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Abstract. This paper presents a novel approach for determining the polar decomposition of a complex
(real) matrix, accompanied by a thorough examination of its convergence. The proposed class of meth-
ods’ structure is inspired by Petkovi¢’s idea for computing the Moore-Penrose inverse of a matrix using
polynomials. This class of methods, rooted in matrix multiplications, circumvents the need for matrix
inversion. Several categories of methods with varying convergence orders are introduced and scrutinized.
The efficacy of these proposed methods is demonstrated through numerical experiments, comparing them
with alternative approaches. The study focuses on random matrices of dimensions n X n, where n takes
values of 80, 100, 120, 150, 180, and 200 and several ill-conditioned matrices. The assessment includes
key metrics such as the average number of iterations, matrix multiplications, and execution time for each
method under consideration. The results affirm the efficiency of certain proposed methods in comparison
to others.
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1 Introduction

Polar decomposition has many applications in satellite tracking, factor analysis, computing the best or-
thogonal approximation for a matrix, finding the solution for orthogonal Procrustes problem in statistics,
computing a nearest symmetric positive semi-definite matrix, and calculation of the second roots of a
positive definite matrix [0, 8—10].
Consider an arbitrary matrix A € C™"*, m > n. A matrix U and a Hermitian positive semi-definite
matrix H exist such that
A=UH, U'U=I, H=(A*A)"? (1)
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where rank(A) = rank(U) = r, is a polar decomposition of matrix A. When the rank of matrix A is equal
to n, the matrix H becomes positive definite, and the existence of U is unique. For the case n > m, we
can write

A=HU, UU*=I,, H=(AA")"?

and A = HU is considered as the polar decomposition of the matrix A. It is a common practice to
investigate polar decomposition when m > n, as exemplified in the paper under consideration. Polar
decomposition, a crucial and practical matrix decomposition [11], extends the familiar polar represen-
tation of a complex number, z = ae'®, to complex matrices. Here, ¢'? is linked to U, which possesses
orthonormal columns, and a is associated with a positive semi-definite matrix H [, 7]. Obtaining the
polar decomposition through the singular value decomposition (SVD) [5] is a well-established strategy.
Assuming there exists an SVD for matrix A,

L\ o
wr(Z)er

in which P € C™ and Q € C"*" are unitary matrices and also £ = diag(oy,...,0,) with non-zero
singular values 0 < 0, < --- < 0;. For matrices P and Q, let P = [P, P,] and Q = [Q;, Q>] such that P,
and Q) are the first » columns of P and Q, respectively. Then, P{'P; = I, and Q7Q; = I, hold, so

A= (PO1)(Q12Q)) =UH, U=PkQ), H=QX0. 2

Several methods were introduced to compute polar decomposition [2—4, 12—15,18-20]. Most of them
compute U and then the symmetric matrix H = %(U *A+A*U) is obtained. In [14], Kovarik presented
the quadratically convergent iterative method as follows:

3)

Up=A, R :I—U]:Uk
Up+1 :Uk(1+0.5Rk), k=0,1,....

Gander [4] applied Halley’s method to compute polar decomposition with three-order convergence as

follows:
Vo=4, )
Uer1 = U(UiU 43D BUS U+ Y, k=0,1,...,
in which Uy = A is a nonsingular matrix. Petcu and Popa [15], based on Kovarik’s method, introduced
the following iterative method:

{ Up=A, Dy=(I-UrU)(I—0.5U;Up),

5
Upsr = U1 +Dy), k=0,1,.... ®)

It has been demonstrated that equation (5) exhibits linear convergence, albeit with a convergence order
of two. In a related context, Esmaeili [3] introduced an iterative method that avoids matrix inversion,
outlined as follows:

{ Uy=A, Ry=I-UtU,, ©

Ugs1 = Uk(I+ 3Re(31+Ry)), k=0,1,....
It achieves quadratic convergence and requires three matrix multiplications per iteration. In a study by
the authors [20], they introduced an algorithm employing a sixth-order iteration

{ Uo=A, Y=UlU, Z=YY, Wi=2ZY, Ti=Wc,, )

Ups1 = Uy (201 + 108Y; + 108Z + 20Wy ) - (31 + 60Y, + 1307 + 60W; +3T;) !, k=0,1,...
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until W is less than { = 10!, Then, it continues with the well-known Newton’s method

U1 = S0+ U, k=0,1,...,

in which UZ is the Moore-Penrose inverse of U;. Khaksar Haghani and Soleymani [12] introduced a
fourth-order convergent method as follows:

{UO:Aa Yo =UUi, Ziy =YX, )

U1 = U(TI+ Y ) (T +3Y) (T + 18Y, +13Z) 7!, k=0,1,....
In [2], the authors presented the following sixth-order convergent method:

Up=A, YWw=UU, Zi=Y%Y, Wi=YiZy, Ti=2ZiZ,
Ups1 = Up(361 +314Y; 4 384Z; + 66W;) )
(41 +141Y, +435Z; +211W, +9T;)~!, k=0,1,....

In [19], Soleymani, Khaksar Haghani and Shateyi introduced a seventh-order convergent method as
follows:

Up=A, YWw=UU, Zi=4%Y, Wi=YZ, L=YW,
U1 = Uk(7651+7840Yk + 128667 + 4008W, + 121Lk) (10)
-(811 + 3208Y + 12306Z; + 8960W;, + 1045Lk)_1, k=0,1,....

Kiyoumarsi [13] proposed the following sixth-order convergent method:

Up=A, Yi=UU, Z=YYy, Wi=YZi, L=YW,
Ui+1 = Uk(281+ 146Y; + 1047, + 10Wk) (11D
(41 +85Y; +155Z; + 43W, + L), k=0,1,....

The methods presented in equations (3), (5), and (6) are based solely on matrix multiplications and
exhibit a consistent structure. We will introduce a general form that encompasses these three methods
and will compare this proposed class of methods to the methods discussed earlier, including some high-
order methods.
In this paper, it is assumed that
[A*A]]2 < 1, (12)
otherwise the scaled matrix
1
A(new) =TA, T= (13)

VAl Al +1

could be used. We note that

0i(tA) = \/Ai(2A°A) = \[©24,(A"A) = TV/A,(A°A) = TG/(A).

