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Abstract. A Cheban loop (G, o) is characterized by the identities (2 o yz)r = 2z o xy and
x(xyoz) =yzroxz for all z,y, z € G. It was established that the left, right, and middle nuclei of
a Cheban loop coincide, and the nucleus of a Cheban loop is the set of elements a whose middle
inner mappings 7T, are automorphisms. The generators of the inner mapping group of a Cheban
were refined in terms of one of the generators of the total inner mapping group of a Cheban
loop. Necessary and sufficient conditions regarding the inner mapping group (associators) for a
loop to be a Cheban loop were established. It was shown that, in a Cheban loop, the mapping
a — T, is an endomorphism if and only if the left (right) inner mapping is a left (right) regular
mapping. Additionally, a Cheban loop was proved to be a left and right automorphic loop and
that the left and right inner mappings belong to its middle inner mapping group. Furthermore,
a Cheban loop was shown to be an automorphic loop (A-loop) if and only if it is a middle
automorphic loop (middle A-loop). Some interesting relations involving the generators of the
total multiplication group and total inner mapping group of a Cheban loop were derived, and
based on these, the generators of the total inner mapping group of a Cheban loop were fine-
tuned. Finally, it was shown that a Cheban loop is a totally automorphic loop (TA-loop) if and
only if it is a commutative and flexible loop. These results above were used to give a partial
answer to a 2013 question and an apparent solution to the 2015 problem in the case of a Cheban
loop.
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1 Introduction

1.1 Quasigroup and Loop

Let G be a non-empty set. Define a binary operation ” o” on G. If z oy € G for all z,y € G,
then the pair (G, o) is called a groupoid. If aoz = b and yoa = b have unique solutions z,y € G
for all a,b € G then (G, o) is called a quasigroup. Let (G, o) be a quasigroup and let there exist
a unique element e € G called the identity element such that for all x € G,x0e = eox = x, then
(G, 0) is called a loop. At times, we shall write xy instead of z o y and stipulate that ” o” has
lower priority than juxtaposition among factors to be multiplied. Let (G, o) be a groupoid and
a be a fixed element in G, then the left and right translations L, and R, of a are respectively
defined by xL, = aox and xR, = zoa for all x € G. It can now be seen that a groupoid (G, o)
is a quasigroup if its left and right translation mappings are permutations. Since the left and
right translation mappings of a quasigroup are bijective, then the inverse mappings L;! and
R;! exist.
Let
a\b=bL;! = al, and a/b=aR,' =bM,"!

and note that
a\b=c<=aoc=b and a/b=c<=cob=a.

Thus, for any quasigroup (G, o), we have two new binary operations; right division (/) and left
division (\). M, is the middle translation for any fixed a € G. Consequently, (G,\) and (G, /)
are also quasigroups. Using the operations (\) and (/), the definition of a loop can be restated
as follows.

Definition 1. A4 loop (G,0,/,\,e) is a set G together with three binary operations (o), (/), (\)
and one nullary operation e such that

(i) ao(a\b) =0, (b/a)oa =10 for all a,b € G.
(i) a\(ab) =0, (ba)/a =0b for all a,b € G.
(iii) a\a=0b/b oreoca=aoe=a for all a,b € G.

We also stipulate that (/) and (\) have higher priority than (o) among factors to be multi-
plied. For instance, a o b/c and a o b\c stand for a(b/c) and a(b\c) respectively.

In a loop (G, o) with identity element e, the left inverse element of x € G is the element
xJy = 2* € G such that

iL')\O.’IJ:@

while the right inverse element of x € G is the element x.J, = 2” € G such that
xoxf =e.

Let (G,o) be a loop and let a,b,c € G. Then, associator of a,b and c¢ is the unique element of
G that satisfies {a o bc}(a,b,c) = abo c. The commutator of a loop defined for a and b is the
unique element in G that satisfies (ab) = ba(a,b).

For further study on quasigroups and loops, the reader may consult [6-8,11,14-17,19,22,26]
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Definition 2 ([20]). A quasigroup (G, o) is said to have the

1.
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left inverse property (LIP) if there exists a mapping Jy : x +— x> such that 1’ o (zoy) =y
forall xz,y € G.

right inverse property (RIP) if there exists a mapping J, : © — x” such that (yox)oxf =y
forall xz,y € G.

inverse property (IP) if it has both the LIP and RIP.

right alternative property (RAP) if yoxx = yxox for all x,y € G.
left alternative property (LAP) if xx oy =z oxy for all z,y € G.
flexible or elasticity property if (roy)ox =xo (yox) forall z,y € G.

cross inverse property (CIP) if there exist mapping Jy : x — x> or Jp 1w xf such that
zyorP =y orxoyxP =y oraxdoyx =y or x yox =y for all x,y € G.

weak inverse property loop (WIPL) if and only if it obeys x(yx)? =y or (zy)*x = y* for
all z,y € G.

Definition 3 ([20]). A loop (G, o) is said to be:

1.

2.

V=g=1y=! forall z,y € G.

an automorphic inverse property loop (AIPL) if (xy)~
an anti- automorphic inverse property loop (AAIPL) if (zy)™' =y~ lz~! for all z,y € G.

a semi-automorphic inverse property loop (SAIPL) if it obeys any of the identities (xy o
x)P = 2PyP o a2 or (zyox) = 2*y o2 for all z,y € G.

a power associative loop if < x > is a subgroup for all x € G and a diassociative loop if
< x,y > is a subgroup for all x,y € G.

Definition 4 ([20]). Let (G,0) be a loop:

1.

e e

5.

Ny={veG:(vox)oy=wvo(xoy)V z,y € G} is called the left nucleus of G .
N,={veG:yo(zxov)=(yox)ov VY x,ye G} is called the right nucleus of G.
N,={veG:(yov)ox=yo(vox)V x,y € G} is called the middle nucleus of G .
The centrum or commutant of G is C(G,0) = C(G) ={a € G : ax = za Yz € G}.
The centre of G is Z(G,0) = N(G,0) N C(G, o).

