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Abstract. In this paper, we study additive cyclic codes over the direct product of two finite
commutative chain rings. Let S = F,[u]/(u?) = F, +uF, and R = F,[u]/(u?) = F, + uF, + u’F,
are two finite chain rings, where u?> = 0 = u? and ¢ is a power of a prime number. We construct
a class of SR-additive cyclic codes generated by pairs of polynomials, where S is a R-algebra
and SR-additive cyclic code is a R-submodule of S x R® . Based on probabilistic arguments,
we study the asymptotic behavior of the rates and relative minimum distances of a certain class
of the codes. We show that there exists an asymptotically good infinite sequence of S R-additive
cyclic codes with the relative minimum distance of the code is convergent to §, and the rat is
convergent to ﬁ for 0 < 9§ < ﬁq, and ¢ is a power of a prime number.
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1 Introduction

A sequence of codes Cy, (s, ... with length n; of C; approaching infinity is said to be asymp-
totically good, if both the rate R(C;) and the relative distance A(C;) are positively bounded
from below. In other words, if C'(n) is a family of codes of parameters [n, k,, d,], the rate R and
relative distance A are defined as

k
R = limsup —
n—oo TN
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and
d

A = liminf ==,
n—oo n
Then a family of codes is said to be asymptotically good if RA > 0.
By Varshamov’s probabilistic methods [17], linear codes over a finite field are asymptotically
good. Also Shi, et al. proved that there are asymptotically good additive cyclic codes [13], and
the construction of different kinds of codes satisfying the modified Gilbert-Varshamov bound
was presented in [15,16]. Among other examples, we can see that quasi-cyclic codes are asymp-

totically good [4].

Recently, additive codes over products of two rings have attracted extensive attention by

many researchers. ZoZs, ZyrLys, LoZsolu] and Z<Z [f;] X Z<Z [f;] -additive codes are some examples of

these codes which we can see a complete study of these codes in [2,12].

In [8,9], the authors studied the asymptotic behaviour of Z4-double cyclic codes and Z,Z,[v]-
additive cyclic codes and proved that these classes of codes are asymptotically good. Fan et
al. proved that ZyZ4-additive cyclic codes are asymptotically good [6]. By using a probabilistic
method, Yao et al showed that there exist numerous asymptotically good Z,rZ,s-additive cyclic
codes [18]. Also in [19], it was proved that Z,Z,[u]/(u')-additive cyclic codes are asymptotically
good.

In [1], Abualrub and Siap studied cyclic codes over the rings S = Zs 4 uZs where u? = 0 Mod 2
and R = Zo + uZsy +u?Zy where u® = 0 Mod 3. In this paper we show that additive cyclic codes
over F,[u]/(u?) x Fy[u]/{(u3) = Fy[u?, u®] are asymptotically good. In fact, we study asymptotic
properties of the relative distance and the rate of F, [u?, u?]- additive cyclic codes with cyclic
length m. Using a probabilistic method, we show that there exists a series of asymptotically
good S R-additive cyclic codes.

The paper is organized as follows. In Section 2, some definitions and results on I, [u?, u®]-additive
cyclic codes. In Section 3, we construct a class of Fy[u?,u?] - additive cyclic codes generated
by pairs of polynomials. In Section 4, based on the probabilistic method, we present the main
results of asymptotic properties of the rates and relative distances of this class of codes. In the
last section, we conclude the paper.

2 Preliminaries

Let S = Fyfu]/(u?) = F,+uF, and R = F,[u]/(u?) = F,+ uF, +u?F, be the finite commutative
chain rings with u?> = 0 = u? and ¢ is a power of a prime number. In this section, we present
some definitions and results about SR - additive cyclic codes, which are applied throughout this
paper.

let R be a finite commutative ring and .S be an R-algebra with a ring homomorphism p: R — S,
ao +uay +u?as — ag + uay where ag,ar,as € F,. Let o and 8 be positive integers. For d € R,
consider the following scalar multiplication over S¢ x R?

d- ((l | b) = (,u(d)ao,,u(d)al, ERRR) /,L(d)aa,1 | dbOa dbh R dbﬁ—l)

The set S® x RP, with this scalar multiplication is an R-module.
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Definition 1. Let a and 8 be positive integers. A non-empty subset C' of S® x RP is called an
S R-additive code, if C' is an R-submodule.

