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Abstract. In this paper, for any subsets D,C of a pseudo BCI-algebra A the notion of
generalized annihilator of D with respect to C' and (x,¢) (resp: to C and (o, *)), denoted by
(C': D)*®) (resp: (C : D)%) is introduced and its related properties are investigated. Also, a
necessary and sufficient condition for BCI-algebra to be p-semisimple or pseudo BC K-algebra
are given. Moreover, it is shown that the equation (C' : D)*®) = (C' : D)(>* hold for every
p-semisimple BC'I-algebra. Finally, it is proved that the set of all involutory ideal, denoted by

S(g ’Q)(A) forms a distributive lattice.
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1 Introduction

BCl-algebras represent a significant class of logical algebras introduced by Y. Imai and K. Iseki
in 1966 [12,13]. These concepts have roots in two distinct origins: one derived from set theory
and the other from classical and non-classical propositional calculi.

In 2008, W. A. Dudek and Y. B. Jun extended the idea of BC'I-algebras to introduce pseudo
B(CI-algebras [4].

Y. B. Jun et al. introduced the idea of pseudo-ideals and pseudo-homomorphism in a pseudo
BC1I-algebra, and then they examined several properties [14].

M. Aslam and A. B. Thaheem introduced the concepts of annihilators and involutory ideals
in commutative BC' K-algebras and studied their properties [1].

In [2], A. Banderi etc. introduced the idea of annihilator in pseudo BC1I-algebras and
explored various associated properties. They illustrated that the idea of annihilator of D and
denoted it by D& and investigated some related properties. It was also established that for
any subset D of a pseudo BCT-algebra A, D*°) is closed pseudo BCI-ideal of A.
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Building upon the work in [2], this paper extends the idea of annihilator to pseudo BCI-
algebra. For any two non-empty subsets D, C' of a pseudo BCI-algebra A, we introduce the
concept of generalized annihilator of D with respect to C' and (x,¢) (resp: to C' and (o, *)),
denoted by (C : D)) (resp: (C : D)(**), and investigate some related properties. We proved
that if A is a p-semisimple BCI-algebra then (C : D)) = (C : D)(®*), for any two non-empty
subsets C, D of A. Also, using the mentioned concept we give some conditions for a pseudo
B(CI-algebra to be 1-pseudo BC K-algebra; 2-p-semisimple BCI-algebra . Finally, applying the
concept of generalized annihilator, we define the involutory ideal of pseudo BCI-algebra and
prove that the set of all involutory ideals with respect to a normal ideal forms a distributive
lattice.

2 Preliminaries

In this section, we present some fundamental aspects essential for this paper. For additional
details, the reader is referred to [4,7,14].

Definition 1 ([4]). In a pseudo BCI-algebra, the structure A = (A, =, *,0,0) consists of < as a
binary relation on set A, x and © as binary operations on A, and 0 as an element of A satisfying
the following axioms: for all r,s,t € A,

(a1) (rxs)o(rxt) Jtxs, (ros)x(rot) Jtos,
(ag) Tx(ros) <s,ro(rxs)=<s,

(as) 7 =7,

(ag) =5, s 2r=1=s5,

(as) TXs<=rxs=0<=ros=N0.

In the context of pseudo BCTI-algebra, a structure A = (A, <, *,0,0) that satisfies 0 % r =
0=0or for all r € A is known as a pseudo BC K-algebra.

Proposition 1 ([4]). Any pseudo BCI-algebra A satisfies the following conditions: for any
r,s,t €A,

(1) r 20=1r=0,

(p2) r I s=rxts*xt,rot 2 sot,

(p3) T s=t*xsItxr,tos<tor,

(pa) 7 Xs,s Xt =1 =<t

(p5) (rxs)ot=(rot)xs,

(pg) rxs <t rxt<s,rostesrot<s,

(p7) (rxs)*(txs) Irxt,(ros)o(tos) Irot,

(pg) r*(ro(rxs))=r*xsandro(rx(ros))=ros,
(pg) Tx0=r=1r20,

(p1o) rxr=0=ror,

(p11) 0% (ros) Xsor, 00 (rxs) X sxr,

(p12) Oxr =00,

(p13) 0% (r*xs) =(0*7)o(0xs), 00 (ros)=(0or)*(0cs).