So,
TA=P <TOZ) 0 = (PO))(01(tX)Q7) = U(tH),
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then the factor U is invariant and the factor H scaled linearly.

In Section 2, we unveil a generalized iterative approach designed for calculating matrix polar decom-
position and eliminating the necessity for matrix inversion. Section 3 then establishes several categories
of inventive iterative methods with diverse convergence orders derived from the generalized approach.
Transitioning to Section 4, we undertake a comparative analysis between the proposed methods and
prevailing techniques. Subsequently, we offer a detailed exposition of our results, including the aver-
age execution time, iteration count, and matrix multiplication count. These metrics are derived from
experiments conducted on random matrices of varying dimensions.

2 A class of iterative methods and its properties

In this section, we commence by introducing a comprehensive inversion-free iterative method designed
for obtaining polar decomposition and subsequently provide a proof of its convergence. Our objective
is to present a generalized method, akin to the generalized Schultz iterative methods X1 = X0 (AXj),
initially proposed by Petkovi¢ [16] for computing the Moore-Penrose inverse of a matrix A using the
polynomial ¢(x). We delve into the convergence analysis of this generalized method, exploring the
necessary determinant conditions for its convergence. We show that, despite Petkovié¢’s method, the
polynomial from this generalized approach is represented in the form of an even polynomial function.

It is worth noting that the method (3) was formulated based on the following scalar iterative method:

1 3 1
Xy = (14 5(1 —x3)) :xk(i - Qx%) = x;p1(x7).

Also, the method (5) is established based on the scalar iterative method

3,

1
X1 = x (14 (1 —x,%)(l — fx,%)) =x(2— Exk — Exz) :xkpz(x,%).

2

For the method (6), it is clear that it can be formed as the following scalar iterative method:

5 2 11
X1 =01+ >0 =x) (S +1-x7)) = xx(—

5
. 3 2 —3x,%+fx£) :xkpg(x,%).

4
In general, according to all p;s, i = 1,2,3, a generalized scalar iterative method
X1 = xp(x3), (14)

can be considered, which is applied to find a solution of the equation x = x~! (x # 0) or equivalently
x?> = 1. The defined polynomial of degree d is as follows:

p(x) =lo+Lx+--+1x°.

Utilizing the newly defined polynomial p(x) and iterative method (14), we present a systematic proof for
the convergence of the proposed generalized method. This proof is structured through several steps that
draw upon the methodology established in Petkovié’s strategy [16].
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Proposition 1. Assume that the iterative method (14) is convergent, it means x,% — 1 when k — oo. Then,
p(1) =1 holds.

Proof. The convergence limy_,c x,% = 1 implies the convergence limy_,..xx = 1 with the assumption that
Xy is positive. Taking the limit of both sides of (14) and noticing the continuously of polynomial p(x)
yield 1 = 1.p(1), we can get p(1) = 1. O

Therefore, through out this paper, we assume that p(1) = 1. Denote ¢; = 1 —xi as the error sequence
such that it is satisfied in

ey1 =1— xk+1 =1- XJ%PZ(X%) =1-( —ek)P2(1 —ex) =q(ex),
in which ¢(x) = 1 — (1 —x)p?(1 —x) is a polynomial of degree 2d + 1. Since p(1) = 1, we have ¢(0) = 0.

Lemma 1. The polynomial q(x) satisfies in

2d i+1 l+1
X)=— ]’li . -1 jXJ?
ot =~) Z( e

in which p?(x) = h(x) = 2%, hix'.
Proof. According to p*(x) = h(x) = Y74, hx' and the definition of ¢(x), we have
q(x) =1 — (1 =x)p*(1 =x)
2d i+1 l‘l— 1 o
=1-Y hi(l-x)*'=1- Zh ) ( > —1)/x/.
i=0

i=0 j=0 ]

Since p(1) = 1, p>(1) = 1 and Y2, h; = 1 hold. In the last sum of the above equation, by separating the
term related to j = 0 and applying Z?go h; = 1, the desired result is obtained. O

Proposition 2. Assume q(0) =0 (p(1)=1). If|¢'(0)| < 1 (|12p/(1) + 1| < 1), then there is an € > 0 such
that for every eg € (—¢€,€), ex — 0 (x,% — 1) when k — oo,

Proof. The fixed point sequence e, = g(ex) satisfies ¢(0) = 0. Therefore, there is a neighborhood
(—¢, &) of 0 such that if |¢'(0)| < 1 then |¢'(x)| < I holds for every x € (—g,€). This means the fixed
point sequence e = g(ex) is contractive, so converges to x = 0. O

In the sequel, we assume that |¢/(0)| < 1 (|2p/(1) + 1| < 1). Taking ¢ > 1 as the order of the root
x = 0 of the polynomial g(x), we are to get

q(x) = x'v(x),
in which v(x) is a polynomial of degree 2d + 1 — ¢ and satisfies in v(0) # 0. The definition of g(x) results
in
g(l)=1=v(l)=1.
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On the other hand, according to g(x), go = q1 = --- = ¢;—1 = 0 and g; # 0. Therefore,
2d+1—t ) 2d+1—t )
)= Y g, g =xv)= Y gu"
i=0 i=0

Let g(x) = xp(x?). If the sequence {e; }s>0 has the order of convergence equal to #, then ¢! (0) = 0,
i=1,...,t— 1. Since ¢'(0) = 0 and p(1) = 1, we obtain p’(1) = —3. It can be observed that

1
§) = () + 22/ () = ¢/(1) =142(—3) =0,
Accordingly,
3 5
(1) == ")y =—-=,...
pr)=, pPr)=—gy

imply g)(1) =0, i =2,...,1 — 1. In below, we show that both fixed point sequences e;, | = g(ex) and
Xr+1 = g(xx) have the same order of convergence.

Proposition 3. The order of convergence, denoted by t, is identical for both the fixed point sequence
ex+1 = q(ex) and the method (14).

Proof. We have e, = q(e) = ejv(ex). It results

1— 2
lim % — pim %) gy g,
koo @) ke (1=xp)!

