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Abstract. Mathematical models are useful for understanding and managing infectious diseases. They
assist researchers and public health personnel in decision-making by providing data, evaluating the im-
pact of interventions, and estimating the spread of diseases. The main objective of the present work is
to provide an in-depth analysis of the transmission and control of a hepatitis B model under the Caputo
fractional derivative, including both qualitative and semi-analytical investigations. Fixed-point theory is
employed to establish the conditions for the existence and uniqueness of solutions to the proposed model.
The obtained solutions are graphically simulated using MATLAB. The physical significance of this study
lies in its ability to capture memory effects and long-term dependencies in the transmission dynamics
of the hepatitis B model, which cannot be explained by classical models. The results provide valuable
insights for designing effective disease-control strategies and contribute to the advancement of fractional
epidemiological modeling, with potential applications in public health policy and clinical research.

Keywords: Fractional hepatitis B virus model, Caputo fractional derivative, existence theory, fixed point theory,
semi analytical results.
AMS Subject Classification 2010: 26A33, 34A08, 93A30.

1 Introduction

Hepatitis B is a dangerous disease caused by the hepatitis virus. It is a significant global health problem.
This disease leads to serious chronic liver infections, putting people’s lives at high risk. Hepatitis B is
also a primary cause of liver cancer [48]. The infection occurs when the virus enters the bloodstream and
reaches the liver, where it causes damage [33].

∗Corresponding author
Received: 05 October 2025/ Revised: 28 February 2026/ Accepted: 11 April 2026
DOI: 10.22124/jmm.2026.31885.2878

© 2026 University of Guilan http://jmm.guilan.ac.ir

https://doi.org/10.22124/jmm.2026.31885.2878
http://jmm.guilan.ac.ir


Co
rre

ct
ed

Pr
oo

f2 Deepak, L.K. Yadav, M.M. Gour, S.D. Purohit

Hepatitis B has two stages: an acute stage lasting up to six months, which is often cleared by the
immune system, and a chronic stage that lasts longer than six months. Both adults and children can
contract this infection. Hepatitis B virus (HBV) is a serious disease that can be transmitted from an
infected individual to a healthy person, making the affected individuals chronic carriers. Nearly 240
million people worldwide have chronic liver infections, and approximately 6,00,000 people die each
year due to this dangerous disease.

Mathematical modeling facilitates precise definition and analysis of real-world events by employ-
ing various mathematical approaches, including fractional calculus [13, 19]. Its significance has grown
notably within mathematical science, allowing us to transform real-world issues into equations, math-
ematical language, and then use appropriate approaches to predict results. Modeling has a wide range
of applications, serving as a tool for anticipating or estimating future ramifications, making it an es-
sential approach in many different fields [5, 23, 32, 35, 39, 43, 44]. Recently, researchers have used the
tools of fractional calculus for modeling various dynamical phenomena across nearly all disciplines of
applied sciences, as these describe dynamic behaviors more precisely compared to natural-order deriva-
tives [3,31,49]. Researchers have introduced a variety of concepts for fractional derivatives, with notable
ones being the Riemann–Liouville, Caputo, and Hadamard derivatives [29, 30, 38, 41, 50–52]. These
derivatives have been extensively studied from many perspectives, including approximate solutions, sta-
bility, existence, and uniqueness of numerous biological and physical models [4, 21, 26].

Mathematical modeling is a key approach to understand the transmission dynamics of infectious
diseases, including HBV. Many studies have investigated the transmission and control of HBV [6,36,37,
45,47,54]. Kamyad et al. [24] formulated an integer-order compartmental model for HBV transmission,
incorporating susceptible (S), exposed (E), acutely infected (I), chronic carrier (C), and recovered (R)
classes, with parameters for birth/death rates, infection rates, and recovery transitions. The governing
system of ordinary differential equations is given by:

dS(ξ )
dξ

= ϑ − [ϑq1C+ϑq2R+q′ (I +µC)S+ϑS+ρ1S]+κ4R,
dE(ξ )

dξ
= q′ (I +µC)S− (ϑ +κ1)E,

dI(ξ )
dξ

= κ1E − (ϑ +κ2) I,
dC(ξ )

dξ
= [ϑq1 − (ϑ +κ3 −ρ2)]C+q3κ2I,

dR(ξ )
dξ

= (ϑq2 −ϑ −κ4)R+(1−q3)κ2I +(κ3 +ρ2)C+ρ1S.

(1)

In the given model, S(ξ ) stands for the density of susceptible individuals, E(ξ ) for exposed individuals,
I(ξ ) for infected individuals, C(ξ ) for chronic HBV carriers, and R(ξ ) for recovered individuals. In this
model, ϑ represents the per capita birth and death rate, while κ1, κ2, and κ3 denote the rates at which
individuals become exposed, transition to carrier status, and move from carrier to recovered, respectively.
Additionally, µ is the infectiousness rate of carriers relative to acute infections, and q3 is the proportion
of acutely infected individuals who become carriers.

According to the law of mass action, the infection transmits horizontally at a rate of q′(I + µC)S,
where q′ is the contact rate. The infection also transmits vertically at a rate of p1 among newborns,
represented by the term ϑq1C, where q1 < 1. Furthermore, q2 of newborns from the recovered class are
immune, expressed by ϑq2R, where q2 < 1.