By Theorem 2.1 in [2], we have the following generator matrix for an SR-additive code C

I, Ror Rop2 O 0 wuwAp uAp
0 qul uR12 0 0 0 u2A12
G=10 Bou Bo2 I, So1 So2  Sos
0 0 UBH 0 uIll u512 u5’13
0 0 0 0 0 U2112 u2523

where R;;, B;; are matrices over S and A;;, Sy, are matrices over R. In this case, C' is of type

(e, B ko, k130, 11, l2) and hence
2%ko k1 3lo, 201 ]
| C |=q™q" ¢ ™ ¢".
Let v = (00,01, - -+, Va1,V V], -+ -, V1) and w = (wo, w1, . .., Wa—1, Wy, W}, ..., wp_1) € S X

R, then the inner product of v and w is defined as
a—1 B—1
(v,w) = “(Z viw;) + Zv;-w; €R.
i=0 §=0

Let C be a SR-additive code. We can define the dual code Ct of SR-additive code C' in the
following standard way,

Ct ={we S x RP|(v,w) =0, for all v € C}.

It is also clear that Ct is an R-submodule of S* x R?. So, C* is also SR-additive code. Similar
to the homogeneous metric introduced in [5], for 2 € S and y € R, the homogeneous weights of
x and y are defined as follows,

0 ifx=0
Whhom () = 4 ¢ if x € (u) \ {0}
g—1 ifxeS\ (u),
and
0 ify=0
Wthom (y) = ¢ ¢ if y € (u?) \ {0}
(g—1)q ify eR\ (u?),
where (u) and (u?) are the principal ideal by the element u and u? of S and R respectively.
Elements s € S and r € R can be written uniquely as s = ag + ua; and r = ag + ua; + uas
where ag, a1, a2 € Fy. According to [5], we have Gray maps

p1:8 — Tl
ap +ua; — (bo,bl,...,bq_l),

and

2
p2: R — T
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ao+ua1—|—u2a2 — (bo,bl,...,qu_l).

These maps ¢; and @9 are linear maps and can be extended form S™ x R™ to F{" x F32”. The
homogeneous weight wtpem (z,y) of S™ x R™ is defined with

n—1
Wthom(x7 y) = Z wthom(xia yi)u
=0

if (z,y) = (0,1, Tn—1,Y0,Y1s---,Yn—1) € S™ x R". For any two elements (x1,y;) and
(z2,y2) € S™ x R™, the homogeneous distance between (x1,y1) and (x2,ys2) is defined as

Ahom = Wthom (21, 91) — (22, Y2)) = Wlhom (T1 — 22, Y1 — ¥2).

From [14], the Gray maps ¢; and @2 are a distance preserving isometry from (S™ x R™, dpom)
2
to (Fe" x Fe " dp), where dpon, and dy are denoted as homogeneous distance and Hamming
distance, respectively.
We generalize the maps @1 and ¢o to the map
p: 5% x R% — FI* x FIP,
such that

QD(:U, y) = ((,01(%), W?(y)) = (901(‘7:1)’ B @1(1'04—1); 902(y1)7 s 7902(y,3—1))’
where z = (z1,22,...,2q-1) € SYand y = (y1,y2,...,Yp-1) € RP. The image ¢(C) of SR-linear
code C' is a linear code of length N = ¢°* o + ¢"~'3. Then the map ¢ is a distance-preserving

map from S x R to the Hamming distance in Fg* x ngﬁ
Let v = (x,9) € S* x RP, the weight of code C' is defined by

wthom(v) = wthom(xa y) = QUH(QO(.%, y)) = ’LUH(SOl (.7)), ¥2 (y))
= wr(p1(x)) +wr(ea(y)), (1)
Let C be a S R-additive code, the minimum weight of code C is defined wt(C) = min{wt(c)|c €
t(C
C'\ {0}}. The relative minimum distance and the rate of C' is defined by A(C) = v ]sf ) and

K
R(C) =+, where K = S (B —iki+ Y0 (4= )l and N = qa + ¢*B.

