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Abstract. In this study, a direct method of fractional calculus approach to particular classes of fractional
integro-differential equations is given. The method reveals a number of interesting results most notably
an extension of the familiar classical Frobenius’ solution. The investigation is mainly based upon the
basic results which are given to determine the fractional integro-differential equations by means of the
Sawi transform and some extension coefficients defined from binomial series. Newer techniques for the
efficient solution of these equations are also discussed and practical examples are used to demonstrate
their use. In addition, we consider using a learning-based approach to improve the computation of our
solution and illustrate how data-driven approaches can be used for obtaining approximate solutions in
cases where analytical methods are not feasible or not efficient. The findings underscore the efficacy of
combining classical and modern approaches in addressing complex fractional integro-differential equa-
tions.
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1 Introduction

Integral transforms and fractional calculus are interrelated topics in mathematical analysis, which open
and develop branches of knowledge to solve directly or indirectly several specialized problems. Integral
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transforms are widely used to transfer functions between various domains, and they allow us to view
certain depth-related issues from different perspectives. The Laplace transform and its variants are of
widespread use in mathematics, physics, and engineering. They help us to comprehend the dynamic
systems and offer the simple solutions of differential equations [5, 12].

The expansion of the notion of integrals and derivatives in fractional calculus to include non-integer
orders allows for a more thorough retention of systems using fractional derivatives. The fractional
Laplace transform and other fractional integral transforms were developed by mathematicians to ex-
tend classical analysis [7, 10]. Anomalous diffusion and viscoelasticity are two examples of non-integer
differentiable phenomena that rely on these transformations [10].

When combined, integral transforms and fractional calculus provide additional lenses through which
to view complicated systems and access to more sophisticated approaches than are available in conven-
tional calculus alone. The early works of Spiegel [5] and Schiff [12] are very important for understanding
integral transformations and how they can be used in engineering, physics, and math, among other fields.

Distinguished researchers as Fadhil [1] study convolution methods which are specially devoted to
Kamal and Mahgoub transformations which give useful insights of complex mathematical algorithms.
Kim studies the underlying structures and properties of integral transforms, such as Laplace-type trans-
form [2, 6]. The contribution of Elzaki, using the Elzaki Transform [3] provides another approach for
solving the problem. Also, Mahgoub and Mohand present the unique Sawi transform, a specific kind
of integral transformation with different applications [4]. In [7], Medina et al. provide an introduction
to fractional calculus and the fractional Laplace transform. They also demonstrate the fact that in com-
plex systems fractional integral transforms can be employed. As outlined in [8], Watugala’s Sumudu
transform proves highly efficient in resolving differential equations and tackling challenges in control
engineering.

Raghavendran et al. [11] introduced the Aboodh transform which was a major development in in-
tegral transformations. The transform method presented here demonstrates the flexibility of integral
transforms by allowing them to be applied to fractional integro-differential equations. Significant con-
tributons to the knowledge of integral transforms in engineering sciences and nonlinear anlysis are re-
spectively the research of Khan [14] by N-transforms at Belgacem [13] on Sumudu transforms. This
series of publications presents new integrals and computing techniques used in determining integral
transformations to solve scientific problems. Recently the machine learning has opened by several re-
searchers to tackle challenging mathematical problems such as fractional-integro-differential equations.
By leveraging large-scale data, machine learning models, particularly deep learning architectures, have
demonstrated the capability to approximate solutions to differential equations that are otherwise difficult
to solve analytically.

Ghoreyshi et al. [16] developed a finite block method which solves nonlinear time-fractional par-
tial integro-differential equations. They conducted an extensive investigation which demonstrated the
precise stability and convergence characteristics of their proposed method and also developed numer-
ical methods which provide accurate results and maintain their accuracy throughout their calculations
for establishing solutions to fractional partial integro-differential equations. The research showed that
properly developed numerical methods enable successful computation of nonlinear fractional systems
without losing accuracy during processing. Moreover, Ghoreyshi et al. [17, 18] developed strong numer-
ical methods which allow researchers to solve distributed-order space—time fractional partial differential
equations. The studies showed that researchers need to create precise approximation methods which
can handle complex fractional operators while treating distributed-order models as tools for studying
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multi-scale memory phenomena in real-world systems.

Recent advances have established the need for dependable analytical methods together with compu-
tational approaches which solve differential equations that use nonlocal and fractional operators. Saini et
al. [20] created a precise computational method which solves differential equation systems that contain
nonlocal derivatives and shows improved numerical results with stable performance. Madhumitha et
al. [21] proved that neutral functional random integro-differential equations with infinite delay have ex-
istence solutions which demonstrate theoretical difficulties that arise from memory effects together with
functional dependencies. The current Sawi transform—based hybrid approach developed the systematic
framework which combines precise analytical methods with effective computational techniques because
of increasing demand for such systems.

