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Abstract. The evolutionary history of somatic mutations within cells, which plays a key role in the de-
velopment of cancer, can be represented using a phylogenetic tree. Studying the evolution of mutations
is crucial for advancing cancer treatment. In this study, we address the problem of reconstructing phy-
logenetic trees from mixed populations of cells, modeled as the cladistic multi-state Perfect Phylogeny
Mixture Deconvolution Problem (PPMDP). Given the frequency measurements of character states across
bulk samples, the objective is to infer a tree that satisfies Infinite-Alleles Assumption (IAA). To this aim,
we propose a Binary Linear Programming (BLP) formulation. The method incorporates both Single-
Nucleotide Variations (SNVs) and Copy Number Variations (CNVs) as input data. We evaluate the
approach using simulated and real data, and demonstrate that the BLP model reconstructs phylogenetic
trees efficiently and accurately, showing high coincidence with the ground truth trees.
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tion, combinatorial algorithms.
AMS Subject Classification 90C10, 90C90:

1 Introduction

The evolution of cancer, is characterized by the accumulation of genetic alterations, including point mu-
tations SNVs, CNVs, and various other structural changes in the genome. The SNVs involve genetic
changes at a single genomic location. In contrast, genomes often contain multiple copies of certain
genes, with these copy numbers are subject to alteration through duplication or deletion of genomic
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intervals. These mutations accumulate in the cell population over time [5]. Bulk tumor sequencing
captures mutation information across a population of cells. Tumors are composed of a heterogeneous
mixture of healthy and malignant cells, a phenomenon known as tumor heterogeneity. A clone refers
to a subpopulation of cells that share an identical genomic profile. The CNVs are widespread in tumors
and often overlap, making them difficult to analyze in isolation. As a result, tumor heterogeneity poses
a significant challenge for accurate genomic interpretation [12, 16]. Accurate reconstruction of the phy-
logenetic tree is challenging due to the combinatorial nature of the problem and constraints such as the
IAA, which requires that each mutation occurs at most once and is inherited by all descendants [16].
Two main approaches are commonly used for clonal reconstruction: probabilistic and combinatorial.
On the other hand, these processes utilize data on either SNVs or CNVs [10, 15]. Reconstruction of
phylogenetic trees from mixed cell populations can be formulated as the multi-state PPMDP. In this
setting, the input consists of frequency measurements of character states across bulk samples, where
each sample contains a mixture of clonal populations. Each clone carries distinct somatic mutations,
including SNVs and CNVs [1, 5, 12]. Previous approaches proposed for solving multi-state PPMDP
include enumerative combinatorial methods such as SPRUCE [18] and AncesTree [10], which generate
compatibility graphs and identify valid trees. In fact, SPRUCE focuses on enumerating valid solutions
and seeks to build a fully consistent structure. Our model introduces a BLP formulation for the multi-
state PPMDP that directly captures the evolutionary constraints induced by both SNVs and CNVs. By
encoding the Multi-State Ancestral Condition (MSAC) and the Multi-State Sum Condition (MSSC), it
produces deterministic, reproducible, and mathematically rigorous solutions while integrating SNVs,
CNVs, and cladistic constraints within a unified optimization framework. The model extracts the largest
phylogenetically consistent structure from the data while identifying inconsistent events. Its output may
be either a phylogenetic tree or a phylogenetic forest. When a forest is obtained, the largest connected
component represents the dominant, well-supported phylogeny, whereas the remaining components cor-
respond to poorly supported events, noisy observations, or mutations lacking sufficient evidence to be
incorporated into the main evolutionary history. This behavior is consistent with real cancer sequencing
data, where Variant Allele Frequency (VAF) measurements are often noisy, CNVs may be inaccurately
estimated, and some mutations have low sequencing coverage. Rather than forcing every event into a
single phylogeny, the proposed formulation preserves all available information by separating inconsis-
tent events from the largest feasible evolutionary structure. This feature is advantageous for biological
interpretation and downstream data analysis. Furthermore, the formulation is compatible with modern
optimization solvers such as CPLEX and Gurobi, enabling efficient analysis of moderately sized datasets.
Its modular design also facilitates the incorporation of additional data types and biological constraints,
making it readily extensible to more complex settings, including multi-sample and longitudinal tumor
phylogeny reconstruction. These characteristics make the proposed BLP formulation a flexible and ef-
fective framework for high-fidelity clonal reconstruction in cancer genomics [2, 3, 19]. The BLP model
reconstructs phylogenetic trees representing the ancestral relationships between clones and is evaluated
on both simulated and representative real datasets. Figure 1 illustrates the proposed pipeline. Program1
constructs the ancestry graph, and the resulting graph is subsequently used as the input to program?2,
which reconstructs the phylogenetic tree.

The rest of the paper is organized as follows. In Section 2, we discuss the PPMDP and in Section
3 we formulate it as a BLP. In Section 4, we implement BLP formulation on simulated and real data
considering measurement errors to evaluate the designed method. We compare the results of BLP with
the output of the SPRUCE algorithm. Finally, Section 5 is devoted to some concluding remarks and
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Figure 1: Overview of the proposed method

(A) Tensor Fp,«,xk, Where m =2,n =5k =5, and state trees, we obtain the descendant set and, as a result, the
cumulative frequencies of flf (D(c,iy)> which are the components of the tensor F *. (B) We convert tensor F' to
matrix F . (C) We obtain the ancestral graph using the matrix F* and the MSAC. (D) Given tensor F and ancestral
graph, we obtain the phylogenetic tree.

future research directions.

2 Character-based phylogeny mixture problems

A commonly used approach to illustrate the evolutionary trajectory of cancer is through phylogenetic
trees. In such trees, the root represents the founder clone-corresponding to the earliest point in tumor
evolution, while the leaves denote the present-day clones. These leaves correspond to advanced cancer
cells, and the edges depict ancestral relationships among them [17]. In two-state phylogenetic recon-
struction, where only SNVs are considered, taxa are typically described by binary characters, evolving
under the Infinite Sites Assumption (ISA), which excludes homoplasy. The ISA posits that each genomic
site can be mutated at most once during the evolutionary history of a cell population and that mutations,
once acquired, are irreversibly inherited by all descendant cells without reversion or recurrence [8].

However, in the context of cancer, CNVs introduce more complex mutational patterns, where char-
acters can exhibit more than two states. The multi-state PPMDP integrates both SNV and CNV data
within a unified evolutionary framework. In this setting, taxa (i.e., the leaves of the phylogenetic tree)
are characterized by multi-state characters that evolve under the IAA. The IAA postulates that each mu-
tational event produces a novel allelic state that has not previously appeared in the population. As a
result, no allelic state can arise independently more than once during the course of evolution. Under
this assumption, a character may undergo multiple state transitions along the phylogenetic tree; however,
transitions to any previously observed state (i.e., reversions or parallel recurrences of the same state)
are prohibited. This constraint ensures that each allelic state corresponds to a unique mutational origin,
thereby enforcing a perfect phylogenetic structure.

In the character-based mixture matrix, the input is not individual taxa or leaves but rather mixtures of
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leaves. These mixtures are represented by a frequency matrix F,«, in the two-state case and a frequency
tensor F,,,«,,»x in the multi-state case.

Definition 1 ([7]). Matrix F,,, is referred as a frequency matrix, if each component of F , denoted by
fpi» represents the observed VAF for mutation i in sample p such that Y, f,i < 1, fpi > 0.