Definition 2. Anon-empty subset C' of S® x R® is called a SR-additive cyclic code if (i) C is
an additive code, and (ii) for any codeword ¢ = (ag, a1, ...,aa—1,bo,b1,...,bg_1) € C, its cyclic
shift p(c) = (aa—1, 00,01, ..,0a-2,b5—1,b0,b1,...,bg—2) is still in C.

Let R, p = S[z]/(z® — 1) x R[z]/(2z” — 1), for any element
c=(ag,a1,...,aa-1,b0,b1,...,bg_1) € S x R’

there is a one-one correspondence between the element C' of S* x R? and C(z) = (a(x), b(z))
of R, g, where

a(r) =ag+ax+ -+ ag_12% 1 € S[z]/(z® — 1) = Sa,

and
b(x) = by + b1z + - - + bo_12°71 € R[z]/(z® — 1) = R,.
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3 A class of SR-additive cyclic codes

Throughout the paper, we assume that « = f = m, and ged(m,q) = 1. Also, by the corre-
spondence p in the previous section, we consider SR-additive cyclic codes as R[z]-submodules
of Sp, X R,, where

S = S[z]/{(z™ = 1), Ry = R[z]/{(z™ —1).

In this section, we construct a class of R[z]-submodules of S,, x R, and we study the properties
of this class.

Define x : S — R by x(a) = ua for every a € S. Then x is an additive group homomorphism
and the image of this homomorphism is

uR = uS = {0,u,2u,...,(q — u} C R =TF,u]/(u?).

Now consider the following R[z]-submodule of R,,
m—1 '
uRy, = {r(z) = Z rix' € Ry © 1 = ua;, a; € Fy}.
i=0
By the group homomorphism y, we have the following R[x]-module isomorphism
m—1 . m—1 .
X 1 Sm — uRm, Z st — Z us; T’
i=0 i=0

So Sy, X uRy, is an R[z]-submodule of Sy, X Ry,.
Any element of S, X uR,, can be uniquely expressed as (a(x),ub(x)), where a(z) = Z?;_ol a;xt
and b(z) = Z?i_ol b;x' are elements of S,,. For (a(x),b(z)) € Sy X S, define

Cap = {(f(2)a(z), uf (2)b(x)) € Sm X uBm | f(x) € Sm},

which is an Sy,-submodule of Sy, X uR,,. Since S is an R-algebra, C,; is also an R|x]-submodule
of Sy, X Ry, and hence is an S R-additive cyclic code generated by (a(z), b(x)).

Note that C, is an S-module and S is a Fg-vector space. So Uy is also a F-vector space.
We denote the dimension of Cyp over S and F, by dimg Cyp and dimg, Cqp, respectively.

Now consider the SR-additive cyclic code Cy generated by (a(z),b(z)). Let a(x) = ag +
a1x+- -+ am_ 12t and b(x) = bg+bix+- - - +by_12™ L. Define two circulant m x m matrices
as follows,

ap ay ... Qm-1
Am—-1 ay ... Qm—2
A= ,
ai as ... ap
and
bo b bm—1
bm—l bO bm—2
B =
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Now let D = [A uB]. Then

Ca,b = {(y07y17 cee 7ym—1>D €S x R™ ’ (y()?yl? s 7ym—1> € Sm}

The following theorem gives the structure of Cpp, where ged(, -) denotes the greatest common
divisor and deg f(x) is the degree of the polynomial.

zm -1

Theorem 1. Let (a(x),b(x)) € Sm X Sm, gap(®) = ged(a(z),b(z), 2™ —1) and hyp(x) = @)

Then (a(x),b(x)) induces an Sy,-module homomorphism

Yap 1 Sm — Sm X uRy
flx) = (f(@)a(z),uf(z)b(z)),
and the following hold.
i) The image Im(tpqp) = Cqp-
ii) The kernel ker(vap) = (hap(2))s,,,and dimg Cqp = deg(hqp(2)).

ili) e induces an isomorphism (gqp(2))s,, = Cap, in particular,

Cap = {(f(@)a(z), uf ()b(x)) € Spm X uBm | f(2) € (gap(x))s,, }- (2)

Proof. i) It is obvious that 1, is an R,,-module homomorphism and Im(t, ) = Cqp.