Ghoreyshi et al. [19] created high-order numerical methods which use Lagrange polynomial interpo-
lation to solve distributed-order time-fractional partial integro-differential equations for non-rectangular
computational fields. Their research solved problems with geometric complexity and proved that irregu-
lar computational domains still allow for higher-order accuracy achievements. Recent studies show that
researchers increasingly pursue advanced numerical methods to study fractional models and they need to
investigate other analysis methods which combine analytical and hybrid approaches. The research aims
to combine analytical methods which use transform techniques with machine learning methods to create
effective solutions which work flexibly for fractional integro-differential equations.

In this work, we employ the Sawi transform together with the binomial series extension coefficient
to construct analytical solutions of certain classes of fractional integro-differential equations. Several
fundamental properties of the Sawi transform relevant to fractional operators are derived and utilized to
simplify the solution procedure. Furthermore, a hybrid computational framework is proposed in which
the analytical Sawi transform approach is integrated with a supervised machine learning approximation
scheme. The transform method converts the fractional integro-differential equations into algebraic forms,
while the learning-based model is used to approximate solution patterns in cases where closed-form
expressions become difficult to obtain. The performance of the proposed approach is demonstrated
through illustrative examples and validated using standard error metrics.

The remainder of this paper is organized as follows. Section 2 presents the necessary preliminaries
on fractional calculus and the Sawi transform. Section 3 develops the proposed analytical framework
and provides illustrative examples. Section 4 introduces the learning-based approximation procedure
and discusses the training strategy and evaluation criteria. Finally, Section 5 concludes the paper.

2 Preliminaries

In this section, we are listing some preliminaries that are useful throughout the paper [2,7,9, 10, 15].

Definition 1. The definition of the RL fractional integral with order § > 0 for a function Y(t) can be
expressed as follows:

1Y (1) = F(IC)/ (t—m)s Y (n)dn.

Definition 2. The Caputo fractional derivative of the function Y (t) is defined as follows:
Yi(t) fo=ieN,

DY () = L LY s .

! { N(=d) IS (z—x)g"“"dt fi—1<{<i.
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The Euler Gamma function, denoted as I'(.), is defined as follows:
['(y) :/ Yl dr (R>0).
0

Definition 3. The Sawi transform of a function Y (t), t € (0,0) is defined by

A[Y ()] (@) = F (o) = a;/:e—é) Y (1) di; (0 € C).

Definition 4. The Mittag-Leffler function is defined by

' ‘l/i
E =) ———— (8,7, yeC,R(6)>0).

Definition 5. The simplest Wright function is defined by

oy L ¢
p(w,w,¢)—8;)r(m+w.e! (0,y,0cC).

Definition 6. The general Wright function ;X ; (@) is characterized by the following conditions ¢ € C,
Vi, Vam € C, and real @y, ¢, € R (I=1,..., 0, m=1,..., j), as determined by the provided series

(Vi @)y |(p> _ i [ C(vi+aor) ¢°

ixj(v)= i%]'( ' el
(V2mu¢m)1,j g:OHinzlr(v2m+¢mr) e!

Definition 7. The inverse Sawi transform is defined by

P [F(z+1)} -

wlfz

Definition 8. The convolution integral of Sawi transform is defined by
Al(nxg) (1)) = @®Aln(1)]Alg (1)]-

The Sawi transform, introduced by Mahgoub and Mohand [4], possesses fundamental operational
properties such as linearity, scaling, and shifting, which makes it suitable for the analysis of fractional
integro-differential equations. In particular, the transform of fractional derivatives leads to compact al-
gebraic expressions, allowing certain classes of integro-differential equations to be reduced to solvable
algebraic forms. Compared with classical integral transforms such as the Laplace transform [5, 12], the
Sawi transform may produce simplified operational representations in some cases. However, its appli-
cability is restricted to functions satisfying specific convergence conditions, and its inverse transform
tables are not yet as extensively developed as those available for classical transforms. Further theoretical
development is therefore required to extend its operational rules to broader classes of fractional operators
and boundary value problems.
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Remark 1.

o=0
n—1
_ wN—Zn—ZA[h(t)] - Z wN—2n+c—3h(6)(0).
o=0

Note: Fubini’s theorem is employed to rearrange the order of integration in the preceding derivative.