The relation order < in any pseudo BCTI-algebra (and pseudo BC'K-algebra) A, defined by
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(Vr,s€eA)r<s<=rxs=0<=ros=0,

is a partial order.

Let (A, =,%,0,0) be a pseudo BCI-algebra and S a non empty subset of A. Then S is
called a subalgebra of A if rxs € S and ros € S for any r,s € S. It can be checked that
K(A) :={re A|0*xr =0=0or} is a subalgebra of A (called the mazimal pseudo BCK-
algebra of A). This establishes that (K(A), =<, x,¢,0) forms a pseudo BC K-algebra.

In a pseudo BC'I-algebra A, an element c is considered minimal if the following condition
holds:

VreA)rc=r=c

The set of all minimal elements of A will be denoted by M(A). Clearly, 0 € M(A). In [11],
it has showed that ¢ € M(A) if and only if ¢ = 0% (0 ¢ ¢).
Hence M(A) ={c€ A|c=0x%(0cc)}. It can be checked that K(A) (M (A) = {0}. A pseudo
BC1T-algebra A is considered p-semisimple if every element in A is minimal, that is M (A4) = A.

Proposition 2 ([7]). Considering a pseudo BCI-algebra A and elements r,s € A, the following
conditions are equivalent:

(i) A is a p-semisimple,

(i) rx(ros)=s=ro(rxs),

(7i7) 0% (0or) =7 =00 (0*r).

Definition 2 ([15]). In pseudo BCI-algebra A, a subset J of A is defined a pseudo BCI-ideal
when:

(J1)0€e J,

(J2) (Vse J)(x(s,J)={reAlrxseJ} CJando(s,J)={reA|rose J} CJ).
Theorem 1 ([5,7]). A subset J of A is a pseudo BCI-ideal of A if and only if 0 € J and if
rosor e J imply s € J for allr,s € A.

Theorem 2 ([5,7]). Suppose J is a pseudo BCI-ideal of a pseudo BCIl-algebra A. Then the
following hold:

(1) If s2reJ, thense J,

(ii) A pseudo BCIl-ideal J of a pseudo BCI-algebra A is closed if and only if for any r € J,
Oxr=00relJ.

Definition 3 ([8]). pseudo BCI-ideal J of a pseudo BCI-algebra A is called compatible if for
all r,s € A,

rxte J<<=roted.

A partially ordered set (L; <) is called a lattice if any two elements x,y in L have both the
greatest lower bound, denoted by = A y and the least upper bound, denoted by = V y. (see [15]).

A distributive Lattice is a lattice L satisfying the following law (called the distributive
identity)

zAyVz)=(@Ay)V(cAz)orzV(yAz)=(zVy) AxV2)
for all x,y,z € L (see [3], [10]).
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3 Generalized annihilator in pseudo BCI-algebras

We start by defining the concept of generalized annihilator of D respect to C' in which C, D are
non-empty subsets of a pseudo BCI-algebra A, and then investigate some related properties.
Throughout this paper, let A will denote a pseudo BCI-algebra unless specified otherwise.

Definition 4. Consider C, D as non-empty subsets of A. The generalized annihilator of D
respect to C and (x,9), denoted by (C : D)) is defined as

(C: D)) .= {reA|dx*(dor) € C, Vd € D}.
Similarly, (C : D)*) is defined. It is evident that, 0 € (C: D)) and 0 € (C : D)©*).
In the example below, we demonstrate that (C' : D)) and (C : D)©*) may not be equal.

Example 1 ([9]). Consider A = ({0, g, h, j, k}, *,0,0) as a pseudo BCI-algebra, with the binary
operations * and ¢ defined by the following Cayley’s tables:

L. o o0 o>
Ll > O Ol
Sl o o o>
O O~ ol | o

TS O
.o OO
> O Ol
TS T O
.. T OO

By choosing, D := {0,k}, C := {0, h}, it can be verified that (C : D)) = {0} # {0,9,h} =
(C : D)),

In the following theorem, we give a sufficient condition satisfying the equality (C : D)(*°) =
(C: D)),

Theorem 3. If A is p-semisimple then (C' : D)) = (C : D)%), for any two non-empty
subsets C, D of A.