Definition 2 ([7]). Matrix Uy, is referred as a usage matrix if each component of it, denoted by u,;,
indicates the fraction of cells in sample p originating from clone v; (note that Y, up; < 1,up; > 0).

Definition 3 ([7]). An n-clonal tree for a mutation set [n] = {1,...,n} is a rooted tree with n nodes,
where each edge is labeled with a unique mutation, and no mutation emerges more than once.

Under these assumptions, the ancestral relationships among clones in an evolving population can
be modeled by a clonal tree, represented as a rooted directed tree. The root corresponds to the founding
clone, while each internal or leaf node represents a descendant clone generated through the accumulation
of one or more novel mutations. Edges in the clonal tree encode direct ancestral relationships between
clones. Each edge is labeled by the mutation that differentiates the child clone from its parent. Conse-
quently, the haplotype of a clone-defined as the set of mutations that uniquely characterizes it-is given by
the collection of edge labels along the unique path from the root to the corresponding node. Leaf nodes
represent clones observed at the terminal stage of the evolutionary process.

The clonal tree can be equivalently represented in matrix form. Let B € {0,1}"*" denote the binary
mutation matrix, where the rows correspond to the z clones (i.e., tree nodes) and the columns correspond
to the n mutation sites. The entry b;; = 1 indicates that mutation j is present in clone i, whereas b;; = 0
indicates its absence. Thus, each row of B encodes the haplotype associated with a specific clone in the
clonal tree.

Proposition 1. (/3]) Matrix B (or tree T) yields matrix F if and only if there exists an usage matrix U
such that F = %U X B.

In a two-state perfect phylogeny, the character c satisfies the ISA. Consequently, the following propo-
sition is established.

Proposition 2. ([3]) If T yields F and (c,1) is an ancestor of (d, 1) which is denoted as (c,1) <7 (d, 1),
then all nodes in T with state 1 for character d must also have state 1 for character c.

From Proposition 2, the following ancestral condition is implied [3].

Ancestral condition: If 7 yields F and (c,1) <r (d,1), then f, (1) > fp (4,1) for all samples p and
characters ¢ and d. Under the ISA, T 1) (a subtree comprising all nodes with state 1 for character c) is
equal to T(Ql) (a subtree rooted at node v(. 1)), which is expressed as

Tie1) = Viey Y (U@ nesenTian) (1)

where J(. ;) represents the children of v(. ;). From Equation (1), fp 1) = Zu%(d’l), and the non-
(dsl)ET(al)
negativity of u, . 1), the sum condition follows.

Sum condition: If 7" yields F' then f, 1) > Z Jp,(a1), for all samples p and characters c.
(d*,l)ea(f,l)
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The ancestral condition is necessary, while the sum condition is both necessary and sufficient for
solving the two-state perfect phylogeny mixture problem. The BLP model for this two-state problem has
been proposed in [3].

The SPRUCE algorithm [4] addresses the multi-state PPMDP by integrating SNVs and CNVs data
within a unified combinatorial framework. The model operates under the IAA, which formally requires
that, for each character, every mutational event induces a novel state that has not previously appeared
in the evolutionary history. Consequently, although multiple state transitions per character are allowed
along a root-to-leaf path, transitions to any previously realized state are forbidden. This constraint en-
forces a directed acyclic structure consistent with perfect phylogeny. Let [n] = {1,...,n} denote the set of
characters and let each character take values in a finite state set. The objective is to reconstruct a rooted
tree T whose nodes correspond to clones and whose edge labels encode mutational state transitions,
such that the observed frequency tensor F (derived from SNV and CNV measurements across samples)
can be explained as a convex combination of clone genotypes consistent with 7. The joint incorpora-
tion of SNV and CNV information introduces additional structural constraints linking mutation states
across characters, thereby increasing the dimensionality of the feasible solution space and the combina-
torial complexity of the reconstruction task. The multi-state PPMDP can therefore be formulated as the
problem of determining a tree 7" and associated clone frequency variables that satisfy the IAA-induced
phylogenetic constraints and reproduce the observed data F.

Problem 1 (PPMDP): Given an m X n x k dimensional frequency tensor F = [[f}, (»]], find an n,k-
complete perfect phylogeny tree 7, x and an m, n, k-usage matrix U = [u,, (. ;)] such that f, (. = Z Up ()
(d.J)ET (¢
holds for all character-state pairs (c,i) and all samples p.
Note that f, ;) is the frequency of the character-state pair (¢,i) in sample p, where Zk fp =

L, fp iy = 0, and uy, (. ;) represents the proportion of taxa v(.; in sample p, with }'_ ):
Ly e ,) = 0.

10P

Definition 4. An n,k-complete perfect phylogeny tree is a rooted tree with n(k— 1) + 1 nodes, where each
of the n(k — 1) edges is labeled with a unique character-state pair of [n] x [k — 1] where [n] = {1,...,n}
no character-state pair emerges more than once.

Proposition 3. ([/]) A tree T yields F if there exists a usage matrix U such that f, (., = Z”m(d- j)-
(d-,j)ET(L-J‘)

Under the IAA, each character ¢ may attain multiple distinct states throughout evolution; however,
every state is introduced exactly once in the phylogeny, and transitions to any previously realized state
are prohibited. Let 7. ;) denote the subtree of the phylogenetic tree and comprises all nodes whose state
for character c is 1. 7. ;) is defined as the disjoint union of the node v(.. ;) and the subtrees rooted at each of
its children. In general, T(. ;) # T{.;), since the structure induced by state i depends not only on the node
V(i) and its descendants, but also on its relative position with respect to other state nodes v(. j), j # i
of the same character. Because multiple states of a character are organized along directed paths w1thout
recurrence, the subtrees 7. ;) and T, ;) may exhibit hierarchical (ancestor-descendant) relationships or
be disjoint, depending on their placement in the tree. To formally characterize the relationship between
T, and T(Qi) , we introduce the notion of the descendant set of a character state, which captures all nodes
reachable from v, ;) via directed paths in the phylogenetic tree.
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Definition 5. Given a perfect phylogeny tree T, the descendant set for each character-state pair (c,i) is
defined as D(C,i) = {.]| (Ca l) =T (Ca ])}

Based on the definition of the descendant set, the descendant set (c,0) (here, (1,0) is considered),
which represents the root of the tree 7', is defined as D .. o ={0,...,k— 1}, where k is the number of states
that a character can take. Consequently, the descendant set estabhshes the relationship between 7(. ; and
Tieiy as Tie iy = Yien ., Tie.- Therefore, with the descendant set determined from 7', the cumulative
frequency of the descendant set for each character-state pair is calculated for each sample as

Y, foien- 2)

lED((,i)

The components of the usage matrix are then derived from these cumulative frequencies as

h=FDey)— Y, [ (Dw)- 3)
(d,j)ed(c,i)

For T to yield F, u,, ;) must be non-negative. This condition is both necessary and sufficient to
solve PPMDP. Consequently, the following theorem is proven.

Theorem 1. (MSSC) ([4]) A complete perfect phylogeny tree T yields F if and only if
L Dep)= Y Sy (D) =0 @)

(d.j)ed(c,i)
for all character-state pairs (c,i) and all samples p.