A group of all permutations on G is called the permutation group of a loop G and is denoted
by SYM(G). In loop theory, it is well known that M(G,0) = ({Lq, Rola € G}) is called a
multiplication group and M(G,0) < SYM(G). Now, suppose that e¢p = e in a loop (G, o),
such that ¢ € M(G, o), then ¢ is called the inner mapping of G and it forms a group Inn(G, o)
known as the inner mapping group.
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Let (G,0) be a loop, the right, left, and middle inner mappings of (G, o) are defined as
follows:

Ryy = RyRyR,}, Ly, = LyL,L " T, =R,L,;"

Ty Yy

and they are respectively generate the right inner mapping group Inn,(G), the left inner map-
ping group Inny(G) and the middle inner mapping group Inn,(G).

Definition 5. Let G be a non-empty set. Let (G,0) be a loop and let A, B,C € SYM(G). If
xAoyB= (zxoy)CV x,y e G

then the triple (A, B,C) called an autotopism and such set of triples form a group AUT(G, o)
called the autotopism group of (G,o) under componentwise multiplication . If A = B = C,
then A is called an automorphism of (G,o) whose set forms a group AUM (G, o) called the
automorphism group of (G, o).

If
Inn,(G) < AUM(G), Inny)(G) < AUM(G), Inn,(G) < AUM(G),

then G is called a right A-loop (A4,-loop), left A-loop (Ax-loop) and middle A-loop (A,-loop)
respectively.

Definition 6. Let (G,o) be a quasigroup. Then,

1. A€ SYM(QG) is called \—regular if (A, I, A) € AUT(G,o); the set of such mappings forms
a group A(G,o).

2. A€ SYM(Q) is called p—regular if (I, A, A) € AUT(G,o); the set of such mappings forms
a group P(G,0).

It is well known that
Inn(G,0) = (L(ap), Riapys Ta: a,b € G).
This group was later rediscovered and improved by Vojtéchovsky [27] in 2015 as
Inn(G,o0) = <R(a’b), Ty :a,be G> = <L(a’b), T, :a,be G>.

If
Inn(G,0) < AUM(G, o),

then (G, o) is called an automorphic loop (A-loop).

The group
TM(G7 o) = <{Laa Ry, My 2 a,b e G}>

is called the total multiplication group of (G, o). A permutation ¢ € T M(G, o) satisfying ep = e
is called a total inner mapping of (G, o) and the group T'Inn(G, o) formed by them is called the
total inner mapping group.
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In 2013, Stanovsky and Vojtéchovsky [23] established that the total inner mapping group is
TInn(G,0) = (Rip)s Liapy: Tas Miap), Da i a,b € G),

where

Map) = MyMoMy ., Do = M,R;".

In 2017, Syrbu [25] reported that
TInn(G,0) = (Rap) Lap)s Tas Doy Eay Plapy, Play s a,b € G),

where
Ploy = M MR L E, = R,M,, Py = Mo MyLoR; .

In 2019, Syrbu and Grecu [24] improved the result to
TInn(G,0) = (R p) Lap)s Tas Ea, Plap) - a,b € G).
If (G, 0) is an inverse property loop, then
TM(G,0) = (LoJr:a €G)y=(M,:a€Qq),

and
TInn(G,o0) = <Inn(G, o), J:abe G> = <M(a7b) ta,be G>.

A loop (G, o) is called a totally automorphic loop (TA-loop) if
TInn(G,0) < AUM(G,o).
Note that all totally automorphic loops are commutative.

Theorem 1 (Kinyon [13]). Let (G,0) be a loop. Then (G,o) is a TA-loop if and only if it is a
commutative Moufang loop.

The insight behind the above theorem is given below.

Theorem 2 (Kinyon [13]). In a loop (G, o), the following are equivalent:

(a)

(LA MM, RAM M, abe G) < AUM(G,o).

(b) (G,0) is an A-loop and a Moufang loop.
The author posed the following question:

Question 1.1 (Kinyon [13], (2013)). What other interesting varieties of loops can be charac-
terized by specifying that some group of total inner mappings acts as automorphisms?

Question 1.2 (Stanovsky and Vojtéchovsky [23], (2015)). Are the generating sets of the total
inner mapping group minimal? Can any of the five types of inner mappings be removed? Is
there a generating set for the total multiplication group using only two types of inner mappings?
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In 2019, Syrbu and Grecu [24], in order to address Question 1.2, established the following:
(1) Let (G, 0) a power associative loop, then

TITLTL(G, O) = <R(a,b)’ L(a,b)v E,, P(a,b) ta,be G>
(2) If (G, 0) is a middle Bol loop, then
TInn(G, O) = <R(a7b)7 FE,, P(a,b) ta,b € G>

It was further established by the author that if (G,o) is a middle Bol loop, then Inn(G,o) <
TInn(G, o) and reported that the result is not necessarily true for a right Bol or left Bol loop.
In 2021, Jaiyéolda and Effiong [9] presented characterizations of Basarab loops and identified
conditions under which a Basarab loop is an automorphic loop. This result provides a partial
solution to the underlying problem in the case of Basarab loops. In 2025, Jaiyéold et al. [12]
studied a new class of power associative loop and addressed Question 1.2 relative to it.

1.2 Cheban Loops

The central aim of this paper is to address two fundamental questions concerning total inner
mappings in loops, namely:

e Question 1. Under what conditions do total inner mappings act as automorphisms of a
loop?

¢ Question 2. What are minimal and effective generating sets for the total inner mapping
group and the total multiplication group?

Cheban loops provide a particularly suitable and natural framework for investigating these
questions. Structurally, Cheban loops lie between generalized Bol-Moufang type loops inheriting
strong algebraic regularities such as power associativity, conjugacy closedness, weak inverse
property and the coincidence of left and right inverses. These properties significantly simplify
the behavior of translation mappings and inner mappings, while still allowing enough flexibility
to detect nontrivial phenomena. Cheban loops were recently found to belong to two newly found
varieties of loops in Jaiyéold and George [10].