Proof. Let A be p-semisimple and r € (C' : D). Then d* (dor) € C for all d € D. By
Proposition 2, d* (dor) =r =do (d*r) € C. Therefore do (d*r) € C for all d € D, and so
r € (C: D)®*). Hence (C: D)) C (C : D)(®*). Similarly, we have (C : D)(**) C (C : D)),
Therefore (C : D)) = (C': D)(®*), O

It can be easily see that the proof of results about operation (o, x) is similar to the proof of re-
sults about operation (*,¢). So from now on, we suffices to discuss the results of operation (x, o).

The following lemma is an immediate consequence from the Definition 4.

Lemma 1. If E, F are non-empty subsets of A such that E C F, then (C : F)(*,o) C(C: E)(*,o)
and (E : )9 C (F : C)(),

Lemma 2. If C is a pseudo BCI-ideal of A and ) # D C A, Then C C (C : D)),
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Proof. Let ¢ € C. Tt follows from Definition 1(ag) that d * (d¢¢) < ¢ for any d € D. Then by
Theorem 2(i), we have d x (d < ¢) € C. Thus, according to Definition 4, we get ¢ € (C : D))
and so the proof is completed. O

The following example shows that the pseudo BCI-ideal condition in Lemma 2 is necessary.

Example 2. Let A = ({0,g,h,j,k},*,0,0) be a pseudo BCl-algebra as in Example 2. By
taking D := {0} and C := {k}, clearly C is not a pseudo BCI-ideal of A. It can be checked that
(C: D)*°) = () . Therefore, C ¢ (C : D)),

Theorem 4. If C is a pseudo BCI-ideal of A and D C A, then

(C:D)*)nD=CnD.

Proof. According to Lemma 2, we observe that C N D C (C : D)*® N D. To demonstrate
the reverse inclusion, suppose r € (C' : D)*®) N D. Since r € (C : D)*° it follows that
dx(dor)e C for all d € D. By substituting d = r, we find r = r* (ror) € C, implying r € C.
Thus, (C : D)*°) N D C C'N D, and so the proof is completed. O

Lemma 3. For any ) # C C A. The following hold:
(i) (A: {0} = A,

(i1) (A: A)) = A,

(i17) ({0} : A)) = {0}.

Proof. (i), (i1) by using Lemma 2, the proof is straightforward.
(iii) Let r € ({0} : A)*®). Then d* (dor) = 0 for all d € A. By putting d = r, we have
r=17% (ror) = 0. Therefore ({0} : A)*°) = {0}. O

Lemma 4. Let A be a p-semisimple pseudo BCI-algebra. Then for any () # C C A, the following
hold:

(1) (C: O =,

(2) ({0} : ©)°) = {0},

Proof. (1) Let r € (C' : C)*®°). Then d x (dor) € C for all d € C. By Proposition 2, we have
d* (dor)=r. Hence r € C. Thus, (C : C)** C C. To proof the inverse inclusion, assume
that r € C. By a similar argument, we have d * (d©r) = r, which implies d * (dor) € C. Thus,
r € (C: C)*°). Therefore, C C (C : C')*°) and the proof of (1) is completed.

(2) Let 7 € ({0} : C)*°). Then d* (dor) = 0 for all d € C. By Proposition 2, we have
d* (dor)=r. Hence, r = 0. Therefore, ({0} : C)*°) = {0}. O

Using the concept of generalized annihilator, we give a characterization of p-semisimple
BCI-algebras.