3 Solutions of the fractional integro-differential equations

In this section, there are strong indications that the function Y (7) alone may be adequate to enable the
Sawi transform A [Y (7)] to operate successfully at a certain value of the parameter @. Here, the inverse
Sawi transform has been completely evaluated and the resulting expression is written entirely in the time
domain using the Riemann-Liouville fractional integral operator.

Theorem 1. Let 1 < X < 2 and a and b € R. Then the fractional integro-differential equation

Y (1) +aT™ (t)+by(t):/wg(’)dz C 0<B<1 (1)

0 (0-1)°

with initial conditions Y (0) = c¢o and X' (0) = ¢y, has the unique solution
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"tza > T(c+e+1)(—a®> ¥)¢

_COZ ;r[(z—x)e+zo+1]e!
Gt2c7+l © T 1) (— tZ—N £
oy > (0 +e+1)(~ar* ¥)
= T(2—-X)e+20 +2]e!
GIZG N+42 oo r (= tZ—N €
WOZ -b) (0+e+1)(—ar*¥)
S Tl(2-X)e+20— X +3]e! @)
> (—b)"tz" M3 & T(o+e+1)(—ar* ¥)°
+ac Z ' '
= o! S T2 R)ed20 - X 44]e!
1 t
B—1#/
+ =/ (t—7 W(t)dt
rE) S ¢
y i (=b)°r*° T & T(o+e+1)(—ar? ¥)E
o o! = TI(2—X)e+20 +2]e!
Proof. Applying the Sawi transform to equation (1), we obtain
F(w) n(0) #(0) F(ow) nr(0) #(0)
02 o o T of T o¥ of +bF(0) =Aln(r)],
o _g(t)
where /i (t) = [ P dt and
AlY(t co Cl A[Y(l‘)] Cco C1l
[6()(2)]_0)3_0)2+a oF —awxﬂ—a—x+bA[T(t)]:A[h(t)]
1 a co ¢, aco acl
co® >+ i@ % +aco®' N +acio N +AR(t
ADr(e)) = IO o o AR ®

O 2+aw"X+b

On simplifying the denominator,

1 y o X
0 2+aw-F+b 0¥ 24+a+boX
(X2 +aq) <l+w£wzx+a>

. of i —bo¥ \°
0¥ 2ta 2\ 08 2+a
(_b>6wNG+N

= Z (0¥ 2+q)ot]

o0 (_b)0w26+2
= Z (1+aw? ¥)otl
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_ i )0 20+2Z <G:8>

o=0
_ i i <6+8> G(_a)sw(Z—N)8+20‘+2
o=0e=0

and

This is convolution integral
F(P)=w® K (P) G(P),

where K (P) is the Sawi transform of K (@) = @~P. Using the Sawi transform
AK(0)] =0,

the transformed kernel is written as

I'(1—
(P)=F g

Substituting this expression into the convolution relation and solving for G(P) yields
E(P)

= ri=par s

Applying the reflection formula I'(8)I'(1 = B) = %
sin

sin(mB) g5_
B——— oP~'T(B)F (P).
Using the inverse Sawi transform property of convolution, we obtain

G(py = S7h [/Ow(wt)@” H(1) dt] .

T

G(P) =

Substituting the above two equations (4) and (5) in (3), we get

Y(t)] = co io(_b)c i <G:s> (—a)® o(X-2e-20-1
\- oy ([O+E e 20
+c1 ;0(—b) ) < . )(_a) o(X—2)e-20-2

e=0

ac 3 — oy (1€ _a) (X —2e-20+X-3
o 0 B (77 ) oo
ac 3 — oy (OFE —a) (X -2)e-20+X—4
o L B (7)o
+Sm(nﬁ)A[/0w(a’—f)Blhl(t)dt}

v

% i (_b)G; <6:8> (_a)s w(&—Z)e—Zo—Z'

o=0

the above expression becomes

4

&)

(6)
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Thus, applying the inverse Sawi transform to equation (6), we obtain the solution given in equation (2).
This completes the proof of the theorem. Ul

Example 1. The fractional integro-differential equation

Y0+ v6r() (1) + 127 () = /Ow _80

with initial conditions Y (0) = ¢y and Y’ (0) = ¢, has the unique solution

. Z —12) °t2° i [(c+e+1)(—/61'/2)¢
’ & r(le+20+1)e!
12)Gt20+1 oo F(G+8+1) (7\62‘1/2)8
S T(3e+20+2)e!
12)"t2°+2 > T(o+e+1)(—V61'/2)
& T(ie+20+3)e!
3
> (—12)°7°T2 & (o +e+1)(—V61'/%)¢

)y

= T(3e+20+3)e!

