe the spatial spread of two competing
species [11]. In this study, the classical coupled reaction—diffusion model is generalized by introduc-
ing both time- and space-fractional derivatives, thereby incorporating memory effects and anomalous
diffusion into the interaction dynamics:

Dt‘xru = .@uD)‘;‘qur (pu — Yuulh — }/Wv)u, )
D;Xtv = @VD;XXV—’_ (Pv — YV — Yvu“)va

where u(x,t) and v(x,1) denote the densities of the two species, Z, and 2, are species-specific diffusion
rates, p, and p, are species-specific intrinsic rates of increase, ¥,, and 7,,, denote interspecific competition
coefficients, whereas 7, and 7,, denote intraspecific competition coefficients. In this equation, Df" and
D% denote the time- and space-fractional derivatives of orders 0 < o < 1 and 0 < oy, < 1, respectively.
For oy = o, = 1, system (1) reduces to the corresponding classical reaction—diffusion model. Con-
sequently, the fractional orders extend the classical formulation by incorporating memory effects and
anomalous diffusion, while preserving the integer-order model as a limiting case.

Remark on dimensional consistency. The introduction of fractional derivatives modifies the physical
dimensions of the governing equations. In particular, the temporal fractional derivative D has the ef-
fective dimension T~%, whereas the spatial fractional derivative D% has the effective dimension L™ %.
To preserve dimensional consistency, the model parameters are interpreted as effective fractional co-
efficients whose dimensions depend on the corresponding fractional orders. Accordingly, the intrinsic
growth-rate parameters p, and p, possess the effective dimension 7~%, while the effective fractional dif-
fusion coefficients &, and 2, possess the effective dimension L% T ~%. Under this interpretation, every
term in each equation of system (1) has the same physical dimension, ensuring the dimensional consis-
tency of the fractional model. Throughout this work, the governing equations are therefore interpreted
within this fractional-dimensional framework, following the standard practice adopted in the literature
on fractional reaction—diffusion equations.

The modified Riemann-Liouville derivative is defined as follows [ 15, 24]:
1 d [t
D“’tzi—/t— —% —f(0)] d 0<oy<l1. 2
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Similarly, the modified Riemann—Liouville space-fractional derivative is defined by

DES() = oy g | 6= ) A FO) &, 0<a <, G

(1 —oy)dx Jo

where I'(-) denotes the Gamma function. Throughout this paper, both the temporal derivative D and
the spatial derivative D% are understood in the modified Riemann-Liouville sense.

The time- and space-fractional derivatives differ only by the independent variable with respect to which
the operator is taken; however, both are explicitly presented here for completeness and to avoid ambiguity
in the formulation of the governing equations.

The following properties of Jumarie’s modified Riemann—Liouville derivative will be used throughout
the subsequent analysis.

or T(A+r)
Dl t —mt OC,’ (4)
D (k f(t)) = kD/" f (1), 5
D“’( f(t) +bg(r))=aDf* f(t) +bD*g(1), (6)

where a, b, k are arbitrary constants.
Since the objective is the construction of exact traveling-wave solutions, the explicit forms of the initial
and boundary conditions are not required in the subsequent analytical developments.
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Figure 1: Representative traveling-wave solutions illustrating the dispersal of populations into unoccupied regions.
(A) Sequential profiles of a one-dimensional wave propagating along a linear habitat (e.g., riverbank or coastline),
with the initial release point marked by an asterisk. Each curve represents the population density along the x-
axis at successive times. (B) A two-dimensional representation showing concentric patterns of population spread.
Although the profiles resemble traveling waves, the wave profile remains unchanged while propagating through
space.
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3 Methods description

3.1 The fractional complex transform

The solution procedure consists of two main stages. First, the fractional complex transform is employed
to reduce the governing fractional partial differential equations into a system of ordinary differential
equations. Subsequently, the Exp-function method is applied to construct exact traveling-wave solutions
of the resulting reduced system. This combination provides a systematic framework for obtaining explicit
analytical solutions of nonlinear fractional reaction—diffusion equations.

We start with the following system of nonlinear fractional partial differential equations (FPDEs):

9<u,Df"u,Df~"u7...) =0, 7

where 0 < @, o < 1, u is an unknown function, and & is a polynomial in « and its fractional derivatives,
in which the highest order derivatives and the nonlinear terms are involved. The fractional complex
transform [17] was first proposed by Li and He in 2010 to convert the fractional differential equations
with the modified Riemann-Liouville derivative into ordinary differential equations, which can be easily
solved using simple calculus. Using the fractional complex transform, the traveling-wave variable is
defined by

x% t%

_K R
T(l+a,) T+

u(x,t) =U(C),  vixt)=V({), C=x €)
where o, and ¢ denote the fractional orders of the spatial and temporal derivatives, respectively, k7, k>
are scaling constants. Following the fractional complex transform proposed by Li and He and using
Jumarie’s modified Riemann—Liouville derivative, the fractional chain rule is assumed in the form