Therefore, the sequence {e, }7>_, and then the method (14) both have the same order of convergence equal
to t. O

So, to find the determinable bound for € in Proposition 2, define polynomials §(x) and ¥(x) by
2d+1—t )
P) =), g, g(x) =25(x).

i=0

It is clear that g(x) < §(x) for every x > 0 and §(0) = 0. Moreover, in the case t = 1, we have

2 2d
000) = Y g, q'(x) = (ov(x)) = Y (1+)grea’ = q1+2gox+3g3x* + -+ (14 2d) g1 124,
i=0 i=0

and
7(0) = |q1| = 14'(0)] < 1.

Lemma 2. The equation §(x) = x has the unique root Y in the interval (0,4o0). If §(x) = q(x), which
means all coefficients of q(x) are non-negative, then y = 1, otherwise 0 < y < 1. In addition, §(x) < x
holds for every x € (0, 7).



A class of inversion-free iterative methods to find polar decomposition 7

Proof. Noticing the equation §(x) = x, one can obtained x'¥(x) = x, so '~ '$(x) = 1. Take s(x) =
¥ ~19(x) — 1. Since the coefficients of ¥(x) are non-negative and the degree of s(x) is equal to 2d > 2,
the coefficients of s'(x) are non-negative as well and s"(x) > 0 holds for every x > 0. Hence, the function
s(x) is strictly increasing for every x > 0 and satisfies s(-+c0) = +e0. On the other hand,

S(O):{ o=t

t>1.

Notice that in the case t = 1, according to the assumption |g;| = |¢'(0)] < 1, s(0) < O consistently holds.
Further, since ¥(1) > v(1) = 1, we have ¥(1) — 1 > 0. Thus, it results in s(1) = ¥(1) — 1 > 0. It means
that the strictly increasing function s(x) has a unique root ¥ in the interval (0, 1]. If §(x) = ¢(x), then
4(1) =g(1) = 1 resulting in ¥(1) = 1. Therefore, s(1) = 0 is obtained, it means y = 1 is the unique root
of s(x). Otherwise, y € (0,1) is derived. Assume that x € (0,7). Since s(x) is strictly increasing on this
interval, we obtain s(x) < 0. Hence, X'~ !9(x) < 1 and multiplying both sides of the inequality by x > 0
result in §(x) = x'P(x) < x. O

Lemma 3. [f the sequence {fi} satisfying 0 < fo < yand 0 < fi+1 < §(fx), then limy_,« fy = 0 holds.

Proof. Using mathematical induction, we show 0 < f; < yand 0 < fi.41 < fi, for all k. Since fp € (0,7),
it is true that 0 < f; < 4(fo) < fo < 7¥. Suppose that f;_; < yand 0 < f; < fr—1. As aresult, fr <y
and 0 < fir1 < 4(fx) < fr < y are obtained. So, 0 < fi+1 < fi < Yy completes the induction and shows
that the sequence { f;}r>0 is decreasing. On the other hand, since 0 < f; < 7, the sequence {fi}r>0
is bounded from below by zero. Therefore, it is convergent to a f, which satisfies in 0 < f < y and
f<4(f). Now, it is shown f = 0. Let f # 0. Since f < §(f) and §(f) < f are true, hence f < f, which
is a contradiction. O

Since |ext1]| = |g(ex)| < G(|ex|) < |ex| holds for all k, taking f; = |ex|, we have the following corollary
for the convergence of the method (14).

Corollary 1. The method (14) is convergent if |eg| < 7.

Therefore, the value of bound € in Proposition 2 is equal to 7.

Now, to find coefficients of the polynomial p(x) such that the method (14) has the order of conver-
gence ¢, from ¢(x) = 1 — (1 —x)p*(1 — x), the following can be immediately obtained:

~ 1—q(x) _ I—x'v(x) 1-X n 1 —v(x)

pr(l—x)= X

1—x l-x  1—x 1—x
Regarding the definition of ¢(x), it is easy to see g(1) = 1 and v(1) = 1. Thus, it is evident that v(x) =
1 — (1 —=x)u(x), in which u(x) is a polynomial of degree 2d —t. Accordingly, the following condition is
obtained:

PPA—x)=14x4+2"+ 42" +xXu(x). (15)

All results of this section are abridged in the following theorem and the convergence of the iterative
method (14) is proven under certain assumption.
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Theorem 1. Assume x;, # 0 and the given polynomial p(x), which p(1) = 1. The method (14) locally
converges to 1, if |2p'(1) + 1| < 1 and |1 —x3| < y. In addition, if p(x) is given by (15), then the method
(14) has convergence order t.

Using the convergent iterative method (14), we define a new generalized method
Ukt1 =Urp(UgUr),  Up =4, (16)

to find the factor U of the polar decomposition of the matrix A. In the following theorem, the convergence
of the method (16) to find the polar decomposition of the matrix A is proven by using the singular value
decomposition under the assumption (12).

Theorem 2. Let A € C™*" is an arbitrary matrix with rank r < n and has non-zero singular values

0<o,<--- <0y <oy <1 with condition 1 —y < m Then, the sequence {Uy }r>o, generated

by the method (16) with the initial matrix Uy = A, that converges to the unitary factor U of the polar
decomposition of the matrix A with the order of convergence equal to t.

Proof. Assume the matrix A has the following SVD:

_ Dy *
a=r(%)or
(0)

in which P and Q are unitary matrices and Dy = diag(dfo),d2 7...,dﬁo),O7 ...,0) is a diagonal matrix
that dl-(o) =o0;,i=1,...,r. For k=0, since Uy = A, we have

PUyQ = (%0) .

Take Dy 1 = Dyp(D?). Then, the following comes forth:
. D
PUi1Q = ( ’;)“) !