From the perspective of Question 1, Cheban loops offer a setting in which the interaction
between middle translations T, inverse mappings Jy,J,, and classical inner mappings can be
analyzed explicitly. In particular, the Cheban identities force strong relations among these
mappings, making it possible to characterize precisely when total inner mappings belong to the
automorphism group. This leads to clean necessary and sufficient conditions, most notably, that
the loop must be flexible and an A-loop for total inner mappings to act by automorphisms. Such
a characterization is generally inaccessible in broader classes of loops without imposing much
stronger assumptions.

Regarding Question 2, the structural constraints of Cheban loops allow the total multi-
plication group 7M(G, o) and the total inner mapping group TInn(G,o) to be generated by
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comparatively small and transparent sets of mappings. The collapse of left and right inverses, to-
gether with explicit formulas for middle inner mappings, makes it possible to express T'Inn(G, o)
entirely in terms of translations and conjugations by inverse mappings. This not only yields con-
crete generating sets, but also permits a careful analysis of redundancy and minimality, thereby
providing meaningful answers to the question of efficient generators.

In summary, Cheban loops form an ideal testbed for Questions 1 and 2: they are sufficiently
structured to allow precise algebraic control of total inner mappings, yet sufficiently general
to produce results that extend and refine what is known for Moufang, Bol, and automorphic
loops. For these reasons, the restriction to Cheban loops is not merely technical, but essential
for obtaining sharp and informative answers to both questions.

Definition 7. A loop (G,0) is called
1. RChL if it satisfies the identity (z o yx)ox = zx o xy for all x,y,z € G.

RChL
2. LChL if it satisfies the identity x(xy o z) = yx o xz for all x,y,z € G.

LChL

The questions 1.1 and 1.2 will be the focus of a detailed investigation for Cheban loops.
Our primary objectives are (i) to determine a minimal generating set for the total inner map-
ping group TInn(G,o) in the Cheban setting, and (ii) to characterize necessary and sufficient
conditions under which every total inner mapping is an automorphism in a Cheban loop.

To achieve these goals, we analyze the structural identities that define Cheban loops, study
the interaction between the standard inner mappings and the middle translations M,, and derive
criteria expressed as identities or inclusion relations in AUM (G, o) that guarantee T'Inn(G, o) <
AUM(G,0). Along the way, we highlight differences with previously studied varieties (e.g.,
Moufang, middle Bol, and power-associative loops), and we identify instances in which known
generating sets are either minimal or redundant.

The concept of Cheban loops was introduced by Cheban in [1] as a generalization of the
Bol-Moufang type. Cheban loops occur in two variants: left Cheban loops (LChL) and right
Cheban loops (RChL), both of which fall within the broader class of generalized Moufang loops.
The characterization of left Cheban loops was developed by Co6té et al. in 2010 [5], while Phillips
and Shcherbacov [21], (2011) described structural properties of Cheban loops, noting in partic-
ular that they form power-associative and conjugacy closed loops (CCL). Further developments
appeared in 2022, when Chinaka et al. [2] constructed a right Cheban loop of small order, fol-
lowed by an investigation of its holomorphic structure in 2023 by the same author [3]. More
recent work by Osoba et al. (2025) [18] established several algebraic features of Cheban loops,
showing that a Cheban loop (G, o) may be: (i) a weak inverse property loop when it is flexible
and its middle inner mapping lies in a permutation group; (ii) an automorphic inverse property
loop when it satisfies a semi-commutative law and its middle inner mapping is contained in a
permutation group; (iii) an anti-automorphic inverse property loop when every element has a
two-sided inverse and the middle inner mapping is contained in a permutation group. It was
also reported in [4] that, in any Cheban loop, z* = 2# = 2z~ 1.

In the present study, we focus on the characterization of the nuclei of Cheban loops in terms of
middle inner mappings. We express associators in Cheban loops using total inner mappings and
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provide necessary and sufficient conditions on the generator(s) of the inner mapping group for a
Cheban loop to be an A-loop. Furthermore, we establish results describing the generators of both
the inner mapping group and the total inner mapping group of a Cheban loop, demonstrating
that a specific class of total inner mappings acts on a Cheban loop (G, o) by automorphisms if
and only if (G, o) is an A-loop and flexible.

Theorem 3 (Osoba et al. [18], 2025). Let (G,0) be a Cheban loop. The following are equivalent:

1. (G,0) is a cross inverse property. 4. Ry € A(G,0)VzeQG.
2. (G, o) is commutative.

3. (G,o0) is an abelian group. 5. Ry € M)\(G,0) ¥V x €.

Remark 1. In this study, our focus is on left and right Cheban loops, specifically the identities
listed in Definition 7. When results apply to both types, we simply refer to “Cheban loops.” If a
result concerns only one of the two varieties, this will be explicitly indicated.

2 Main Results

2.1 Algebraic Properties of Cheban Loop

We begin by deriving a family of identities that hold in every Cheban loop. Starting from the left
and right Cheban identities, we perform a series of elementary substitutions to obtain relations
involving products, divisions, inverses, and the middle inner mapping T,,. These identities clarify
the algebraic behavior of translations in Cheban loops and provide several equivalent expressions
for T, and T, . The results of this section will play a central role in the sequel, when we examine
the minimal generating sets for total inner mappings and establish criteria under which these
mappings are automorphisms.