ii) For f(x) € Spm, f(x) € ker(¢q) if and only if

f(x)a(z)
f(@)b(z)

which implies that f(x)gcd(a(z),b(x)) =0 (Mod z™ — 1) in S[z]|. Hence

0 (Mod z™ — 1),
0 (Mod 2™ — 1),

zm —1

=0 (M .
70 =0 Mot ey, vy, o — 1))
Then f(z) € (hqp(x))s,,, Where hq p(x) = x @ and dimg Co p = dimg Sy, —dimg ker(vq ) =
Ga b\ T

m — deg(ga,p(x)) = deg(ha ().

iii) Since ged(m,q) = 1, Sy, is semisimple, we have Sy, = (gab(2))s,, B (hep(x))s,,. Then the
above Sp,-module homomorphism 1), induces the following .S,,,-module isomorphism

Yab : (9ap(@))s, = Cap 3 c(x) = (c(@)a(w), uc(z)b(z)).

Therefore, (2) is proved.
O

Corollary 1. Let Cyp, hap(z) be as presented in Theorem 1 and r = deg(hgp(x)). Let D =
[A uB]. Then the matrixz consisting of the first v rows of D is a generator matriz of Cyp.
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Proof. From the above theorem, we see that the rank of D is equal to r. By [7], the first r rows
of D are linearly independent. O

Example 1. Let ¢ = 2 and S = Fa[u]/(u?) = Fy + uFy, R = Fa[u]/(u?) = Fy + uFy + u*F,.
Also, let m =3, a(x) = 1 4+ and b(z) = 1 + x + 22. By Theorem 1,

Jap(r) = ged(a(x),b(z),2* —1) =1

31
hap(z) = = =23 — 1.
9a,b(7)

Therefore, dim C, ; = 3. Using the notations in Corollary 1,

110 111 110 u v u
A=1[10 1 1 , B=11 11 , D=10 11 v u u
1 01 111 101 u uw u

Thus the three rows of D are linearly independent and

S

G:

=
S = =
= = O
£ & &
g & &
ISEISS

is a generator matrix of Cl .

Since ged(m, ¢) = 1, 2™ — 1 has the factorization into distinct monic irreducible polynomials
over S. Let 2™ — 1 = fo(x)fi(x)--- fi(x) be an irreducible decomposition of ™ — 1 in S[X].
By the Chinese Remainder Theorem,

Let deg(fz(x)) = di, then dlms Gl = deg(fl(:c)) = dz If fg(l’) =T — 1, then do = 1.
Clearly 2™ — 1= (z — 1)(2™ ' +--- + 2 + 1) in S[z]. Hence,
Sla]

Sm = w1y

_ <xm—1 + . 4+ x+ 1>Sm % <$ - 1>Sm'

Let J,, = (x—1)g,, be the ideal of S,, generated by x — 1. Similarly J/ = (x—1)g,, be the ideal
of Ry, generated by x — 1. We have that uJ], = (u(x — 1))g,,. The R[z]-module isomorphism
X' : Sy — uR,, induces the following R,,-module isomorphism
T X I = T X uT
(a(z),b(x)) = (a(z), ub(z)).
Now, let a(x),b(z) € Jy,. Since Jy, is an ideal, the SR-additive cyclic code C,y can be
expressed as follows
Cap = {(c(z)a(x),uc(z)b(x)) € Spm X uRy, | c(x) € I}

zm—1
r—1

= fi(z)fa(z) - - - fe(z) is a basic irreducible decomposition of m;n:ll in S[z].

Assume that
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Lemma 1. With the above notations, let (a(x),b(z)) € Jm X Jpm. Then dimgCyp < m — 1.
Moreover, dimg Cyp, < m — 1 if and only if there is an irreducible factor p(x) of x::ll in Spm
such that p(x) | a(z) and p(z) | b(zx).

Proof. Assume that g,(z) = ged(a(z), b(z), 2™ — 1). We have that (x — 1) | g, 5(x) and hence
(9ap(2))s,, C (x —1)s, = Jm. By Theorem 3.1, dimg C,p = dimg(ga(2))s,, < dimgJy, =
m — 1. Thus, dimg C,p = m — 1 if and only if g,(z) = ged(a(z),b(z),2™ —1) =z — 1. It
follows that there is no irreducible factor p(z) of £—=* such that p(z) | a(z) and p(z) | b(z). O

r—1

Lemma 2. Let l,,, = min{deg(fi(x)),deg(f2(x)),...,deg(fi(z))} in S[z],and d be an integer
with l,, <d <m — 1. Then any non-zero ideal of S, contained in Jp, is of dimension at least
d

lm, and the number of the ideals with dimension d contained in Jp, is at most mim .