(d§k+1) dék-H)

in which Dy = diag voond™ 0,...,0). Based on (14),

at =dPp(@P), =12

According to the condition 1 —y < m, it can be concluded that 1 —y < 67 and then the non-zero

)
values of diagonal matrix Dy are satisfied in |1 — (di(o))2| <Y,i=1,...,r. Thus, based on Theorem 1, the

sequence {di(k)}kzo converges to 1 with the order of convergence equal to ¢. Hence, Dy — (’0 8) when
k — oo. Therefore,
lim P*U;Q = <Ir 0)
k=00 0 0)’
I, 0

it means limy_,., Uy = P((;’ 0) Q* = P07 and the sequence {Uy }x>0 converges to the factor U with the
order of convergence equal to 7. OJ
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3 New iterative methods

In this section, we present several new iterative methods and subsequently introduce a strategy aimed at
enhancing the order of convergence with a reduction in the number of required matrix multiplications as
the computational costs. The derivation of the polynomial p(x) is facilitated through the utilization of
equation (15). To achieve this, we scrutinize the process of determining the polynomial p(x) based on a
generic form. Initially, iterative methods with first and second orders are obtained, followed by the intro-
duction of a comprehensive model for higher orders. Assuming that the polynomial p(x) complies with
the conditions outlined in equation (15), the ensuing analysis unfolds the implications of this satisfaction,

PP =14+ (1—x)+(1—x)+- 4+ (1 =x)"" (1 —x)u(l —x).

Hence, in the sequel, we compute p(1 —z) and by taking z = 1 —x, the desired result is obtained. If p(x)
is the polynomial of degree of d, then the degree of p?(1 — x) is 2d. Therefore, we assume

pz(l —x) = cz((xo+a1x+-'-+ oy x4 —|—xd)2.

Since p(1) = 1, it is clear that c>a = 1 always holds. To acquire the class of iterative methods with
order one, we consider the polynomial p(1 —x) as follows:

p(l—x)=c(op+x).
Applying the condition (15), when ¢ = 1, we obtain
(1 —x) = (a0 +x)* = (o +200x +x*) = o +x(2c ot + c2x) = 1 +xu(x).
1

Choosing ¢ > 0 implies &y = . So, the class of iterative methods with order one is obtained as follows:

1
X1 Zka(xzz) = ka(z +(1 —x%)), c>0.

Applying the condition [2p’(1) + 1| < 1, the valid range for ¢ is 0 < ¢ < 1. The most appropriate value of

¢ is determined when 2p/(1) +1 = 0, meaning ¢ = 1. In this case, if we take x¢y1 = 3 (2+ (1 —x7)) =

g1 (xx), then it is observed that g} (1) = 0. So, the following iterative method

{ Upy=A, Ry=I-UtU; an

U1 = SUQRI+Ry), k=0,1,...,

with order one is derived, which is the method (3). Assuming A € C™*", each matrix multiplication costs
O(mn?) flops, then this method costs (2 x O(mn?)) flops in each iteration.

To obtain a class of iterative methods with order two, we consider the function p(1 —x) as follows:
p(1—x) = c(og + ox+x*) = (ot +x(a; +x)).
Using (15), we have

p2(1 —x) = cz(a0+ a1x+x2)2
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=2 ((0g) + (2000 )x + (af +200)x* + (201 )x” +x%)
= 2o + Ao )x+x* (¢ (o] +200) + 2P oy x + ¢x?)
=1 +x+xu(x),

which yields 02065 = 1 again and also ¢?>(200;) = 1. Thus, the coefficients o = % and o) = 217 are
calculated with ¢ > 0. Take

1 1
Xk+1 = ka(z + Z(l —XI%) +(1 _XI%)Z) = go(xt)-

The function g»(x) has the local maximizer x = 3T026 on the interval (0,1) when ¢ > %. On the other

hand,

£ —x=x(1 ) (5 +e(1 —2)) =0,

which yields the fixed points of the function g»(x) as follows:

2
x:iLiniﬁi.
2c
2¢+1

For the method x; | = g2(xt) to be convergent, the function g (x) must map the interval (0, |/ =57~ ) into

itself, so g2(4/ 3J{gc) < 2‘;1 . Therefore, 0 < ¢ < 1.47223 and the following class of iterative methods

with order two is obtained:

{L@:A R, =1-U;U, (18)

Ugs1 = cUr(Re(Re + 1)+ 11), k=0,1,...,

which contains only three matrix multiplications and costs (2 x O(mn?) 4+ O(n?*)) flops in each iteration.

To find a suitable c, using ¢; =0.140.1, i =0, 1,...,13, different methods based on each ¢; are com-

pared for random matrices. The value ¢ = 1.3 outperforms others. It should be noted that based on this
5

class of iterative methods, the methods (5) and (6) are obtained by choosing ¢ = % and ¢ = 7, respectively.

In the general case, take
p(1—x) = c(otg+ oyx+ -+ oy x7 1 +x9).

To achieve higher order methods, based on Theorem 1, we apply the condition (15) for above p(1 —x)
with d > 1. Then, a nonlinear system in terms of c is created. For ¢ > 0, we can solve the system by
forward substitution. For example, the coefficients of the polynomial p(1 —x) of degreesd =1,...,8 are
calculated as follows:

=0 T BT BT e BT 18
63 231 429
Qs 03 o7 (19)

= 256¢ ~ 1024¢ = 2048¢
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According to these coefficients, for d = 3, we can define

) = a(C + 5 (1=2) 4 o (1= 2P (1= 2)).

For every ¢ > 0, g5(1) = 0 and g5(1) = O consistently hold. Similar to the case of d = 1, the most

appropriate value for ¢ is obtained when g4'(1) = 0, resulting ¢ = %. According to this value of c, we

have gg4) (1) = —105 and the following third-order iterative method is attained:

{U():A, Ry=1-UUy, By=R}, 20)

Uis1 = 1< Uk(Be(SRi+61) +8R+161), k=0,1,....
This method contains four matrix multiplications and costs (2 x O(mn?) +2 x O(n*)) flops per iteration.

It is observed that methods with even order convergence perform better. Thus, we introduce a strategy
to obtain classes of iterative methods with even orders (¢ > 4) and at least required matrix multiplications.
Similar to p(1 —x) = c(x(x+ ;) + &%) and the technique used in [ 7], assume the polynomials w; are
as follows:

w,-(x) = Wi;_1 (x) [W,'_1 (x) —l—a,;i_gwi_g(x) e EEE al"0W0(x)]
+b; i awi—2(x) +bii—3wi_3(x) + -+ biowo(x), (21
in which wg(x) = 1, w (x) = x, and ws(x) = x*>. Now, take p(1 —x) = cwg_1(x). Using (21) and based

on (14), we can obtain classes of iterative methods which contain 8 matrix multiplications. To this end,
if

d
wo_1(x) =Y o', 0=4,56,..., d=438,16,..., (22)
i=0
then the condition (15) implies some results similar to (19) with assumption ¢ > 0. Now, to find coef-
ficients a; ; and b; j, where j=i—1,1=i-2,...,0 and i = 6 —1,...,3, a nonlinear system must be
solved.