Kamyad et al. [24] investigated a mathematical model (1) for the transmission dynamics and optimal
control of HBV vaccine and therapy, and provided a graphical solution. Khan et al. [27] converted model
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(1) into a fractional order model involving the Caputo-Fabrizio derivative operator, and using a semi-
analytic technique, namely, the Laplace-Adomian decomposition method, presented the graphical nature
of the proposed model. Recently, Gour et al. [15] investigated a fractionalized model for HBV infection,
focusing on curing infected cells, and analyzed that the peak of viral propagation is reduced and cell
damage is minimized by initiating treatment at an early stage.

In the present study, our objective is to obtain analytical and graphical solutions for the proposed
HBV model using the homotopy decomposition method (HDM) [9], while analyzing the system in frac-
tional and integer orders. The HDM is a relatively recent semi-analytical technique for solving systems
of fractional partial differential equations. Unlike conventional methods, it avoids restrictive assump-
tions and discretization, reduces computational complexity, and naturally incorporates non-local effects.
The physical and clinical significance of this work lies in its enhanced ability to capture memory effects
and relapse phenomena more realistically than classical approaches, thereby providing deeper insights
into the long-term behavior of HBV infection. These findings are not only mathematically meaningful
but also highly relevant to healthcare systems, as they can inform treatment optimization, vaccination
strategies, and public health interventions aimed at reducing the global burden of HBV.

The novelty of this study resides in the integration of the Caputo fractional framework with the HDM
to simultaneously analyze both acute and chronic phases of HBV dynamics. While many existing studies
focus either on integer-order models or on fractional models limited to a single infection stage, our ap-
proach unifies vaccination, treatment effects, memory phenomena, and relapse behavior within a single
coherent system. Furthermore, in contrast to works that rely predominantly on purely numerical schemes,
we obtain semi-analytical approximations through HDM, which are validated by numerical simulations.
This dual analytical-numerical perspective provides a more thorough theoretical knowledge while also
providing therapeutically useful insights for long-term illness control and prevention methods. The Ca-
puto fractional derivative is especially useful here because it preserves the physical interpretability of
standard initial conditions while effectively accounting for memory and hereditary effects in HBV trans-
mission, such as delayed immune responses and persistent viral carriage, which integer-order models
cannot capture.

The remainder of this paper is organized as follows. Section 2 presents the fundamental definitions
of fractional calculus and introduces the fractional-order HBV model. Section 3 describes the basic idea
of the proposed technique. Section 4 provides a qualitative analysis of the model, including existence,
uniqueness, and stability of the solution. In Section 5, we implement the HDM to compute the fractional
model. Section 6 presents numerical simulations using MATLAB and available data to validate the
analytical results and summarize the findings. Finally, Section 7 concludes the paper. References are
given at the end of the paper.

2 Fractional calculus

Fractional calculus stands as a prized asset within mathematics, offering exceptional significance in
the realm of mathematical modeling. Its capacity to characterize natural phenomena surpasses that of
classical calculus, providing more precise descriptions. Moreover, it proves highly advantageous for
delineating nonlinear phenomena across various scientific and technological domains. Currently, numer-
ous scholars harness this potent tool, enhancing the quality and depth of their research endeavors. In
medical science, fractional calculus finds extensive application in the study of fractional-order disease
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models, like Coronavirus dynamics [7,11,14,20,22,25,28], HIV [53], Chikungunya virus [8], influenza
disease [10], HBV [2, 18, 34, 40, 42, 46] and other disease models [1, 12, 16, 17].

2.1 The Fractional-Order HBV Model

To capture memory effects, long-term dependencies and hereditary properties inherent in the dynamics
of HBV transmission, such as delayed immune responses and persistent viral carriage, we extend the
integer-order model (1) from Kamyad et al. [24] by replacing ordinary derivatives with Caputo fractional
derivatives of order ς ∈ (0,1].

The resulting governing system of fractional differential equations, the central model of this work, is
given by

CDς

ξ
S(ξ ) = ϑ −

[
ϑq1C+ϑq2R+q′(I +µC)S+ϑS+ρ1S

]
+κ4R, (2)

CDς

ξ
E(ξ ) = q′(I +µC)S− (ϑ +κ1)E, (3)

CDς

ξ
I(ξ ) = κ1E − (ϑ +κ2)I, (4)

CDς

ξ
C(ξ ) =

[
ϑq1 − (ϑ +κ3 −ρ2)

]
C+q3κ2I, (5)

CDς

ξ
R(ξ ) = (ϑq2 −ϑ −κ4)R+(1−q3)κ2I +(κ3 +ρ2)C+ρ1S, (6)

where 0 < ς ≤ 1, and the state variables (S, E, I, C, R) and parameters are defined as in the integer-order
model (1). with the initial conditions

S (0) = S0, (7)

E (0) = E0, (8)

I (0) = I0, (9)

C (0) =C0, (10)

R(0) = R0. (11)

This Caputo-based formulation is particularly suitable for HBV epidemiology, as it preserves stan-
dard initial conditions while effectively incorporating non-local and memory-dependent behaviors that
classical integer-order models cannot adequately capture.