Proof. The proof of this lemma is the same as [18, Lemma 3.3]. We repeat this by our notations.
Every irreducible ideal contained in .J,, corresponds exactly to one irreducible divisor f;(x)
(1 <4 < t) of £=1 which implies that the dimension of the ideal is equal to deg(f;(z)).
Therefore, the minimal dimension of the ideal contained in .J,, is l,,. Any d-dimension ideal
contained in J,, is a sum of at most d/I,, irreducible ideals. So the number of the d-dimensional

ideals contained in J,, is at most the partial sum of binomial coefficients ZlLi/llmJ (};), where h
is the number of irreducible ideals contained in .J,,, and |d/l,,| denotes the largest integer which

is not larger than d/l,,. It is easy to check that

[d/lm] [d/lm] d
h m d mm—=1)---(m—=+1) d
E < E < — m < m .
<i>_ <Z>_ - fi =m

— — lm I1X2x%--%

4 Random SR-additive cyclic codes

In this section, we view the sets J,, X J,, and J,, X uJ;n as probability spaces of S, x Sp, and
Sm X uR,,, respectively, whose samples are obtained with equal probability. By probabilistic
method, we determine the asymptotic rates and relative distance of the class of SR-additive
cyclic codes.

Recall that, for any prime power ¢, the function

ag(r) =1—=hy(xr) =1—-=xlog,(q¢ — 1)+ zlog,z — (1 — x)log, (1 — z),

is called the g-ary asymptotic Gilbert-Varshamov bound, or GV-bound in short for 0 < x < %
where hy(7) is called the g-ary entropy with Olog, 0 = 0 conventionally.

Then o4(z) is a strictly decreasing convex function in the interval [0, q;—l] with oy(0) =1
and aq(%) = 0, [10, sec.2.10.6]. In the following, we always assume that 0 is a positive
real number and ¢ = p® such that 0 < § < 2 - hy'(1/2) < 1+ for h;'(1/2) < 1/2 and

. ) It+q ° T+q
a(545) =1 (1425) > 1.
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For each sample (a(z),ub(x)) € Jp, x uJ), with (a(x),b(x)) € Jp X Jpm, we have an S R-additive
cyclic code with cyclic length m as follows

Cap = {(c(z)a(z), uc(x)b(x)) € Sy X uRy, | c(z) € Jp},

which is viewed as a random code over the probability space J, x uJ) . Hence the the rela-
tive distances A(Cyp) of Cqpp and dimg Cyyp of Cyp are random variables over the probability
space. We will study the asymptotic behaviour of the probabilities Pr(dimg Cqp = m — 1) and
PT’(A(CaJ,) > (5)

Let Ng, ,(6) be the number of non-zero codewords of C,; with relative weight at most 4, i.e

N, ,(0) = He(z) € Jm[l S wi(e(x)alz), uc(x)b(z)) < ¢(1+ q)md}].

Then, N¢,, is a non-negative integral random variable defined over the probability space
Jm X uJ},. According to [9], we call N, , the cumulative weight enumerator of the random code
Cyqp- For any c(z) € Jy,, and samples (a(z), ub(x)) € Jpm X uJ),, we have the following indicator
random variable

1, 1< wt(e(x)a(x),uc(x)b(x)) < q(l+q)md ,
Ye= { 0, otherwise. ! !

Let I. = {c(z)a(z) € Smla(x) € Jp} be the ideal of S,, generated by c(z), where c(x) € Jp,,
and denote its dimension over [F, by d., that is

I. = (c(x))s,, C Jm, dimg, I. = d..

Similarly, I, = (uc(z))r,, C uJ},. By the Sy,-module isomorphism from J,, to w.J},, we have
that dimg, I} = d..

Lemma 3. With the above notations, let
(I x L)S9H0™ — {(f(x), g(x)) € Lo x L. : wt(f(x),g(x)) < q(1 + g)md}.

