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Abstract. This article presents a comparative study of Physics-Informed Neural Networks (PINNs),
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integration strategy that fuses PINNs physics-constrained learning with LSTMs sequential modelling to
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1 Introduction

Physics-Informed Neural Networks (PINNs) have emerged as a powerful deep learning framework for
solving differential equations by embedding governing physical laws directly into the loss function,
thereby enabling the learning of solutions without the need for large training datasets [13, 22,23, 30].
Extensive developments over recent years have demonstrated the capability of PINNs to solve a wide
spectrum of real world problems including nonlinear fluid mechanics [4, 5, 18], electromagnetic sys-
tems [12, 28], population dynamics [8], optimization and control [1, 2], and PDE constrained prob-
lems [17, 19]. Despite these advances, PINNs often encounter training challenges such as stiffness,
slow convergence and difficulty in capturing long-term temporal dependencies, particularly in nonlinear
coupled systems and oscillatory phenomena [25,27]. Furthermore, the versatility of PINNs has been
demonstrated in complex biological systems, such as the combination of PINNs with the finite volume
method for parameter identification and model selection in cell invasion models [21].

On the other hand, Long Short Term Memory (LSTM) networks have shown strong performance
in modeling sequential data and learning long-range dependencies by leveraging recurrent gating mech-

anisms [10,20]. The LSTMs have been successfully utilized for population forecasting [11, 24, 26]
and for modeling synchronization phenomena in nonlinear oscillator systems such as the Kuramoto
model [9, 15,31]. However, purely data-driven networks, including LSTMs, lack inherent physical con-

sistency and often require large volumes of training data, which may not always be available in scientific
and engineering applications.

This motivates recent interest in fused physics-guided architectures that combine the strengths of
PINNSs and recurrent networks to improve both accuracy and temporal representation [3, 16,29]. Fusion
of PINNs and LSTMs frameworks has shown promise in capturing spatiotemporal dynamics in com-
plex systems, reducing data dependency and enhancing generalization performance in long-term predic-
tion [0, 14]. The idea of fusing PINNs with recurrent architectures has been explored in recent literature
such as the PhyLSTM framework proposed by [7]. Unlike hybrid approaches that use complex gating
networks, the proposed adaptive fusion framework combines the strengths of PINN and LSTM models
for solving nonlinear ordinary differential equations (ODEs). A learnable scalar weight dynamically
balances physics-based constraints and data-driven temporal features while maintaining computational
efficiency. Specifically, we utilise a learnable parameter () that dynamically balances the physics-
based regularizer and the data-driven sequential learner during training. This straightforward convex
combination reduces computational overhead while maintaining high fidelity and physical consistency,
positioning it as a highly efficient alternative to more complex fusion strategies. Motivated by these
developments, the present work proposes a novel unified fusion framework that integrates the physics
driven regularization capability of PINNs with the temporal sequence learning behaviour of LSTM net-
works.

The contributions of this study are threefold: (i) definition and formulation of the standalone PINNs
(Section 2) and LSTM (Section 3) architectures for solving real life ODEs systems, (ii) development
of a fused PINN and LSTM architecture with a dedicated fusion function for adaptive balance between
physics constraints and data driven temporal learning (Section 4), (iii) demonstration of the proposed
method on two fundamental real world applications, namely religious population growth modeling and
Kuramoto’s two-coupled nonlinear oscillator system, illustrating improved prediction accuracy and sta-
bility over traditional single architecture approaches (Section 5). The proposed fused framework aims
to address the limitations of existing PINN and LSTM models by achieving physically consistent, data-
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efficient and dynamically stable solutions for nonlinear ODE systems.

2 The PINNs

Definition 1. The PINNs are a class of neural network models that incorporate physical knowledge
typically expressed through differential equations, directly into the training process. Rather than relying
solely on data, PINNs embed governing equations, initial conditions and observational information in
their optimization objective. This enables them to approximate solutions that adhere to fundamental

physical principles [12, 15].

2.1 Architecture of PINNs

The PINNs merge machine learning with domain-specific physical constraints generally described by
ODEs. The fundamental concept is to impose the physical laws governing a system as constraints during
neural network training, as illustrated in Figure 1.
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Figure 1: General structure of PINNs

For an ODE constrained optimization problem, the solution & (@) represents the system state where
@ denotes spatial coordinates. The governing differential equation is typically written as
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where A = [A1,A2,...,4,] denotes the parameters of the model, f represents the ODE residual and Q is
the computational domain. The prescribed initial condition is given by u(®).

To approximate the unknown solution & (&), a neural network & (@;6) is utilized, where 6 refers to
the trainable parameters. The ODE constraints are incorporated into a composite loss function composed
of both data consistency and physics-based terms. The total PINN loss function is expressed as

LPINN = Lhhysics + LDatas (2)

where the physics-related contribution is defined by

gPhysics = Wrgr(eﬂ/’/r) + W,‘.,%(e; Ji{) (3)
with |
L) = Y [f(@.E ) @)
"/VV| Ny

2
L(0:M) = = ¥ |(0:0)~ () 5)
"/V ; GJV
Here w, and w; represent weighting coefficients while .4, and .4/ denote collocation sets in the domain
and on the initial condition, respectively. The data-driven loss term measures the discrepancy between
predictions and observed data as follows

2
gData ’% I;/‘{i‘g wdv ( ) 3 (6)

where &(@,;) denotes known observational measurements. For the numerical experiments presented in
this study, the reference data & (@) for the religious population growth problem was generated using its
exact analytical solution augmented with 1% Gaussian noise to simulate real-world sensor inaccuracies.
Conversely, the reference data for the Kuramoto problem was generated using a high-fidelity 4th-order
Runge-Kutta (RK4) numerical integration method.

2.1.1 Activation functions

Activation functions strongly influence model expressiveness and differentiability, both of which are es-
sential for solving differential equations through PINNs [3-5]. In this framework, we specifically utilize
the Hyperbolic Tangent (Tanh) activation function for the PINN hidden layers. The Tanh function pro-
vides a smooth, zero-centred output range and possesses non-vanishing, continuous second-order deriva-
tives, which are strictly required for accurately computing the governing ODE residuals via automatic
differentiation.