2.2 Basic Definitions

Definition 1. The Riemann-Liouville fractional derivative of κ of order ς > 0 is defined as follows

RL
a Dς

ξ
κ (ξ ) =

1
Γ(q− ς)

dq

dξ q

ξ∫
a

(ξ−Ψ)q−ς−1κ (Ψ) dΨ , ξ > 0, q−1 < ς ≤ q, q ∈ Z+. (12)

Definition 2. Let υ ∈ R. A real-valued function κ(ξ ), ξ > 0, is said to belong to the space Cυ if there
exists a real number K > υ such that

κ(ξ ) = ξ
Kκ1(ξ ),

where κ1(ξ ) ∈ C[0,∞). The function κ is said to belong to the space Cσ
υ (σ ∈ N) if its σ -th derivative

satisfies κ(σ) ∈Cυ .
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Definition 3. The Caputo fractional derivative of κ of order ς > 0 is defined as follows

C
a Dς

ξ
κ (ξ ) =

1
Γ(q− ς)

ξ∫
a

(ξ−Ψ)q−ς−1κ
′
(Ψ) dΨ , ξ > 0, q−1 < ς ≤ q, q ∈ Z+. (13)

In addition, the corresponding fractional integral of order ς , with ℜ(ς)> 0 is given by

ℑ
ς [κ (ξ )] =

1
Γ(ς)

ξ∫
0

(ξ −Ψ)ς−1κ (Ψ)dΨ, ς > 0, ξ > 0, (14)

and
ℑ

0 [κ (ξ )] = κ (ξ ) . (15)

3 Proposed methodology

The HDM is a powerful semi-analytical technique for obtaining series solutions to nonlinear fractional
differential equations. It constructs a continuous deformation (homotopy) between an initial simple
problem and the target complex problem, leading to a series expansion in powers of an embedding
parameter p ∈ [0,1]. Consider a fractional-order non-homogeneous differential equation as [9]

Dς

ξ
[κ (ξ )] = ℜ [κ (ξ )]+ℵ [κ (ξ )]+h(ξ ) , 0 < ς ≤ 1, (16)

accompanied by the initial condition
κ (ξ0) = ϕ, (17)

where, Dς

ξ
denotes Caputo derivative with fractional order ς , and ℜ & ℵ represent linear & nonlinear

functions respectively, while h is source term.
First, we reduce equation (16) into following form

κ (ξ )−κ (0) =
1

Γς

ξ∫
0

(ξ −µ)ς−1 [ℜ [κ (µ)]+ℵ [κ (µ)]+h(µ)]dµ . (18)

In the proposed method, the fundamental assumption is that the solution can be expressed as a power
series in the embedding parameter p

κ (ξ , p) =
∞

∑
ρ=0

pρκρ (ξ ), (19)

and
κ (ξ ) = lim

p→1
κ (ξ , p) . (20)

The nonlinear term ℵ [κ (ξ )] is decomposed as

ℵ [κ (ξ )] =
∞

∑
ρ=0

pρHρ (κ), (21)
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where, p ∈ (0,1] is the embedding parameter. Here, Hρ (κ) signifies He’s polynomial, which can be
stated as

Hρ

(
κ0,κ1,κ2, ...,κρ

)
=

1
Γ(ρ +1)

∂ ρ

∂ pρ

[
ℵ

(
∞

∑
k=0

pkκk (ξ )

)]
. (22)

By substituting equations (19), (21), and (22) into equation (18), we obtain

∞

∑
ρ=0

pρκρ (ξ )−κ (0)

= p

(
1

Γς

ξ∫
0
(ξ −µ)ς−1

[
ℜ

[
∞

∑
ρ=0

pρκρ (µ)

]
+ℵ

[
∞

∑
ρ=0

pρκρ (µ)

]
+h(µ)

]
dµ

)
.

(23)

By comparing identical powers of p on both sides, we obtain solutions of various orders, beginning with
an initial approximation

κ0 (ξ ) = ϕ. (24)

Thus, the solution of equation (16) is given as

κ = κ0 +κ1 +κ2 + · · ·+κρ . (25)

4 Existence and uniqueness

Theorem 1. Let Φ1,Φ2,Φ3,Φ4, and Φ5 denote the nonlinear kernels of the proposed fractional model
corresponding to the unknown variables S(ξ ),E(ξ ), I(ξ ),C(ξ ),R(ξ ), respectively. Then the Caputo
fractional system (2)–(6) is equivalent to a system of nonlinear Volterra integral equations.

Proof. Applying the Caputo fractional integral operator of order ς to both sides of equations (2)–(6) and
using the initial conditions, we obtain

S(ξ ) = S(0)+
1

Γ(ς)

∫
ξ

0
(ξ −κ)ς−1

Φ1(S,E, I,C,R;κ)dκ, (26)

E(ξ ) = E(0)+
1

Γ(ς)

∫
ξ

0
(ξ −κ)ς−1

Φ2(S,E, I,C,R;κ)dκ, (27)

I(ξ ) = I(0)+
1

Γ(ς)

∫
ξ

0
(ξ −κ)ς−1

Φ3(S,E, I,C,R;κ)dκ, (28)

C(ξ ) =C(0)+
1

Γ(ς)

∫
ξ

0
(ξ −κ)ς−1

Φ4(S,E, I,C,R;κ)dκ, (29)

R(ξ ) = R(0)+
1

Γ(ς)

∫
ξ

0
(ξ −κ)ς−1

Φ5(S,E, I,C,R;κ)dκ. (30)

Here, we have the following kernels

Φ1 = ϑ −
[
ϑq1C+ϑq2R+q′(I +µC)S+ϑS+ρ1S

]
+κ4R, (31)
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Φ2 = q′(I +µC)S− (ϑ +κ1)E, (32)

Φ3 = κ1E − (ϑ +κ2)I, (33)

Φ4 = [ϑq1 − (ϑ +κ3 −ρ2)]C+q3κ2I, (34)

Φ5 = (ϑq2 −ϑ −κ4)R+(1−q3)κ2I +(κ3 +ρ2)C+ρ1S. (35)

Hence, the Caputo fractional differential system is transformed into an equivalent nonlinear Volterra
integral system.