For 6 = 4, the unknown coefficients are identical to those in (19). Thus,

p(1—x) = cws(x) = c(wa(x)(wa(x) + iw1 (x)+ %wo(x)) + im (x)+ %wo(x))

16¢ 8 2c
5 3 1 1
— (2 (2 —
=c(x"(x"+ e 80)+ 5o Xt C),

is applied to obtain a fourth-order method. Take X1 = cxpw3(1 —x7) = ga(xx). The points x = 0 and
x =1 are two of the fixed points of the function g4(x) when x > 0. Moreover, this function has another
fixed point B4 > 1, when ¢ >0 and x > 0. If ¢ > %, then there is a local maximizer of the function
g4(x) on the interval (0,1), say {. In order to find the range of ¢, we apply the condition g4(&) < PBa,
which guarantees that the function g4(x) maps the interval (0, B4) into itself. It yields 0 < ¢ < 2.387437.

The class of fourth-order iterative methods is obtained as follows:

{UO:A, Ry=1-UU,, By=R2, 23)

U1 = cU(Bi(Bi+ R+ 1) + 3R+ 11),  k=0,1,...,
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which contains four matrix multiplications and costs (2 x O(mn?) 42 x O(rn?)) flops in each iteration.
A suitable ¢ = 1.8 is obtained by using a similar accomplished numerical comparison for quadratic
method (18).
For 6 = 5, based on (21), we have

w3 (x) = X*[x* +a3,1x +as ] + b3 1x + b3,

wa (x) = w3(x) [w3(x) + as2x” + a1 x+ as ] + bapx”> + ba 1x+ by o,
in which unknown coefficients a; ; and b; ;, i = 4,3 and j = 2,1,0, are computed by using (22) and
obtained coefficients in (19). Having expanded w4 (x), we have the following nonlinear system:

b%p +agobso+byo=1

c

2b3 1030+ as1b30+asobs 1 +bsy = 716

P 3
b3 | +2a30b3,0+ aapbz o +asibs 1 +aspazo+bap = g

5
2a31b30+2a30b3,1 +as2b31 +as 1030+ as0a31 = 1z

2 35
aso+2a31b31+2b3o+aspazo+asiazy +aso = 53¢

2b3 1 +2a31a30+aspaz ) +as = 2226
2a30+ad | + a2 = Toou
429
2a3,1 = 545
To solve the above system, define
429 231 2 63
M= %006e" ™7 1024c M0 BT 556, M
3 N
N4 = 128¢ nnsz, mns= l6c NiM4.
Then,
(a31 = N1,
asp = M2 — 243,
as = M3 —2b3

aso="ns—azo(M —azp) —2bsy,

bao =% —b3o(Ns—azo(n2—azp) —bso),

ba1 = 5 —b3o(N3—2b31) —b31(Ns — azo(M2 — azp)),

bapr =2 —b31(N3—b31) —bs3o(M —2a30) — aso(Na —az (N2 —azyp)),

ﬂlag,o +az0(n3 — M2 —2b3,1) +N2bz1 = 1s.

Determining b31, we find an acceptable solution for the quadratic equation

(24)

Mmadg+aso(Ms — MM —2bs 1) +Mbsy = 1s, (25)
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which is in terms of a3 o. Observe that the discriminant of (25) is as follows:

A= (N3 —Miny —2b31)* —4n1 (b3 —1ns).

If A > 0, then (25) has at least a solution and using this condition, we have

A= 4b§71 —4msbs ;1 + (M3 —mm2)* +4mns > 0,

which shows A =0 is a quadratic equation in terms of b3 ;. The inequality A > 0 is true if the discriminant
of the equation A = 0 is non-positive. Taking non-positive the discriminant of the equation A = 0, we
obtain an inequality in terms of ¢ that implies ¢ > 0. If the discriminant of the equation A = 0 equals to
zero, then b3 | = % is a solution of the equation A = 0 and the inequality A > 0. Thus, the following
solution can be obtained for the equation (25):

mn2+ \/77127722 —4n (" —ns)
21‘[1 '

aso =

Take
g5(x) =xp(1 —x*) = ex(ap + o (1 —=x3) + -+ o7(1 —x2) + (1 = x)3),

in which the coefficients ¢ are obtained according to (19). Now, choosing b3y = 0 yields that two
functions gs(x) and cxw4(1 — x?) are equal, when ¢ > 0, and then all coefficients in (24) can be obtained
in terms of c¢. On the other hand, when 0 < ¢ < 3.7275, the function gs(x) maps the interval (0, f5) into
itself, in which Bs > 1 is a fixed point of the function gs(x). According to the obtained coefficients a;
and b; j, i =4,3 and j = 2,1,0, the following class of eight-order iterative methods is acquired:

U=A, Ry=I1-UUs, By,=R},

w3(Rk) = By[By + a3 1Ry +az o] + b3 1Ry + b3 ol

W4 (Rk) = W3 (Rk) [W3 (Rk) + a4,sz —+ Cl4’1Rk + a4701] + b47sz + b471Rk + b47()1,
Uk+1 = CUkW4(Rk), k= 0, 1, ceey

which contains only five matrix multiplications and costs (2 x O(mn?) +3 x O(n?)) in each iteration.
Similar to the two previously introduced methods, using numerical comparison, we choose ¢ = 3.4.
Then, after rounding the computation to four decimal places, we obtain

U=A, Re=I-UiU, Bi=R:,
w3 (Ry) = Bx[Bx +0.0308R; + 1.71621] 4 0.0340Ry,

W4(Rk) = W3 (Rk) [W3 (Rk) —3.3671B;+2.91 161] —4.8879B; + 0.0482R; +0.29411, (26)
Uk+1 = 3.4UkW4(Rk), k= 0, 1, e
In the sequel, we list functions y = g;(x), i = 1,...,5, with considered values of ¢ are as follows:
X 2
gi1(x) = 5(2‘*‘ (1—x7)),
X
g2(x) = 15(10+5(1 —x)+13(1 —x3)?),

g3(x) = %(16+8(1 ) H6(1 =222 +5(1—22)3),
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ga(x) = 8%(80+40(1 ) 430(1 =22 +25(1 — )3 + 144(1 — )4,
gs5(x) = 1()’670(10240%120(1 —x%) +3840(1 —x*)% +3200(1 — x?)* +2800(1 — x*)*

+2520(1 —x%)° +2310(1 —x%)® 4+-2145(1 — x*)" +34816(1 — x*)®).