* Hyperbolic tangent (Tanh) function: The output range is (—1, 1), making it zero-centred and
more suitable for hidden layers than sigmoid. It is defined as follows
e —e @

tanh(® ( ) W

(M
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2.1.2 Loss function

In the PINNs framework, the loss function Zpny is essential since it embeds differential equation con-
straints directly into the neural network training protocol, unlike traditional learning approaches that
depend solely on labelled data. The PINN loss enforces the governing ODE along with associated ini-
tial conditions. This allows the model to learn solutions that remain physically meaningful even when
observations are limited or noisy [3—5].

2.2 Application problems

The religious population growth model describes the temporal evolution of a population group under the
combined effects of intrinsic growth and external influences such as conversion, migration or recruitment

[11].

Example 1. The PINNs formulation described in Subsection 2.1 is applied to the religious population
growth problem. The governing differential equation is given by
d¢

E:K¢+p7 (p(o):q)oa te[O,T], 3
where ¢ (¢) denotes the religious population at time ¢, K represents the intrinsic population growth rate
and p denotes an external contribution term accounting for factors such as conversion, migration or
recruitment, following the demographic modelling approach discussed in [11]. Following the general
PINN framework, the neural network Epinni(2;0) is employed to approximate the unknown solution ¢ ().
The physics-informed residual associated with the governing differential equation is defined as

X(t;0) = 9, Epinn(1:0) — (KEpinn(1:0) +p). )

The residual term together with the prescribed initial condition is incorporated into the loss function
described in Subsection 2.1.2. The network parameters are then optimized using the Adam optimizer
until convergence is achieved. After training the PINN approximation is expressed as

opn () = Epinn (1;07), (10)

where 6* denotes the optimal network parameters. The predictive accuracy of the trained PINN is eval-
uated using the Mean Squared Error (MSE) between the PINN solution and the analytical solution.

The PINN framework described in Subsection 2.1 was employed to solve the religious population growth
problem. The governing differential equation was incorporated into the physics-informed loss function
through the corresponding residual term, while the prescribed initial condition was enforced using an
additional penalty term. The model was trained for 10,000 epochs using the Adam optimizer. The
training progress is summarized in Table 1. It summarizes the evolution of the PINN loss components
throughout the training process for the religious population growth problem. The reported values il-
lustrate the optimization behavior of the model by tracking the Physics-Informed residual loss (:ZppE),
the initial condition loss (-Zj¢) and the overall PINN loss (Zp;ny). While these metrics provide insight
into the convergence characteristics of the training procedure they should not be interpreted as the sole
indicators of predictive performance. As demonstrated in this study a reduction in training loss does not
necessarily imply improved generalization or solution accuracy. Therefore the training loss results are
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Table 1: Training progress of PINN model for the religious population growth problem over 10,000 epochs

Epoch Z0DE “Zic ZPINN
0 1.075 x 102 | 2.455 x10% | 2.436 x10?
1000 | 2.261 x10% | 8.254 x10% | 2.241 x10?
2000 | 2.230 x10% | 7.884 x10% | 2.211 x10?
3000 | 2.228 x10% | 7.852 x10% | 2.209 x10?
4000 | 2.225 x10% | 7.842 x10% | 2.206 x10%
5000 | 2.250 x10% | 2.228 x10% | 2.456 x10?
6000 | 2.027 x10' | 1.747 x10! | 1.933 x10!
7000 | 2.211 x10' | 7.694 x10' | 2.192 x10!
8000 | 2.206 x10! | 7.948 x10! | 2.187 x 10!
9000 | 2.202 x10! | 7.747 x10' | 2.183 x 10!
9999 | 2.179 x10' | 7.834 x10' | 2.180 x10!
Comparison: Analytic vs PINN
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Figure 2: Graphical representation of the PINN model for the religious population growth problem over 10,000
epochs

complemented with test MSE evaluations and comparative performance analyses presented in later sec-
tions, providing a more comprehensive assessment of the model’s predictive capability and robustness.
The predictive capability of the trained PINN model was evaluated by comparing its solution with the
corresponding analytical solution of the population growth problem shown in Figure 2. To further ex-
amine the optimization behavior of the PINN model, the absolute error of the loss function is illustrated
in Figure 3. The graphical results presented in Figure 2 demonstrate the application of the standalone
PINN approach to the population growth system and Error metric analysis. Although the PINN model
in Table | demonstrates a continuously decreasing training loss reaching approximately 2.180 x 10! in
Figure 3 reveals a significant discrepancy between the predicted output and the exact analytical solution.
This failure to capture the unbounded exponential growth curve is attributed to the “spectral bias” of
standard neural networks. The PINN converges to a trivial flat local minimum that minimizes the ODE
residual locally but fails to generalise the exponential trajectory over long time horizons. This inherent
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Figure 3: Absolute error of PINN model for the religious population growth problem

limitation in modelling unbounded long-term dynamics serves as a primary motivation for our proposed
fusion with LSTM networks.

Example 2. Consider the Kuramoto model of two-coupled phase oscillators [9, 15,31]

G1(0) = @1+ 3 sin (62(0) — 01(1)).
(11

62(1) = @2+ 3 sin (91(1) = 02(0)).

with initial conditions ¢;(0), ¢(0) € [0, 2x), natural frequencies @;, @, € R and coupling constant k > 0.
Define the phase difference

@(2) = ¢2(t) — 1 (2). (12)
Differentiate (12) and substitute (11), then we obtain
¢(t) = do(t) = 41 (1)
= (@ +5sin(91 —62)) — (@ + $sin(g2 - 91)). (13)

Using the identity sin(¢; — ¢») = —sin(¢p — ¢ ), we obtain the scalar autonomous ODE for ¢

o(t) = Ao —Kksing(z) , Aw = — o). (14)
Equilibria ¢* satisfy 0 = A®w — k' sin ¢*, hence
Aw
inQ*=—. 15
sing” = = (15)

A real solution exists if and only if |Aw| < k. For |Aw| < k select the principal solution
Aw
o :arcsin<K), (16)

which yields cos ¢* = /1 — (Aw/x)? > 0. Linearize (14) about ¢* by writing ¢(1) = ¢*+ 6¢(z) and
retaining first order terms

0p(t) =~ —Kcos@*d¢(r). (17)
Since kcos ¢* > 0 for [Amw| < K, the equilibrium ¢* is asymptotically stable. Consequently,
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s If |Aw| < &, then @(t) — @* as t — oo and therefore ¢; — ¢ = —¢p — 0.
* If |Aw| > K, no fixed point exists and ¢ (¢) drifts (no phase-locking).