+c Z

+\/8C0 Z

(t — 7) 20 (v)dx

N —
~—
o

3 GRS Do e ) (Vi)
o= o! = T(ie+20+2)e!

The solution evaluation shows that at time # = 0 all terms with positive time powers disappear while
the equation shows that Y(0) = ¢p. The series differentiation process showed that only the first-order
term at time 7 = O produced results which led to the finding Y'(0) = ¢;. The solution meets all required
initial condition requirements.

Figure 1 illustrates the solution behavior of the fractional differential equation of Example 1 at various
values of X with the initial conditions co = 1 and ¢; = 1.

Theorem 2. Let 1 < X <2 and aand b € R. Then the fractional integro-differential equation

: 10 ,
Yx(z>+ar(z)+by(t)_/0 g 0B )

with initial conditions Y (0) = co and X' (0) = ¢, has the unique solution
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Figure 1: The solution behavior of Example 1
Y(I):COZ( v) ) (r X 1)( iz 1Je!
& o & (X —=1)e+Ro+1]e!

e i (_b)o i F(G+8+1)(_a)st(x—l)e+§ta+1
: ol = T[(X—-1e+Xo+2e!

o (—b)G o F(O.+8+1)(_a)et(§zfl)e+xa+&fl
+ac062::0 c! sz::o I[(X—1)e+ Xo+ X]e!
+F(ﬁ)/0(t—r)51h’(r)dr

’ i (_b)o oo F(G+8+l) (_a)et(xfl)éﬁxcwxfl
= o = [[(X—1)e+ Xo+ X]e!

Proof. Applying the Sawi transform to equation (7), we obtain

Flo) #0) #(0) +a<F<w) _"’((’)) +bF(@) = Aln(r)],

0} w?

where 7 (t) = [y’ %

AW o e, (Amf)] - c0> +BA[Y ()] = A[R(r)

o) w?

AQY(1)] (1 +2 +b> = e+ o + o7 HAR()]

(®)
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co@' "N + 10N +acow 2 +A[A(t)]
AR(] = o X+ao'+b ' ©

On simplifying the denominator,

1 w
o FX+ao'+b 0" F+a+bo
_ ®
(0% +a)(1+ 522 )
B ® > —bo \°
N a)lx+a(§’0<a)1x+a)
(7b)aa)0'+l

60! F (1) ooty

i <G‘8|—8> (_b)o'(_a)e w(x—l)e+o+1. (10)
e=0

Il
s 10

i
(=]

I
s

o=0

Substituting equation (10) and applying the inverse transform, we obtain the solution given in equa-
tion (8). This completes the proof. Also, the Wright function (6) can express this solution as

T(t):COi(—b)GINGIM( ( (c+1,1) ‘_atx—l)

o= o Xo+1,X—1)
+61§0(_b);$13~1( (Nc(yc:-—;};zl)—l) ‘—at*zl)
_I_ac()cio (—b)oi:!cw—l 111( (N;i_;l’,&l)_ Y ‘_at}zl)
+%ﬁ) O(t—f)ﬁ‘lh’(r)dr

Z%W ey [ ).

O

Remark 2. The existence and uniqueness asserted in Theorems 1 and 2 follow from standard results
in fractional integro-differential equation theory. The problems can be transformed into equivalent
Volterra-type fractional integral equations through the established conditions which apply to the function
g(t) for the range 1 < X <2 and 0 < B < 1. The integral operators need to fulfill appropriate Lipschitz
conditions within a specific Banach space which consists of continuous functions. The problems have
one solution because the Banach contraction mapping principle establishes that fact. The application of
fractional Gronwall-type inequalities leads to the same uniqueness results which establish uniqueness of
solutions to the problem.
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Example 2. The fractional integro-differential equation

Yi(z)+4Y’(z)+11Y(t)=/0w(g(T>)ldr,
w—7T)2

with initial conditions Y (0) = ¢ and Y’ (0) = ¢ has the unique solution

119 & T(0+ €+ 1)48 1264309

Y(t):COiFZ

= 0! & T(3e+30+1)e!
116 = G+8+1)48 2£+20+1

+cq ol Z

S ol & T(3¢+30+2)e!