Then
(L x I)SaHHamd| < qeha(5510),

Proof. Consider the Gray map ¢1 : S — Fe. So ¢(I. x I.) = ¢1(I.) x p1(I.) is a linear code of
length 2¢gm. Since 0 < 6 < ﬁlq, the relative weight of ¢((I. x I.)S11+9m3) is at most

q1+qgmé  (1+44¢)d
2gm N 2
1 1
_olta, 1
2 144
_ oL
27 g

Also the dimension of I, x I. over Fy is 2d.. Now by Corollary 2 of [7], we have the following
inequality which completes the proof

[(Ie x I)=A0FOmO = g((I x L) S1F0m))
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< q2d6hq(1i2‘16)‘

Lemma 4. E(Y,) < q—2dc(1—hq(@5))‘

Proof. Since uJ], C R,,, we have the following ideal
Il = (uc(x))g,, = {uc(x)b(z) € Ry, : b(x) € Jn} C uld),.

For I. x Il C Sy, X uRy, let (I. x Ié)gq(lﬂ)m‘; ={(f(x),ug(x)) € I. x I : wt(f(z),ug(x)) <

q(1 4 g)md}. Then
(1 > ZSattams)

|1, x 17|
For f(z),g(x) € Sp, from the homogeneous weights on S and R, we have that

E(Y.) = Pr(Y,=1) =

Wlhom (ug(x)) = qWlhom (g(:ﬁ)),

where wtpom(ug(z)) and wtpem,(g(z)) are computed in R and S, respectively. Therefore,

wt(f(x), ug(z)) = wt(f(z), g(x)).

Hence,
(I, x Ié)éq(lﬂ)mé‘ < (I, x IC)Sq(1+Q)m5|‘

Now, by Lemma 3 and dimg, I/, = dimg, I. = d., we obtain

(L, x ISattoms| -1
1o x I
(I, % ]C)Sq(1+q)m5|
- |1 x I.|
2dchg (UL 5)
g2

E(YC) =

q

IN

_ q72dc(17hq((12ﬂ6)).

Lemma 5. Let 0 < 6 < m and Ly, be as defined in Lemma 2. Then

m—1
PT(A(Ca,b) <90) < Z q—QSj(%—hq(%(;)_lfgn )'

Proof. Let Y = 3~ (ye;,, Ye. Then Yo = 0 and N, ,(6) = > (1)es,, Ye =Y. Now Y = 0 if
and only if Y, = 0 for any c(x) € J,,, if and only if wt(c(x)a( ) ( )b(x)) > q(1 + q)mé for all
c(x) € Jn \ {0}. But we have this if and only if A(Cyp) > q( m6 = 0. Hence Pr(A(Cyp) <

)
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d) = Pr(Y > 0). By Markov’s inequality in [17, Theorem 3.1], we have Pr(Y > 0) < E(Y).
Now we obtain the expectation E(Y) =3, e, E(Ye).
For any ideal I of J,,, we denote I* = {c(z) € I | I. = I} and dimp, I = dimg, /.. Then

*
U r
Oilstn

where the subscript 0 # I < J,,, means that I runs over the non-zero ideals contained in J,,.
Also, by Lemma 2, l,,, < dimg(I) < m — 1. Hence,

EISES SRTEID JED DEICED D DR D

c(z)EJm 0£1<J,, c(z)el* J=lm I<Jm,dimg(I)=j c(z)ET*
For I < J,, with dimg I = j, |[I*| < |I| = ¢¥. By Lemma 4, we have

Z EY,) < Z q—4j(1—hq(%5))

c(x)el* c(z)el*
< g¥ L H=ha((510) — (=244 (5519))
j 27 .
By Lemma 2, |[{I < J,, : dimg(J) = j}| = mim < min . Also log, m < 2jlog, m
the result by the following

. Now we have

m

E®Y) s . o —25+4ihe(520))

IN
B

—2j+45hg(£28)+ 7L log, m

. logg m
— q*4ﬂ(%*hq(%5)*ﬁ

)-

O

Example 2. Let S = Fou]/(u?) = Fy + uFy and R = Fa[u]/(u®) = Fy + uFs + u?Fs. Consider
random S R-additive cyclic codes over S3 x Rs3. So we have the probability space Js x J3 and
hence we have |J3 x J3| = 2% random codes for m = 3. For a random code C, A(C) =

wt(C) wt(C) wt(C) _ 4 -
= CIfo = then A(C) < ¢ if and onl if < 5 d have th
G+ Dm 18 2, then { (@) if and only if —o== < g5, and we have this
equality if and only if wt(C) § £ = 3 But C = {0} is the only code with wt(C) < 2. So
Pr(A(Cap) < 0) = (75z = 2 0.00390625.