Df'u= gléDf"C, Dty = %D?‘C, D¥u= ‘320}%, D¥v = g‘ng‘xg. )
It should be emphasized that the fractional chain rule employed in Eq. (9) is not generally valid for
arbitrary definitions of fractional derivatives. In the present work, it is adopted exclusively within the
framework of Jumarie’s modified Riemann—Liouville derivative together with the fractional complex
transform proposed by Li and He [17]. Under these assumptions, the transformation provides an effective
analytical reduction of the considered fractional reaction—diffusion system to an ordinary differential
system. Several authors have pointed out that generalized chain rules may fail outside specific fractional
frameworks [7,29]. Therefore, the validity of the present transformation should be understood as being
restricted to the modified Riemann-Liouville derivative adopted throughout this paper, and no claim is
made regarding its applicability to other fractional operators, such as the classical Riemann—Liouville or
Caputo derivatives.
Using the properties of Jumarie’s modified Riemann—Liouville derivative adopted in this work, one ob-
tains

Ol xax — [¢2 tat J—
o (riva) = (o) w

Therefore, from the travelling-wave variable
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x% t%

KTt Tira) (1D

It follows that

D)(?’YCZK], D;X’C:—Kz. (12)
Applying the fractional chain rule in Eq. (9), we obtain

du du
D¥u=—D¥%{ =—1uU’, D%u=—D%{ =K U, 13
and similarly
O dV Oy _ !/ Oy d Oy _ /
Dfv=-—DY{ = -1V, D%y = —D*{ =KV (14)

ac ac >

Substituting these expressions into the fractional reaction—diffusion system

Dfu= 2,D%u+ (py — Yk — YiwV ), (15)

D"y = D,DEv + (py — YoV — Youlk)V, (16)

and using the travelling-wave transformations u(x,t) = U({) and v(x,t) = V({), we obtain
Each fractional derivative is replaced by its corresponding expression in terms of the travelling-wave
variable {, after which like terms are collected to obtain the reduced ordinary differential system.

—iU' = 2,50+ (pu — YuuU — YinV)U, (17)
—iuV' =26V +(py — ¥V — %uU)V. (18)
After rearranging terms, the original fractional partial differential system is reduced to the following

coupled system of ordinary differential equations:

(K2+Kl-@u)U/(C)+puU_%¢uU2_YMvUV:07 (19)
(k2 + K1 2V (E) + pV — V2 — 1 UV = 0.

Hence, the fractional complex transform successfully converts the original fractional-order system into
a coupled system of ordinary differential equations with respect to the travelling-wave variable {. The
resulting system can then be analyzed by employing the Exp-function method to derive exact traveling-
wave solutions.

3.2 The Exp-function method for FPDEs
We start with the following system of nonlinear FPDEs:
P <u,v, D¥u, D%y, D%, D%, .. ) —0, (20)

where 0 < o, 04 < 1, u is an unknown function, and &7 is a polynomial in u and its fractional derivatives,
in which the highest order derivatives and the nonlinear terms are involved. The fractional complex
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transform [17] was first proposed by Li and He in 2010 to convert the fractional differential equations
with the modified Riemann—Liouville derivative into ordinary differential equations, which can be easily
solved using simple calculus. Using the fractional complex transform, the traveling-wave variable is
defined by

xax tat

M(X,I)ZU(C), V(X,I)ZV(C), C:Kll—‘(l_|_ax) _Kzl“(l—i—oct)’

21

where a, and o, denote the fractional orders of the spatial and temporal derivatives, respectively, ki, k»
are scaling constants. The positive integer g of the solution is determined via a balancing procedure, by
equating the highest-order derivative with the leading nonlinear term.

Specifically, for D[U({)] = g,

aru
dgr

d"U s
}:P‘F% D[Um<dCr>]:mq+s(Q+r>a
ensuring consistency between linear and nonlinear contributions. If necessary, the resulting ODE can be
simplified through direct integration. Assume that each component admits a finite rational-exponential
representation:

o]

M m M m
()= Dot -y (g~ Eown?
n=—N bne”C n=—N dnenC
with a,,, b, ¢y, d, as constants and integers M, N fixed by homogeneous balancing of the highest deriva-
tives versus the highest nonlinearities in (19). Substituting these forms into the ODEs, collecting like
powers of 'S, and equating the corresponding coefficients produces a finite algebraic system for the
unknown coefficients a,,b,,c,,d, together with the wave parameters. Solving this algebraic system
symbolically or numerically yields explicit parameter sets and closed-form expressions for U({) and
V(L).
The determination of the balance numbers in the Exp—function method is based on the homogeneous bal-
ance principle. Depending on the structure of the nonlinear ordinary differential equation, the following
balance rules are commonly employed [5, 18]:

1. Homogeneous balance principle 1. If U() and UP) denote the leading linear and dominant
nonlinear terms, then balancing yields ¢; = ¢; and d; = d, for all p,p > 1.