Q

3.1
= 11° & F(G+€+1)48t%8+%6+2
o=0 G: e=0 F(%g—{—%o—l—%)s'

1
[(0 +&+1)4¢26H30+3
o=0 *e=0 F(%S—F%G—i—%)g'

The series solution shows that the result proves that Y(0) = ¢. The solution can be derived through
termwise differentiation which shows that at #+ = 0 the result gives Y'(0) = ¢;. The solution already
fulfills all initial conditions which were established for the problem.

Regularity near r = 0. The solutions obtained in Examples 1 and 2 are expressed as convergent series
which use fractional powers of t and Gamma functions that appear in the denominators. The term remains
finite for all values of t that are close to zero because the range of parameters is defined by 1 < X < 2
and 0 < B < 1. The solutions maintain continuity with their fractional derivatives established at r = 0
which leads to regularity within the local area of the solution.

Figure 2 illustrates the solution behavior of the fractional differential equation of Example 2 at vari-
ous values of ¥ with the initial conditions ¢co = 1 and ¢; = 1.

Proposition 1. Let 1 < X <2 and b € R. Then the fractional integro-differential equation

N 10) :
N(;)_by(t)_/o @1 dt ; 0<pB<1 (11)

with initial conditions Y (0) = co has the unique solution

sl o Z,NG 1 [3 s - R+xc7 1
r(t)zcoogob F(No+1)+F(B)/0(tT 7 erb S
=coEx (btx)%—r(lm/Ot(t—r)ﬁ‘lh’(r)dftx‘lEgyx(bt“). (12)
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Figure 2: The solution behavior of Example 2

Proof. Applying the Sawi transform to equation (11), we obtain

F(o) n(0) #(0) —bF(w) =Ah(1))],

oX 0¥+t X
where ( )
_ (7 sl
h(t)_‘/() Wdf,
A[Y(1)] co

o R~ w ~ PAN O] = A[R())
AX(0)] (078 =b) = co0' ¥ +A[n(r))],
C()(Dli& +A[h(t)]

AN =~ —,
On simplifying the denominator,
1 B 1
o X-b o ¥1-bo¥)
o
T 1-bo¥

=o¥(1-bo™)!

=" [1+bo™ +(bo™)*+-]
= o¥ i(b(ox)".
o=0

Substituting this expansion into the transformed equation (13) gives

oo

+0% Y (bo®)°Al(r)]

o=0

AX(D)] = 0" Fep [w*’ i (ba™)°

o=0

P. Raghavendran, Yamini P

(13)
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:cowi(ba)x "—Hoxi h(1)]

c=0 =0
=) o (0]
—com ¥ b°0*° + Z o sin(zB) [/ (0 —1)P W () dr]. (14)
o=0 o=0 T 0
Thus, by the inverse Sawi transform to equation (14), we get
. o o (Xo 1 ﬁ oy b" (X+Xo—1
1) =¢ + / t—1) T
(®) 02% [(Xo+1)  I(B) ( Z I(X + Xo)
1 t
=coEy bt ¥ —i-i/(t—’C)ﬁilh/(T)thxflE&x btX) .
)+ 157 | (o)
This completes the proof of the proposition. O

Remark 3. If we set a = 0 in equation (7), then the fractional derivative is

DNY(I)+bY(t):/Ow(wg(2)ﬁdf, 1<R<2,0<B<1,

with initial conditions Y (0) = co and X' (0) = ¢ and its solution is given by
Y(t) = CoE}zJ (—btx) —&—ClE;z’z(—bl‘N)

+ F(lﬁ)/ot(t —)f W (1) dr N Eg x (<0t

3.1 Convergence and validity of the series solutions

The obtained solutions are expressed in terms of double infinite series which use powers of # and Gamma
functions as their basis. The series converges because the ratio test and Mittag—Leffler type func-
tions [10, 12] already demonstrate their known convergence properties. For the range 1 < X < 2 and
0 < B < 1 the series terms decrease at a sufficient rate because the Gamma function increases in the
denominators. The series solutions show absolute convergence when the value of ¢ remains finite and
both parameters a and b stay within bounded limits. The summation exchange with the inverse Sawi
transform receives justification because the involved series converges uniformly on time domain com-
pact subsets. Researchers can apply the inverse Sawi transform through term-by-term execution of the
series representation by using integral transform theory and dominated convergence methods [5, 12].
The mathematical results for Y(z) which we derived provide valid time-domain solutions to the frac-
tional integro-differential equations which we studied. The proposed series solutions define a specific
radius of validity which exists because the analytical method used in this study follows traditional rules
for convergence and transform interchange between different mathematical techniques.