Lemma 1. In a Cheban loop (G, o), the following hold:

1. (cob)a=caoa(b/a). 11. ba = a((a* o b) 0 a).
2. a(boc) = (a\b)ao ac. 12. ab= (ao (boa”))a.
3. ba:aoa(b/a). 13. T—l :L_IRQ.
4. ab = (a\b)aoa. 1. Ty = R:L,.
— P
5. a="blaoca(b/a). 15. Ty = Lo\ R,
6. a = (a\b)a o ab.
(a\b) 16. T, = Roo L.
7. a=caoa(c’/a).
17. [L;'Ra, RyYL,) = 1.
8. a= (a\c*)a o ac.
18. Ty = R;'La = L Ra.
9. (a*b)a = a(b/a). a a*

19. T;' = L;'Ry = Rae L.

~
S

a(ba”) = (a\b)a.
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Proof. We shall apply substitutions in the RChL and LChL identities.
Doing b+ b/a in RChL and b — a\b in LChL yield

(cb) oa =cao (a(b/a)) and a(be) = (a\b)a o ac,
establishing 1 and 2. Setting ¢ = e in 1-2 gives 3 and 4:
boa=ao(a(b/a)) and aob= (a\b)aoa.

Setting ¢ = b in 1 and ¢ = b* in 2 yields 5 and 6 respectively. Similarly, setting b = ¢ and
b=c"in 1 and 2 produces 7 and 8 respectively.

Putting ¢ = a* in 1 gives 9, and putting ¢ = a” in 2 gives 10. Using 9 in 3 and 10 in 4 yields
11 and 12.

To obtain 13, note from 3 that bR;lLaLa = bR,, hence RglLa = R,L-1, so R;lLa =T,.

a

From 4, we get LyR;' = L' R,, so T,;! = L;'R,, proving 14. Using 9 gives 15 as L,aR, =
R;lLa =T,, and using 10 gives 16 as Ry L, = LglRa = Ta_l.

The remaining identities 17-19 follow from combinations of 13-16 and basic group relations

for permutations. O

Lemma 2. Let (G,0) be a loop. (G,0) is a Cheban loop if and only if the following hold:
1. (Ry, Ry Lo, Ry) = (Ra, Tu, Ry) € AUT(G,0) V a €G.
2. (Ly'Ra, Lo, Ly) = (T, Lo, Ly) € AUT(G,0) V a €G.

Proof. Use Definition 7, the result follows by rewriting the Cheban identities as autotopisms. [

2.2 Nuclei of Cheban Loop

The following theorem highlights a key structural property of Cheban loops. Unlike general
loops, in Cheban loops the left, right, and middle nuclei coincide and are closely tied to inner
mappings. Several conditions including the characterization of nucleus, certain associator iden-
tities, the action of middle inner mappings as automorphisms, and associativity are equivalent.
Consequently, the nucleus can be identified as the set of elements whose middle inner mappings
are automorphisms.

Theorem 4. Let (G,0) be a Cheban loop.
1. The following are equivalent for any fized a € G:
(a) a € Nj.
(b) a € N,.
(c) a € N,.
(d) T, € AUM(G,o).
2. The following are equivalent:

(a) a € Ny VY acgd.
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(b) ae N,V aed.

(¢) aeN,Vaed.

(d) T, € AUM(G,o0) for alla € G.
(e) Inn,(G,0) < AUM(G,o).

(f) (G,o) is an A,—loop.

3. N(G,0) = N)(G,0) =N,(G,0) = N,(G,0).
4. Foralla € G, To = Ta|n(c,0) € AUM (N(G,0)).
5. Ta: (G,0) > AUM (N(G,0)) is an homomorphism for all a € G.

Proof.
1. We shall prove using both RChL and LChL.

(a) <= (d) Let (G,0)beaRChL. Now,a € Ny < (L,,I,L,) € AUT(G,0) & (L1, I,L;1) €
AUT(G,0). So,a € Ny < (Ro, Ry Lo, Ro) (L1, I, LY = (Ro LY, To, Ry LY € AUT(G, o)
< (T,,T,,T,) € AUT(G,0) & T, € AUM(G,o0). Thus, in right Cheban loop, a € N}, if
and only if T;, is an automorphism of (G, o).

(b) <= (d) Let (G,o0)beaLChL. Now,a € N, < (I, Ry, R,) € AUT(G,0) < (I, R;Y, R;Y) €
AUT(G,o). Since (G,o) is LChL, then (T, !, L, L,) € AUT(G,0). So, a € N, &
(Ty Loy La) (I, RS Ry Y) = (T, LaRy Y, LaRy ') € AUT(G0) & (T, T, 1,1, ) €

AUT(G,0) & T, € AUM(G,0). Thus, in LChL, a € N, if and only if T; is an automor-
phism of (G, o).

(b) <= (c) Let (G,0) be a RChL. Now, a € N, if and only if (R,, L', 1) € AUT(G,0) &
(R;Y, Ly, I) € AUT(G,0) < (Ry, Ty, Ra)(R; Y, Lo, I) = (I, Ry, Ry) € AUT(G,0) & a €
N,(G,0). In a RChL, a € N, (G, o) if and only if a € N,(G, o).

2. Use 1.
3. Use 2(a) to 2(c).
4. Use 2 and 3.

5. Use 4.

2.3 Cheban Loop and its inner mappings

In this section, we make use of two related results describing how the middle inner map Ty
correspond to commutator translations in Cheban loops. For a right Cheban loop, the identity
Top = ToT} is shown to be equivalent to the condition that the right inner mapping R, ) lies
in the permutation group A(G, o). Dually, for a left Cheban loop, the relation 7,7, = Ty, holds
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precisely when the left inner mapping L, ) belongs to the group P(G,0). These equivalences
reveal the close connection between the multiplicative structure of the inner mappings and their
membership of autotopic-derived subgroups.

Lemma 3. Let (G,0) be a loop. Then, the following hold:
1. cRgpy0ab=caob and (c,b,a) = (co ab)M[cR(aywoab].
2. cLigp) = (ba)Mpoqae) and (b, a,c) = [(ba o cL(a7b)}M(boaC).
3. Ty = aMqy and (b,a) = (ab)Muowr,)-

Proof. 1. Follow from the definition of right inner mapping,

R(a,b) - RaRbR;bl = CR(a,b) = CRaRbR;bl =
cRgpy0ab=caob= cRgy = (ab)M(;;ob).