2. Homogeneous balance principle 2. For nonlinear ODEs containing U(?) and U¥U(") as the main
terms, the balance relation remains ¢; = ¢ and d| = d; for all p,r,k > 1.

3. Homogeneous balance principle 3. If U(?) and (U (" )€ constitute the leading linear and nonlinear
components, then the same balancing yields ¢c; = ¢, and d; = d for all p,» > 1 and Q > 2.

4. Homogeneous balance principle 4. When U(?) and nonlinear terms of the form (U (’))QU *)
appear, one similarly obtains ¢; = ¢; and dy = d; for p,r,A > 1 and Q > 2.

In the present work, the first balance principle is applicable since the reduced system contains first-order
derivative terms and quadratic nonlinearities. Consequently, balancing U’ with U? and V'’ with V? yields
the balance numbers used in the subsequent analysis. For system (19), the highest-order linear terms
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are the first derivatives U’({) and V’({), whereas the dominant nonlinear terms are U?({) and V().
Applying the first homogeneous balance principle gives

M=N=1,

which determines the orders of the numerator and denominator in the Exp—function ansatz adopted
throughout the subsequent analysis.

3.3 The rational (%)-expansion method for FPDEs

We consider a coupled system of nonlinear fractional partial differential equations involving the inde-
pendent variables (x) and () of the form

du; du;
&gcﬁzg,gflﬁth%m,“):o, i=1,2, 22)
where (#; = u) and (1, = v) denote the dependent variables, and (.% ) is a polynomial function involving
the dependent variables and their integer- and fractional-order derivatives. The rational %—expansion
method proceeds as follows:

Step 1: Fractional traveling-wave reduction

The fractional complex transform is widely used to convert fractional partial differential equations into
ordinary differential equations through a traveling-wave reduction. Introduce a traveling-wave coordinate
{ defined as [10,17,31]:

O tat

C:mru+%f*%m+my (23)

where (o) and () denote the orders of the space- and time-fractional derivatives, respectively, and
(k1) and (k) are arbitrary scaling constants.
Also, assuming that each field variable depends solely on §

wit, x1, %2, ,%0) = Ui(§), € =C(t,x1,%2,...,%).

Although the method is stated in a general multidimensional setting, the model considered in this work
is one-dimensional with independent variables (x,?).
Using the extended fractional complex transform, Eq. (23), we convert the fractional differential system
into an ordinary differential system in {, thereby transforming the original fractional system into a system
of ordinary differential equations with respect to the traveling-wave variable {.

The original FDE reduces to an ODE in {

2(U,ul,uf,...) =0, (24)

where primes denote derivatives with respect to §.
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Step 2: Rational (%/) ansatz

The following procedure is presented for a generic dependent variable U ({). The same construction can
be applied to each component of the coupled system. The solution of Eq. (24) is assumed in the rational
form:

% (G/)j
a:(E

J
=

U(g) =7, —
Eobj (%)

; (25)

where a; and b; are real constants, with at least one nonzero coefficient among the highest-order terms,
and G({) satisfies a linear auxiliary equation:

G"(§)+AG (§)+MG(8) =0, (26)

with constants A, M.

Step 3: Solution of the linear auxiliary ODE
Let A= +A? —4M and Q = v/4M — A2. The general solution of Eq. (26) gives

_% %Cl Sinh(%AC)—i-CZC(-)Sh(%C)’ A2>4M,

Cicosh(58) +Cysinh(5)
G ;
<G> _ _% % —C sm(g%{) +C2('JOS(Q%C) A <am, (27)
Cicos(5¢) +Casin(50)
A C2 2
Ay e A =4M
L 2 + C] +C2C7 ?

with arbitrary constants C; and C,.

Step 4: Parameter determination

The integers N; and N, are determined using the homogeneous balance principle, which equates the
highest derivative with the leading nonlinear term. Substituting the ansatz and % into the ODE produces
a polynomial in %, and setting each coefficient to zero yields a system of algebraic equations for the
coefficients a; (j =0,...,N1),b; (j=0,...,N), and the parameters A and M.

Step 5: Solution construction

The resulting algebraic system is solved symbolically using Mathematica. The obtained parameter sets
are then substituted into the rational (%) -ansatz together with the corresponding auxiliary-function so-

lutions to derive explicit closed-form traveling-wave and solitary-wave solutions of the original nonlinear
fractional differential equations.
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4 Results

4.1 Closed-form solutions via the rational %—expansion method

To construct explicit solitary-wave solutions for the system in Eq. (1), we employ the rational %—
expansion method.

Using the homogeneous balance principle, the highest powers N; and NV, are determined from the reduced
system (19).

Here, balancing U’ with U? and V' with V? gives

N =N, =1.