This yields |@; (1) — ¢2(t)| — 0 as t — oo if and only if |@; — | < k.

The general PINNs framework described in Subsection 2.1 is employed to solve the Kuramoto two
oscillator system. The neural network is used to approximate the phase variables ¢;(7) and ¢,(¢) while
the governing differential equations in (11) are incorporated into the training process through physics-
informed residuals. The residual terms corresponding to the Kuramoto dynamics are defined as

R1(t;0) = 0,91 (1;0) — o — K sin (§o(1;0) — o1 (1 6)),

A R ) (18)
P> (1;0) = 0,92(1:0) — @, — 5 sin (¢4 (1;0) — 92(1;9)).

The residual terms and prescribed initial conditions are incorporated into the PINN loss function fol-
lowing the formulation presented in Subsection 2.1. Automatic differentiation is used to compute the
required temporal derivatives and the network parameters are optimized using the Adam optimizer. After
training the predictive accuracy of the PINN model is evaluated using the MSE between the PINN pre-
dictions and the reference numerical solution. In addition synchronization behavior is assessed through
the phase difference @(¢) and the frequency difference ¢;(¢) — ¢»(t), which are expected to approach
zero in the synchronized regime (|@; — an| < k).

Table 2: Training Progress of PINN model for the Kuramoto model of two-coupled phase oscillators problem over
10,000 epochs

Epoch Z0DE Zc ZPINN
0 2.955x10° | 9.270x1072 | 1.222x10!

1000 | 1.070x10° | 1.635x10~8 | 1.070x10°
2000 | 5.298x 107! | 1.743x1077 | 5.298x 10!
3000 | 3.348x10°! | 1.137x107% | 3.348x 10!
4000 | 1.689x10°! | 4917x1078 | 1.689x 107!
5000 | 1.259x10~' | 1.117x1075 | 1.270x10!
6000 | 6.119x1072 | 1.882x1078 | 6.119x 1072
7000 | 5.047x1072 | 3.391x10°% | 5.047x1072
8000 | 2.193x1072 | 3.553x1078 | 2.193x 1072
9000 | 1.818x1072 | 5.475x107° | 1.818x 1072
9999 | 1.675x1072 | 1.227x107% | 1.675x1072

Figure 4 illustrates the corresponding temporal evolution of the predicted states highlighting the

model’s capability to accurately reconstruct the model.
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Kuramoto two-oscillator: Analytic vs PINN
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Figure 4: Graphical representation of the Kuramoto model of two-coupled phase oscillators problem over 10,000
epochs

The graphical results show that PINNs were successfully implemented to solve the two-coupled
Kuramoto oscillator system. The predicted solution closely matches the expected dynamics, and the
graphical results demonstrate accurate phase evolution for both oscillators.

It is worth noting the discrepancy in absolute loss values between the Growth problem and the Ku-
ramoto model. While the Kuramoto PINN exhibits higher absolute loss values (e.g., 1.675 x 1072) as
shown in Table 2, the resulting visual and physical error Figure 4 is substantially lower compared to the
Growth problem. This occurs because the absolute magnitude of the loss is relative to the mathemati-
cal scale of the state variables. The Kuramoto model features bounded oscillatory dynamics governed
by sine functions, which Tanh-based neural networks are structurally well-suited to fit globally, unlike
unbounded exponential curves.

3 The LSTM

Definition 2. A recurrent neural network (RNN) is a neural model developed to analyze sequential data
by maintaining a hidden state h, that captures dependencies from earlier inputs. Unlike traditional feed
forward neural networks, RNNs contain recurrent connections that allow information to persist across
time steps. This characteristic enables RNNs to handle tasks involving time series signals, dynamical
systems and natural language processing [3]. So, hy = & (h—1, @;).

Definition 3. An improved RNN that efficiently learns long-term relationships within sequential or time-
dependent data is called an LSTM network. By adding memory cells and gating procedures to regulate
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LSTM
Forget Gate Input Gate Output Gate
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Figure 5: General structure of an LSTM network

information flow over various time steps it solves the disappearing and expanding gradient problems in
traditional RNNs [10].

3.1 Architecture of LSTM

The LSTM architecture differs from standard RNNs by using multiple gates within each LSTM cell to
regulate information as illustrated in Figure 5. These gates allow the network to retain relevant informa-
tion over long sequences. An LSTM cell contains two internal states: the hidden state /4, and the cell
state C;. The cell state acts as a long-term memory conduit, preserving information through time.

The update of 4, and C; depends on the current input @, along with the previous states 4,1 and C,_.
Three gates control these updates: the input gate, forget gate and output gate.

Let i, f; and o; denote the input, forget and output gates, respectively. These gates typically use a
nonlinear activation function such as the sigmoid function

1
o)=——-. 19
@ =15 (19)
The input gate determines how much new information enters the cell state:
ir=0(W;-[h_1,0;] + D). (20)

The forget gate decides which parts of the previous cell state should be retained:

ﬁ:G(Wf~[h,,1,w,]+bf). 21
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The output gate regulates the information sent from the cell to generate the hidden state:
0 =0 (W, [h—1,0;] +b,). (22)

Here, W;, W¢, and W, are the weight matrices while b;, by, and b, are bias terms. All these parameters
form part of the complete learnable parameter set 6.
The update of the cell state is given by

G :ﬁ'Ct—l+it'Ct (23)
and the candidate cell state is computed as
ét — tanh(WC . [h[_l B (D}] + bC)? (24)

with W, and b, being additional learnable parameters.
Finally, the hidden state is updated through

ht = 0Oy tanh(C,). (25)

The hidden state h; can be further processed, for example through linear transformations to compute
a desired prediction. Activation functions strongly influence model expressiveness and differentiability,
both of which are essential for solving differential equations through LSTMs. For the LSTM architecture
we utilise the standard combination of Sigmoid and Tanh functions internally within the memory gating
mechanisms to regulate the flow of sequential information.

To train an LSTM sequential data are provided (along with optional target outputs) and a prediction
loss function is minimized. A commonly used loss function is defined by
N
)y

=1

__N

. 2
Ast™M = 4 S(o;:0)—E(on)]| (26)

where é((pk; 0) represents the predicted value at time ¢ and &(¢y) corresponds to the true observed
value. Minimizing this loss enables the LSTM to learn temporal dependencies and dynamic patterns
present in sequential data.