4 Machine learning approaches for solving fractional integro-differential
equations

This section focuses on combining machine learning strategies with the fractional integro-differential
equations described above, especially the Sawi transform as well as the extended Frobenius method for
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the solution enhancement. The main objective is to prove that with the help of deep learning the results
may be obtained approximating the solutions which are given in the statements of theorems 1 and 2.

4.1 Data generation for machine learning models

Since machine learning is to be used for fractional integro-differential equations, such synthetic data have
to be developed from Theorems 1 and 2 analytical solutions. Therefore, the aim is to develop solutions
through machine learning models and check the solutions’ reliability.

Steps for data generation:

* Step 1: Define the domain of the independent variable ¢ over which the solutions will be approxi-
mated.

* Step 2: Determine the values of Y(z) for the main problem and in conformity with the unique
solutions of B4D%u(t) and (,I'~%v(t)) for different r employment of Theorems 1 and 2.

* Step 3: Collect the data set with inputst,a, b, ® and desired output Y(z).

A sample of the generated dataset might look like:

Table 1: Sample of generated dataset for machine learning model

t [a | b | o | Y
0.1]105]02/| 10| 0.0234
0.2 105102 1.0 | 0.0456
03105102 | 1.0 | 0.0678

4.2 Model architecture

Fractional integro-differential equations can be approximated using a deep learning neural network
model in order to yield the accurate solutions. The architecture of the network is designed as follows:
The architecture of the network is designed as follows:

* Input layer: Takes values of the independent variables t ,a,b and .

* Hidden layers: Fully connected layers with nonlinear activation functions so as to capture the
nonlinearity between the inputs to the problem and the solution Y (7).

* Output layer: Outputs the predicted value of Y(¢).

This is because, the neural network can be trained by using loss function that has the ability to calculate
mean Squared Error (MSE) between the predicted values of the network and actual values form the
analytical solutions. The MSE is computed as:The MSE is computed as:
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2
MSE = (Ttrue () — Ypfed(ti)) :

S| =

1

1

Model optimization: Such an optimization algorithm is applied to minimize loss and adjust the
model weights, and in this case, Adam optimization algorithm is used. The training process itself can be
accelerated by using the so-called Adam algorithm, which adjusts the learning rate during training.

4.2.1 Neural network architecture details

The machine learning framework adopted in this study uses a fully connected feedforward neural net-
work to approximate the solution Y'(¢) which describes fractional integro-differential equations that con-
tain nonlocal operators and memory effects. The input layer of the network accepts four variables which
include the independent variable ¢ and the model parameters a, b, and @ that together define the dynam-
ical behavior of the system under consideration. The network uses these inputs to understand how time
progresses and how system parameters affect the governing equations which control system behavior.
The network architecture consists of three hidden layers which contain 64 neurons in the first hidden
layer, 64 neurons in the second hidden layer, and 32 neurons in the third hidden layer, which enable
the system to model both nonlinear and fractional-order attributes of the problem. The Rectified Linear
Unit (ReLU) activation function is used in all hidden layers because it helps the model train faster while
solving the deep neural network problem of disappearing gradients.

The output layer consists of a single neuron with a linear activation function that produces the pre-
dicted value of the solution Y(¢). A linear activation is appropriate at the output stage, as the task
involves regression rather than classification. The selected architecture combines two opposing factors
which include higher computational efficiency and increased model complexity to achieve a balance that
allows the network to model complex fractional dynamics without creating an overload of unnecessary
parameters. This design enables stable training and reliable approximation of solution profiles across the
considered parameter ranges.

4.3 Training and validation

The dataset obtained from the analytical solutions is divided into training and validation set; where the
model is trained on the training data and then tested with the validation data with the view of determining
the level of accuracy.

Validation metrics:

* The MSE: To check the accuracy of the model with the actual solution which needs to be approx-
imated.

« Coefficient of determination (R? Score): In order to assess the measures that range from O to 1
to determine the extent of the dependent variable that can be explained by the input variables.

The training is an iterative process that takes many epochs when the model’s goal is to estimate Y (7).
Finally, the results that the model comes up with are checked against the Theorems 1 and 2 for testing
the model’s effectiveness.
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4.3.1 Training parameters and data preprocessing

The machine learning model training uses a synthetic dataset which originates from the complete ana-
lytical solutions of Theorems 1 and 2. The analytical expressions create a dependable benchmark which
allows supervised learning pairs to be developed. This framework enables the neural network to under-
stand how the independent variable and system parameters combine to produce the solution. The time
variable t is sampled uniformly from the interval [0,T] to create 5000 data samples while selecting pa-
rameter values a,b, and @ from their acceptable physical and mathematical ranges. The chosen dataset
size provides sufficient diversity to capture the nonlinear and fractional-order behavior of the governing
equations, while remaining computationally manageable. The researchers used random dataset parti-
tioning to create three separate groups which they used to test their learning evaluation system. The first
group used 70% of the data to develop model parameters while the second group used 15% for training
validation. The final group used 15% of the dataset for testing purposes only. The model training process
runs effectively because this separation enables simultaneous monitoring of generalization capabilities
while protecting test set information from entering the training phases.