On other hand, we have that 23 —1 = (z+1)(2? + 2 + 1) over Fy which shows that I3 = 2.
Hence,

2lm

log, m log, m
Z g UGha(U5RO-5EE) 985 -ha(B5P0) -5

J=lm
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9—8(3—hq({5)—"222)

9—8(—0.2335306918)

21.8682455344

= 3.650883250516.

Therefore, the following inequality holds for random codes when m = 3 and § = -

24
m-! 4i(t—p (1+¢1>6 logg m
Pr(A(Cyp) < 6) < Z q (5 —he (G5 0) =7 =)
By Lemma 2.6 of [3], there exist positive integers mq,ma, ... satisfying that
log, m;
m; — oo,and lim 08 0, (3)
i—>00 m;

where [,,,, is the minimal degree of the irreducible divisors of x;izl as defined in Lemma 2.
Example 3. Let p be a prime number and gf:ll = fifa--- ft be a monic basic irreducible

s P—1
decomposition of %=

2221 If ju : S[x] — Fyz] is the natural projection of S[z] on to Fy[z], then p( f1)u(fo) -+ pu(fe) =
2’1 € F,[z] is an irreducible decomposition of £= in Fy[z]. By Theorem 2.47 in [11], we have
that [, = min{d : ¢ — 1= kp for some k}.

Define P, = {p: pisaprime, ¢¢—1kpforall 0<d< log, (p) log, log,(p)}. By the
proof of Lemma 2.6 in [3], P, is an infinite set of prime numbers. Now, suppose that m; € P,
then

in S[x]. Also, let I, be the minimal degree of the irreducible divisors of

log, m; log, m;

lim lim =0.
imoo  ly, T i—oolog,(m;)log, log,(m;)
So P, introduce positive integers mp,mag, ... satisfying (3). It is easy to see that

P, ={3,5,11,13,19,23,29,37, ...}
which contains almost all prime numbers.

For each m;, let

C’(il)) = {(c(x)a(z),uc(z)b(x)) € Spm; X uRp, | c(z) € Jp,}

a,

be the random SR-additive cyclic code with cyclic m; over the probability space J,,, X uJ,’m.

Theorem 2. If ay(1396) > 1 for 0 <6 < l%rq, then

lim Pr(A(CY) > 8) = 1.

i—00
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Proof. 1f 1 — hq(12ﬂ5) = aq(%é) > 1, then 1 — he(1£46) > 0. By Eq(3), there exists a positive

2
real number $ and an integer n such that

s(% —h(t S5 - loflli”i) > B,for all i > n.
By Lemma 5,
mi—1
lim Pr(A(C}) < 9) < lim zl: g
mi—lj "
<l 2
< lim miq 2miB = lim qulmi(Bi 10537:%)‘
i—00 i—00
Since lim;_, bi‘i# = 0 (which implies that lim;_,~ ,,, = 00), we have that

lim Pr(A(CY)) < §) =0.

a,

O

i—00
Therefore, ' '
lim Pr(A(CY) > 6) =1— lim Pr(A(CY) < 6) =
1—00 ’ 1—00 ’
Theorem 3. let my,ma,... be positive integers satisfying Eq(3), and Cc% be as defined above.
Then .
lim Pr(dims C\) = m; — 1) = 1.

Proof. Let x;nizl = fi1(x) fio(x) - - fi(x) be an irreducible decomposition in S[X]. Then
Im; = (# = )s,,, = SX]/(fur()) x - x S[X]/(fir(2)),

which implies that there exists a surjective homomorphism

o) Im = SIX]/(fii(@))
c(z) — c(z) (modfi;(z))

for j =1,2,...,t. By the Chinese Remainder Theorem, we have the following isomorphism:

Pm; + Jm; = SIX]/(fia(2)) x - x S[X]/(fir())
c(z) = (P)(e(@),- - i (e(@)).