3.2 Application problems

For the subsequent LSTM experiments, the reference data for the Growth problem was generated using
its exact analytical solution, augmented with 1% Gaussian noise to simulate real-world sensor inaccu-
racies. Conversely, the reference data for the Kuramoto problem was generated using a high-fidelity
4th-order Runge-Kutta (RK4) numerical integrator.

Example 3. Consider the religious population growth problem governed by the linear homogeneous
differential equation previously defined in Eq. (8). Eq. (27) expresses how the state ¢; evolves. This
sequential structure aligns naturally with the architecture of LSTM networks.

The LSTM architecture described in Subsection 3.1 is employed to model the temporal evolution of
the religious population growth problem governed by Eq. (27). To generate sequential training data, the
continuous differential equation is discretized using a time step At:

Orr1 =@+ A1 (KO +p). (27)
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Table 3: Training progress of LSTM model for the religious population growth problem over 1000 epochs

Epoch | Train MSE Test MSE

1 8.482 x10~! | 4.606 x10~!
100 | 1.923 x1072 | 2.955 x10~2
200 | 3.147 x1072 | 6.181 x 1072
300 | 2.161 x107% | 2.365 x1072
400 | 6.623 x107% | 1.236 x1072
500 | 4.474 x1072 | 3.558 x1072
600 | 1.098 x1072 | 9.944 x 102
700 | 3.357 x1072 | 5.495 x 102
800 | 1.131 x1072 | 6.637 x1072
900 | 6.565 x1073 | 8.916 x103
1000 | 5.986 <1073 | 4.380 x1073

Analytic vs LSTM (sequence rollout)

1.8 4 = Analytic
==+ LSTM (rollout)

t

100

Figure 6: Graphical representation of the LSTM model for the religious population growth problem over 1000
epochs

The resulting time series data are used as input to the LSTM network, where previous population states
are utilized to predict future states. The network architecture, gating mechanisms and training procedure
follow the general LSTM formulation presented in Subsection 3.1. For training and evaluation, the
generated sequence was divided into 80% training data and 20% testing data. The model parameters were
optimized using the Adam optimizer by minimizing the MSE between predicted and target values. After
training, the predictive performance of the LSTM model was evaluated by comparing its predictions with
the analytical solution of Eq. (27). The MSE metric was employed to quantify prediction accuracy.

Following the tabulated results which is shown in Table 3, Figure 6 illustrates the corresponding
temporal evolution of the predicted states, highlighting the model’s capability to accurately reconstruct
the model. The LSTM model was applied to the religious population growth problem, and the resulting
predictions show a close agreement with the expected trend. The graphical representation confirms that
the network accurately captures the underlying growth dynamics as illustrated in Figure 7.

Example 4. Consider the Kuramoto model of two-coupled phase oscillators governed by the differential
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Absolute errors vs analytic solution
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Figure 7: Absolute error of LSTM model for the religious population growth problem

equations previously defined in Eq. (11). To train a recurrent network on this system, we discretize time
with a step Ar.

The LSTM architecture described in Subsection 3.1 is employed to model the temporal evolution
of the two-coupled phase oscillator Kuramoto system. To facilitate training, the system is discretized
in time using a step size of At and high-fidelity reference trajectories are generated using a numerical
Runge Kutta solver. These trajectories are then transformed into sequential training samples, enabling
the LSTM network to learn the underlying temporal dynamics of the coupled oscillator system.

Due to the periodic nature of phase variables, direct angle prediction may introduce discontinuities
caused by phase wrap-around. To overcome this issue the oscillator phases are represented using sine-
cosine encoding, and the network is trained to predict phase increments. This representation preserves
phase continuity and improves long-term forecasting stability.

The resulting phase sequences are provided as inputs to the LSTM network, which learns the tem-
poral dependencies governing the coupled oscillator dynamics. The network architecture, gating mecha-
nisms, hidden state updates and optimization procedure follow the general LSTM formulation presented
in Subsection 3.1.

For model training, the generated sequences are divided into training and testing subsets more-
over, the network parameters are optimized using the Adam optimizer by minimizing the MSE be-
tween predicted and reference phase trajectories. After training the predictive performance of the LSTM
model is evaluated through MSE analysis and synchronization assessment using the phase difference
0(1) = 0a(1) — 01 (0).

Table 4 summarizes the training performance of the tuned LSTM model for the Kuramoto two oscil-
lator problem. A steady decrease in both training and testing MSE is observed throughout the optimiza-
tion process, indicating successful learning of the oscillator dynamics without divergence. The final test
MSE of (1.110 x 10°) represents a substantial improvement over the original LSTM implementation. To
improve the predictive capability of the standalone LSTM model for the Kuramoto system, sine-cosine
phase encoding and phase increment prediction were employed to properly account for the periodic na-
ture of oscillator phases. A two-layer LSTM architecture with 64 hidden units, a sequence length of
20 and dropout regularization of 0.2, and the Adam optimizer (1 x 1073 learning rate) was used. These
modifications significantly enhanced the stability and accuracy of the LSTM predictions, providing a
more reliable baseline for comparison with the proposed fusion framework. The corresponding results
are presented in Figure 8.



14

M. Ashik Shahul et al.

Table 4: Training progress of the tuning LSTM model for the Kuramoto model of two-coupled phase oscillators

over 1000 epochs

Epoch | Train MSE | Test MSE
0 2.140 x 10! | 2.914 x 10°
100 | 2.684 x 10° | 2.685 x 10Y
200 | 2.477 x 10° | 2.477 x 10°
300 | 2.232x10° | 2.232 x 10°
400 | 1.997 x 10° | 1.997 x 10°
500 | 1.797 x 10° | 1.770 x 10°
600 | 1.713x10° | 1.591 x 10°
700 | 1.487 x 100 | 1.451 x 10°
800 | 2.009 x 109 | 1.287 x 10°
900 | 1.168 x 10° | 1.168 x 10Y
999 | 1.119x 10° | 1.110 x 10Y

Kuramoto two-oscillator: Analytic vs Tuning LSTM
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20 { --- Tuning LSTM: 91
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=== Tuning LSTM: $2
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Figure 8: Graphical representation of the Kuramoto model of two-coupled phase oscillators problem over 1000

epochs

4 Fusion of PINNs and LSTM

4.1 Integration strategy

The integration approach determines the effectiveness of the proposed fused framework. To combine the

outputs from the PINNs and the data-driven LSTM networks, a fusion operator .# is introduced. This

operator merges the information produced by both learning models into a single output representation.
Let Epinn denote the solution generated by the PINN and &; sty represent the prediction of the LSTM
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Figure 9: Schematic representation of the fusion of PINN and LSTM framework

at time #. One of the simplest and most commonly used fusion techniques is a weighted combination of
the two outputs, defined as

Eused (1) = a&pmn + (1 — @) ELsT™s (28)

where o € [0, 1] is a fusion parameter that can either be predetermined or learned during the training
process. In more sophisticated designs, a separate gating network or lightweight auxiliary model may be
employed and allowing .7 (épINN, éLSTM) to adaptively adjust the contribution of each component.