We then seek solutions of the original reduced system in the form

G'(€)
G(&)’

where ag,ay,bo,b; are constants to be determined.
Substitute (28) into (19) and use (26) to express derivatives of % in closed form. Collect terms by

G'(€)
G(&)’

U(C):ao—i—al V(C)Zbo—i-bl (28)

powers of % (and constants) and set coefficients to zero; the resulting algebraic relations determine
(ao,ai,bo,b1,A,M) in terms of system parameters (p;, %ij, i, j = u,v). corresponding to A2 > 4M, A> =
4M, and A < 4M give rise to hyperbolic, rational, or oscillatory closed-form expressions for U({) and
V(S).

The homogeneous-balance principle applied to (19) indicates that a linear dependence on % suffices
(i.e., a first-order ansatz in (28)). Substituting Eq. (28) into Eq. (19) and collecting coefficients of like
powers of % yields the following algebraic system:

a) — }/uua% - YMvalbl = 0,
K + K1 D) Aay + puar — 2Yuwaoar — Yuaobi — Ywvairbg =0,

(29)

by — vab% — Youarby =0,

)

)

K2+ K1 Zu)Mas + Puto — Yy — Yivtiobo = 0,

K +K12,)
JAb1 + pyb1 — 2Yibob1 — Yuuaob1 — Yuuarbo = 0,
)

Mby + pybo — Vb — Youaobo = 0.

The algebraic system (29) was solved symbolically using Mathematica, yielding admissible parame-
ter sets and the corresponding exact traveling-wave solution families. Representative families of exact
solutions obtained from these parameter sets are presented below.

Solution branches

The symbolic solution of the algebraic system (29) obtained using Mathematica leads to several admis-
sible parameter branches. Each branch satisfies the algebraic constraints and generates a distinct family
of exact traveling-wave solutions. These branches are analyzed below.
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Case 1. Eq. (29) admits a solution branch characterized by

Yo = 0, Y = 07 Py = 07 apg = Oa

You K1 7& O, You bl 75 07 Yuu 7& O,

g — @L’YMM K1 4 Yuu K2 — You K2 g — —K
u ) v T
You K1 Ki
~JuKi— K
ay = —————
Yuu

with by, b1, K1, and k, being arbitrary parameters satisfying the above constraints.
Case 2. Eq. (29) admits a further solution branch characterized by

Yuu 7& 07 K1 7& 07 Yov 7& O> Yv = Oa

—K —K Pu —ZuKi— K
@M — ) @V = 7’ ao - ) al = V)
K K Yuu Yuu
= YouPu + YuuPy a1 hu— DK — K
bp=—"—"""—, by = :

Yo Yov Yov

with p,, py, A, K1, and k> being arbitrary parameters satisfying the above constraints.
Case 3. Eq. (29) admits a further solution branch defined by

K1 ?é 07 bl = 07 ’}/uu ’}/vv (_%tv }/vu + ’}/uu ’}/vv) ?é 0, ')/vu ?é 07

= Yt py o = —ZuKiL R
Pou ’ Yo '
K
bO <\ —pla gu = _727
Yov Ki

with p,, py, K1, and K, being arbitrary parameters satisfying the above constraints.
Case 4. Eq. (29) admits another solution branch characterized by

Pu= Oa Py = 07 Yuv = 07 Y = 07

M #0, %u#0, %hu#0,

K> KA
ag=-——, a=-5—,
You 2%}14
A
bo==b;, A==+2VM,

2

with M, by, k1 and k; being arbitrary parameters satisfying the above constraints. The corresponding
solutions are
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Exact solitary-wave solutions

For illustration, we focus on Case 1, which yields representative solitary-wave solutions.
For Case 1, with A> —4M > 0, the solutions take the form

0i0) D+ A ACwinh(%C)%—Qcosh(%C)] 30
o) =————|—5+3 )
Yuu 2 2Cwosh(%§)+@sinh(%§>
A ACwinh(%C)%—Qcosh(%{)
Vil€)=bo+bi|—5+5 X N | (31
C cosh(zé) +C s1nh<§£j>
If A2 —4M =0,
9,K1 + K A C
U = —— 32
2(6) Y ewwondk (32)
A C
Q) =bo+bi| =5+ ¢ +2CzC (33)
Finally if A> —4M < 0,
Uy() = -2kt A+Q_Clsm<%>+czcos<%g)] (34)
3()=————|—5T5 ;
Y 2 2 Cwos(%{,’ +C2sin(%C)
A Q—Qsin(%(:)—l—czcos(%g)
Va(§) =bo+bi|=5 +5 C <Q ) o : (35)
jcos(5¢ ) +Casin( 5§

To illustrate the influence of the fractional orders and model parameters on the obtained traveling-wave
solutions, two- and three-dimensional plots are presented in Figures 2—8. The parameters o; and ¢, de-
note the orders of the temporal and spatial fractional derivatives, respectively. For visualization purposes,
the analytical solutions are expressed in terms of the physical variables x and ¢ through the traveling-wave
transformation.