Theorem 2. The kernels Φ1, Φ2, Φ3, Φ4, and Φ5 satisfy the Lipschitz’s condition.

Proof. First, we demonstrate that Φ1 satisfies the Lipschitz condition. Let S and S̃ be two functions, then∥∥Φ1 (ξ ,S)−Φ1
(
ξ , S̃
)∥∥= ∥∥(ϑ −

[
ϑq1C (ξ )+ϑq2R(ξ )+q′ (I +µC (ξ ))S (ξ )+ϑS (ξ )

+ρ1S (ξ )]+κ4R(ξ ))− (ϑ−
[
ϑq1C (ξ )+ϑq2R(ξ )+q′

×(I +µC (ξ )) S̃ (ξ )+ϑ S̃ (ξ )+ρ1S̃ (ξ )
]
+κ4R(ξ )

)∥∥ . (36)

Using Cauchy’s inequality, we have∥∥Φ1 (ξ ,S)−Φ1
(
ξ , S̃
)∥∥≤ ∥∥q′ (I +µC (ξ ))+ϑ +ρ1

∥∥∥∥S (ξ )− S̃ (ξ )
∥∥ , (37)

or ∥∥Φ1 (ξ ,S)−Φ1
(
ξ , S̃
)∥∥≤ Θ1

∥∥S (ξ )− S̃ (ξ )
∥∥ , (38)

where ∥∥q′ (I +µC (ξ ))+ϑ +ρ1
∥∥≤ Θ1 . (39)

For Φ2 ∥∥Φ2 (ξ ,E)−Φ2
(
ξ , Ẽ

)∥∥= ∥∥(q′ (I +µC (ξ ))S (ξ )− (ϑ +κ1)E (ξ )
)

−
(
q′ (I +µC (ξ ))S (ξ )− (ϑ +κ1) Ẽ (ξ )

)∥∥ , (40)

and by using Cauchy’s inequality, we have∥∥Φ2 (ξ ,E)−Φ2
(
ξ , Ẽ

)∥∥≤ ∥(ϑ +κ1)∥
∥∥E (ξ )− Ẽ (ξ )

∥∥ , (41)

or ∥∥Φ2 (ξ ,E)−Φ2
(
ξ , Ẽ

)∥∥≤ Θ2
∥∥E (ξ )− Ẽ (ξ )

∥∥ , (42)

where
∥(ϑ +κ1)∥ ≤ Θ2 . (43)

For Φ3 ∥∥Φ3 (ξ , I)−Φ3
(
ξ , Ĩ
)∥∥= ∥(κ1E (ξ )− (ϑ +κ2) I (ξ )) −

(
κ1E (ξ )− (ϑ +κ2) Ĩ (ξ )

)∥∥ , (44)

and by using Cauchy’s inequality, we have∥∥Φ3 (ξ , I)−Φ3
(
ξ , Ĩ
)∥∥≤ ∥(ϑ +κ2)∥

∥∥I (ξ )− Ĩ (ξ )
∥∥ , (45)
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or ∥∥Φ3 (ξ ,E)−Φ3
(
ξ , Ẽ

)∥∥≤ Θ3
∥∥I (ξ )− Ĩ (ξ )

∥∥ , (46)

where
∥(ϑ +κ2)∥ ≤ Θ3 . (47)

For Φ4 ∥∥Φ4 (ξ ,C)−Φ4
(
ξ ,C̃

)∥∥= ∥({ϑq1 − (ϑ +κ3 −ρ2)}C (ξ )+q3κ2I (ξ ))

−
(
{ϑq1 − (ϑ +κ3 −ρ2)}C̃ (ξ )+q3κ2I (ξ )

)∥∥ , (48)

and by using Cauchy’s inequality, we have∥∥Φ4 (ξ ,C)−Φ4
(
ξ ,C̃

)∥∥≤ ∥(ϑ +κ3 −ρ2)∥
∥∥C (ξ )−C̃ (ξ )

∥∥ , (49)

or ∥∥Φ4 (ξ ,C)−Φ4
(
ξ ,C̃

)∥∥≤ Θ4
∥∥C (ξ )−C̃ (ξ )

∥∥ , (50)

where
∥(ϑ +κ3 −ρ2)∥ ≤ Θ4 . (51)

Finally, for Φ5∥∥Φ5 (ξ ,R)−Φ5
(
ξ , R̃

)∥∥= ∥((ϑq2 −ϑ −κ4)R(ξ )+(1−q3)κ2I (ξ )+(κ3 +ρ2)

× C (ξ )+ρ1S (ξ ))−
(
(ϑq2 −ϑ −κ4) R̃(ξ )+(1−q3)κ2I (ξ )

+(κ3 +ρ2)C (ξ )+ρ1S (ξ ))∥ , (52)

and by using Cauchy’s inequality, we have∥∥Φ5 (ξ ,R)−Φ5
(
ξ , R̃

)∥∥≤ ∥(ϑq2 −ϑ −κ4)∥
∥∥R(ξ )− R̃(ξ )