Theorem 5. A is p-semisimple if and only if (C : {0})*°) = C for any § # C C A.
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Proof. (=) Let A be p-semisimple, and let r € (C : {0})*®). Then 0 (0o ) € C, and since
0% (0or) =7, we get r € C. Therefore, (C : {0})*°) C C. To prove the reverse inclusion, let
r € C. By Proposition 2, we have 0% (0o7) = r, s0 0% (0or) € C, which implies r € (C : {0})*°).
Thus, C' C (C : {0})*), and so the result holds.

(<) Assume that (C : {0})*°) = C for every non-empty subset C of A. Let r € A. Putting
C = {r}, we have ({r} : {0}))**®) = {r}. Hence r € ({r} : {0})*°), and so 0% (0 x7) € {r},
which implies 0 * (0 % ) = r. Therefore A is p-semisimple, as required. O

Proposition 3. Let {D;|i € I} be a family of non-empty subset of A and ) # C C A. Then we

have

(i) N(C: D)) = (C: U Dy)*),
i€l el

(@) U(C: D)) C(C: () Di)).
el iel

Proof. (i) Using Lemma 1, we get (C : |J D;)*% C N (C : Dy)*®). To proof the reverse

inclusion, assume that r € ((C': D;) () .ZETI‘huS re (C :ZEZI)Z-)(’“O) for all ¢ € I, and consequently
dx(dor)e Cforallde Dlie.[Hence dx(dor) e Cforallde |J Ds,andsor e (C: |J D;) (),
Therefore ((C' : D)0 C (C - U D;)*°) and so (i) holds. -~ -~

(ii) By Lerzri;a 1, the proof is StrZ:iIghtforward. O

The reverse inclusion in Proposition 3 (ii) is not true in general as seen in the following
example.

Example 3 ([6]). Let (A = {0, g, h, 1}, *,0,0) be a pseudo BCI-algebra, which binary operations
x and ¢ are defined by the following Cayley’s tables:

— > O %
> OO
> > O Ol
> O O Ol
SO O Ol
T ol
> OO
> O Ol
Q O O o>
SO O Ol

Taking Dy := {g, 1}, Da := {h,1} and C := {0, 1}, it is routine to check that (C : D;)*°) = {0},
2

(C : D)) = 10,9}, U(C : D)™ = {0,g} and (C : () D;)** = {0,9,1}. Therefore,
i=1 i=1,2

(C: N D)) ¢ U (C: D)),

i=1,2 i=1,2

Theorem 6. Let A be p-semisimple. If C is a closed pseudo BCI-ideal of A, then so is
(C: D)), for any O # D C A.

Proof. Clearly, 0 € (C': D)*°). Now assume that 7, s or € (C : D)*°) for some r,s € A. Then
for all d € D, we have
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d*(dor)eCanddx*(do(sor)) € C,
By the p-semisimple property, we have
d*(do(sor))=sor.
Using Definition 1 (a1), we obtain
(dx(dos))o(d*(dor)) 2 (dor)*(dos) XsoreC

It follows that (dx(dos)o(dx(dor)) € C. Hence from d*(dor) € C, we conclude d* (dos) € C
for any d € D, and so s € (C : D)), Therefore, (C : D)*°) is a pseudo BClI-ideal of A.

To proof that (C : D)9 is closed, it suffices to show that 0 xr € (C' : D)*° for any
r € (C: D). Forr e (C: D)* we have d* (dor) € C for all d € D, and so by the
p-semisimple property, we get r € C. By closeness of C we get, 0 xr € C. On the other hand,
we have

dx(do(0x7)=0xreC.

Hence, d x (do (0% 7)) € C for all d € D. Thus 0 xr € (C : D)*°, and so the proof is
completed. O

Proposition 4. For any non-empty subset D of A, (K(A) : D)*°) = K(A).

Proof. By Lemma 2, since K(A) is a pseudo BCI-ideal of A, K(A) C (K(A) : D)*°). Now, let
r € (K(A): D). Then, d* (dor) € K(A) for all d € D. Hence, 0 (d % (dor)) = 0. On the
other hand, by (a2), d* (dor) < r, thus 0xr X 0% (dx* (dor)) =0, and so 0 xr = 0, that is
r € K(A). Therefore, (K(A): D)*°) = K(A). O

Lemma 5. Let C, D be non-empty subsets of A with C C K(A). Then (C : D)) C K(A).
Proof. Using Lemma 1 and Proposition 4, the proof is straightforward. O

In the following, we give a characterization of pseudo BC K-algebras.