From Theorem 1, a necessary condition for the descendant sets D (.. ;) and D4 ) is derived.

Multi-state ancestral condition: Suppose (c,i) and (d, j) are distinct character-state pairs, and D,
D jy €{0,...,k—1}. A pair (D, D4 ) is considered a valid descendant set pair if £, (D(. ;) —
fp (Da,jy) = O for all samples of p. Furthermore, if ¢ = d, then D(. ;) C D4 j).

The PPMDP can be reduced by assuming that, for each character ¢ € [n] a corresponding state tree
is given. This restricted formulation is referred to as the cladistic PPMDP, in which the evolutionary
transitions among the states of each character are constrained to follow a predefined rooted tree structure.
Formally, let S. denote the state tree associated with character c. The feasible phylogenies are then
required to be consistent with all state trees {S.|c € [n]}, thereby significantly reducing the combinatorial
search space compared to the general multi-state PPMDP.

The cladistic PPMDP was previously addressed in [4] via the SPRUCE algorithm using a combi-
natorial reconstruction strategy. In this study we provide a formulation based on BLP, which models
the phylogenetic consistency constraints and mixture deconvolution conditions within an optimization
framework.

The state subtree specifies the relationship between character-state pairs that have the same character
and different states. That is, in this way we can determine the generation set of each node. Therefore,
from the tensor F and the state subtrees S., we obtain the tensor F* from (2). Then, by converting the
tensor F* to the matrix F and using the ancestral condition, the relationship between nodes in different
trees is determined. In fact, the relationship between character-state pairs that do not have the same
character is also determined, and thus the ancestral graph is obtained (programl). Then, we give the
ancestral graph and the tensor F as input to our BLP model and obtain the desired phylogenetic tree
(program?).
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Definition 6. .7 = {S.|c € [n]} denote the collection of state trees, where for each character c, the rooted
tree S; encodes the ancestral relationships among its states. The node set of S; corresponds to the states
of character c, and its directed edges represent immediate ancestor-descendant relations between states.

For each character ¢ and state i, define the descendant set D (.. ;) = {Jjli <s. j}, where <s_ denotes the
partial order induced by the rooted tree S.. A rooted phylogeny T over the set of character-state pairs is
said to be compatible with the state-tree collection . if, for every character ¢ and states i, (¢,i) <r (c, j)
if and only if i <g, j. That is, the restriction of T to the states of each character ¢ must preserve exactly
the partial order defined by S.

Under this restriction, the multi-state ancestral graph reduces to a simple directed graph whose nodes
are v, ;), and whose edges (v(,),v(q,j)) are labeled by the corresponding descendant sets (D(c i), D(4,j))-
Moreover, the graph satisfies the ancestral consistency condition, namely that descendant relationships
in T are consistent with the partial orders induced by all state trees in ..

3 The BLP model

In this work, we develop a BLP model for the PPMDP. Proposition 3 shows that if there exists a set U

inducing the decomposition f), ) = Y4, DETes Up,(d.j)> then the resulting tree structure is consistent with

the observed data. It is important to emphasize that u,, ;) = f,} (D(c,;)) — Z ft (D(q,j)) is defined as an
(d,j)€d(c)i)

analytical device and is not part of the decision variables in the original optimization model.

Proposition 4. ([4]) A complete perfect phylogeny tree T yields F and is compatible with state trees .
if and only if T is a spanning tree of the cladistic ancestry graph G(F,.” ), where the MSSC is satisfied.

In our formulation, we introduce binary decision variables z.;) 4,;) € {0, 1}, for every ordered pair
of distinct character—state nodes (c,i) and (d, j). The variable Z(c,i),(d,j) = 1 if and only if there exists
a directed edge from v, ;) to v(4 ;) in the reconstructed phylogenetic tree T, representing a parent-child
relationship; otherwise, z(.j) 4,j) = 0. The input data of the problem consist of the observed frequency
tensor F and the collection of state trees . = {S.}. From the state trees, one can compute, for each
node v ), its descendant set D, ;), and consequently determine the cumulative descendant frequencies
in each sample by aggregating the frequencies over D, ;). These quantities allow the construction of the
associated ancestral graph, obtained by enforcing the ancestral consistency conditions induced by F.

Moreover, the state trees . uniquely determine the relative ancestral relationships among nodes
corresponding to the same character but different states. Hence, for fixed c, the admissible edges between
nodes v(. ;) and v(. ;) in the ancestral graph are completely specified by the partial order defined by S..

Inferring ancestral relationships: The ancestral relationships between nodes corresponding to different
characters can be inferred from the cumulative frequencies computed from the state trees, together with
the ancestral consistency condition.

For nodes corresponding to the same character, the state tree S, uniquely determines the ancestral
relationships among their states. Specifically, for each node v ;), its descendant set D .. ;) is defined as
Dy = {Jj|i <s, j}. Using Equation (2), the cumulative frequency of the descendant set f, (D) can
be computed for each sample p. Once the cumulative frequencies are determined for all nodes, the an-
cestral condition can be applied to establish the parent-child relationships between nodes corresponding
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to different characters. In particular, for two nodes v, ;) and v(4 ;) with ¢ # d, the existence of a directed
edge from v(. ;) to vy ;) is inferred if and only if the cumulative frequencies are consistent with the an-
cestral condition across all samples. This ensures that the reconstructed multi-state phylogeny respects
both the intra-character relationships from the state trees and the inter-character constraints dictated by
the observed data.

In this manner, the ancestral graph is constructed. Let a(. ;) (4, j) € {0, 1} denote the binary parameter
indicating the ancestral relationship between nodes v(. ;) and v ;). Specifically, a. ;) ) = 1, if v(c;) is
an ancestor of v, ;) and 0, otherwise. This parameter encodes the presence or absence of an ancestral
relationship between the corresponding nodes in the multi-state phylogeny. If ¢ = d, then the ancestral
relationship is derived from the state tree. In a state tree S, all vertices correspond to different states of
character c. Therefore, whenever an edge (v(c’,-),v(q j)) € S, exists, state i of character c is an ancestor of
state j, and consequently, a(. ;) . j) = 1.

Definition 7. Given an m X nk cumulative frequency matrix Ft, the ancestry graph G = (V,A’) is a

directed graph with nodes V = {vy,..., vy } corresponding to the set {v(j ), V(1,1)s- - > V(1,k=1)5V(2,0)5V(2,1)
V(2k=1)1++V(n, ) Vin1)r-+ > V(nk—1 }andarcsA’:{(v(cﬁ,-),v(cvj))ﬁ%_gc j,i#j,VSCEy}U{(V(C,)
V( ¥ )|fp( i) = [ (D ) Vc;édeE[ ] ={1,...,m}} where A = {(v(c.i),V(c,j))i <s. J,¥Sc €

Proposition 5. Ler F € R *k'is a matrix representing the frequencies of k states for n characters
across m samples. Let v(.; denote the vertex associated with state i of character ¢, and let D, ;) be its
descendant set in the corresponding state tree S.. The ancestral graph G = (V,E) is constructed with
vertex set V = {v(.;} and edge set E = {(v(c.;),V(a,j))} Whenever the ancestry condition holds, namely
when the cumulative frequency of D .. ;) dommates the cumulative frequency of Dy j) in every sample. If
all columns of the frequency matrix F are distinct, this structure yields a directed acyclic graph (DAG),
in which the edges encode all possible parent—child relations consistent with the observed frequencies
and the constraints of the state trees. This DAG forms the basis of the BLP formulation of the cladistic
PPMDP.