∥∥ , (53)

or ∥∥Φ5 (ξ ,R)−Φ5
(
ξ , R̃

)∥∥≤ Θ5
∥∥R(ξ )− R̃(ξ )

∥∥ , (54)

where
∥(ϑq2 −ϑ −κ4)∥ ≤ Θ5 . (55)

Hence, the Lipschitz condition holds, and from equation (26) we obtain the following recursive formula

Sℓ (ξ ) = Φ1 (ξ ,Sℓ−1)+
1

Γς

ξ∫
0

(ξ −κ)ς−1
Φ1 (κ,Sℓ−1)dκ. (56)

So, the difference between two consecutive terms is given by

Uℓ (ξ ) = Sℓ (ξ )−Sℓ−1 (ξ ) = Φ1 (ξ ,Sℓ−1)−Φ1 (ξ ,Sℓ−2)

+ 1
Γς

ξ∫
0
(ξ −κ)ς−1 (Φ1 (κ,Sℓ−1)−Φ1 (κ,Sℓ−2))dκ.

(57)
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By taking the norm of equation (57), we obtain

∥Uℓ(ξ )∥= ∥Sℓ(ξ )−Sℓ−1(ξ )∥

=

∥∥∥∥∥Φ1
(
ξ ,Sℓ−1

)
−Φ1

(
ξ ,Sℓ−2

)
+

1
Γ(ς)

∫
ξ

0
(ξ −κ)ς−1

[
Φ1(κ,Sℓ−1)−Φ1(κ,Sℓ−2)

]
dκ

∥∥∥∥∥
≤ ∥Φ1(ξ ,Sℓ−1)−Φ1(ξ ,Sℓ−2)∥

+
1

Γ(ς)

∫
ξ

0
(ξ −κ)ς−1 ∥Φ1(κ,Sℓ−1)−Φ1(κ,Sℓ−2)∥ dκ. (58)

Similarly using equations (27)-(30), we obtain

∥Vℓ (ξ )∥= ∥Eℓ (ξ )−Eℓ−1 (ξ )∥
≤ ∥Φ2 (ξ ,Eℓ−1)−Φ2 (ξ ,Eℓ−2)∥

+
1

Γς

ξ∫
0

∥∥∥(ξ −κ)ς−1 (Φ2 (κ,Eℓ−1)−Φ2 (κ,Eℓ−2))
∥∥∥dκ. (59)

∥Wℓ (ξ )∥= ∥Iℓ (ξ )− Iℓ−1 (ξ )∥
≤ ∥Φ3 (ξ , Iℓ−1)−Φ3 (ξ , Iℓ−2)∥

+
1

Γς

ξ∫
0

∥∥∥(ξ −κ)ς−1 (Φ3 (κ, Iℓ−1)−Φ3 (κ, Iℓ−2))
∥∥∥dκ. (60)

∥χℓ (ξ )∥= ∥Cℓ (ξ )−Cℓ−1 (ξ )∥
≤ ∥Φ4 (ξ ,Cℓ−1)−Φ4 (ξ ,Cℓ−2)∥

+
1

Γς

ξ∫
0

∥∥∥(ξ −κ)ς−1 (Φ4 (κ,Cℓ−1)−Φ4 (κ,Cℓ−2))
∥∥∥dκ. (61)

∥Zℓ (ξ )∥= ∥Rℓ (ξ )−Rℓ−1 (ξ )∥
≤ ∥Φ5 (ξ ,Rℓ−1)−Φ5 (ξ ,Rℓ−2)∥

+
1

Γς

ξ∫
0

∥∥∥(ξ −κ)ς−1 (Φ5 (κ,Rℓ−1)−Φ5 (κ,Rℓ−2))
∥∥∥dκ. (62)

Theorem 3. The considered HBV model has a solution under the restriction ℑ1 + J1(ξ0)
ς < 1, ℑ2 +

J2(ξ0)
ς < 1,ℑ3 + J3(ξ0)

ς < 1,ℑ4 + J4(ξ0)
ς < 1, and ℑ5 + J5(ξ0)

ς < 1.

Proof. Since S, E, I, C, and R are bounded functions and equation (57) holds, (58) implies that

∥Uℓ(ξ )∥ ≤ ∥S(0)∥
{

ℑ1 + J1 (ξ0)
ς
}ℓ

. (63)
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Moreover, the kernels Φ1, Φ2, Φ3, Φ4, and Φ5 satisfy the Lipschitz conditions. Therefore, the
recursive relation (58) can be expressed as

S(ξ )−S(0) = Sℓ(ξ )−℘ℓ(ξ ). (64)

Hence, we obtain

∥℘ℓ(ξ )∥=
∥∥∥∥(Φ1(ξ ,S)−Φ1(ξ ,Sℓ−1))+

1
Γ(ς)

∫
ξ

0
(ξ −κ)ς−1 (Φ1(κ,S)−Φ1(κ,Sℓ−1)) dκ

∥∥∥∥ . (65)

Using the triangle inequality, we get

∥℘ℓ(ξ )∥ ≤ ∥Φ1(ξ ,S)−Φ1(ξ ,Sℓ−1)∥

+
1

Γ(ς)

∥∥∥∥∫ ξ

0
(ξ −κ)ς−1 (Φ1(κ,S)−Φ1(κ,Sℓ−1)) dκ

∥∥∥∥ . (66)