Figures 2—4 present the two- and three-dimensional profiles of the solutions V; (&), V2(&), and V3({)
corresponding to the three cases A —4M >0, A> —4M =0, and A% —4M < 0, respectively. The graphical
results clearly indicate that the qualitative behavior of the traveling-wave solutions is highly sensitive to
the sign of the discriminant A — 4M, leading to distinctly different wave structures in each case. The
presented figures illustrate the traveling-wave profiles corresponding to the selected parameter values
listed in Tables 1-3. The qualitative behavior of the solutions depends on the sign of the discriminant
A? —4M, which leads to hyperbolic, rational, and oscillatory wave structures.

To investigate the effect of the fractional-order parameter, the solutions are also plotted for

a=o=0ua0,=0.3,0.5,0.7, 0.9,
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while all remaining parameters are fixed at the values listed in the corresponding tables. This enables a
direct comparison of the influence of the fractional order on the traveling-wave profiles. To verify the
obtained solutions, each solution family was substituted symbolically into the reduced system (19) using
Mathematica. The resulting residuals vanish identically, confirming that the derived expressions satisfy
the reduced system exactly.

4.1.1 Biological significance of the fractional-order parameters

The fractional orders ¢ and o, provide a natural way to incorporate memory and nonlocal interactions
into the present species-interaction model. The temporal fractional order ¢ characterizes the strength
of the memory effect in the population dynamics. Smaller values of ¢; indicate that the current growth
and interaction rates are more strongly influenced by the past states of the populations, whereas values
approaching the corresponding classical (integer-order) dynamics.

Similarly, the spatial fractional order o, describes the degree of nonlocal dispersal. Lower values of
o, represent anomalous diffusion, where individuals may perform long-range movements or disperse
through heterogeneous environments, while o, = 1 recovers the classical local diffusion process.

In the numerical illustrations, the representative values @ = 0.3, 0.5, 0.7, and 0.9 are selected to demon-
strate different biological regimes ranging from strong memory and pronounced nonlocal transport to
weak memory and nearly classical diffusion. These values are not intended to represent a specific eco-
logical system, but rather to illustrate how variations in the fractional orders affect the propagation speed,
localization, and shape of the traveling-wave solutions. Consequently, decreasing the fractional orders
leads to slower wave propagation and broader wave fronts due to enhanced memory and nonlocal effects,
whereas increasing the orders towards unity results in faster propagation and wave profiles approaching
those of the corresponding classical reaction—diffusion model

4.2 Verification of the obtained %/-expansion solutions

To verify the correctness of the obtained analytical solutions, each solution family derived by the %—
expansion method was substituted into the reduced algebraic system obtained from the coefficient com-
parison. The corresponding algebraic residuals are defined by

K + K| @u ap — ’}/uua% - yuvalbla
K+ K19, )Aay + puay — 2%414“0“1 - YMvaObl - YMvalbOa

(36)

)

)
K2 + K1 Du)May + Pudo — Yty — Yuvdobo,

)
K2 + K1 D) Ab1 + pyb1 — 2%wbob1 — Youdob1 — Youa1 o,
)

Ry = —(
Ry=—(

Ry = —(

Ry = —(K24 K1 Z)b1 — Vb — Va1 by,

Rs=

Re = — (K2 + K1 2,)Mb1 + pybo — Yovbg — Youttobo.-

For each admissible parameter set reported in Section 4, the corresponding parameter constraints were
substituted into R; (i = 1,...,6). Symbolic simplification using Mathematica yielded

R1 :R2 :R3 :R4 :R5 :R6EO,
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— a=0.9 1
15F .
| a=0./ ]
10F .
a=05
0.5F .
a=0.3
00 ;| 1 N n N 1 N N L L 1 L L L L | L L L L I;
0.0 0.5 1.0 15 2.0
vi(§)

Figure 2: Two- and three-dimensional profiles of the solution V;({) corresponding to the parameter values listed
in Table 1 for the case A> —4M > 0.

Table 1: Parameter values used in Figure 2

Parameter o o, by by Yoo Yu C1 C pp K1 Ko A M X t
Value 05 05 7 075 07 09 2 3 08 2 1 5 2 (0,5 (0,5
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a=09

150 .
I a=0.7

1.0+ .
a=0.5

05+ B
a=0.3

0'071 1 1 1 JA

0.0 05 1.0 15 2.0

Va(8)

Figure 3: Two- and three-dimensional profiles of the solution V»({) corresponding to the parameter values listed
in Table 2 for the case A> —4M = 0.

Table 2: Parameter values used in Figure 3

Parameter o o, by b Yo Yu C1 G py K Ko A M X t
Value 05 05 7 075 07 09 2 3 08 2 1 4 4 (0,5 (0,5
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0.0 0.5 1.0 15 2.0

Figure 4: Two- and three-dimensional profiles of the solution V3({) corresponding to the parameter values listed
in Table 3 for the case A> —4M < 0.

Table 3: Parameter values used in Figure 4

Parameter o, o, by b Yo Yu C1 G py KI Ko A M X t
Value 05 05 7 075 07 09 2 3 08 2 1 3 4 (0,5 (0,5
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which is equivalent to the symbolic output
{True, True, True, True, True, True}.