Proof. By contradiction, suppose that there exists a directed cycle in the graph of the following form
(C],i]) — (Cz,ig) — .. (Ck,ik) — (Cl,il),

By the definition of an ancestral graph, each edge (cq,is) — (cp,ip) implies that (c,, i) is an ancestor of
(¢p,ip). Therefore, by MSAC, we have

f[j_(D(ca,la ) fp ( (cpyip) ) Vp

That is, the cumulative frequency does not decrease along the edge. Applying this inequality to the entire
circumference yields

f;(D(Clll) fp( 0212)2-"Zf;(D(ca,ia))'

Therefore, all these values must be identical.

f;(D(Cl,ll ) f+( (c2,i2) ) = :f;(D(ck,ik))'
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But in the cladistic model, each edge represents a real ancestral relationship, and in a tree, for two distinct
nodes, the relationship cannot be reciprocal. Perfect equality of frequencies for all samples is possible
only when the two nodes are practically the same, not distinct. So the existence of a cycle is impossible.
As a result, the ancestral relationship is a partial order, and any partial order can be represented as a
DAG. O

If the columns of F* are not distinct, there must be an acyclic constraint in the model, but we can
assume that identical frequency profiles are either absent or have been merged during preprocessing.
This assumption is reasonable in practice, since exact equality of frequency vectors across all samples is
uncommon in real sequencing datasets.

Theorem 2. The multi-state PPMDP can be formulated as a BLP with the following constraints:

1. MSAC:
Z a(c,i),(c,l)fp,(c,l) - Z a(d,j),(d,k)fp,(d,k) >0, Vv(m),v(d?j),vp,
[€D) keDy
2. MSSC:
Z Z a(C,i),(C,I)Z(e,r),(c,i)fp,(c,l) >
V(“)GS’ (V(“-)) lED(rJ)
Y A @R di) ok, W(c,i)s P € [m].
V(d,j) €6t (V(c,i)) kGD(d'j)
Here:

o V ={v(.lc € [n],i € [k]} is the set of nodes.
* (i) (d.j) € {0,1} is the BLP variable indicating the presence of edge (Vie,i)s Vi, j))-

(e (d,)) € {0,1} encodes ancestral relationships from the state trees.

Dy is the descendant set of node v(. ;).

Jp.(c,i) Is the observed frequency of state i of character c in sample p, and fp Z Tpe)-
l€D

These constraints guarantee that the reconstructed tree is a valid multi-state perfect phylogeny,
consistent with the ancestral relationships and the observed frequencies.

Proof. To formulate the PPMDP as a BLP model, we introduce two sets, ~(v(c;) and 87 (v(. ;) as
follows:

8~ (viey) = {Via.) € VIO vien) €A’} (5)

and

8" (vie) = {vaj) € VIV viay) €A} (6)
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Also, we define

ch,i) = {v(c‘,l) ’(V(c,i)av(c,l)) € A}

According to the MSAC and definition of cumulative frequency (2), we rewrite the MSAC as (7)

Y foten— X Soan =0 (7
ZED(UJ') kED(d‘j)
From (7), we have
Y acienfoen— Y, @@ =0 YV(c,i)sV(d,j)s VP- 3
leD! keD/

(c) (d.j)

Next, we rewrite the sum condition. We apply this condition to three nodes. To begin, we first express
the sum condition for the nodes (e,r) and (c,i) , and then for the nodes (c,7) and (d, j). For nodes (e, r)
and (c,i), we have

f;(D(e,r)) > Z f;(D(c,i))a V(e,r),p. )
V(e €6 (Vies)

Additionally, for the nodes (c,i) and (d, j), we have

V(@) €0 (Vi)

Equations (9) and (10) imply that

Y SDen)= Y fFDup). e ps

Vei) €6 (Ve,) V() €8 (Vi)
Z Z fp,(C,l) 2 Z Z fp,(d,k)?
V(i) €(V(en)) 1€D ¢y V() €0 (V(c,iy) k€D j)

Y Y aeienZenenfoien 2

Vier) € o~ (V(c,i)) IED/(”.)

Y, Y aup@nEeiapfo@n WP an
V(a, ) €0 (Ve k€D, )

This enforces that the cumulative frequency of a node dominates the cumulative frequencies of its
descendants along edges in the reconstructed tree. By combining these constraints for all nodes and
samples, the BLP formulation guarantees that the resulting tree is:

* Directed and acyclic,
* Consistent with ancestral relationships, and

» Compatible with observed frequency data, thus providing a valid solution to the multi-state PP-
MDP.
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O
Therefore, the cladistic PPMDP is formulated as the following BLP model:
max } e (e
(V(e,r) WV(e,i) ) €A’
@) S X Uerrledy (Ve Vi) €A’ (12)
V(e ) €6 (V(e,i))
Y o zenen <1, Wies) €V, (13)

V(er) €67 (Vi)

)y Y aienZenicilpicn 2

Vier) €6~ (V(c',i) ) IEch,i)

)3 Y W pan; Wea):P € ml, (1
V(a,) €07 (Ve ) k€D, )

Z(er),(e,i) € {07 1}7 v(V(e,r)7 V(c,i)) cA. (15)

Constraints (12) and (13) enforce connectedness in the reconstructed clonal tree T. Constraint (12) states
that for every outgoing edge (v(c,i),V(q,j)), there is at least one incoming edge (v(.,,V() in T, and
constraint (13) states that every node v ;) has at most one incoming edge (V(e’r),V(C,i)). Constraint (14)
enforces the MSSC, ensuring that the cumulative frequency of a node dominates that of its descendants,
as defined previously. Since the ancestral graph is a DAG, no additional constraints are required to pre-
vent cycles in the BLP formulation. Using an objective function that maximizes the number of edges
in the clonal tree offers a powerful strategy for extracting the maximum amount of evolutionary infor-
mation from genomic data such as SNVs and CNVs. This approach encourages the model to construct
trees that include the largest number of mutational events possible, provided that they remain consistent
with the data and biological constraints. Particularly when the data support a fine-grained separation of
clones, this strategy can lead to more detailed reconstructions that reveal complex evolutionary trajecto-
ries. As a result, it enables a clearer interpretation of clonal relationships and mutation order. Moreover,
this objective function may help uncover subclonal branches and low-frequency mutations that might be
overlooked at simpler models [9, 14]. The proposed BLP formulation permits the reconstruction of ei-
ther a single phylogenetic tree or, when required by the data, a forest consisting of multiple disconnected
trees. A forest is produced when the available sequencing data cannot be consistently explained by a
single evolutionary tree. Such situations may arise because of experimental noise, sequencing errors,
missing observations, or other sources of uncertainty that prevent some mutation clusters from being
placed unambiguously within the main phylogeny while satisfying all model constraints. Rather than
forcing these clusters into uncertain evolutionary positions, the formulation represents them as separate
connected components, yielding a forest. From a biological perspective, a forest should not be inter-
preted as evidence for multiple independent tumor origins. Instead, it reflects insufficient or uncertain
information in the sequencing data to establish reliable evolutionary relationships among all inferred
clones. Consequently, the disconnected components represent unresolved portions of the tumor evolu-
tionary history caused by data uncertainty rather than distinct biological lineages. For all simulated and
real datasets considered in this study, the reconstructed solutions were single phylogenetic trees, indi-
cating that the available data were sufficient to connect all inferred clones into a unified evolutionary
history. The forest formulation is nevertheless retained to improve the generality and robustness of the
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proposed model, allowing it to accommodate datasets with higher levels of noise, sequencing artifacts,
or incomplete information, where disconnected evolutionary components may naturally arise.