Recall that

coab(c,b,a) =caob  =cRyyp) oab=

using the associators of a,b and ¢

(coab)(c,b,a) = cR(gp) 0 ab=(c,b,a) = (coab)Mcg,, , cat)-

2. cLigp) = cLaLbL;a1 = baocLyy = (boac) = cLgp) = (ba)Mpoqac)- Recall that

baoc=(boac)(b,a,c)= (ba,c) = (baoc)Lyy\(baoc)
= (b7 a, C) = [(ba) o CL(a,b)]M(baoc)'

3. Ty = RqL;t = bT, = bR, L;* = bT, = aM,). Recall that (ba) = abo (b,a) =

~
Using the commutators of a and b

(b,a) = (ab)\(ba) = (b,a) = (ab)\(a o bT,) = (ab)Muo(r,)-
Theorem 5. The following are equivalent in a loop (G,o0):
1. (G, o) is a Cheban loop.

2. (a,b,c) = [(a\b)a ° (ac)] \((ab) o ¢) and (a,b,c) = (c o ba)\ [ca o a(b/a)] .

ab’

3. Inn(G,o0) = <LaL(a\b)aL_1 To | a,b e G> and

Inn(G,o) = <RaR(a(b/a))Rb_alaTa | a,b € G>.
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Proof. 1 <= 2 . Recall that in a loop, LChL holds < a o bc = (a\b)a o ac by item 2 of
Lemma 1. In Lemma 3, abo ¢ = (a o bc)(a,b,c). So, (G,o0) is a LChL < [(a\b)a o
(ac)|(a,b,c) = aboc & (a,b,c) = [(a\b)a o (ac)] \(ab o ¢). Also, (G,0) is a RChL,
& cboa = (coba)(a,b,c) < (a,b,c) = (coba)\ [ca o a(b/a)] .
2 < 3 . (G,o) is a LChL if and only if,
LyLa = LaL(@pa) < LoLaLg = LaLi@\pyo Loy
& Lya) = LaLa\pyay Ly < Inn(G,0) = <LQL(a\b)aL;b1, T.la,be G>.
And RChL holds if and only if

RyRa = RaRa/a)) < BoRaRy,! = RaRia(p/a) Ry

R(b,a) = RaR(a(b/a))Rb_al =4 ITLTL(G, O) = <RaR(a(b/a))R1;llaTa | a,be G>

O
Corollary 1. Let (G,0) be a Cheban loop. Then
1. (a,b,c) = [(a(ba”) o (ac)] \((ab) o ¢) and (a,b,c) = (coba)\ [ca o (a)‘b)a)]
2. Inn(G,o0) = <LaL(bTa1)L;b1,Ta|a,b € G> and
Inn(G,o0) = <RaR(bTa)R;a1,Ta]a,b € G>
Proof. Consequence of Theorem 5 and 9, 10 of Lemma 1. O

Corollary 2. Let (G,0) be a Cheban loop. Then, the following hold for all a,b,c € G:

1. (b,a,c) = [(cLba)J,\ [(ba o c)L(a,b)]] .
2. (C, b, a) = (CRba)J)\[CR(mb)Rab].

3. (a,b,c) = [(bTalRac] Jx o cLiap)-

4. (a,b,¢) = (coba)* o [ca o (bTQ)} :
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Proof. 1. Recall in item 2 of Lemma 3, (bya,c) = [(baoc)Ligy|\(boac) = [(baoc)Lgpy]
(b,a,c) = (boac) = [(baoc)Lgp] = (baoc)(b,a,c)? = (b,a,c)? = (baoc)/\[(baoc)L(a,b)]

= (b,a,c) = [(CLba)J/\ baoc L(a b) ]J)\
(

2. Recall in 1(b) of Lemma 3, (¢, b,a) = (coab)\[cR4p) © ab] = (coab)(c,a,b) = [cR, ) o ab]
= (¢,b,a) = (coba)o J)\[CR(GJ)) o ab] = (¢,b,a) = (cRpg)Jx © [CR(a,b)Rab]-

3. Recall in Theorem 5, item 2, (a,b,c) = [(a\b)ao (ac)] \((ab)oc) = (a,b,c) = [(bLalRa) o

(ac)] \((ab) o c) = (a,b,c) = [bTa‘lRaC] Jy 0 cLiay-

4. Recall in Theorem 5, item 2(b), (a,b,c) = (c o ba)\ [ca o a(b/a)} = (a,b,c) = (coba)* o

[ca o a(b/a)] = (a,b,c) = (coba)* o [ca o (bTa)} :

Theorem 6. In a Cheban loop (G, 0), the following are equivalent for all a,b € G:
1. Toy =T,Ty.
2. Riap) € MG,0).
3. Ly € P(G,o0).
Proof. Let (G, 0) be a right Cheban loop (RChL). For each x € G set
P(z) = (Ry, To, Ry) € AUT(G, o).

Then
P(a)P(b)P(ab)_l = (Rq, Tu, Ra)(Re, Ty, Ry) (R, Tyt Ry
= (RaRyRy), T T,', RaRyRy) = (Rapy TaTvTy's Riap)) € AUT(G,o0).
We have

(Ria ), ToTy T, Riay)) € AUT(G,0) and Ry, p) € A(G,0) & (R(ap), 1, Riap)) € AUT(G,0),

and hence,
Ry € AM(G,0) & T“TbTa_bl =1 T,T =Ty

Similarly, let (G, o) be a left Cheban loop (LChL). For each = € G, set
Q(z) = (T, ', Ly, Ly) € AUT(G, o).