The fusion mechanism aims to utilise the physics-based knowledge captured by the PINN together
with the temporal learning ability of the LSTM. This produces a unified output that benefits from both
frameworks. The generalised form of the hybrid solution can be expressed as

é t)=7 (5PINN, §LSTM)- (29)

For the particular case of weighted averaging, the formula utilizes the operator defined in Eq. (28).
Thus, the fusion formulation enables the final prediction to maintain the physical structure enforced by
the PINN while simultaneously exploiting the sequential pattern recognition capabilities of the LSTM.
As a consequence, the fused model achieves improved accuracy and robustness across both physically
governed and data-driven regimes.
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4.2 Flow chart

By fusing the latent representations from both branches the proposed model aims to enhance prediction
accuracy, stability and generalization. Figure 9 illustrates the overall architecture of the proposed fusion
of PINNs and LSTMs. The framework is designed to exploit the complementary strengths of both models
by integrating the physics-based learning capability of PINNs with the temporal sequence modeling
ability of LSTMs, thereby enabling accurate and robust learning of complex dynamical systems.

4.3 Loss function

The global loss for the fused learning framework is constructed as a combination of multiple terms, each
addressing a different optimization objective. This formulation allows the model to respect physical
constraints, capture sequential dependencies and harmonise the individual contributions of the PINN and
LSTM components.

The PINN loss denoted by Zpinn is composed of a physics-related loss and a data consistency loss
and is written as

ZpINN = gPhysics + Zbata- (30)

Here Zphysics incorporates the residual and initial condition constraints as specified in Egs. (2)-(5) while
LData defined in Eq. (6), enforces agreement between network predictions and measurement data.

The LSTM loss, denoted as % stm characterizes the temporal learning aspect of the sequential
dataset and is given by

E(:0)—E(n)| (31)

where é(tk; 0) and & (1) correspond to the predicted and reference values at time #; respectively. This
loss minimizes the prediction error across temporal samples and improves sequence learning.

To ensure that the combined output is consistent with the reference solution, a fusion 10sS £z ysion 1S
defined as

éﬁusion (tk) - 5 (tk) ’2- (32)

gyusion = 79\ Z

=1

This component enforces agreement between the fused output and the target function, thereby stabilizing
the fused prediction and increasing generalization capacity. The complete loss function is formulated as

Z1oTAL = APINN-ZPINN + ALSTM-ZLST™ + A Zusion-Z Zusion, (33)

where ApinN, ALstv and A zysion are non-negative weighting coefficients that balance the impact of each
loss term. Minimizing .Zrotar. ensures that the trained model simultaneously satisfies physical laws,
matches observed data and maintains temporal accuracy throughout the learning process.

4.4 Application problems

In this section, we present a few short examples of how Fused PINNs and LSTM can be used to solve
systems of ordinary differential equations using the different methods implemented in Fusion of PINNs
and LSTM.
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Example 5. Consider the religious population growth problem governed by the differential equation
defined in Eq. (8). The exact analytical solution is used as a high-fidelity reference for evaluation and for
generating training sequences data-driven for the data driven component. This solution is used as a high-
fidelity reference for evaluation and for generating training sequences for the data driven component.

* PINNs layer

We define a neural network &g : R — R with parameters 6 (weights and bias) whose output approximates
o(1). (i.e., Eg(t) = ¢(t)). The PINN residual (enforcing Eq. (9)) is

Ho(1) = Ai&e(t) —KGo(t) =p- (34)

The time derivative d;Eg(7) is obtained automatically by using automatic differentiation of the network
with respect to its scalar input . The PINNs loss function combines both the physics-based residual loss
and the initial condition loss

ZpINN(0) = ZopE(0) + Mic-Zic(0), (35)
the physics loss-over collocation points {tr(i)}’if1 C [0,T] by
1 & (i)y) 2
ZopE(0) = A Y (%o (1)) (36)
ri=l
and enforce the initial condition with
Fic(8) = (£0(0) ~ 90)". (37)

* LSTM layer

We construct a discrete-time predictor using an LSTM that maps a short history of equally spaced sam-
pled states to the next state. Given sampled values {¢ (¢ j)}'j//:/o with #; = jAt form training pairs,

" = (@), 9 (tns1) oy Ot 1)) ERT L @) = 9(t10). (38)
Let G : R” — R denote the LSTM predictor with parameters . The supervised LSTM loss is

1 &
Asm(y) = VA Y (C(p(%(n))—w(n))z, (39)
S n=1

where f; is the number of training sequences.
* Fusion layer

Introduce a scalar fusion weight a € [0, 1] parameterized by a logit ® € R via a = ¢(®) where o(-)
is the sigmoid function. Let X (f) denote the LSTM prediction at time ¢ (obtained by auto regressive
rollout or interpolation of discrete predictions). The fused prediction is

P(1) = a&e(t)+(1—a) Ry(1). (40)

To encourage the fused output to match reference values at a set of sample times {ts(j )}}'/E] define the
fusion consistency loss

X

1 s . . . 2
gyusion(ea 1//7 ®) = — (OC 69 (ts(J)) + (1 - OC) Nw(tsgj)) - ¢Analytic(tsgj))) . (41)

5

—_
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* Total objective and optimization

By combining Egs. (35), (39), (41) into a single weighted loss, we obtain
Lol (0, ¥,0) = Aope-ZopE(0) + Aic-Z1c(0) + ALstM-ZLsT™M (V) + A Zusion-Z Zusion (05 ¥, ©),  (42)

where A, > 0 balance the contributions of each term. The training problem is the joint minimization

(9*’ W*’®*) = arg Gn‘l;% gTotal(ev v, ®)a (43)

typically solved by first-order methods (e.g., Adam) using automatic differentiation to compute Vg, Vy,
and Vg.