Theorem 3. The BLP formulation (12)-(15) is correct in the sense that

1. If T is a complete perfect phylogenetic tree compatible with . that yields F, then there exist
binary variable z(. ;) (4 j), satisfying (12)-(15).

2. If binary variables z(.;) (a,j) satisfy (12)-(15), then the directed graph formed by edges with z =1
is a rooted forest (a collection of trees) that satisfies the MSSC and yields F.

Proof. 1. Suppose T is a complete perfect phylogenetic tree that is compatible with . and yields F.
Define

_ J LIfnodev(; is the parent of v, ;),
Yed)(d) = { 0, Otherwise.

Since T is a rooted tree, every non-root vertex has exactly one parent. In fact, every vertex has at most
one parent. So constraint (13) holds. Since every non-root vertex such as v ;) that appears as a parent
must itself belong to the tree, v(.;) is either a root or has a parent v, ,) in 7. Hence

Z(ei)(d.j) S Z Z(er),(c,i) YV, Vi, j) € A
V(e €67 (Vie,i))

which satisfies constraint (12). Since 7 is compatible with . and yields F, the sum of the frequencies
of the descendant set D’(C_l.) must be at least equal to the total frequency assigned to the selected child
descendant set. So constraint (14) holds. By Definition, z € {0,1} holds. So all constraints (12)-(15)
hold.

2. Let the set of selected edges induced by the binary variables z ;) 4 ) be defined as Al =
{0y Vi) € ANz, a,) = 1} Let T, = (Va,A}) denote the graph induced by these selected edges.
We show that each 7, is a rooted tree. Consequently, 7 = {7} is a rooted forest that satisfies MSSC and
yields F. Constraint (13) states that every vertex has at most one parent. So the indegree of every vertex
in T, is at most 1. Constraint (12) states that whenever a vertex has a selected outgoing edge, that vertex
must itself belong to a T, and have a parent unless it is the root. By Proposition 5, the ancestry graph G
is structurally acyclic, so every T, in T is acyclic. Because A/, C A’ (every subgraph of a DAG is a DAG).
Every T, is acyclic, and by Constraint (13) the indegree of every vertex is at most 1. So 7}, is a rooted
tree. Consequently, 7 is a rooted forest. Constraint (14) is exactly the algebraic encoding of MSSC.
Since this constraint holds for every vertex and every sample, MSSC holds throughout the forest. The
forest yields F' because the ancestry graph G is constructed exactly from the observed frequency tensor
of F. For each chosen edge, the coefficients of the descendant set a(. ;) (.;) and the frequencies f), .
appear in Constraint (14) and guarantee that the frequencies assigned to the generations are consistent
with MSSC. Hence the forest yields F. Thus, the ancestry graph induced by the z(. ;) 4, ;) variables is a
rooted forest yielding MSSC. O

The model yields a forest with the least number of connected components and a connected component
with the most number of vertices. In fact, the goal is to find the 7, that has the largest number of vertices
and is the largest spanning tree with V,, vertices, but at the same time shows the vertices that do not support
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the phylogeny. Now if the output is a spanning tree on all vertices, the optimal solution corresponds to a
complete perfect phylogenetic tree.

Formulation size: The size of the BLP formulation is polynomial of the form of O(n*k> + mnk). In the
ancestor graph, edges are directed from ancestor vertices to their descendants. When all vertices are mu-
tually comparable, there exists a directed edge between every pair of comparable vertices. Consequently,
the total number of edges is n(k—1)(n(k— 1) — 1) /2. Since the first set of constraints is defined for each
edge, the total number of these constraints is O(n?k?). The second set of constraints is defined for each
vertex except for the root node, resulting in n(k — 1) constraints. Finally, the third set of constraints is
defined for each sample and each vertex, yielding mn(k — 1) constraints. Therefore, the overall size of
the BLP formulation is O(n?k? + mnk). As a result, O(n*k?) + O(nk) + O(mnk) ~ O(n’k? 4+ mnk).

Complexity of the BLP: The proposed model is a BLP with O(n(k — 1)) binary decision variables
and a set of linear constraints. In the worst case, solving a BLP is equivalent to exploring all possible
assignments of binary variables. Hence, the solution space has size O(24') where |A’| ~ O(n(k —1)).
Therefore, any exact algorithm (e.g., Branch-and-Bound or Branch-and-Cut) has exponential worst-case
time complexity.

4 Numerical experiments

We have implemented PPMDP for the cladistic setting by formulating it as a BLP problem and solving
it using CPLEX (version 22.1). Our evaluation encompasses 60 simulated datasets and two real-world
dataset from a solid prostate cancer tumor [6]. The simulated datasets, described in [4], were generated
by randomly constructing a tree with n = 5 characters, followed by sampling m € {2,5,10} instances
per tree. This process produced VAFs and copy number mixing proportions for each character across the
sampled instances. For each value of m, 20 datasets (simg through sim9) were generated. Each dataset,
such as simg, contains three versions: simgys, simgss, and simgos, corresponding to n = 5 with 2, 5, and
10 samples, respectively. Altogether, this resulted in 60 distinct simulated instances.

In this study, the tensor F' = [[f), (¢ (x.2))]] Tepresents the frequency of the state (x,y,z) at locus c in
sample p. Characters correspond to genomic positions whose states are represented by the triple (x,y,z),
where x denotes the number of maternal copies, y the number of paternal copies, and z the number of
mutant copies at that position. Each of these triples of states in f), (. (x,y,;)) corresponds to state i in f, (. ;)-
In Table 1, the states are listed for each of the simulated data instances.

4.1 Simulated data

In [4], twenty multi-state perfect phylogenetic trees with n = 5 characters were generated using randomly
constructed state trees, each allowing at most two copy number states per character, denoted by x < 3 and
y < 3. For each simulated tree, a frequency tensor F containing m € {2,5,10} samples was generated.
The VAF tensor is assumed to be nominal. SPRUCE is run on each simulated instance and the trees
containing the largest subset of characters are obtained.

Using the frequency tensor and state trees, we construct the ancestral graph (Program1) based on
Definition 7. By subsequently solving the specified BLP model, we derive a multi-state phylogenetic
tree that captures the evolutionary relationships among subpopulations of cells within the tumor. We then
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compare the simulated multi-state phylogenetic trees or ground truth trees with the phylogenetic trees
obtained from our BLP model. Table 2 shows the execution time and memory occupied by Program1
and Program?2 in seconds and megabytes, respectively, for each of the simulated data instances. All
experiments were conducted on a computer running Windows 10 Pro, equipped with an Intel Core i7-
7500U processor and 8GB of RAM.