Furthermore, the obtained expressions U () and V ({) were substituted into the original fractional reaction—
diffusion system (1), and the corresponding differential residuals were defined by

R, = D;x’l’t - @uDgxu - (pu — Yuulh — YMVV)M)

R, = DYv — D,D%v — (P, — YV — Yould)V.

After symbolic simplification in Mathematica, both residuals vanished identically,

Therefore, the obtained closed-form solutions satisfy not only the reduced algebraic system but also the
original fractional reaction—diffusion equations exactly, confirming the correctness and internal consis-
tency of the derived solutions.

4.3 Closed-form solutions of the main problem using the Exp—function method

To construct explicit solitary-wave solutions for the reduced system (19), we employ the Exp—function
method. The highest-order derivative terms U’({) and V/({) are balanced against the dominant nonlinear
terms U?({) and V?({). Consequently, the homogeneous balance procedure yields

M=N-=1.
Accordingly, the Exp—function ansatz is chosen as

a_le";—i-ao—i—aleg c_1e*§+c0+cleg
= S ) V()= = : (37)
b_1e=%+4by+biet d_ e~ +dy+det

U(¢)

Substituting the ansatz (37) into the reduced system (19), multiplying both equations by the correspond-
ing denominator polynomials, and expanding the resulting expressions produce polynomials in 5. Col-
lecting the coefficients of the linearly independent powers €"¢ (n = —3,—2,...,3) and setting each coef-
ficient equal to zero yield a coupled nonlinear algebraic system for the unknown coefficients

ai, bi7 Ci, di (12_17071)

The resulting algebraic system is solved symbolically using Mathematica. Since the intermediate sym-
bolic expansions are lengthy and do not provide additional analytical insight, they are omitted for brevity,
whereas the complete nonlinear algebraic system is presented below. The reported equations can be re-
produced directly by following the above symbolic procedure.

By applying the above symbolic procedure to the first equation of the reduced system (19), the following
nonlinear algebraic system is obtained:
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Pua_1b_1d 1 — Yua® \d_y — Ywa_1b_jc_; =0,
Pua_1b_1do + pua_ibod_y + puaoh_1d_y — Yua® \do — 2Yua—1aod—_1 — Yiwa_1c_1bo
—Ywaob_1c_1 — Ywa_1cob_1 — (K2 + K1 D, )a_1bod 1 + (1 + K1 D )b—_1a0d -1 = 0,
pua_1b_1dy + pya_1bodo + pya_1b1d_1 + puaob_1do + puaobod 1 + pyarb_1d
Y@ 1 d1 — Yuu@gd—1 — 2Yuua—1a0do — 2Yua—1a1d— — (Kz + K1 D) a—1bodo
+(K2 + K1 D4 )b_1a0dy — 2(K2 + K1 Dy )a—1b1d—1 +2(K2 + K1 Dy )arb_1d—; = 0,
Pua—1body + pua—1b1do + puaob-1dy + puaobodo + puaob1d—1 + puarb—1do + pyaibod-
2% -1a0dy — 2%ua-1a1do — Yuudgdo — 2Yuudoard—1 — YuyC—1d0b1 = YuvCoa—_1b1 — Yuvc—1a1bg
—Yuv€oaobo — Yuvc1a—1bo — Yucoarb—1 — Yuciraob—1 — (k2 + K1 2, )a_1bod;
+(K‘2 + Kl-@u)aob—ldl — 2(1(2 + K‘l.@u)aflbldo + 2(1(2 SE K‘l.@u)albfldo =0,
pua—1b1dr + puaobodi + puaobido + pyarb—1dy + puaibodo + puarbrd—,
—2Ywa—1a1ds — Yuuagdy — 2Yuaoardo — Yuu@id—1 — Ya@1c—1b1 — Yuvaocob—
—Yuw@ocob1 — Yua—1¢1b1 — Yuaicobo — Yuaoc1bo — Ywaicib_1 — 2(k2 + kK19, )a_1b1d;
+2(x2 + K1Dy)a1b_1dy + (K2 + K1 D )a1bodo + (K2 + K1 Dy )a1bod; — (k2 + K1 D), )aob1dy = 0,
Pudobidy + puaibodi + puarbido — 2Yuaoard — Yuaido — Ywaicibo — Yuwaicobt — Ywdociby =0,
puarbidy — Yuaid, — Yuarbicy = 0.