¢ Evaluation metrics

After training, evaluate the models on a test time grid {ti}f.\ief’. For quantitative evaluation, we calculate

the Mean MSE to standardize the performance comparison across the PINN only, LSTM only (autore-
gressive rollout) and the fused predictor

1

MSEpnN = e Y (o+(1i) — Dananyiic (fi))z,
test ;
MSELstm = T Z (X oy (1) = Panalytic (ti))z, (44)

MSE zusion = </VL Z (‘ﬁ@*,l]/*,@* (ti) - ¢Analytic (ti))z-
test ;

For this linear ODE, the PINN component alone can recover the exponential behaviour efficiently while
the LSTM provides a discrete data-driven correction that is useful under model mismatch, noisy ob-
servations or time-varying parameters. The learnable fusion weight & dynamically balances physical
consistency and data-driven flexibility. Following the tabulated results, Figure 10 illustrates the corre-
sponding temporal evolution of the predicted states, highlighting the model’s capability to accurately
reconstruct the model.

The graphical results presented in Figure 10 clearly demonstrate that the fusion of PINN and LSTM
models correctly predicts the accuracy and stability for the religious growth population problem. The
Fusion of PINNs and LSTMs model was applied to the religious population growth problem, and the
resulting predictions show a close and accurate agreement with the expected trend. The graphical rep-
resentation confirms that the network accurately captures the underlying growth dynamics as shown in
Figure 11.

Example 6. Consider the Kuramoto model of two-coupled phase oscillators defined in Eq. (11).

* PINNs layer

Let ¢g (1) = [¢(§1) (1), ¢(§2) (#)] be a neural network with trainable parameters 6. Replace ¢;(¢) by q)g) (t) in
Eq. (11) to form the residual vector
K .
9,05 (1) — @ — 3 sin (657 (1) — 04" ()
Zolt) = | K .o (l) @ | )
at¢9 (1) —wp — Esm (¢9 (t) — 0o (t))
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Table 5: Training progress of Fusion of PINN-LSTM model for the religious population growth problem over

5,000 epochs

Epoch ZPINN As™ L Fusion o
0 5.109 x 10" | 6.228 x 109 | 5.743 x 10* | 0.501
500 2.537 x 10! 1.621 x 10° | 1.489 % 10° | 0.055
1000 | 1.077 x 10! | 6.134x 10! | 7.729 x 10~ | 0.145
1500 | 4.079x10° | 2.531 x 10! | 3.508 x 10! | 0.057
2000 | 3.320x 10° | 1.094 x 10~! | 1.450 x 10~! | 0.355
2500 | 2.397 x 10° | 4.872x 1072 | 5.597 x 1072 | 0.441
3000 | 2.038x10° | 2.217x 1072 | 1.273x 1072 | 0.577
3500 | 1.398x10° | 1.023x 1072 | 1.008 x 1072 | 0.474
4000 | 3.895x 107! | 4.778 x 1073 | 1.443 x 1073 | 0.493
4500 | 4.328 x 107! | 2.246x 1073 | 1.213x 1073 | 0.498

Comparison: Analytic Solution vs Fusion of PINN and LSTM

50 +

40 +

plt)

20 4

10 4

—— Analytic Solution
=== Fusion of PINN-LSTM

Figure 10: Graphical representation of the fusion of PINN and LSTM model for the religious population growth

problem over 5,000 epochs

Time (t)

Define the physics loss over collocation times {tr(i)}ii/’1 C [0,T]

1 M i
Zove(0) = — Y. | e ()]
ri=1

Enforce initial conditions ¢¢ = [¢1(0), ¢2(0)] via

Zic(9) = [|06(0) — "
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Absolute errors vs analytic solution

—— Fusion of PINNs and LSTM abs error

10-2 4

1073 4

Absolute error (log scale)

Figure 11: Absolute error of the Fusion of PINN and LSTM model for the religious population growth problem

e LSTM layer

Sample a high-fidelity reference trajectory (e.g. RK4) at uniform times ¢; = jAt producing @ anatytic (¢;)-
Form length L sequence pairs

%(n) - [(,bAna]ytic (tn)a ceey ¢Analytic (tn—l—L—l)] S RZLa (P(n) - ¢Analytic (tn+L)~ (48)

Let the LSTM predictor be X, : R?L — R? with parameters y producing discrete time predictions
Sy(tusr) = @ Train by minimizing the supervised loss, we get

1 &
LAsm(y) = - Z H Nv/(%(n)) _ ‘P(n)Hz. (49)
S n=1

For continuous-time evaluation, obtain &y(z) by autoregressive rollout (step-by-step prediction).
¢ Fusion layer

Introduce a fusion gate o € [0, 1]. Parameterize with a logit ® € R and oo = 6(®) to allow unconstrained
optimization. For any evaluation time ¢, define the fused prediction

A

C(1) = age () + (1 — &) Sy (¢). (50)

" ¢/1/ . . i .
Let {tASJ )} ; :f , be fusion sample times and ¢ Analytic(ts(,] )) the corresponding reference states. Define the
fusion consistency loss

N
1 f . . .
Zrusion(0:91:0) = - ¥ lado (") + (1 = )£y 1”) = Camayic(1:”) (5D
Jj=1

* Total objective and optimisation

Combine the four losses with positive weights A*

Lrotal(0, ¥, 0) = Aope -ZopE(0) + Aic Zic(0) + ALstv -Zst™m (VW) + A Zusion -Z Zusion (0, W, ®).  (52)
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The training problem is the joint minimisation
0", y*,0") =arg emi%jfToml(G, v, 0), (53)
W,

using a first order optimizer (e.g. Adam). Automatic differentiation computes gradients.

* Evaluation metrics

After training, evaluate the models on a test time grid {t,-}f/:’e‘l". For quantitative evaluation, we calcu-
late the Mean Squared Error (MSE) to standardize the performance comparison across the PINN only,
LSTM only (autoregressive rollout) and the fused predictor

1
MSEpmy = —— Y || e+ (1) — Canaryic @)
est

1
MSErstm = et Z Héw* (i) = Canalytic () H2> (54)

1 2
MSE zusion = YA Z HC(tl) - CAnalytic(ti) H2
est

i

This fused framework leverages the global structural information encoded by the PINN (guaran-
tees physical consistency at collocation points) and the temporal pattern capturing ability of the LSTM
(learning discretized dynamics and compensating for model mismatch). The learnable fusion gate au-
tomatically balances these sources to produce accurate continuous time predictions and to reproduce

synchronization behavior predicted by classical theory when sufficient data and collocation enforcement
are provided.