Table 1: The states of each simulated data instance*

Data\ States i=0 i=1 i=2 i=3 i=4 i=5 i=6 i=7 i=8 i=9
simy (1,L,o) | (1,1,1) | (1,0,0) | (2,1,1) | (2.2,0) - - - - -
simy (1,1,00 | (L,1,1) | (2,0,0) | (2,0,2) - - -

simy (1,1,00 | (L,1,1) | (2,0,2) | (2,1,1) | (3,2,1) | (1,0,0) | (2,2,2)

sim3 (1,1,00 | (1,0,0) | (3,0,2) | (1,1,1) | (2,1,2) | (3,2,1) -

simy (1,1,00 | (1,0,0) | (1,0,1) | (1,1,1) | (3,1,1) -

sims (1,1,00 | (L,1,1) | (2,1,0) | (3,1,0) | (2,1,1) -

sime (1,LL,0) | (3,3,2) | (L,L,1) | (2,1,2) | (1,0,0) | (3,0,0)

simy (1,L,0) | (1,1,1) | (1,0,0) | (2,0,0) | (3,0,0) -

simg (1,L,0) | (1,1,1) | (2,1,0) | (2,2,2) - -

Simg (1,L,o) | (1,1,1) | (2,2,0) | 3,1,0) | (3,1,2) | (3.2,2)

simyq (1,L,o) | (1,1,1) | (2,1,0) | (3.1,1) - - - -

simyg (1,1,00 | (2,1,0) | 2,1,1) | (2,0,1) | (1,1,1) | (3,0,0) | 3,1,3) | (3,2,2)

simyo (1,1,0) | (1,1,1) | (1,0,0) | (2,0,0) - - - - -

simy3 (1,1,0) | (1,,1) | (2,1,2) | (3,3,0) | (3,0,0) | (2,0,0) | (2,1,0) | (2,1,1) | (3,2,0)

simy4 (1,1,0) | (1,1,1) | (3,1,3) | (3,0,0) - - - - -

simys (1,1,00 | (1,1,1) | (2,0,2) | (3,1,1) - - - -

simie (1,L,0) | (1,1,1) | (1,0,1) | 3,2,0) | (2,1,1) | (3.22) | (2,0,1) | (3,3,2)

simy7 (1,Lo) | (1,1,1) | 2,1,2) | (2,22) | (3,2,3) | (2,1,1) - -

Simg (1,L,o) | (1,L,1) | 2,1,2) | (1,0,0) | (1,0,1) | (2,1,1) | (2,0,1) - - -
simg (1,L,o) | (1,1,1) | 3,3,0) | (3,2,0) | (3,2,1) | (1,0,1) | (3,33) | (2,1,0) | (2,20) | (2,2,1)

The ground truth trees remain identical for fixed values of n and k, regardless of the number of
samples m € {2,5,10}. For example, in instance simy, where n = 5,k = 5, and m € {2,5,10}, the
trees (as shown in Figure 2) include five states: (1,1,0), (1,1,1), (1,0,0), (2,1,1), and (2,2,0), labeled
with indices O through 4, respectively. These instance correspond to the same ground truth tree across
different values of m. However, solving the same instances using the BLP model results in phylogenetic
trees that may differ structurally.

Despite these differences, the phylogenetic trees produced by the BLP model exhibit a high degree
of similarity to ground truth trees. For instance, in simy4 (Figure 3), the parameters are identical to simy
(n=5,k=5,m € {2,5,10}), but the set of states changes to (1,1,0), (1,0,0), (1,0,1), (1,1,1), and (3,1,1).
As aresult, the ground truth tree and the BLP-derived phylogenetic tree in simy4 differ from those in simy.
Moreover, the tensor F' and the corresponding state trees in simy also diverge from those in simy.

To quantitatively assess the similarity between ground truth trees and the trees generated by the
BLP model, we define Edge Accuracy as the percentage of shared edges between the two trees. For
each instance with fixed n =5 and k = 5, and varying sample sizes m € {2,5,10}, we calculated this
coincidence to determine how closely the reconstructed tree from the BLP model matches the ground
truth tree.

Our computational results indicate that, for the majority of instances, the BLP formulation recon-
structs phylogenetic trees exhibiting a high degree of structural agreement with the ground truth trees.

* Five states are given for the simq dataset. This means that all three datasets simys, simgss and simg1gs which belong to
the simq dataset have these 5 states. This is true for the other datasets.
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Figure 2: (a) Ground truth tree. (b) Multi-state perfect phylogenetic tree obtained from BLP model using simy
simulated data form =2, (¢) form=5,(dym=10andk=5onn=>5

Let TBLP and Ttruth denote the tree inferred by the BLP model and ground truth tree, respectively. Let
Edge Accuracy(TBLP,Ttruth) measure the percentage of shared structural features. For most simulated
datasets, Edge Accuracy(TBLP, Ttruth)> 0.8, indicating strong topological similarity. As shown in Table
3, for dataset simg and sim, s, the Edge Accuracy over all values m € {2,5,10} exceeded 80%, in several
instances, TBLP and Ttruth, i.e., the reconstructed trees were isomorphic. In contrast, for instances such
as simy, where the induced character-state configurations generate more divergent or ambiguous topolo-
gies, the Edge Accuracy values were significantly lower. Formally, Edge Accuracy (TBLP,Ttruth)< 0.8,
reflecting increased combinatorial complexity in the feasible tree space. This variability demonstrates
that the BLP model is sensitive to the heterogeneity of the input tensor F, particularly when the underly-
ing evolutionary structure is dense, weakly separated, or topologically ambiguous results are obtained.

Overall, although the BLP approach does not necessarily recover the ground truth tree in every in-
stance exactly, it typically produces a tree that is structurally close to it, especially when the evolutionary
signal encoded in F is sufficiently strong to constrain the feasible region of the optimization problem.

Impact of sample size on tree edge accuracy: In general, the Edge Accuracy increases with increasing
sample size. However, this trend is not strictly monotonic and can fluctuate slightly depending on the
components of tensor F' and the structure of the state trees that define the ancestral graph. For instance,
in simp with n =5,k =7, and m € {2,5,10}, the Edge Accuracy increases consistently with the num-
ber of samples, as illustrated in Figure 4. The seven states in this instance, indexed from O to 6, are:
(1,1,0), (1,1,1), (2,0,2), (2,1,1), (3,2,1), (1,0,0), and (2,2,2). A similar increasing trend in Edge Accuracy
is observed in several other instances, including simq, simy, simy, sim7, simg, simg, simy 3, sim 4, simys, and
sim1g. The Edge Accuracy values are reported in Table 3. In some instances, such as sim3 (m = 5),



16

1)

43)

(12)

R. Enayatsefat, M. Bagherian, H. Vaziri

33)

(43)

(34)

(c)

(33)

(34)

(d)

Figure 3: (a) Ground truth tree. (b) Multi-state perfect phylogenetic tree obtained from BLP model using simy
simulated data form =2, (¢) form=5,(d)m=10andk=5onn=>5
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Figure 4: (a) Ground truth tree. (b) Multi-state perfect phylogenetic tree obtained from BLP model using sim»
simulated data form =2, (¢) form=5,(d)m=10andk=7onn=>5

simy (m = 10), simy; (m =5), simyq4, sim;s (m = 5,10) the BLP inferred tree achieved an Edge Accuracy
of 100% with respect to the ground truth tree, indicating complete agreement in the edge sets. While



Integer linear programming for phylogenetic tree inference ... 17

(31)

(35)

(b)

(56)

(5.7

(c) (d)

Figure 5: (a) Ground truth tree. (b) Multi-state perfect phylogenetic tree obtained from BLP model using sim3
simulated data form =2, (c) form=5,(d)m=10and k=9 onn =>5.

most instances show an increasing trend, there are occasional fluctuations, such as sims, sims and sim;;.
Nonetheless, the overall pattern indicates improved Edge Accuracy with more samples. Additional ex-
amples also support this observation, such as simg, simg, simj3 and sims. This trend is illustrated in
Figure 5 for the sim3 dataset.