Applying the same symbolic procedure to the second equation of the reduced system (19) yields the
following nonlinear algebraic system:

— Y€1 b1 — Youa—1c_1d—1 + pyc_1d_1b_1 =0,
pve—1b_1do + pyc—1bod—_1 + pycob—1d_1 — Yinc® 1bo — 2%wC—1c0b—1 — You—1¢—1dp
—Yu@oC—1d—1 — Yyua—1cod—1 — (Ko + K1 Dy )c_1dob_1 + (k2 + k1D, )d—1c0b-1 =0,
pve—1b_1d1 + pyc_1body + pyc_1b1rd_1 + pycob_1do + pycobod_1 + pycib_1d_4
— Y% 11 — 2%wC—160b0 = 2ViC_1€1D_1 — YouCb—1 — Youa—1c—1d1 — Yuaoc—_1do
—Youa—1codo — You@rc—1d—1 = Youaocod—1 — Yua—1c1d_1 — (i + K1D,)c_1dobo
+(12 + K19, )cod—1bo = 2(K2 + K1 Dy )c_1d1b 1+ 2(K + K1 D, )e1d_1b—_1 = 0,
pvc—1body + pyc_1b1do + pyvcob-1dy + pycobodo + pycobid—1 + pyc1b—1do + pycrbod -1
—2%we—1¢0b1 — 2¥we— 1150 — YnCgbo — 2%iwcoc1b_1 — Yuoc—1d1 — Youa—1cod
—Yua1¢—-1do — You@ocodo — Yua—1c1do — Youad1cod—1 — You@oc1d—1 — (K2 + K1 Dy )c—1dob,
+(K2 + 1%y ) cod-1b1 — 2(Kk2 + K1 Dy ) c—1d1bo + 2(Kk2 + K1 Dy ) c1d—1bg (38)
+(k2 + K1%y)c1dob—1 — (K2 + K1 Dy ) cod1b—1 = 0,
pvc—1b1dy + pycobody + pycobido + pycib-1dy + pyveibodo + pycibrd—1 — 2¥c—1c1by
— Y CGb1 = 2¥ncoc1bo — Ve b1 — Fuaic—1dy — Yuocodi — Yua—1c1dy
—Y%uaicodo — Youaoc1do — Youarcrd—1 —2(k2 + k1 Dy)c1d1by +2(ia + K1 D, )erd—1by
+ (12 + K1 Dy ) c1dobo — (K2 + K1 Dy ) cod1by = 0,
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pycobidy 4 pyeibidy 4 pycibody — 2Ywcociby — Ycibo — Va1 cody = Youtoc1d
—%ualcldo — (Kz + K .@‘,)Codlbl + (K2 + K @V)Cldobl =0,
pve1bidy — Yucib — Yaicidy = 0.

Solving the above nonlinear algebraic system symbolically yields several admissible solution branches
corresponding to different parameter constraints. These branches are presented and discussed separately
in the following cases.
Solving the nonlinear algebraic system (38) symbolically using Mathematica yields four admissible so-
lution branches, each corresponding to a distinct set of parameter constraints. These solution branches
are presented below.

Case 1. One admissible solution branch is obtained under the parameter constraints

Yo = 07 Yy = 07 ap = 0; Yuu K1 Pv 7é 07 You 7é 07 bO = O,

bicidipy #0, d_i(Zvx1+K)pu#0, a_jc 1 #0,

_ ’}/vuplf 4 YuuKva

D
Y K1 Pv
py =D gy ot
You 1
. b1py y c_1d; _ -1
ay=——, 1= 3 b*l_iv
Yuu d- Py

with ¢, b1, c1, d1, K1 and p, arbitrary constants. The corresponding exact solutions are given by

e SHEDE = et (D
(%fw)efé +bret’ (11) d,le*4+("%l)+d1e€

Un(8) =

Case 2. Another admissible solution branch is obtained for
b():O, d0=0, ao:O, 6‘71:0, d1:0,

Yuv = 07 Y = 07 K] 7é 07 Pv 7é 07
_blpu"i_al’}/uu?éoa d—lpu#oa ai %07

—K K
@u = ﬂ? -@v = _727 You = yvupu’
K1 K1 Py
by = al’}/vu’ b = afl}/uu’
Py Pu

with a_, ¢y, co and Kk, arbitrary constants. The corresponding exact solutions are given by

a,le{ +alec v (C) - co—l—cleC
(Ce Ty (GEet TS =

Ui (€)=
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Case 3. A third solution branch is obtained under
’)/W:O, }/L,V:(), C1:0, a():O, b():(),

YouKi 7& 07 YuuPv 7é Oa dflpv 7& 0» Pu 7& 0>

O R . S %
You YouKi Ki

a—1%u arYuu
b*l = ) bl = ’

o Pu
witha_y, aj, c_1, co, do, diand K, arbitrary. The corresponding exact solutions are given by

a,le*‘; —i—aleg c,le*C—l—co

) V y ‘
(C)eC 4 (A) L 13)(6) d_re=t +do+dyet

Uis)(8) =

Case 4. The final admissible solution branch is obtained for
Yo = 07 Yo = 07 You 7"é 07 K1 7"é 07

blcldlpu#oa C—lpu#oa d—lpv?'éoa

_ PvYuu g = 7’53 _ YouPu
u o ’ u Kl, (n oy 5
by — a—1Yu b — a0Yuu _ c1do _ c-1d; _ b1pu
-1 = ) 0 — , 0= —7F, C1= , a1 = )
Pv Pu dl d,1 Yuu

with c_y, by, ag, a_1, d_1, do, di, and K being arbitrary constants. The corresponding exact solutions
are given by

a,le_c “+ap+ (%) s

c1e b+ (%) + (CZCII') b
—a";vy"“> e S+ (%) +bieb

d_1e_c —i—do—l—d]ec

Ua)(8) = ( Via ()=

Verification of the obtained Exp—function solutions

To verify the validity of the obtained analytical solutions, all solution branches derived from the Exp-—
function method were substituted into the original fractional reaction—diffusion system (1).