Then
Q(a)Q(b)Q(ba)_l = (Ta_17 La, La)(Tbila Lba Lb)(TbCH Lba ) L )
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<T 1T 1Tbaa L LbL LaLbLb_al) = (Ta_lTb_lTbm L(b,a)a L(b,a)) € AUT(G,O)

ba 7’

Thus,
(Ta_lTbilTbaa L(a,b)a L(a,b)) € AUT(G? O) and L(a,b) € P(Ga O) Ang (Ia L(a,b)v L(a,b)) € AUT(G7 O)

ST T Ty =1 Ty/T, =T,
This completes the proof. O

2.4 Cheban loop and its automorphic loop.

In this section, we provide structural characterizations of Cheban loops by analyzing their trans-
lation mappings, inverse mappings, and total inner mappings. We first show that the cross
inverse property (CIP), commutativity, and the abelian group property are equivalent, with
R, € A(G,0) and L, € P(G,o) fully capturing these structures. We also define specific map-
pings to describe the algebraic properties of Cheban loops. Next, we prove that a Cheban loop is
Moufang if and only if LoR, = R,L, for all a € G, and that it is a T'A-loop precisely when it is
flexible and commutative. We further investigate the total inner mapping group T'Inn(G, o) and
the total multiplication group 7 M (G, o), providing explicit generating sets in terms of transla-
tions and conjugations by Jy and J,. Finally, we characterize when the subgroup (T, : a € G)
lies in the automorphism group, showing this occurs exactly when the Cheban loop is an A-loop
and flexible. These results give partial answers to Question 1.1 and an apparent solution to
Question 1.2 regarding the conditions under which total inner mappings act by automorphisms
and the minimality of their generating sets.

Theorem 7. Let (G,0) be a Cheban loop such that a,b are arbitrary elements in G. Then

1. (G,
Inn# G,o).

is an A, — loop & R(ap) = TaTbT(;b1 & TlflLaRb = Ly & Inny(G,o) =

°)
(
2. (G,0) is an Ay — loop & Loy =T, T "The < TyR.Ly = Ruay & Inny(G,o0) =
Inn,(G,o).

3. (G,0) is an A —loop < Inn(G,0) = <Taa € G> < AUM(G,0) < LaRbL(;%)) =T, =

Ry Ly 'Ry € AUM(G,0) & Inn(G,0) = Inn,(G, o) < AUM(G, o).
Proof. 1. In a RChL,
P(a) = (Rq,To, Ry) € AUT(G,0), P(b) = (Rp, Ty, Rp) € AUT(G, o),
P(ab) ' = (R}, T;', R} € AUT(G, o).

ab > ~ab

Thus,
P(@)P()P(ab) ™ = (Rapy, T.IVT", Riay) € AUT(G,0),

and therefore in a RChL,

(G,0) is an A, — loop < R,y = T.TyT," < RaRyR, = T, T, T,
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& RaRyR, =TTy Ly Ry, < RaRy = ToTyLap)
& RoRy = RoLy ' TyLiapy < Ry = Ly ' TyL(apy < Ty ' LaRp = Liap).-
2. In a LChL, Q(x) = (T, ', Ly, L) € AUT(G,0) for all z € G.
Q(a)Q(b)Q(ba) " = (T, 'Ty  Tya, Liapy, Liap) ) € AUT(G,0).
Hence, in a LChL,
(G,o0)isan Ay & Ligp) = T, 'Ty ' Toa & LaLo Ly, = T, ' Ty ' Thy
& LoLyLy, =T, ' T, 'Ry Ly, < LaLy = T, ' T, Ry
& LoLy = LRy 'Ty ' Rpay < Lo = Ry ' T ' Ripay < ToRaLy = Rpa).-

3. Combine (1) and (2).

Corollary 3. Let (G,0) be a Cheban loop and let a,b be arbitrary elements of G.

1. (G, o) is an A,—loop, R(a,b) = T,T,T,", Tb_lLaRb = Lav), and Inn,y(G, o) = Inn, (G, o).
2. (G,o0) is an Ay—loop, L(a,b) = T;lbelTab,TbLaRb = Rpq), and Inny(G,0) = Inn,(G, o).
3. (G,0) is an A — loop & LaRbL(a})) =T, = Ry L, 'R;' € AUM(G,0) € G & Inn(G,0) =

Inn,(G,o) < AUM(G, o).
Proof. In a Cheban loop, we have
(Riap)> ToTyTy', Riap)) € AUT(G,0) and (T, Ty " Toa, Lip.a)> Lpa)) € AUT(G, o).

Recall that in a loop G, if (A, B,C) € AUT(G, o) with

eA=eB=e,
then A = B = C. Since, in particular,

eRp) = e = eLp),
it follows that the components of each autotopism coincide. Consequently,
Rapys Lipa) € AUM(G, o).

This completes the proof. O

Theorem 8. Let (G,0) be a Cheban loop and let D, = Machl,Ea = Ma_lL;l, F, = R,M, for
any fixed a € G.

1. T, = J,RaM,.
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2. T, = J\LoM, L.
3. The following are true:

(a) FoE, =T,.

(b) M2E, = D,T,.

(c) T,F, = D,T2.

(d) Ry =Ly & T,J3T, = M2

(e) |My| =2 & T2 =T,J,.

(f) |T.| =2 if and only if J?> = F,D,T,.
(9) I\DoTy = Foly.

(h) Jx = LqJ\R,.

(i) J\T, = TyJ\ < DT, = F,.

(i) RMT,J\L" = RV I\T, L' " for all € N.
(k) J, T, =T,E,.

(1) J\T, = F,.
(m) DT, = TyJy.

(n) Dy F, = M2.

(0) FuDyRy = RyD,F,.

(p) MyDyR, = D, F,.

(q) DT, = M2E,.

4. The following are true:

(a) J, = Jy.
(b) T? = D,T,F,.
(c) DyT,RaM, = T2.
(d) D,T? =T?E,.
() TM(G,0) = ({La,Ra,Do | a € G}) = ({La, Ra, Ea | a € GY) = ({Lg,Ra,F, | a €
G})
5. T2 = DMI72E? and T2 = DPT2E? for alln € N. D'E? = if |T,| = 2.
6. The following hold for all m € N:

(a) J} =T, DT,.

(b) |Ix| =n < |Dy| =n.

(¢) J} =T,EMT, .

(d) [Jpl =n & |Eo| = n.