Theorem 7. Let A be a pseudo BCI-algebra. Then A is a pseudo BCK-algebra if and only if
(C: {0} ) = A, for any O # C C A.

Proof. Let A be a pseudo BCK-algebra. For any r € A, 0xr =0 and so 0o (0xr) =0 € C
for any r € A. This implies that » € (C : {0})*®). Therefore A C (C : {0})*® and so
(C: {0 = A,

Conversely, taking C' = {0}, by assumption, we get ({0}, {0})*® = A. Thenr € ({0}, {0})*)
for any r € A. It follows that, 0% (0or) =0 and so 0% (0% (0o r)) = 0. Thus, by (ps), we get
O0or = 0. This implies r € K(A) and so A = K(A). Therefore, A is a pseudo BC K-algebra. [

Definition 5. Let C be a pseudo BCl-ideal of A. Then C' is called

(i) a (*,0)-normal if it satisfies (Vr,s € A) rx(ros) € C = sx(sor) e C,
(ii) a (o, *)-normal if it satisfies (Vr,s € A) ro(rxs) € C = so(sxr) € C,
(iii) normal if it is both (x,o)-normal and (o, *)-normal.
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In the example below, we demonstrate that the (x,¢)-normal and (¢, *)-normal may not be
equal.

Example 4. Let (A = {0, g, h,1},%,0,0) be a pseudo BCI-algebra as in Example 3. Consider
a pseudo BCI-ideal C' = {0,g} of A. It can be checked that C is a (x,¢)-normal but is not
(0, *)-normal, because 1o (1xh)=ge Cbut ho(h*x1)=h¢C

Lemma 6. If (C: D)*®) = A, then D C C for any C,D C A.

Proof. Let r € D. Then by assumption, r € (C' : D)(*7°) and so d * (dor) € C for every d € D.
Thus from r € D, we get r =71 % (ror) € C. Therefore D C C. O

Proposition 5. Let C be a (*,9)-normal pseudo BCI-ideal of A and D C A. Then
(C: D)) = A if and only if D C C.

Proof. By (i), we only need to prove the sufficiency. Assume that D C C and r is an arbitrary
element of A. By (a2), we have

rx(rod) 2deD foranyde D.

Thus, by assumption, we get r x (r ¢ d) € C and so by the (x,¢)-normality of C, we conclude
dx(dor) € C for any d € D, which implies 7 € (C' : D)*®). Therefore (C : D) = A, and so
the proof is completed. O

Proposition 6. Every (x,0)-normal pseudo BCI-ideal is closed and contains M(A).

Proof. Let C be a (x,¢)-normal of A. For any r € C, we have (0*7)* ((0*7)¢0) =0 € C. Then
it follows from C is a (x,¢)-normal, that 0% (0¢ (0% 7)) € C, and so by (ps), we get 07 € C.
Hence C' is closed. Now, let r € M(A). Then by the minimality of r, we conclude 0 (0o r) = 7.
On the other hand, from r % (r©0) = 0 € C and the fact that C' is a (x,¢)-normal, we get
0% (0or) € C. Therefore r € C and so M(A) C C, which completes the proof. O

Theorem 8. Let A be a pseudo BCI-algebra. Then for any (x,¢)-normal D and two pseudo
BCI- ideals C, E of A, we have

ENDCC & EC(C:D)*°

Proof. (=) Let END C C and e € E. For any d € D, using (a2), we have e x (eod) <d € D
hence by the (x, ¢)-normality of D, we get d*(doe) € D. Obviously, dx(doe) < e € E. Therefore
d* (doe) € EN D, hence by hypothesis, we get d * (d o e) € C, which implies e € (C : D)),
Therefore E C (C' : D)*°),
(<) Let E C (C : D)*° and r be an arbitrary element of E N D. Then r € (C : D)),
and hence we have
dx(dor)eC foranyde D (1)