Applying the Lipschitz property of Φ1, it follows that

∥℘ℓ(ξ )∥ ≤ ℑ∥S−Sℓ−1∥+ξ
ς J ∥S−Sℓ−1∥. (67)

Solving recursively, we obtain

∥℘ℓ(ξ )∥ ≤ {ℑ1 + J1ξ
ς}ℓ+1

Ψ. (68)

Evaluating at ξ = ξ0, we obtain

∥℘ℓ(ξ0)∥ ≤
{

ℑ1 + J1ξ
ς

0

}ℓ+1
Ψ. (69)

Finally, taking the limit as ℓ→ ∞, we obtain

∥℘ℓ(ξ )∥→ 0. (70)

Thus, the existence is established. Other results can be proved in a similar manner.

Theorem 4. The considered HBV model has a unique solution.

Proof. To demonstrate the uniqueness, we suppose that there is an another set of solutions for the system
(2)-(6), which are provided by S1 (ξ ) , E1 (ξ ) , I1 (ξ ) , C1 (ξ ) , and R1 (ξ ). Firstly, we consider

S (ξ )−S1 (ξ ) = (Φ1 (ξ ,S)−Φ1 (ξ ,S1))

+
1

Γς

ξ∫
0

(ξ −κ)ς−1 (Φ1 (κ,S)−Φ1 (κ,S1))dκ . (71)

Taking the norm of equation (71), we obtain

∥S (ξ )−S1 (ξ )∥ ≤ ∥(Φ1 (ξ ,S)−Φ1 (ξ ,S1))∥
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+
1

Γς

ξ∫
0

∥∥∥{(ξ −κ)ς−1 (Φ1 (κ,S)−Φ1 (κ,S1))
}∥∥∥dκ . (72)

Since the kernel Φ1 satisfies the Lipschitz condition and the solution is bounded, it follows that ∥S(ξ )−
S1(ξ )∥= 0. Therefore, S(ξ ) = S1(ξ ).

By applying the same argument to the remaining equations, we obtain

E(ξ ) = E1(ξ ), I(ξ ) = I1(ξ ), C(ξ ) =C1(ξ ), R(ξ ) = R1(ξ ).

Thus, the solution of the HBV system is unique.

5 Approximate solution of proposed model

Based on the proposed strategy, we get

∞

∑
ℓ=0

PℓSℓ (ξ ) = S (0)+
p

Γς

ξ∫
0

(ξ −κ)ς−1

[
ϑ −ϑq1

(
∞

∑
ℓ=0

PℓCℓ (κ)

)
−ϑq2

(
∞

∑
ℓ=0

PℓRℓ (κ)

)

−q′
(

∞

∑
ℓ=0

PℓIℓ (κ)
∞

∑
ℓ=0

PℓSℓ (κ)

)
−q′µ

(
∞

∑
ℓ=0

PℓCℓ (κ)
∞

∑
ℓ=0

PℓSℓ (κ)

)

−ϑ

(
∞

∑
ℓ=0

PℓSℓ (κ)

)
−ρ1

(
∞

∑
ℓ=0

PℓSℓ (κ)

)
+κ4

(
∞

∑
ℓ=0

PℓRℓ (κ)

)]
dκ, (73)

∞

∑
ℓ=0

PℓEℓ (ξ ) = E (0)+
p

Γς

ξ∫
0

(ξ −κ)ς−1

[
q′
(

∞

∑
ℓ=0

PℓIℓ (κ)
∞

∑
ℓ=0

PℓSℓ (κ)

)

+q′µ

(
∞

∑
ℓ=0

PℓCℓ (κ)
∞

∑
ℓ=0

PℓSℓ (κ)

)
− (ϑ +κ1)

(
∞

∑
ℓ=0

PℓEℓ (κ)

)]
dκ, (74)

∞

∑
ℓ=0

PℓIℓ (ξ ) = I (0)+
p

Γς

ξ∫
0

(ξ −κ)ς−1

[
κ1

(
∞

∑
ℓ=0

PℓEℓ (κ)

)
−(ϑ +κ2)

(
∞

∑
ℓ=0

PℓIℓ (κ)

)]
dκ, (75)

∞

∑
ℓ=0

PℓCℓ (ξ ) =C (0)+
p

Γς

ξ∫
0

(ξ −κ)ς−1

[
ϑq1

(
∞

∑
ℓ=0

PℓCℓ (κ)

)
+q3κ2

(
∞

∑
ℓ=0

PℓIℓ (κ)

)

−(ϑ +κ3)

(
∞

∑
ℓ=0

PℓCℓ (κ)

)
−ρ2

(
∞

∑
ℓ=0

PℓCℓ (κ)

)]
dκ, (76)

∞

∑
ℓ=0

PℓRℓ (ξ ) = R(0)+
p

Γς

ξ∫
0

(ξ −κ)ς−1

[
ϑq2

(
∞

∑
ℓ=0

PℓRℓ (κ)

)
− (ϑ +κ4)

(
∞

∑
ℓ=0

PℓCℓ (κ)

)

−ρ1

(
∞

∑
ℓ=0

PℓSℓ (κ)

)
+κ3

(
∞

∑
ℓ=0

PℓCℓ (κ)

)
+ρ2

(
∞

∑
ℓ=0

PℓCℓ (κ)