The graph of this functions are illustrated in Figure 1, which declare x = 0 and x = 1 are fixed points of
these functions and it is clear that the function gs(x) increase faster than others on the interval (0, f3s).
This feature of gs(x) is the important motivation of using it for the method (26).

—y=g,(x)

1.8 { ——Y=9,(x)
——y=g,(x)
16 | ——y=g,(x)
——y=g,(x)
141 o
y=x

X

Figure 1: The graph of functions y = g;(x),i=1,...,5and y=x

4 Numerical experiments

In this section, to demonstrate the performance of methods, some examples are given, in which the
matrix U of the polar decomposition A = UH is computed. All matrices A used in examples follow the
assumptions (12) and (13). The calculations of this part have been run by MATLAB R2015b software
on a PC with specifications AMD, E2-1800, APU, 1.70 GHz. In examples, methods (3) (M}), (4) (M),
(5) (M3), (6) (Ma), (7) (Ms), (8) (M), (9) (M7), (10) (Mg), (11) (Mo), (18) (M10), (20) (M11), (23) (M12),
and (26) (M13) are compared for different matrices. The stop criterion is

[ U1 = Uil

1Tkl

and the maximum number of iterations is set to 200. Moreover, the factor U is obtained using the SVD
by MATLAB and then

<0.5x1078,

Error = ||Upy1 — Ul|F,
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is computed for each solution of methods, which ||. || is the Frobenius norm. The average elapsed exe-
cution time (CPU), the average number of iterations (Iter), the average number of matrix multiplications
(TMM), and the average Error as the precision (Error) are reported for each method. Although ma-
trix inversion is computationally expensive than matrix multiplication, we assume equal computational
costs for these operations to facilitate a simpler exposition and a more straightforward comparison of the
proposed methods. All reported results in tables are rounded to two decimal places of scientific notation.

Example 1. In this example, for each n, n = 80,100, 120, 150, 180,200, we compute the factor U of ten
generated random matrices as follows:

A := (rand(n,n) — rand(n,n)) /n.
The obtained results of the methods are reported in Table 1, Figure 2, and Figure 3.

Table 1: The comparison of methods for various matrices with n = 80, 100, 120, 150, 180, 200 in Example |

n =280 n =100
Method CPU Iter TMM Error Method CPU Iter TMM Error
M 3.64% 10~ 243 48.6 456x 10714 | M, 6.19%x 1072 242 484 311x 101
M, 1.82x 107! 10.5 2 3.10x 107 | M, 2.12x 107! 10.5 2 3.54x 10714
My 334x 1072 154 46.2 339%x 10714 | My 593x1072 154 46.2 3.36x 10714
My 3.09%1072 136 408 339% 10714 | My 551%x1072 135 405 3.09 x 1014
Ms 1.55% 107! 10.5 495 8.55x 10714 | Ms 250 % 107! 10.4 48.8 9.87x 1014
Mg L14x107" 69 41.4 458x 10714 | My 139x10°" 67 40.2 4.84%10°14
My 1261071 6.2 43.4 216x 10713 | My 1.45x 1071 6.1 427 2.09x 10713
Mg L17x107! 59 41.3 3.2x10783 | Mg 131x10°0 59 413 3.01x 10713
My 1L.11x1071 6.4 44.8 155x 10713 | My 1.65x10°1 6.6 46.2 1.09x 1013
My 290x 1072 135 40.5 2.54x 1071 | My 503x1072 135 40.5 3.08x 10714
My, 489x 1072 143 57.2 3.13x 1074 | My, 7.69 x 102 143 57.2 3.28x 10714
My, 261x1072 95 38 27310714 | M, 464x1072 95 38 2.94x 1014
M3 263x1072 7.2 36 497x10° 1% | M3 469x10°2 15 37.5 5.28x 10714

n=120 n=150
Method CPU Tter TMM Error Method CPU Iter TMM Error
M, 1.02x10° T 241 482 465x 10 % | M, 170x10° T 254 50.8 897 x 10~ 1%
M, 1.63x 107! 10.2 40.8 461x107 | M, 3.38x 107! 10.8 432 7.30% 10~14
M3 9.28x 1072 152 45.6 503x 10714 | M 1.88x 1071 16 48 9.48x 10714
My 8.77 x 102 13.7 41.1 423x 1074 | My 1.45x 107! 14 42 6.01x 10~14
Ms 2.80x 107! 10.3 48.1 9.52x 10714 | Ms 4.85%x 107! 10.8 51.6 1.18x 10713
Mg L41x107" 6.9 41.4 546 x 1074 | Mg 33x 107 72 432 8.35x 10714
M, 126x10°1 6.1 427 272x10°13 | My 276x10°1 6.2 43.4 3.48x 10713
Mg 129%x10°1 6 2 4410713 Mg 250x 10" 62 43.4 4.41x 10713
My 1311071 6.6 46.2 14710713 | My 3.00x 107 7 49 1.32x 10713
Mg 8.05x 102 13.9 41.7 430x 1074 | My, 1.52x107! 142 42.6 7.02x 10714
My, 1.10x 107! 14.2 56.8 4.19%10714 | My 2.05% 107! 15 60 7.46x 10714
My, 751%x1072 9.7 38.8 418x 1074 | My, 149 107! 10 40 7.13x 10714
M3 7.49x1072 7.6 38 6.43x10714 | M3 134x1071 78 39 8.23x 1014