By Lemma 1, dimg C’(% =m; — 1 if and only if

(¢12) (a(x)), 912) (b())) # (0,0)



14 A. Isapour-Khsadan and Sh. Mehry and S. Mahmoudi

in S[X]/(fij(x)) x S[X]/(fij(z)) for 1 < j < . Let‘ degfz-j(x)‘ = di; and ¢ = pséd”Then
| S[X]/{fij(%)) |= q%i. Therefore, the probability of (@%Z(a(m)), @%Z(b@))) #(0,0) is qq;jij__l =

1 — ¢q~2%3. Hence,

t
Pr(dim C(lz =m;—1)= H(l — g M),
j=1

Since d;j > Iy, for j =1,2,...,t;, we have that ¢t < "l‘:n_l < l’:ln’ . Thus,

7 i

PT‘(dimS C(lz =m; — 1) > (1 _ q—2lmi)ﬁ

But 1
— 2l \ g2l
(1 q l)q > 17
and 1 1 1
: Ll (2- R 28y

lim 211 = lim ¢ S ;) = 0.

i—00 [ q-tmi i—00
Hence,

e

1—00 ’ T i—oo

O]

Example 4. Let S = Falu]/(u?) = Fy + uFy and R = Fa[u]/(u®) = Fy + uFy + u?Fy. Let
w2 S[x] — Fo[z] be the natural projection of S[z] on to Falz]. If £=L = fi1fi0-+- fiy be a

monic basic irreducible decomposition of =1 in S[z] with deg(f;;) = dij, then Pr(dimg ngil)) =
— 1) ]_[J L(1—472di3) But p(fir)p( fz ) u(fu) = B 1 is the irreducible decomposition
221 in Fy[z] where deg(f;;) = deg uu(fiz). So for calculate Pr(dimg C(S,,l)) = m; — 1) it suffices

to have irreducible decomposition of £ in Fy[z].

Now consider random S R-additive Cyclic codes of length m; where

m; € Py ={3,5,11,13,19,23,29, .. .}.

Then we have the following factorizations for 2™ — 1 in Fa[z].

-1 = (z+)(@@*+z+1)

-1 = (z+1)(2*+ 23+ 22 —I—x—i—l)

-1 = (241D (0 +2° —|— At +1)

B -1 = @+DE@E2+2t+ 422z +1)

¥ -1 = (@+1)EB+27+. +332+x+1)

22 -1 = @+ +2% 42"+ 28+ o+ D@t + 20 2+ 2% 42t +2? +1)
22 -1 = @+D@®+22"+ - F22 1)
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Therefore, we have the following sequence for Pr(dimg ng = m; — 1) with respect to m; :
3,5,11,13,... € P,

Pr(dimg C{% =m; —1): 0.99609375, 0.9999847412109, 0.9999999999991,....

It can be seen that lim; ,~, Pr(dim C(iz =m;—1)=1

a7
By Theorems 2 and 3. we have the following result.

Corollary 2. Let § be a real number with aq(zﬂé) > 1 for0 <8< %Jrq. Then there is a

sequence of S R—additive cyclic codes C1,Cy, ... with cyclic length m; — oo such that

i) limje0 R(C) = o

ii) A(C;) > foralli=1,2,....
Proof. i) Assume that C; = C(ig. By the definition of the rate of Cj,

a,

dim]Fq Cz 2(m,~ — 1)

R(C;) = = .
() (g+a*)mi  (g+¢*)m;
Then
i — 1 2
lim R(C;) = lim stmi—1) _ .
i—r00 inoo (+@2)m; g+ ¢?

ii) From Theorem 2, there exists an S R-additive cyclic code C; with cyclic length m; such that
A(C;) > 0 for i > n. Delete the first n codes and renumber the remaining codes, the proof
is completed.

O

5 Conclusion

In this paper, we construct a class of Fy[u]/(u?) x Fy[u]/(u®)-additive cyclic codes, which are
generated by pairs of polynomials.We presented new Gray maps and obtained a new weight
function. By using a probabilistic method, we studied the asymptotic properties of the rates
and relative distances of this class of codes and present some examples. Consequently, we proved
that Fylu]/(u?) x Fylu]/(u?)-additive cyclic codes are asymptotically good with aq(lqu) > 1
0<6< g
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