)
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+(1−q3)κ2

(
∞

∑
ℓ=0

PℓIℓ (κ)

)]
dκ. (77)

Computing the coefficient of distinct powers of p to both sides, we obtain

p0 : S0 (ξ ) = S (0) , S (0) = S0, (78)

p0 : E0 (ξ ) = E (0) E (0) = E0, (79)

p0 : I0 (ξ ) = I (0) , I (0) = I0, (80)

p0 : C0 (ξ ) =C (0) , C (0) =C0, (81)

p0 : R0 (ξ ) = R(0) , R(0) = R0. (82)

Also,

p1 : S1 (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [ϑ −ϑq1C0 (κ) −ϑq2R0 (κ)−q′ (I0 (κ)S0 (κ))

−q′µ (C0 (κ)S0 (κ))−ϑS0 (κ)−ρ1S0 (κ)+κ4R0 (κ)
]

dκ, (83)

p1 : E1 (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [q′ (I0 (κ)S0 (κ)) +q′µ (C0 (κ)S0 (κ))

−(ϑ +κ1)E0 (κ)] dκ, (84)

p1 : I1 (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [κ1E0 (κ)− (ϑ +κ2) I0 (κ)]dκ, (85)

p1 : C1 (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [ϑq1 (C0 (κ)) +q3κ2 (I0 (κ))

−(ϑ +κ3)C0 (κ)−ρ2C0 (κ)] dκ, (86)

p1 : R1 (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [ϑq2 (R0 (κ)) +(1−q3)κ2 (I0 (κ))+κ3 (C0 (κ))

−ϑ (R0 (κ))−κ4 (R0 (κ))+ρ1 (S0 (κ)) +ρ2C0 (κ)] dκ. (87)

Similarly, we get

p2 : S2 (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [ϑ −ϑq1 (C1 (κ))−ϑq2 (R1 (κ))

−q′ (I0 (κ)S1 (κ))−q′µ (I1 (κ)S0 (κ))−q′µ (C0 (κ)S1 (κ))
−q′ (C1 (κ)S0 (κ))−ϑ (S1 (κ))−ρ1 (S1 (κ))+κ4 (R1 (κ))

]
dκ, (88)

p2 : E2 (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [q′ (I0 (κ)S1 (κ)) +q′ (I1 (κ)S0 (κ))
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+q′µ (C0 (κ)S1 (κ))+q′µ (C1 (κ)S0 (κ))− (ϑ +κ1)E1 (κ)
]

dκ, (89)

p2 : I2 (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [κ1E1 (κ)− (ϑ +κ2) I1 (κ)]dκ, (90)

p2 : C2 (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [ϑq1 (C1 (κ)) +q3κ2 (I1 (κ))

−(ϑ +κ3)C1 (κ)−ρ2C1 (κ)] dκ, (91)

p2 : R2 (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [ϑq2 (R1 (κ)) +(1−q3)κ2 (I1 (κ))+κ3 (C1 (κ))

−ϑ (R1 (κ))−κ4 (R1 (κ))+ρ1 (S1 (κ)) +ρ2 (C1 (κ))] dκ. (92)

.

.

.

pℓ : Sℓ (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [ϑ −ϑq1 (Cℓ−1 (κ))−ϑq2 (Rℓ−1 (κ))

−q′
ℓ−1

∑
j=0

(
I j (κ)Sℓ− j−1 (κ)

)
−q′µ

ℓ−1

∑
j=0

(
C j (κ)Sℓ− j−1 (κ)

)
−ϑ (Sℓ−1 (κ))−ρ1 (Sℓ−1 (κ))+κ4 (Rℓ−1 (κ))] dκ, (93)

pℓ : Eℓ (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1

[
q′

ℓ−1

∑
j=0

(
I j (κ)Sℓ− j−1 (κ)

)
+q′µ

ℓ−1

∑
j=0

(
C j (κ)Sℓ− j−1 (κ)

)
−(ϑ +κ1)Eℓ−1 (κ)] dκ, (94)

pℓ : Iℓ (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [κ1Eℓ−1 (κ)− (ϑ +κ2) Iℓ−1 (κ)]dκ, (95)

pℓ : Cℓ (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [ϑq1 (Cℓ−1 (κ)) +q3κ2 (Iℓ−1 (κ))

−(ϑ +κ3)Cℓ−1 (κ)−ρ2Cℓ−1 (κ)] dκ, (96)

pℓ : Rℓ (ξ ) =
1

Γς

ξ∫
0

(ξ −κ)ς−1 [ϑq2 (Rℓ−1 (κ)) +(1−q3)κ2 (Iℓ−1 (κ))+κ3 (Cℓ−1 (κ))

−ϑ (Rℓ−1 (κ))−κ4 (Rℓ−1 (κ))+ρ1 (Sℓ−1 (κ)) +ρ2 (Cℓ−1 (κ))] dκ. (97)
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Hence, the series solution of the proposed HBV model is given as

S (ξ ) = S0 +S1 (ξ )+S2 (ξ )+ · · · , (98)

E (ξ ) = E0 +E1 (ξ )+E2 (ξ )+ · · · , (99)

I (ξ ) = I0 + I1 (ξ )+ I2 (ξ )+ · · · , (100)

C (ξ ) =C0 +C1 (ξ )+C2 (ξ )+ · · · , (101)

R(ξ ) = R0 +R1 (ξ )+R2 (ξ )+ · · · . (102)