These results collectively suggest that increasing the number of samples enhances the structural sim-
ilarity between trees produced by the BLP model and ground truth trees, although certain complexities in
the evolutionary structure (as reflected in tensor F' and state trees) may introduce minor inconsistencies.
In sim7 (k = 6), the Edge Accuracy for m = 2 is 66%, m =5 is 44%, and m = 10 is 77%. In sim9 the
Edge Accuracy for each m on n =5 characters and k£ = 10 is 36%, 54%, and 72%, respectively. For all
datasets, as k decreases, the Edge Accuracy increases as m increases.

4.2 Real data

In real data, given the tensor F' and the ancestral graph as inputs, we obtain the multi-state perfect
phylogenetic tree resulting from the BLP model (Program2). In Programl, we obtain this ancestral
graph using the tensor F' and the state tree that we give as input to the program. Table 4 shows the real
data states.

4.2.1 Comparison of BLP model with SPRUCE algorithm using real data

In this case, measurement errors are taken into account. Accordingly, two datasets (file-A22.666 and
file-A22.1136), each containing 26 characters (see Table 5), are considered. Although both datasets
share the same set of character states (as shown in Table 4), the ordering of characters differs between
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Table 2: Execution time (s represents seconds) and memory (M represents megabytes) occupied by Programl
(Programl is a program that returns the ancestor graph) and Program?2 (Program?2 is a program that obtains a
phylogenetic tree) with simulated data.

Program1 Program?2 Program1 Program?2
Datasets | Time(s) | Memory(M) | Time | Memory | Datasets | Time | Memory | Time | Memory
simgys 1.84 2.35 3.77 2.71 simygps 1.79 3.82 1.66 3.45
simoss 2.08 2.35 3.57 4.03 simyoss 1.83 4.39 1.94 2.28
Simp105 1.89 1.96 3.15 4.31 simy0105 1.83 3.42 1.89 2.52
simyos 1.86 2.36 1.87 4.36 simy125 1.79 2.32 242 3.04
simiss 1.94 4.04 2.53 3.59 simy1ss 1.92 2.08 2.21 4.40
Simy105 1.81 2.07 1.87 2.80 Simi1105 2.00 3.55 1.87 3.95
simps 1.81 2.57 2.50 5.25 simy225 1.73 222 1.96 2.64
simyss 1.95 2.76 2.29 2.70 simy2ss 1.76 2.69 1.91 3.18
sim2]05 1.96 2.70 2.83 2.98 Siml2105 1.71 4.06 1.92 5.18
SiM325 1.85 2.25 2.15 4.57 Sim1325 1.80 2.51 2.27 5.81
sim3ss 1.94 3.78 2.07 2.72 sim|3ss 2.02 2.28 2.11 5.33
Sl.I’H3105 1.92 2.58 2.00 4.40 AYimlglos 1.93 4.06 2.56 4.55
simyys 1.72 441 2.00 498 Simi425 1.62 2.24 1.94 3.92
simyss 1.89 4.50 2.08 3.95 sim1455 1.95 3.95 1.88 2.52
Sim4105 1.84 4.19 2.03 3.60 Sim14105 1.71 2.5 1.97 2.66
simsps 1.76 2.23 1.84 3.86 simys25 1.72 2.36 2.06 3.88
simsss 1.93 3.60 1.91 3.82 simysss 1.84 2.16 1.93 4.09
Sims105 1.79 2.02 1.91 2.46 Simi5105 1.82 2.32 1.93 3.85
simeg)s 1.78 2.18 2.00 4.79 simye25 1.78 2.66 2.88 3.48
simegss 1.88 2.78 2.00 4.74 sim1ess 1.88 2.50 2.01 4.23
sim()105 1.83 2.13 2.19 4.68 Simlmos 1.96 3.62 2.78 2.77
simyys 1.79 2.52 2.13 2.58 simy725 1.74 2.32 2.02 4.53
sim7ss 1.90 2.12 3.70 3.85 simy7s5 1.73 247 2.28 2.98
Sim7105 1.80 2.23 2.10 3.94 sim7105 1.83 1.99 2.04 3.10
simgys 1.71 2.86 1.94 4.32 simi825 1.82 2.16 2.11 2.86
simgss 1.83 2.37 1.97 4.21 sim1gss 1.90 3.86 2.74 3.27
Simg105 1.79 2.25 1.98 3.48 Simig105 1.82 2.37 2.49 4.62
simgys 1.78 2.54 2.25 2.81 simygns 1.87 3.85 2.61 5.04
simgss 1.67 2.34 2.02 4.37 simygss 2.01 2.66 2.36 4.99
SiMQ]OS 1.88 2.65 2.52 3.93 Simlglos 2.06 3.90 2.36 5.00

them, and their corresponding state trees are also distinct. For each dataset, the tensor F' together with
the associated state trees are provided as input to program1. the resulting ancestral graph is then passed
to program2, which yields a phylogenetic tree satisfying both the ancestry and sum conditions. This
tree represents the inferred evolutionary relationships among clones within a subpopulation of tumor
cells. For real tumor sequencing datasets, the true phylogenetic history is generally unavailable, making
direct validation against a known ground-truth tree impossible. Consequently, the quality of the recon-
structed phylogenies is evaluated primarily based on their biological plausibility and consistency with
established models of tumor evolution. In prostate cancer, tumor progression is widely understood to
occur through the sequential accumulation of somatic mutations, leading to a hierarchical organization
of ancestral and descendant clones. The phylogenetic trees reconstructed by both the proposed BLP for-
mulation and SPRUCE are consistent with this general model of clonal evolution. Therefore, differences
in their branching patterns should be interpreted as alternative yet biologically plausible evolutionary
histories that are supported by the available sequencing data, rather than as deviations from an unknown
ground-truth phylogeny. Figure 6(a) presents the phylogenetic tree obtained for dataset file-A22.666
using program? (BLP), while Figure 6(b) shows the corresponding tree generated by the SPRUCE algo-
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Table 3: Edge accuracy of each dataset for n =5, m € {2,5,10} and different &

Datasets | Edge Accuracy (%) k
simg 50,75,87 5
sim 66,66,83 4
simy 44,88,88 7
sim3 42,100,85 6
simy 28,28,71 5
sims 37,75,62 5
simg 50,25,75 6
simy 37,62,100 5
simg 83,83,83 4
simgy 62,75,87 6
simyg 62,87,50 4
simyp| 0,100,85 8
simpn 37,87,100 4
simy3 72,63,81 9
simy4 71,100,100 4
simys 83,100,100 4
simm 50,90,70 8
sim17 66,44,77 6
simg 25,37,62 7
simyg 36,54,72 10