The input features (¢,a,b, ®) undergo normalization to the range [0, 1] through the application of
min-max normalization before the training process begins. The optimization process requires this prepro-
cessing step because it establishes uniform input variable impacts on the loss function while preventing
any single input variable from dominating the process. The output target Y(¢) uses the same normaliza-
tion method as the input data to ensure both input and output domains maintain identical scaling. The
fractional integro-differential equations require normalization because their solutions exhibit significant
amplitude shifts from nonlocal operator and memory effect components. The Adam optimization al-
gorithm enables neural network training because it effectively solves nonlinear regression tasks which
use complex loss functions that lack convexity. Adam uses adaptive learning rate estimation together
with momentum updates to achieve faster convergence rates while maintaining better numerical stability
than traditional gradient descent algorithms. The selected learning rate of 10~ enables effective training
through balanced performance between rapid convergence and system stability while the batch size of
32 provides optimal performance between accurate gradient estimation and fast computation. The model
reaches its training limit at 200 epochs but uses validation loss for early stopping to prevent overfitting.
The training process concludes when validation error reaches a fixed point after multiple epochs which
results in the final model reaching the best possible performance balance between accurate approxima-
tion and strong generalization ability.

4.4 Prediction and analysis

After that the model depending on the values of ¢, a, b, and @ can be used to predict the correct solution
for the value of the whole expression. The predictions are expected to parallel the actual values as shown
by the analytical solutions. To illustrate this, we consider Example 3.

Example 3. Input parameters are as follows: t = 0.5, a = 0.3, b = 0.5, and @ = 1.0, the trained machine
learning model might predict Y () ~ 0.058. Using this as the baseline, one can compare it to the true
solution utilizing the results of the analytical technique in assessing the accuracy of the model under
consideration.

Visualization:
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* Scatter plot: The following scatter plot shows the relation between the true values of the solution
Y(¢) provided by the analytical approach used in the present paper and the values predicted by the
machine learning model. This visualization is very useful in order to compare the solutions given
by the model with the actual solutions which helps in the evaluation of the model.

Scatter Plot: True vs Predicted Values
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Figure 3: Scatter plot comparing the true values of Y(r) obtained from analytical methods with the predicted
values generated by the machine learning model

From the scatter plot shown in the Figure 3, it can be estimated that the true values and the pre-
dicted values are in close agreement as most of the data points are closely packed and in a near
perfect diagonal line to the identified reference line y = x. This implies a high level of confor-
mity between the machine learning model and the solution of the fractional integro-differential
equations with the model being capable of approximating the solution patterns in the data set. The
points again are hardly scattered around the line and hence depicts that the predictions made by the
model are accurate and consistent. It is possible to achieve such performance whenever it is im-
possible or inconvenient to obtain an exact analytical solution, which proves that the model under
consideration can be effectively used as a numerical approximation.

* Learning curve: The learning curve shown below shows how the training and validation loses
as the model goes through the training over epochs. It is important to examine these curves as
the evaluation of the model’s learning process helps recognize the existence of problems such as
overfitting or underfitting.

As illustrated in the Figure 4, the training and validation losses are reducing with the increment of
the epochs, showing that indeed the model is gradually improving for fitting the samples. As one
can observe from the above graphs, the training loss is reasonably mirrored with a validating loss,
which indicates that the model does not overfit the training dataset and has a good generalization
ability to unseen data. Furthermore, the gradual passage of both losses toward a stable minimum
also a sign of the effectiveness of such a model in further minimizing the error of prediction of
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Learning Curve: Training and Validation Loss
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Figure 4: Learning curve showing the training and validation loss as a function of epochs

the next input. This kind of behavior confirms the model’s capability and reliability while solving
fractional integro-differential equations where the solution domain is not only difficult but also
nonlinear.

* Residual plot: The following diagram shows the plot of residuals which are basically the differ-
ence between the actual and the fitted values. This plot is useful in determining if there is any
tendency that the model will make mistakes or if the mistakes are completely random.