(e) DiTy =T;Dy; Dy = Ep if [To| = 2.
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Proof. 1. Use Lemma 1(5), (b°a)\a = a(b/a) = J,RaM, = Ry'L, = J,ReM, = T,.
2. Follow from Lemma 1(6), a/(ab®) = (a\b)a = Jy\L M; ' = L7 'R, = J\L M ' =T

3. (a) FuEBy = Ry M ML = R, LT = T,,.

(b) M2E, T, ' = M2M LT = M2M L LR = M R,! = D, = M2E, =
D,T,.

(c) From1land 2, J, =T,M;'R; ' and J, = L,M,'T,. Then, T,M,'R;' = L,M;'T, =
LoM'T, = T,(RaM,) ™t = T, (F,) ™ Thus, LiM T, = T,(F,) ™t = Ly M, M;*T, =
T.(F) ' = (M ALY Y M 2T, = T, (F,) ' = E; M ?T, = T,F, ' = M ?T,F, =
E, T, = M2E,T, =T,F, = T,F, = D,T?.

(d) From 1 and 2, we have R, = J,T,M; ! and L, = J,T,'M,. Then, R, = L, &
DT Mt = J, T M, < T,J3T, = M2.

(e) Use 1 and 2, L', T, = M;' and M, = R;'J\T, So, [M,| = 2 & M, =
LI T =RV, & LoRVLT? = J, & \T2 =T,J,.

(f) From 1 and 2, we have |T,| = 2 if and only if T, = T, ! if and only if JoRoM, =
ILoM' & J2 = ReM ML < J? = F,M, Lt = F,M2M; 'Lt = F,M?E, &
J} = F,D,T,.

(g) From 1 and 2, we have T,T, ' = J,RaMyJ\LoM;' =1 = RV I\M, = M,J\L, =
DMLY = RyMyJy = JNM2M'L;Y = F,J\ = J\M?E, = F,J\ = J\D,T, =
F,Jy.

(h) From 1 and 2, we have M, = T,J L, and M, = R;'J\T, = R;'J\T, = T,J L, =
RYN\T, = R'LoJy\Ly = J\T, = LoJy\Ly = J\R;'LL;Y = LoJy = J\ =
LoJ\Rq.

(i) From 1 and 2, J,T,;! = L,M; ! and T, 'J, = M;'R;'. So, T,V J, = J,T,;! &
MR = LMY & (RaM,)™' = LM & L,M,M;? = F;! & E;1M;? =
F'e M2E,=F, < D,T, =F,.

(j) From 1 and 2, we have R, 'J\T, = M, and L;'J, T, '. Then, R;'J\T, L, J, T, =
[ = RTuJy = HhTuL:! = RoTuJsLe = STy = R2TuJAL? = RoJsTuLle =
ROT,JyLP = RP-LJ\T,L7! for all € N.

(k) From 1, T, 'J,R, = M;'. Then, T, J,R, = M;' = T, \J,R,L;' = M7 'L =
T,7'J,T, = E, = J,T, = T,E,.

(1) From 1, M, = R;'\T, = J\T, = F,.

(m) From 2, M, = T,J\L, = M,R;' = D, = T,J\L R, = D, = T,J\T, ! = D,T, =
T, Jy.

(n) DoF, = MyR;\RyM, = M2 = D,F, = M?2.

(0) FuDy = RaM,M,R;' = RuM2?R;' = F,D,R, = R,M?
= F,DyR, = RyD,F,.

(p) MyD, = M2R;'= D,F,R;' = M,D, = M,D,R, = D,F,.
(q) D,T, =T,Jy. Note that D, T, = M2E, = T,J\ = M?E,.
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4. Jy = J, if and only if

T.M 'RV =T, "M, L, & T,M; ' =T, 'M,L;'R, &
T2M;' = M,L;'R, & T?M;' = M,R;'R,L;' R, < T? = D,TuR.M,.

J, = Jy if and only if T2 = D,TyRoM, < T2 = D T,F,.

e T*MI 'R =D, & T2M, 'L LR 'T, ! = D,
& T?E,L,R;'T, ' = D, & T?E, = D,T?.

Hence, TM = <{La,Ra,Da} ta € G> = <{La,Ra,Ea} ta € G> =

<{La,Ra,Fa} La€ G>.

5. From 1, 2, we get Jy =T, 'M,L;" and J, = T,M;'R;'. Then,

Jody=1 T, M, L'T,M; 'R, =1 < T, ' M, R, 'R, L' T, M, 'L, 'L, R, =T
& T, 'D,T?E, T, =1 < D, T?E, = T? (1)

And
DT, =1 T,M;'RMT, M, Lt =1
e T,M I L' LR\ T, MR 'R, L =T &
T.E,T1,2D,T, =1 T,%2=E,, %D, (2)
Use (1) and (2) to get
D.T?E,E,T;%2D, = D,T2E*T;>D, = I & D;'T? = D,T?E? & T? = D*T?E?>  (3)

Substituting (3) in (1), we obtain 72 = D,D?T?E?E = D3T2E3. By induction, we
get T2 = DPT2?E", where n € N. On the other hand, we use similar steps, to get
T2 = DI'T, 2E". We see that D"E" = I, if |T,| = 2 for all a € G.

. (a) From 1 and 2,

B =T, "M, L' T, "M, L, =T, "M, L, ' LyR, ' M, L' =
T, ' MoR, "My Ly' =T, ' DaMo Ly =T, ' DaMIM, 'L =T, ' DM E,.
Note that M2?E, = D,T,, then Jf = T, 'D2T,. Therefore, J3 = T, 'D*T,T,'D,T, =
T, 'D3T,. By induction, we get J = T, 1 DT, for all natural numbers n.
(b) Follow from (a).
(©)

JP =T, M, 'R\ T, M, 'R, = T,M; 'R R, L M 'R,
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=T, M, 'L M 'R = T,E,F, *.