Since r € D, putting d = r in (1), we get r* (ror) € C, that is r € C. Therefore END C C. O

In the following, we establish some others properties of the generalized annihilator.
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Theorem 9. Let A be a pseudo BCl-algebra, C is a (*,)-normal pseudo BCI-ideal of A and
D C A. Then the following hold:

(i) D C(C: (C: D))o,

(i5) (C: D)) = (C: (C: (C : D)*0))x0))(+2),

Proof. (i) Clearly, if d € D, then d % (dor) € C for all € (C : D)*°). Thus, since C is a
(*,0)-normal, we conclude 7 * (r o d) € C, which implies d € (C : (C : D)*®)(*°) Therefore
DC(C:(C: D)(*’Q))(*’o).

(ii) By (i), we have D C (C : (C : D)**)*°) and so by Lemma 1, we get (C' : (C : (C :
D)) (=) (:9) € (C': D)), On the other hand, using (i), we obtain (C : D)) C (C': (C :
(C : D)) () () “and so the proof of (ii) is completed. O

The reverse inclusion of Theorem 9(i) may not true in general as seen in the following
example.

Example 5. Let A = {0, g, h, 1} be a pseudo BCI-algebra as in Example 3. By taking C' = {0, g}
and D = {h}, it is routine to check that C' is a (*,©¢)-normal. Some routine calculations shows
that (C': (C: D)*°))(**) = {0, g}. Therefore (C : (C : D)**)(*°) ¢ D.

Proposition 7. Let A be a pseudo BCI-algebra. Then for any two subsets D and FE and a
pseudo BCl-ideal C of A, ((C : D)*°); E)(*°) C (C': (DN E))*°),

Proof. Let v € ((C : D)* : EY*°)_ Then e x (eor) € (C : D)*° for every e € E, and
hence d x (do (e x (eor))) € C for every d € D and e € E. Consequently, it follows that
vk (vo(vx(vor))) € C for every v € DN E, and so by (pg), we get v* (vor) € C for every
v € DN E. This implies that € (C': (D N E))*°). Therefore the proof is completed. O

Definition 6. Let A be a pseudo BCI-algebra and C is a pseudo BCI-ideal of A. Then a
pseudo BCI-ideal D of A is called an involutory pseudo BCI — ideal with respect to C if
D = (C: (C: D))= We denote the set of all involutory pseudo BCI-ideals of A respect

to C by S5 (A).

Example 6. Let (A = {0,1,2,3},%,0,0) be a pseudo BCI-algebra which binary operations x
and ¢ and are defined by the following Caylye’s tables:

«[0 1 2 3 o0 1 2 3
0[0 0 0 0 0[0 0 0 0
101 0 1 1 : 101 0 1 1
202 2 0 2 202 1 0 1
3/3 3 3 0 3/3 1.1 0

(1) By taking D := {0} and C := {0, 1}, we can check that C, D are pseudo BCI-ideal of A and
(C: (C: D)*®))*0) = {0} and so D = (C : (C : D)*®))*°) Therefore D is an involutory
ideal with respect to C.

(i) Now, taking C' := {0,2} and D := {0,1}. D is not involutory, Because (C : (C :
D)2))(0) = {0} and so D # (C : (C : D)*2))(x0),
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Proposition 8. For any (x,9)-normal pseudo BCI-ideal C of A and D C A, the following hold:
(i) A= (C: (C: A=) that is A e ST (A),
(i) (C : D)) € S5 (A).

Proof. (i) By Theorem 9 (i), the result is obvious.
(73) It is a direct consequence from Theorem 9 (7). O

Theorem 10. Let C be a normal pseudo BCl-ideal of A. Then the following hold: for any
D,E € S59(4),

(i) inf{D,E} = DN E;

(ii) sup {D,E} = (C : (C : DU E)*®))°).