0 0.5 1 1.5 2 2.5 3 3.5 4

 (Time in months)

0.87

0.875

0.88

0.885

0.89

0.895

0.9

S
(

)

= 0.7
= 0.8
= 0.9
= 1.0

Figure 1: Graphical nature of susceptible individuals S (ξ )with respect to ξ at different order of ς

6 Numerical solution

In this section, we present the numerical simulations to illustrate the dynamical behavior of the proposed
fractional-order HBV model and to validate the analytical results obtained via the homotopy decomposi-
tion method. The simulations are carried out using MATLAB for both fractional-order (0 < ς < 1) and
classical integer-order (ς = 1) cases. The parameter values are adopted from [24] and are fixed through-
out the simulations as q1 = 0.11, q2 = 0.10, q3 = 0.059, ϑ = 0.0121, q′ = 0.820, µ = 0.1, κ1 = 6, κ2 = 4,
κ3 = 0.025, and κ4 = 0.06. The initial conditions are chosen to be biologically meaningful and consistent
with earlier studies.

Figure 1 shows the temporal variation of the susceptible population S(ξ ) for different values of the
fractional order ς . It is observed that the susceptible population decreases over time for all values of
ς , which is consistent with the continuous recruitment of individuals into the exposed class through
effective contact with infected and carrier individuals. Moreover, the rate of decline depends on the
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Figure 2: Graphical nature of infected exposed E (ξ ) with respect to ξ at different order of ς
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Figure 3: Graphical nature of infected individuals I (ξ ) with respect to ξ at different order of ς

fractional order, with lower values of ς leading to a relatively faster reduction. This behavior reflects the
influence of memory effects embedded in the fractional-order operator, which modifies the rate at which
susceptible individuals respond to the cumulative infection pressure.

Figure 2 and Figure 3 illustrate the dynamics of the exposed population E(ξ ) and the infected
population I(ξ ) respectively. A clear distinction is observed between the fractional-order cases (ς =
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Figure 4: Graphical nature of chronic individuals C (ξ ) with respect to ξ at different order of ς
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Figure 5: Graphical nature of recovered individuals R(ξ ) with respect to ξ at different order of ς

0.7,0.8,0.9) and the classical integer-order model (ς = 1.0). For ς = 1.0, both E(ξ ) and I(ξ ) decay
gradually, corresponding to a memoryless evolution of the disease dynamics. In contrast, the fractional-
order solutions exhibit a faster decline, and the deviation from the classical case becomes more pro-
nounced as ς decreases. Among the fractional cases, ς = 0.9 shows a moderate reduction compared to
the integer-order model, while ς = 0.8 and ς = 0.7 result in a significantly steeper decrease. This compar-
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ison highlights the magnitude of the effect introduced by the fractional-order memory and demonstrates
that the classical model may overestimate the persistence of exposed and infected individuals. From a
modeling perspective, the accelerated decay of E(ξ ) and I(ξ ) at lower fractional orders can be attributed
to the nonlocal nature of the Caputo fractional derivative, which incorporates the cumulative history of
the disease into the present dynamics. Lower values of ς correspond to weaker persistence of past infec-
tion states, leading to a more rapid attenuation of these compartments. Epidemiologically, this behavior
suggests that the fractional-order formulation provides a more flexible framework for capturing delayed
responses and long-term effects of intervention strategies such as vaccination and treatment.

Figure 4 depicts the temporal evolution of the chronic carrier population C(ξ ) for different fractional
orders. The results show a monotonic decrease in the carrier population over time with fractional-order
cases exhibiting a faster reduction compared to the integer-order model. This trend is consistent with the
combined effects of treatment and recovery parameters, as well as the reduced inflow from the infected
class due to the accelerated decay of I(ξ ) under fractional dynamics. The influence of the fractional
order is again evident, as lower values of ς lead to a more pronounced decline in chronic carriers. Finally,
Figure 5 presents the dynamics of the recovered population R(ξ ). It is observed that R(ξ ) increases over
time for all values of ς , reflecting the cumulative effect of recovery from infected and carrier classes.
The fractional-order solutions show a slightly faster growth compared to the classical case, particularly
for smaller values of ς . This behavior is consistent with the reduced persistence of infection and carrier
states in the fractional-order model.

7 Conclusions

In this paper, we constructed criteria for studying the HBV model from both qualitative and analytical
perspectives, demonstrating the existence and solution of the proposed model using the Banach theorem.
To explore the transmission and vaccination process of HBV in greater depth. We developed an algorithm
to obtain approximate solutions and presented graphical results that illustrate the dynamics of the model.
The analysis of susceptible, exposed, infected, chronic carriers, and recovered populations under both
integer-order and fractional-order cases shows that vaccination significantly reduces infection prevalence,
and lower fractional orders accelerate this decline by capturing memory effects in disease progression.
The main outcomes of this study reveal that vaccination is highly effective in reducing HBV spread,
recovery improves with treatment, and chronic carrier density can be minimized through vaccination
strategies. Moreover, the fractional-order model provides a more realistic and biologically meaningful
representation of HBV dynamics compared to classical models. Overall, the findings confirm that the
proposed technique is effective for studying complex biological models, and the S–E–I–C–R formulation
addresses a real-life health problem by quantifying the long-term benefits of preventive measures in high-
prevalence populations, which is consistent with international experiences in hepatitis B control.
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