Note that T, = FuEq. So, J3 = T,EF,'F,E.F, ' = T,E;F, ' = T,E} (TaEa—l)_l =
T,E3T, 1. By induction, we get Jy = T.EMT, .
(d) Follows from (c).
(e) Jp=Jy & T,'D"T, = T,E"T; ! & D'T? = T2D". Hence, D" = E" if |T,| = 2.
O]
Lemma 4. Let (G,0) be a Cheban loop. The following are equivalent:
1. (G, o) has the cross inverse property.
2. (G,0) is commutative.
3. (G,o0) is an abelian group.
4. Ry € A(G,0) foralla € G.
5. Lg € P(G,o0) foralla € G.

Proof. From Lemma 1(11), we have
ba = ao (a*boa).
If (G, o) satisfies the cross inverse property, then
aob=boa,

so the loop is commutative. The converse is also true: if (G, o) is commutative, then b = a*boa.
Next, using item 9 and item 1 of Lemma 1, we have

cboa = cao (a*b)a.
Thus (G, o) has the CIP if and only if
(cob)a=caob,

which is equivalent to (G, o) being an abelian group.
Finally, by Lemma 2,

(Ra,Tu, Ra), (T, ', La, L,) € AUT(G,0) for all a € G.
Hence, (G, o) commutativity if and only if
(T, ', Lo, Lo) = (I, Ly, Ly) € AUT(G,0) & L, € P(G,0).
Also, (G, o) is commutative if and only if
(Ra,To, Ra) = (Ra, I, Ry) € AUT(G,0) < R, € A(G,0).

This completes the proof. O
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Theorem 9. A Cheban loop is Moufang if and only if it is flexible.
Proof. Using Lemma 2, we have
(Ra, Ry 'La, Ra) = (Ra, T, Re) € AUT(G, o)

and
(L;'Ry, Lo, L) = (T, Y, Ly, Ly) € AUT(G, 0)

for all a € G.
Thus,

(T(;lyLayLa)(RaaTaaRa) = (Tl;lRm LaTa7 LaRa) = (LaRglRay LaRaLgla LaRa) =
(La, LaRoLyY, LoR,) € AUT(G,o0).

Therefore, (G, o) is flexible if and only if L,R, = ReLq <
(La’ Rav LaRa) 6 14U1—‘(C;7 O)’

which is equivalent to
abo ca = (a(bc)) o a, Va,b,c € G.

Theorem 10. A Cheban loop is a T A-loop if and only if it is flexible and commutative.
Proof. This follows from Theorem 9 together with Theorem 1. O
Corollary 4. A Cheban loop (G, o) is TA-loop if and only if flexibility any of the following hold:

1. (G,0) is a cross inverse property.

2. (G,0) is commutative.

3. (G,0) is an abelian group.

4. Ry € A(G,0)VzeQ@.

5. L, € P(G,o)VzeQd.
Proof. Use Lemma 4 and Theorem 10. O
Theorem 11. Let (G, o) be a Cheban loop. Then

TM(G,0) = ({ La; Ra, Ry'I\Ty:a € G}) = ({ La, Ra, TaJrLa:a € G}),

TInn(G,0) = ({ T, T T T T, Tud\T; Y, To Lo Ry AT Ty Ly By a,b € G )

_ <{Ta, T, TV Ty o, TodaTy Y TydaLoRy ATl b, Tk cab € G}>
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Proof. The result follows from Corollary 3 and Theorem 8. We rely on the facts that
TM(G,O) = <{La, Ry, M, :a € G}>, TITL?’L(G, O) = <{L(a,b)7 R(a,b)v Ty, Dg, M(a,b) ta,b e G}>,

where
Dy = M,R;' =T, J\T; "

Note that in Theorem 8§, item 1 and item 2, give M, = R;1J>\Ta and M, = T,JyL,. So,
substitute for M, to obatin TM(G,o) = <{La, Ra, R;Y\T, :a € G}> = <{La, Ry, ToJy\Ly :
a€GY}).

For M, ) we have the two equivalent decompositions:
_ _ -1
Miap) = MyMo My} = To ALy Ry INTo (T Ia L)

= TyJaLo Ry ' I\To Ly, e ) Tb_\a,

and also

_ — — -1
Mqpy = MyMoM, = To ALy Ry INTo (R I Tina)

= Ty ALy Ry NTu Ty L Jp Ry -

\a
In Corollary 3, we have R = T, 1,71 Lipay = T;lTb_lTba. Substitute for Da, R(qp)s L(p,a)

ab
and M,y to obtain

TInn(G,o0) = <{Ta, T Ty Ty Toay TudaTy Y, Ty ALy AT, T,

ab

TaTpRia i abe Gl
Tk iabeGh).

This completes the proof. O

- <{Ta, TV, T Ty o, Tada Ty, TydaLoRy AT Ly

Remark 2.1. In Theorem 11, the expression for the total multiplication group and total inner
mappings of a Cheban loop (G, o) is provided in terms of finetuned generators. Therefore, this
presents an apparent solution to Question 1.2.

Theorem 12. Let (G,0) be Cheban loop. Then, the following are equivalent:
1. <Ta ta € G> < AUM(G,0) : RyLy, = LyR,Y a €G.

b/a

Proof. Resting on the Theorem 2 and item 1 and item 2 of Theorem 8, M, = R, 'J\T, and
My, =T,J)\L,.

MM = (M M) ™t = (To Iy Lo Ry P Ty~ = Ty M T, Ry L N T, T

and MyM, =Ty J )\LbRa Jy\Ty. Using these results with the result obtained in Theorem 2, gives
the final result. ]

2. <{ v Te NIy Ry INTo, Ry o Ty 1J,,RbL;1JpT;1:a,beG}>

Remark 2.2. In Theorem 12, we showed that a class of total inner mappings acts on a Cheban
loop G by automorphism if and only if G is an A—loop and flexible. Therefore, the combination
of Theorem 10 and Theorem 12 give a partial answer to Question 1.1 in the case of a Cheban
loop.
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