Table 4: Real data states related to solid prostate cancer

states\Data | solid prostate cancer
i=0 (1,1,0)
i=1 (1,1,1)
i=2 (2,1,0)
i=3 (1,0,0)
i=4 (1,0,1)
i= (2,1,1)
i=6 (3.,1,1)
i= (2,2,0)
i= (3,0,0)
i=9 (3,1,0)
i=10 (3,2,0)
i=11 (4,0,0)
i=12 (2,2,1)
i=13 (2,2,2)
i=14 (2,0,2)
i=15 (3,0,3)
i=16 (2,1,2)
i=17 (2,0,0)
i=18 (3,2,1)
i=19 (3,3,0)
i=20 (3,0,1)
i=21 (4,2,0)
i=22 (3,1,2)
i=23 (2,0,1)
i=24 (3.3,1)
i=25 (3.3.2)

rithm. Each node is labeled by a character-state pair, and colors correspond to clones reported in [6], as
summarized in Table 6. In this context, a mutation occurring at a specific genomic location is assigned
to a clone due to coincident occurrence, where a clone is defined as a subpopulation of cells sharing an
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identical genome. For this dataset, the execution time and memory usage of programl are 36.30 s and
23.3 MB, respectively, while program?2 requires 49.14 s and 177.25 MB. Similarly, Figure 7(a) illustrates
the phylogenetic tree for dataset file-A22.1136 obtained using program2, and Figure 7(b) presents the
corresponding tree generated by the SPRUCE algorithm. For this dataset, programl requires 35.13 s
and 22.54 MB of memory, whereas program?2 requires 41.79 s and 171.78 MB. In Figure 6, the tree re-
sulting from BLP shows the evolutionary relationships in more detail. The branch separation is greater.
As a result, more information is included in the model, but not all of it is necessarily definitive. The
model resulting from SPRUCE is more conservative in the case of ambiguous data. In Figure 7, the
SPRUCE tree shows the evolutionary relationships more precisely. The tree resulting from BLP shows
less information.

Table 5: Real data characters related to solid prostate cancer

characters\Data

file-A22.666

file-A22.1136

i=1

FAM184B

GPRY9S8

i=2

PPFIA1

SLC26A2

i=3 SLC26A2 TBL1XR1\CPNE4
i=4 TBL1XR1\CPNE4 ZNF420
i=5 ZNF420 ELMOD2
i=6 ELMOD2 FAM184B
i=7 C2orf70 C20rf70

i=8 ADRAIB ADRAIB
i=9 ZBTB20 ZBTB20
i=10 WHSC2 PPFIA1
i=11 PRDM5 PRDM5
i=12 ENSG00000214793 ENSG00000214793
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The differences observed between the reconstructed phylogenies in Figures 6 and 7 reflect the distinct
evolutionary characteristics of the corresponding datasets rather than the overall superiority of one re-
construction method over another. Different mutation frequency distributions, VAF patterns, and clonal
evolutionary structures may lead to different levels of phylogenetic resolution. For the file-A22.666
dataset, the proposed BLP formulation reconstructs additional branching events, resulting in a more
detailed representation of the inferred clonal architecture. In contrast, for the file-A22.1136 dataset,
SPRUCE reconstructs parent—child relationships that are more consistent with the inferred evolutionary
history, whereas the BLP formulation produces a more compact phylogeny. These differences illustrate
that cancer phylogeny reconstruction is inherently data-dependent, and multiple biologically plausible
evolutionary histories may be consistent with the observed sequencing data. To provide a quantita-
tive comparison, the reconstructed phylogenies are evaluated using the number of shared parent—child
relationships (shared edges). This criterion was selected because, in cancer phylogeny, preserving ances-
tor—descendant relationships is generally more biologically meaningful than topology-only measures
such as the Robinson—Foulds distance, which compares tree topology without considering mutation
placement or evolutionary direction. Accordingly, the comparison focuses on the recovery of biolog-
ically meaningful evolutionary relationships rather than topological similarity alone. Overall, neither
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Figure 6: Multi-state perfect phylogenetic tree obtained from (a) SPRUCE algorithm and (b) BLP.

method is consistently superior across all datasets. The proposed BLP formulation is capable of re-
covering more detailed clonal architectures when the available data support multiple branching events,
whereas SPRUCE may reconstruct parent—child relationships that are more consistent for datasets ex-
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Figure 7: Multi-state perfect phylogenetic tree obtained from (a) SPRUCE algorithm and (b) BLP.
hibiting simpler evolutionary patterns. Therefore, the relative performance of the two methods depends

on the characteristics of the input data, including the mutation distribution, VAF patterns, and the com-
plexity of the underlying clonal evolution.
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Table 6: Colors correspond to clones

characters colors
ACE gray
C20rf70 cyan
DNAHS violet
ELMOD2 dodgerblue
EPB41L1 brown
FAM184B gray
FREM3 \ APLF yellow
GALNS cyan
GPR98 dodgerblue
HEATR6 gray
OR8BS gray
PPFIAL red
PRDM5 violet
PTPRT brown
RB1 gray
SCN4A gray
SLC26A2 gray
TBLIXR1 CPNE4 gray
TFBIM pink
WHSC2 gray
ZBTB20 violet
ZFP28 \ ZNF527 \ GPR4 \ NAPSB \ C2orf16 \ XRCC5 gray
ZNF420 brown
ZNF579 cyan
CDHR5 red
ADRAIB brown
ENSG00000214793 brown

5 Conclusion

In this study, we developed a BLP formulation for the cladistic PPMDP. The proposed model integrates
the tensor representation F and the associated state trees to infer phylogenetic structures in a systematic
optimization framework. For simulated datasets, the ancestral graph is first derived from F and the state
trees, and the optimization model is subsequently solved. For real datasets, the tensor F, state trees, and
ancestral graph are jointly utilized as inputs to the model. The resulting formulation is a linear program-
ming model that can be solved efficiently using CPLEX with low computational overhead. Experimental
results demonstrate that the phylogenetic trees obtained from the proposed BLP approach exhibit a high
level of agreement with ground truth trees, confirming the effectiveness and reliability of the model in
capturing evolutionary relationships among tumor subclones. Future research directions include incor-
porating measurement errors arising from sequencing technologies into the cladistic PPMDP framework
to enhance robustness under realistic conditions. Despite its encouraging performance, the proposed
BLP formulation has several limitations. First, the model relies on the IAA and the state-tree frame-
work to define the admissible evolutionary transitions. Although these assumptions are widely adopted
in cancer phylogeny reconstruction, they may not fully capture the complexity of all tumor evolutionary
processes. Second, while the computational results demonstrate that the proposed formulation can be
solved efficiently for the benchmark datasets considered in this study, the size of the optimization model
increases with the numbers of mutation clusters, samples, and mutation states. Consequently, very large
datasets may require greater computational resources and longer solution times. Several directions may
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be pursued to extend the proposed framework. Future work includes relaxing the underlying evolutionary
assumptions, jointly inferring state trees and tumor phylogenies, improving scalability through decom-
position techniques and more efficient optimization algorithms, integrating additional biological infor-
mation and multi-omics sequencing data, and extending the formulation to accommodate more complex
models of tumor evolution. These extensions have the potential to improve both the biological realism
and the applicability of the proposed approach to large-scale cancer phylogeny reconstruction problems.
Another important extension is the general (non-cladistic) version of the problem, in which state trees
are unknown and must be inferred. Finally, the problem can be further extended to uncertainty settings
by developing robust optimization models based on interval uncertainty sets, such as the Bertsimas and
Sim framework.
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