Using the fractional traveling-wave transformation together with the adopted fractional derivative prop-
erties, the residual functions were defined as

R, = Df'u— D,D%u— (Py — YViuulh — YivV) Uy

R, = D{*v— 2,D%v — (P, — YoV — Yoult)V.
The obtained expressions U () and V(&) were substituted into these residuals and simplified symbol-
ically using Mathematica. As a representative example, substituting U(; 1y({) and V{; 1)({) into the

above residual functions shows that both residuals vanish identically. The same verification procedure
was applied to all remaining admissible solution branches.
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For every admissible solution branch reported in this section, the residuals were found to satisfy

Therefore, all reported Exp—function solutions satisfy the original fractional-order coupled system (1)
exactly and not merely the reduced ordinary differential system (19).

The parameter values used in the figures are dimensionless and were selected solely to illustrate the
qualitative behavior of the obtained analytical solutions. They are not intended to represent a specific
biological system.

To illustrate the qualitative features of the obtained solutions, several representative profiles are presented
in the following figures.

5 Conclusion

In this work, the Exp—function method combined with the rational %—expansion method was employed
to derive exact analytical solutions of space—time FDEs relevant to ecological and population dynamics
models. The obtained solutions encompass various functional forms, including hyperbolic, rational, and
soliton-like structures. To assess the qualitative behavior and validate the results, both two- and three-
dimensional graphical simulations were conducted.

The findings reveal that fractional-order formulations capture the inherent complexity of ecological inva-
sion processes more effectively than classical integer-order models, accurately representing spatial and
temporal heterogeneity. The derived soliton-type solutions underscore the utility of fractional derivatives
in modeling species dispersal and interaction dynamics. By integrating fractional calculus with advanced
expansion techniques, this approach not only provides closed-form analytical solutions but also deepens
the theoretical understanding of nonlinear ecological systems.

Overall, these results demonstrate the versatility and reliability of fractional models in representing real-
world ecological scenarios. Future research could extend this framework to higher-dimensional frac-
tional systems and more intricate ecological settings, including multi-species interactions, predator—prey
dynamics, and resource-limited environments. This study highlights the potential of fractional-order
modeling to advance both theoretical insights and practical applications in applied mathematics, ecol-
ogy, and related disciplines.
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Figure 5: Two- and three-dimensional profiles of the exact solutions U(; ;)(x,t) and V{; ;)(x,t) corresponding to
Case 1 of the Exp—function method

Table 4: Dimensionless parameter values used to generate Figure 5

Parameter o, o a_1 c_1 ¢ by d d_ You Y Pv K K X t

Value 172 12 7 2 1 2 8 -4 5 4 3 2 3 (05 (0)5)
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(@) Uy 2)(x,1) (d) Uy 2)(x,1)

T S S S E
70 0 1 2 3 4 5

(c) V(l,z)(x,t) (d) V(I,Z)(XJ)

Figure 6: Two- and three-dimensional profiles of the exact solutions U(; 5)(x,t) and V{; 5)(x,t) corresponding to
Case 2 of the Exp—function method

Table 5: Dimensionless parameter values used to generate Figure 6

Parameter o o a-1 ar co ¢c1 Ad-1 You Y Pu Py Ki K2 X t

Value 05 05 7 31 4 8 5 4 2 3 2 3 (05 (0,)5)
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(c) V(1’3)(x,t) (d) V(173) (1)
Figure 7: Two- and three-dimensional profiles of the exact solutions U(; 3)(x,t) and V{; 3)(x,t) corresponding to

Case 3 of the Exp—function method

Table 6: Dimensionless parameter values used to generate Figure 7

Parameter o, o a1 a ¢y c—1 d_1 dyo di You Y Pv Ki K2 X t

Value 65 05 7 3 1 -2 4 1 8 5 4 3 2 3 (05 (0)5)
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0 1 2 3 4 5

(b) Uy 4 (x,1)

I T T

(©) Vi1.4)(x,1) (d) V(1,4)(x,1)

Figure 8: Two- and three-dimensional profiles of the exact solutions U(; 4)(x,t) and V{; 4)(x,t) corresponding to
Case 4 of the Exp—function method

Table 7: Dimensionless parameter values used to generate Figure 8

Parameter o o a-1 a by c1 d dy d You Y Pv Ki K X t

Value 172 172 17 1 2 2 4 1 8 5 4 3 2 3 (05 (0,5
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