Table 6: Training progress of fusion of PINN-LSTM model for the Kuramoto model of two-coupled phase oscil-

lators problem over 10,000 epochs

Epoch ZPINN AsT™M Z Fusion o
0 2750 x 10° | 1.062x10° | 1.39x 10" | 0.501
1000 | 1.334x10° | 1.078x10° | 1.11x10° | 0.575
2000 | 1.254%10° | 1.072x 107! | 5.21 x 10~} | 0.604
3000 | 5.408 x 1071 | 2.173x 107! | 4.84 x 107! | 0.652
4000 | 3.726 x 107! | 3.618 x 10! | 4.28 x 10! | 0.693
5000 | 1.521x 1071 | 1.042x 107! | 3.53x 10"} | 0.724
6000 | 4.961 x1072 | 2.392x 10! | 1.29x 107! | 0.766
7000 | 3.244x 1072 | 3.858 x 1072 | 5.70 x 1072 | 0.798
8000 | 1.869x 1072 | 1.379x 1072 | 3.54x 1072 | 0.827
9000 | 1.635x 1072 | 1.468x 1072 | 1.85x 1072 | 0.854

Following the tabulated results in Table 6, Figure 12 illustrates the corresponding temporal evolution
of the predicted states, highlighting the model’s capability to accurately reconstruct the model.
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Kuramoto two-oscillator: Analytic vs Fusion of PINN and LSTM
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Figure 12: Graphical representation of the Kuramoto model of two-coupled phase oscillators problem over 10,000
epochs

The graphical results presented that the Fusion of PINNs and LSTMs was successfully implemented
to solve the two-coupled Kuramoto oscillator system. The predicted solution closely matches the ex-
pected dynamics, and the graphical results demonstrate accurate phase evolution for both oscillators.

4.5 Analysis of the adaptive fusion parameter ()

Tables 5 and 6 present the evolution of the adaptive fusion parameter ¢ during training for the religious
population growth and Kuramoto benchmark problems, respectively. The parameter o dynamically con-
trols the relative contributions of the PINN and LSTM components within the fused prediction. Values
of o close to 0 indicate stronger reliance on the LSTM model, whereas values approaching 1 increase
the influence of the PINN component.

For the religious population growth problem, the fusion parameter ¢ converges to approximately
(¢ = 0.498), indicating that both the PINN and LSTM contribute almost equally to the final prediction.
This balanced weighting demonstrates that the adaptive fusion mechanism effectively exploits both the
physics-based information provided by the PINN and the temporal learning capability of the LSTM.

For the Kuramoto two oscillator problem, the fusion parameter o gradually increases throughout
training and stabilizes at approximately (o = 0.854). This behaviour indicates that the framework pro-
gressively assigns greater importance to the PINN component while still retaining a meaningful con-
tribution from the LSTM. The observed weighting suggests that the Physics-Informed model provides
the dominant source of information for the final solution, whereas the LSTM continues to contribute
temporal dynamics that complement the physics-based representation.
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Table 7: Numerical parameters used for the Kuramoto two-oscillator model

Parameter Value
Natural frequency m; 1.0
Natural frequency a» 1.4
Coupling strength x 0.6

Initial phase ¢;(0) 0.5 rad
Initial phase ¢,(0) -0.2 rad
Final simulation time T 20.0

These results demonstrate that the proposed adaptive fusion framework does not collapse into a sin-
gle model solution. Instead, it automatically adjusts the relative contributions of the PINN and LSTM
according to the characteristics of the underlying problem. Consequently, the adaptive weighting mecha-
nism provides a flexible balance between physical consistency and data-driven temporal learning, leading
to improved predictive performance compared with standalone PINN, tuned LSTM and fixed weight en-
semble approaches.

4.6 Implementation details and hyperparameters

To ensure stable and reproducible convergence, the model hyperparameters were selected through em-
pirical tuning based on validation performance and training stability. A learning rate of (1 x 1073) was
adopted for the Adam optimizer as it provided a favourable balance between convergence speed and
optimization stability without noticeable oscillations. The weighting coefficients of the loss function
were set to (Aope = 1.0), (Arstir = 1.0) and (Ap,si0n = 1.0) to ensure balanced contributions from the
physics-informed residuals, data-driven learning component and fusion objective. Furthermore, the ini-
tial condition penalty weight was assigned a larger value (4;c = 100.0) to strongly enforce the prescribed
initial conditions and prevent solution drift, particularly in the Kuramoto oscillator problem. These hy-
perparameter values consistently produced accurate predictions while maintaining physical consistency
and stable convergence across repeated training runs.

The parameters listed in Table 7 were used consistently across all experiments to ensure a fair com-
parison between the PINN, tuned LSTM and adaptive PINN-LSTM fusion models. The same system
parameters and initial conditions were used for generating the RK4 reference solutions, training the mod-
els and evaluating their performance, ensuring that observed differences are attributable to the modelling
approaches rather than changes in the experimental setup.

4.7 Final statistical results

To assess the robustness and reliability of the proposed models all experiments for both the Population
Growth problem and the Kuramoto problem were independently repeated five times using different ran-
dom initialization seeds. The mean and standard deviation of the Mean Squared Error (MSE) values
were then computed for each model. Reporting the results in the form of mean ((£)) standard deviation
provides a statistically meaningful evaluation of model performance and reduces the possibility that the
reported accuracy is influenced by a particular random initialization. The results presented in Table 8
and Table 10 demonstrate that the proposed PINN-LSTM fusion framework consistently achieves lower
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Table 8: Comparison of mean test MSE and standard deviation for the religious population growth problem

Model Architecture | Mean Test MSE | Standard Deviation
Standalone PINN 2.180 x 10! +1.20 x 107!
Standalone LSTM 4.380 x 1073 +3.10x 1073
Proposed Fusion 4213 x 1073 +0.45 x 1074

Table 9: Statistical significance test results comparing the standalone LSTM and adaptive PINN-LSTM fusion
models over ten independent runs

Statistical Test p-value
Paired t-test 1.24x 1077
Wilcoxon signed-rank test | 1.95 x 1073

prediction errors across repeated trials for both problems while maintaining low variability. The rela-
tively small standard deviations indicate stable convergence behaviour and strong reproducibility of the
obtained solutions. These findings confirm that the performance improvements achieved by the proposed
hybrid framework are robust and not dependent on a single training run for either the Population Growth
problem or the Kuramoto problem.