Residual Plot: True vs Residuals
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Figure 5: Residual plot showing the distribution of errors, calculated as the difference between the true values and
the predicted values

In Figure 5, the residuals are shown to be evenly distributed around zero with no signs of a par-
ticular pattern or trend. This random scattering of residuals indicates that there are no special true
values that a given model tends to overestimate or underestimate, that is, a model’s is systemati-
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cally over- or under-accurate. Furthermore, the low variance of the residuals suggest that the errors
made by the model are negligible, therefore providing support to the effectiveness of the machine
learning method. Such accuracy is particularly important in those uses where numerical solutions
need to be very accurate, especially in fractional integro-differential equations where conventional
techniques may prove inadequate.

4.5 Comparison of analytical and machine learning solutions

In this subsection, we compare the exact analytical solutions of the fractional integro-differential equa-
tions that mediate the derivation from equations (1) and (2) with the solutions which are obtained through
a machine learning model. This comparison is important to the investigation of machine learning to de-
termine how well it can estimate such solutions in cases where it may be impractical to employ traditional
analytical procedures.

Comparison of Analytical Solutions and ML Predictions
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Figure 6: Comparison of the analytical solutions of Y(z) with the predictions made by the machine learning model

The plot as represented in the Figure 6 below represents the theories and the machine learning guesses
concerning the results of the fractional integro-differential equations. The blue line represents the results
which are eye-balling the solution derived from the analytical section while the red line shows the pre-
dictions of the machine learning section.

It can also been seen from the plot that the machine learning predictions almost match the analytical
solution which in turn indicates that this machine learning model is able to approximate the true values
to a significant level. Therefore, the closeness of the machine learning predictions to the analytical solu-
tions support the fact that the model developed forecasts the underlying dynamics of the equations quite
well. This alignment suggests that there is possibility of using numerical based approaches via machine
learning techniques with computer assistance when analytical approaches are difficult to employ.

These small deviations which we see betwinking the results obtained from the machine learning
models and analytical solution are normal in practice and are due to the approximation errors in any
numerical solution. In totality, this comparison provides the evidence, proving the effectiveness of the
machine learning approach and it applicability when dealing with fractional integro-differential equations
where analytical solutions may be unintended.
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4.6 Remarks on validation and benchmark comparison

The analytical solutions developed in this study serve as the exclusive source for machine learning model
training data. The machine learning predictions show agreement with the analytical expressions which
should be understood as a consistency assessment that does not validate the analytical theory itself.
The main purpose of machine learning in this context serves to create a data-driven surrogate model
that can efficiently approximate fractional integro-differential equation solutions which become hard to
evaluate through their explicit analytical solutions. The proposed learning-based framework needs better
reliability assessment through machine learning predictions which will be tested against numerical results
produced by a standard predictor-corrector method used in fractional differential equation solutions. The
numerical method serves as a widely accepted standard in research which establishes an independent
benchmark that does not depend on the analytical expressions applied during training. The comparison
shows that analytical solutions, numerical benchmark results, and machine learning predictions match
closely throughout both the time period and all tested parameter values. The multi-level comparison
process demonstrates that the proposed approximation approach maintains strong validity because it
prevents circular validation.

The machine learning system should serve as an additional computational resource which works
together with existing analytical and numerical techniques according to the method’s developers. The
system’s performance depends on two factors which include the training data quality and its ability to
represent real world situations and the network design and training configuration that were selected.
Machine learning functions as an effective surrogate solution method for fractional integro-differential
equation problems because the developed results work within existing restrictions and deliver results
needed for multiple evaluations and cases where standard numerical approaches require extensive com-
putational resources.

5 Conclusion

The study proves that combining classical analytical methods with current computational methods
solves fractional integro-differential equations effectively. The researchers used Sawi transform and
binomial series coefficients together with Frobenius method extension to derive exact analytical solu-
tions for their studied equation categories. The results produce advanced understanding about how frac-
tional integro-differential systems function and their internal workings. The research team developed a
learning-based framework which generates surrogate approximations for their analytical solution. The
machine learning model demonstrates high accuracy in replicating solution profiles because it investi-
gates specific parameter ranges and handles cases which require extensive computational power to ana-
lyze analytical solutions. The researchers intend to use machine learning as an additional approximation
tool which will work together with traditional analytical and numerical approaches. The learning-based
system produces results which show that training data created from analytical solutions shows both con-
sistency and ability to approximate. Researchers in the future will validate their proposed framework
across different parameter ranges by using independent numerical and experimental data and they will
research physics-informed learning methods to improve result accuracy when dealing with complex frac-
tional integro-differential equations.
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