(iii) (S(*’O)(A),/\,\/) is a distributive lattice, where DANE = DNE and DV E = (C : (C :
DU E)#)(=9),

Proof. (i) Let D, E € Sg’o)(A). Then by Theorem 9 (i), we have DN E C (C : (C : DN
E)#2))(%9)_ To proof the reverse inclusion, by Lemma 1, it follows from DN E C D, E that (C :
(C: DNE)®)x2) C (C': (C: D))= 0 (C 2 (C: B)**))(*9) But D, E € S5 (A). Thus
(C: (C: DY (C: (C: E)*®)°) = DNE, andso DNE = (C: (C: DN E)*°)°),
Therefore, it follows that DN E € Sg ’0)(A). Moreover, clearly D N E is the biggest involutory
ideal contained in D, E. This implies inf{D,E} = DN E.

(ii) By Theorem 9 (i), D,E C DUE C (C : (C : DU E)**)(*®) Thus (C : (C : DU
E)(%0))(*°) is an upper bound of D, E. We now assume that D, E C F for some F € S(* <>)(A).
Then by Lemma 1, (C : F)*) C (C: D)) (C : E)*® and so (C : F)(*°®) C (C: D) ) N(C :
E)*°). From Proposition 3 (i) and Lemma 1, it follows that

(€ (€ D)) 1 (C: B)r)) )
(@0 peyes
F

(C: (C:DUE)*)*0) =

N

Hence (C : (C : DU E)*)(°) is the least involutory ideal containing D, E. Therefore ,
sup{D, E} = (C: (C: DU E)(*®))(x°),

(iii) By (i) and (ii) (Sg’O)(A)7 A, V) is a lattice. To prove the distributivity of Sg’o) (A), Let
E,F,G e 5’((;’0) (A). Tt is well known that in any lattice, (EAF)V(EAG) C EA(FVG). Thus, it
suffices to prove that EA(FVG) C (EAF)V(EAG). For brevity, we put R := (EAF)V(EAG).
Since R € Sg’o) (A), it follows from Definition 6 that R = (C': (C : R)**)(*°) But ENF C R.
Hence, we have

ENF C(C:(C:R)*®)te), (2)

Thus, if we intersect the two sides of (2) with (C : R)*®), we have
(ENF)N(C:R)™*®) C(C: RN (C: (C: Rt (3)
On the other hand, by Theorem 4, we have

(C: RN (C:(C: RN =0n(C: R (4)
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It follows from (3) and (4) that F'n (EN(C : R)*) C C. But by Theorem 8, we get £ N (C :
R)*°) C (C : F)*°). By the similar argument for G, we have EN (C : R)*) C (C : G)*°).
Thus EN(C: R)*) C (C: F)*°) N (C : G)*°), and hence from (C : F)*°) N (C: G)*°) ¢
Sg’o) (A), we get

EN(C:R)™) C(C:(C:((C: F)H) n(C: G)2))e)yixe) (5)

For brevity, we put P := (C : ((C : F)*®) 0 (C : G)*))*°) Thus, if we intersect the two
sides of (5) with P and using Theorem 4, we have

(EN(C:R*NnPC(C:P)*)nP=CnP, (6)

and hence (C : R)*°) N (E N P) C C. But by Theorem 8, we get EN P C R. Also, by
Proposition 3(i), we get P = (C': (C': FUG)**)*°) and so ENP = E A (FV G). Therefore
EAN(FVG)CR=(EANF)V(EAQG), and so the proof is completed. O

Conclusion

In this work, we introduced the notion of generalized annihilator of D with respect to C' for
subsets D, C of a pseudo BC'I-algebra A, and explored its fundamental properties. We demon-
strated that the generalized annihilator of a closed pseudo BCI-ideal is a closed pseudo BCI-
ideal too. Also, we gave a necessary and sufficient condition for BCI-algebra to be p-semisimple
or pseudo BCK-algebra. Additionally, we defined the concept of a normal ideal and examined
the relationship between pseudo BC'I-algebras and normal ideals. Spatially, we proved that
every normal pseudo BC'I-ideal is closed and contains the set of all minimal elements. Finally,
we introduced the notion of an involutory pseudo BC'I-ideal and proved that the collection of
all involutory ideals forms a distributive lattice.
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