7= 180 7 =200
Method CPU Iter TMM Error Method CPU Iter TMM Error
M, 279x10°T 255 51 732x 10717 [ My 377x 1071 26.4 52.8 5.66x 10~ 1%
M, 431x107! 11 44 6.02x10°14 | M, 5.14x 107! 113 452 5.61x10°14
My 279 x 1071 15.9 477 6.6x 1014 Ms 3.56 x 107! 16.7 50.1 535x10°14
My 2.68x 1071 1338 41.4 5.86x 10714 | My 3.24x 107! 14.5 435 6.17x 10714
Ms 6.93x 10~ 11 53 101x 10713 | M5 8.32x 107! 11 53 1.35x 10713
Mg 3.58x10°L 7 Iy 8.14x 10714 | Mg 429%10°" 74 44.4 7.12x 10714
My 3.46x 1071 6.2 43.4 255x 10713 | My 406x107" 6.4 44.8 3.32x 10713
Mg 324x107" 6.1 4.7 420x 10713 | My 3.99x10°" 6.4 44.8 4.65x 10713
My 3.73x 107! 7 49 1.45x10°13 | My 440x10°1 71 49.7 1.65x 1013
My 231x 107! 13.9 41.7 7.06x 10714 | M 3.11x107! 14.3 429 51210714
My, 335x10°! 15 60 6.92x 10714 | My, 449 x 107! 15.7 62.8 5.65x 10714
M, 217x10°1 99 39.6 5.40x10~1% | My, 2.95x107! 10 40 5.47x 10714
M3 207x10°0 77 38.5 7.58x 10714 | M3 295x 1071 8.1 40.5 1.01 x 10713

Based on Table 1, Figure 2, and Figure 3, we note that the methods (23) (M}>) and (26) (M;3) have
lower CPU and TMM than other methods with acceptable accuracy.
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Figure 2: The comparison of CPU of methods for various matrices with n = 80, 100, 120, 150, 180, 200 in
Example 1
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Figure 3: The comparison of TMM of methods for various matrices with n = 80, 100, 120, 150, 180, 200 in
Example 1

For the next example, we define the residual value of polar decomposition as follows:

_ |A — Uiy 1Hiy 1| F
Al ’

Res

in which Hy 1 = (A*Ugs1 + Uf, | A). We report the average Res of methods for ill-conditional matrices
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Table 2: The comparison of methods for matrices with dimension 80 x 80 in Example 2

Matrix: A, K(A;) =8.13 x 1022 Matrix: A, K(A;) =289 x 1018
Method CPU Iter TMM Res Method CPU Iter TMM Res
M, 8.03x 1072 485 97 1.69x10°5 | My 1.59x 10T 114 228 145x 1013
M, 1.12x 107! 193 772 156 x10°1% | M, 291x10°1 45 180 232x10°13
Ms 732x1072 294 88.2 137x10715 | My 154x10°1 67 201 1.29x 1013
My 577x1072 233 69.9 1.15x10715 | My 1.12x1071 49 147 2.10x 1013
Ms 288x10°1 332 90.2 8.22x10°15 | M 224x10°" 30 186 241 %1014
Mg 9.18x 1072 118 70.8 273x10°1 | Mg 156 x10°1 25 150 1.66 x 1014
My 8.58x 1072 104 72.8 200x 10714 | My 1.49x 1071 22 154 6.21x 10713
Mg 823x1072 102 71.4 3.43x10714 | Mg 141x10°0 21 147 9.29x 1013
Mo 924x1072 115 80.5 7.29x10715 | My 1.65x10°1 24 168 7.06 x 10714
Mo 585x1072 23 69 1.14x 10715 | My 1.13x10°1 49 147 1.82x 10715
My, 929x1072 279 111.6  226x1075 | My, 1.89x10°1 66 264 1.73x 1013
M, 539%x 1072  16.1 64.4 1.17x1071 | My, L11x10-! 36 144 2.75x 1013
M3 540%x 1072 1238 64 42110715 | M3 9.73x 1072 27 135 253x 1014
Matrix: A K(A3) = 1.04 x 107 Matrix: Ay K(Ag) =551 x 1077
Method CPU Tter TMM Res Method CPU Tter TMM Res
M, - — - - M, 1.74x 10" 123 246 2.06x 101
M, 6.37x 107! 123 492 7.34% 1071 | M, 246% 107" 47 188 530x 10713
My 4.11x 107! 195 585 3.89%x 10710 | My 1L60x 1071 70 210 1.87x 1015
My 278 x 107! 135 405 3.80x 10710 | My 1.14x10°1 51 153 299 x 10713
Ms 478x 107" 73 487 8.81x 10715 | M 238x 107" 30 186 3.43x 10714
Mg 442%x10°" 70 420 7.06x 10~ | Mg 1.88x10°1 27 162 3.40x 10714
My 4.09%x10°" 62 434 8.98x 10714 | My 1.70x 1071 23 161 7.10x 10713
Mg 3.98x 1071 60 420 1.28x 107183 | Mg 157x1070 22 154 2.77 x 10712
Mo 445x1071 69 483 2.68x10714 | My 1.74x10°1 26 182 1.01x 10713
M 278 %1071 131 393 2.82x10710 | My 116x10~! 53 159 226 x 10713
My 5.11x107! 181 724 3.75x10710 | My, 1.93x10°1 67 268 3.47x10°13
M 273x 1071 97 388 492x10710 | My, 1.04x10°1 37 148 3.96 x10-13
M3 263x1071 72 360 2.14% 10715 | M3 9.96x 1072 28 140 250 x 10~14
Matrix: As K(As) = 1.70 x 1020

Method CPU Tter TMM Res

M 1.72x 1071 124.7 2494 1.90x 1071

My 243x 1071 46,9 187.6  3.57x 10713

My 1.51x 107" 75 225 1.69 x 10~1

My 1.13x107L 54 162 1.79 x 1013

Ms 245x 1071 31 193 226x 10714

Mg 1.85x 1071 272 163.2  2.35x 10714

M; 1.70x 1071 236 1652 3.93x 10713

Mg 153x1070 228 159.6 1.02x 1012

My 1.74x 1071 267 186.9  7.14x 10714

Mo L1sx1071 5301 1593 1.57x 10713

My, 202x10°" 708 2832 295x 10713

M, 1L10x 1071 387 1548  221x 10713

M3 1.06x10~1 294 147 1.35x 1014

used in Example 2.