To further assess the statistical significance of the observed performance improvement, both a paired
t-test and a Wilcoxon signed rank test were conducted using the MSE values obtained from ten indepen-
dent runs of the standalone LSTM and adaptive PINN-LSTM fusion models. The paired t-test yielded
a p-value of (1.24 x 10~3) while the Wilcoxon signed-rank test produced a p-value of (1.95 x 1073) as
shown in Table 9. Since both p-values are substantially below the conventional significance threshold of
0.05, the null hypothesis of equal predictive performance can be rejected. These results confirm that the
improvement achieved by the adaptive PINN-LSTM fusion framework is statistically significant and is
not attributable to random variations in the training process.

Table 10: Comparison of mean test MSE and standard deviation for the Kuramoto model of ¢; and ¢,

Model Architecture | Mean Test MSE (¢;) | Mean Test MSE (¢,)
Standalone PINN 8.430 x 1071 +0.052 | 8.346 x 101 +0.048
Tuned LSTM 9.953x 1071 +1.35 | 8.753 x 10~1+0.810
Proposed Fusion 1.612x 1071 4+0.018 | 3.589 x 1071 4-0.021

4.8 Comparative performance analysis of model architectures

To further assess the effectiveness of the proposed framework, a fixed weight ensemble was considered as
an additional baseline where the outputs of the PINN and LSTM models were combined using a constant
weighting factor of (o¢ = 0.5). The results demonstrate that the adaptive fusion mechanism consistently
outperforms the non-adaptive ensemble and highlighting the importance of dynamically adjusting the
contributions of the physics-informed and data-driven components during training which are shown in
Tables 11 and 12. While deeper PINN architectures, alternative activation functions and GRU based
recurrent models may provide additional benchmarking perspectives, these investigations are left for
future work and constitute promising directions for further research.
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Table 11: Comparison of standalone models, fixed-weight ensemble and adaptive fusion for the religious popula-
tion growth problem

Model Architecture Mean Test MSE | Standard Deviation
Standalone PINN 2.180 x 10! +1.20 x 10!
Standalone LSTM 4380 x 103 +3.10x 1073

Fixed Ensemble (& = 0.5) 3.276 x 1072 +1.80x 1073
Proposed Fusion 4213 %1073 +0.45x 1074

Table 12: Comparison of standalone models, fixed-weight ensemble and adaptive fusion for the Kuramoto two-
oscillator problem

Model Architecture Mean Test MSE (¢;) | Mean Test MSE (¢»)
Standalone PINN 8.430 x 1071 +£0.052 | 8.346 x 10~ +0.048
Tuned LSTM 9.953x10°'+1.35 | 8.753 x 10~ £0.810

6.914 x 107! +0.052
3.589 x 1071 +0.021

4.962 x 1071 40.041
1.612x 1071 4+0.018

Fixed Ensemble (& = 0.5)
Proposed Adaptive Fusion

The fixed-weight ensemble baseline improves upon the standalone models by combining physics-
informed and data-driven predictions using a constant weighting factor. However, the proposed adaptive
fusion framework consistently achieves lower prediction errors, also demonstrating the benefit of dy-
namically adjusting the relative contributions of the PINN and LSTM components during training rather
than relying on a fixed combination strategy.

S Computational analysis

Table 13: Computational cost comparison of PINN, tuned LSTM and Proposed Fusion models

Model Architecture | Total Parameters | Training Time (s) | Inference Speed (s)
Standalone PINN 13,200 450 0.85
tuned LSTM 18,500 390 1.13
Proposed Fusion 31,700 620 1.31

Note: Training time is measured over 10,000 epochs on an NVIDIA Tesla T4 GPU using Google Colab.
Inference speed is the average time required for a single test set forward pass.

The computational characteristics of the investigated models are summarized in Table 13. The stan-
dalone PINN exhibits a lower parameter count but incurs a relatively high training cost due to the re-
peated evaluation of physics-informed residuals and automatic differentiation operations. The Tuned
LSTM requires additional trainable parameters but achieves faster convergence through purely data-
driven learning. The proposed PINN-LSTM fusion model combines both architectures and therefore
possesses the largest parameter count and training time. Nevertheless, the increase in computational cost
is accompanied by a substantial improvement in prediction accuracy, robustness and convergence stabil-
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ity. Furthermore, all models maintain inference times within the millisecond range and demonstrate their
suitability for practical dynamic system prediction tasks and near real-time deployment.

6 Conclusion

In this study, a fused architecture combining PINNs and LSTMs was constructed to address coupled
ordinary differential equation problems with improved accuracy and stability. The methodology lever-
ages the physics-driven learning capability of PINNs together with the sequence modeling capability of
LSTMs. By introducing an adaptive fusion layer the model dynamically coordinates physical constraints
with data-driven temporal information, enabling reliable and consistent predictions for both the religious
population growth model and the Kuramoto model of two coupled phase oscillators.

The experimental results demonstrate that the proposed fusion framework successfully reproduces
the underlying dynamics governed by the differential equations while consistently outperforming the
standalone PINN and tuned LSTM models. Across multiple independent runs, the fusion model achieved
lower mean prediction errors together with reduced standard deviations, indicating improved robust-
ness and stability. Furthermore, the adaptive fusion strategy provided a more effective balance between
physics-based and data-driven learning than fixed-weight ensemble approaches.

Analysis of the learned fusion parameter revealed that the contribution of the LSTM component was
most significant during the early stages of training, while the adaptive weight gradually shifted toward
the PINN component as optimization progressed. This observation suggests that the LSTM primarily
acts as an auxiliary data-driven regularizer that guides the optimization process and improves training
stability rather than contributing equally throughout the entire training procedure. Although this behavior
represents a limitation of the current fusion mechanism, it also highlights the complementary roles of the
two learning paradigms within the proposed framework.

In summary, the proposed adaptive PINN-LSTM framework provides a robust and scalable approach
for solving time-dependent ODE systems. Future work will focus on developing enhanced fusion mecha-
nisms that maintain meaningful contributions from both components throughout training, coupled multi-
scale models and higher-dimensional differential equation problems. The extension of the proposed
architecture to spatio-temporal partial differential equations also represents a promising direction for
future research.
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