17

Example 2. Consider the ill-conditioned matrices A;, i = 1,...,5, with sizes 80 x 80 and 100 x 100. For
each dimension, ten random matrices are generated. The average condition number for each matrix A; is
computed as K(A;). The results include the average Res are reported in Tables 2 and 3. Some methods
that do not reach the solution with iterations less than the maximum iteration (equal to 200), are reported
by “~” in tables.

mands. Assume a random vector v = rand(n, 1), then

Aj: Hankel matrix (A| = hankel(v)),

Az:

As:

Hilbert matrix (A, = hilb(n)),

Pascal matrix (A3 = pascal(n)),

Consider the following ill-conditioned matrices for the second example with their MATLAB com-
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Table 3: The comparison of methods for matrices with dimension 100 x 100 in Example 2

Matrix: A, K(A}) =6.31 x 1020 Matrix: A, K(Ay) =3.47 x 10P°
Method CPU Iter TMM Res Method CPU Iter TMM Res
M, 1.46 x 1071 56.9 1138 2.19x10° 5 [ M, 2.96 x 10T 114 228 1.35%x 1015
M, 1.74 x 107! 225 90 1711075 | M, 3.50 x 107! 44 176 2.80x 1013
Ms 126 x 107! 34.4 103.2 155x10°15 | My 2.87x107! 70 210 225x10°13
My 1.10x 107! 29.6 88.8 1.47x10715 | My 1.95x 107! 49 147 1.94x 1013
Ms 4.70x 107! 40.4 93.2 2.90x 1074 Ms 3.72x 107! 30 186 2.62x 10714
Mg 1.43x 107! 13.4 80.4 3.08x 10715 | Mg 2.59x 107! 25 150 1.96x 10714
M; 1.46 x 107! 12.1 84.7 209x1071% | My 236 x 107! 21 147 3.84x 10713
Mg 1.30x 107! 115 80.5 408x10713 | My 230x 107! 21 147 1.34x 10712
My 1.46x 107! 13.1 91.7 740x 10715 | My 2.73x 107! 25 175 523x 1014
My 1.15%x 1071 28.9 86.7 1.43x 10715 | My 2.14x 107! 55 165 221x 10715
My 1.66x 107! 32.3 1292 254x10715 | My 3.43x 107! 66 264 2.85x 10713
My 9.80x 1072 19.1 76.4 132x 10715 | My, 1.84x 107! 36 144 321x 1071
M3 9.28 x 102 14.3 71.5 4.86x10715 | M3 1.86x 10! 28 140 2,18 x 10714
Matrix: A3 K(A3) = 4.06 x 100 Matrix: Ay K(A4) =2.28x 1070
Method CPU Iter TMM Res Method CPU Iter TMM Res
M, - - — - M, 3.13x 10T 119 238 247x10° 1
M, 1.19 147 588 5.87x 1071 | M, 3.52% 107! 45 180 5.38x 1015
My - - - - My 2.83x 107! 71 213 2.66x 10~
My 6.20x 107! 163 489 273x10710 | My 226 x 107! 51 153 3.04x 10713
Ms 1.03 89 599 6.75x 10~ | Ms 3.90x 107! 30 186 452x 10714
Mg 8.80 % 10~! 84 504 6.15x 10~ | Mg 273 x 107! 26 156 3.54% 10714
My 8.28 107! 74 518 5.69x 10714 | My 2.55% 107! 22 154 8.48x 10713
Mg 8.06 x 107! 72 504 6.42x 10714 | Mg 247 % 107! 22 154 2.88x 10712
Mo 8.98 x 107! 83 581 205x10714 | My 2.89x 107! 25 175 1.07 x 1013
Mg 6.10x 107! 159 477 6.18 x 10710 | My, 2.08x 107! 51 153 2.64x 10713
My - - - - My, 3.68 x 107! 70 280 470x 10715
M 5.95x107! 117 468 467x10710 | M, 2.02x107! 37 148 4.83x10°15
M3 5.75x10~! 87 435 203x 10715 | M3 1.88x 10! 28 140 248 x 1014
Matrix: As K(As) =3.46x 1012

Method CPU Tter TMM Res

M 318 107 T 124.7 2494 218x10° 1

M, 3.63x 107! 473 1892 438x10713

My 2.81x 107! 74.9 2247 1.94x10715

My 2.07x 107! 543 162.9 1.98x 10713

Ms 4.13x 107! 31.5 1965  2.61x10714

Mg 2.96x 107! 275 165 2.79x 10714

My 2.67x 107! 23.6 1652 425x10713

Mg 257x107! 23 161 1.02x 10712

Mo 2.94x 107! 26.9 188 8.16x 1014

My 2.09x 107! 535 160.5  1.94x 10715

My 3.67x 107! 712 2848  3.29x 10715

My, 2.02% 107! 39.6 1584  2.64x10715

M3 2.01x 1071 30.3 151.5 1.58x 1014

Ay: Lotkin matrix (A4 = gallery('lotkin',n)),
As: Vandermonde matrix (As = vander(v)).

In Table 2 and 3, superior performance of methods (23) (M};) and (26) (M;3) can be concluded. More-
over, reported values of Res show that this methods find prime approximates for the polar decomposition
of ill-conditioned matrices rapidly.

Upon reviewing the results of the examples, it is evident that equations (23) (Mj;) and (26) (M;3)
exhibit a lower number of matrix multiplications and a shorter elapsed execution time compared to other
methods. Consequently, their computational costs are more economical than alternative methods, leading
to a faster computation of solutions.

5 Conclusion

In this paper, we present a class of iterative methods for determining the matrix U in the polar decom-
position A = UH, exploring its convergence characteristics. By proposing a comprehensive strategy,
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we introduce several classes of iterative methods, each exhibiting distinct orders of convergence for po-
lar decomposition. Notably, higher-order methods are derived within this framework. Importantly, these
methods circumvent matrix inversion, relying solely on matrix multiplication. Application of these meth-
ods to diverse matrices reveals that the convergent methods of order four and eight, denoted as (23) and
(26), respectively, require only four and five matrix multiplications. Strikingly, these methods outperform
others in terms of elapsed execution time and the total number of matrix multiplications. Additionally,
as they abstain from matrix inversion, their computational costs are substantially lower, rendering them
particularly suitable for ill-conditioned matrices.
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