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1 Introduction

Throughout this paper, R is a commutative ring with a non-zero identity. Further, M is an
R-module and N denotes the set of positive integers.

The concepts of reduction and integral closure of an ideal introduced by D. G. Northcott
and D. Rees in [7]. Let R be a commutative Noetherian ring and I and J be ideals of R. Then
I is a reduction of J if I C J and there exists a positive integer s € N such that IJ* = J**t1.
An element x of R is said to be integrally dependent on I if there exist a positive integer n € N
and elements a1, ...,a, € R with a; € I’ for i = 1,2,...,n such that

2+ a4+ +a, =0.

We know, the set of all elements of R which are integrally dependent on I, is an ideal of R. This
ideal is called the integral closure of I and is denoted by I. In fact, I is the largest ideal of R
which has I as a reduction.

In [9], R. Y. Sharp, Y. Tirag and M. Yassi introduced concepts of reduction and integral
closure of an ideal I of a commutative ring R relative to a Noetherian module M. Here, we
recall some of these definitions. Let I and J be ideals of R and M be a Noetherian R-module.
Then I is said to be a reduction of J relative to M if I C J and there exists a positive integer
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s € N such that IJM = J*t1M. Also, an element z of R is said to be integrally dependent on
I relative to M if there exists a positive integer n € N such that

2"M C Y M.

The set of all elements of R which are integrally dependent on I relative to M, is an ideal of
R. This ideal is called the integral closure of I relative to M and is denoted by I—()_ It is the
largest ideal of R which has I as a reduction relative to M.

A filtration f = {I,}n>0 on R is a sequence of ideals of R such that Iy = R, I,+1 C I,,, and
In1, C It for all non-negative integers m and n. If f = {I,},>0 is a filtration on R and k
is a positive integer then {I,}n>0 is a filtration on R and it is denoted by )

Let I be an ideal of R. The filtration f = {I"},>¢ is called the I-adic filtration on R.

Now, let R be a Noetherian ring. A filtration f = {I,}n>0 on R is called a Noetherian
filtration if there exists a positive integer k such that

In =30 Insily,

for all n > 1. Clearly, if R is Noetherian, then the I-adic filtration is a Noetherian filtration
(See [8]).

In [3], H. Dichi defined the integral closure of a filtration. An element z € R is said to be
integral over a filtration f = {I,}n>0 on R if there exists a positive integer m such that

2 +a™ 4+ 4 ay, =0,

where a; € I; for every 1 < ¢ < m. The set of all elements x € R, which are integral over
f = {In}n>0, is an ideal. This ideal is called the integral closure of a filtration f = {I,},>0 and
is denoted by Closg(f).

Also, in [4], the integral closure of a filtration relative to a module is introduced. An element
x € R is integral over a filtration f = {I,,},>0 relative to an R—module M, if there exists a
positive integer m such that

2™+ a1 4+ ay € (0:r M),

where a; € I; for every 1 < ¢ < m. The set of all elements of R which are integral over a filtration
f = {In}n>0 relative to a module M is an ideal. This ideal is called the integral closure of a
filtration f = {I,}n>0 relative to a module M and is denoted by Closg(f, M).

In this paper we will extend some of the results which were proved for integral closure of an
ideal in [10], to the integral closure of a filtration.

2 Preliminary definitions

In this section we review some preliminary definitions and results which will be needed in the
rest of this paper. We begin with definition of graded rings and graded modules.

A ring R is called a Z-graded or a graded ring if there exists a family {R,},cz of additive
subgroups of R such that R = @, ., R, and for every n,m € Z, st € Ry, for all s € R, and
t € R,,. Every element of h(R) = (J,cz Rn is called a homogeneous element. Further, every
non-zero homogeneous element of R, is called a homogeneous element of degree n. If R is a
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graded ring then every non-zero element a of R is a unique finite sum of non-zero homogeneous
elements, which each of them is called a homogeneous component of a. An ideal I of a graded
ring R is called a graded ideal if for every a € I, all homogeneous components of a belong to I.

Let R = @,z Rn be a graded ring. An R-module M is said to be a Z-graded or a graded R-
module if there exists a family {M,},cz of additive subgroups of M such that M = &, ., M,
and R, My, C My, for every n,m € Z. Every element of h(M) = (J,cz My is called a
homogeneous element. Also, every non-zero homogeneous element of M, is called a homogeneous
element of degree n (see [6]).

If M is a graded R—module, then every non-zero element x € M has a unique expression
T = Tp, + Tpy, + -+ + Ty, as a finite sum of non-zero homogeneous elements. The elements
Tny, Tng, - -, Tn, are called the homogeneous components of . A submodule N of a graded
R—module M is called a graded submodule if for every z € N, all homogeneous components of
x belong to N.

Now, we remember the definitions of the Rees ring and the Rees module with respect to a
filtration.
Let f = {I,}n>0 be a filtration on R. Let ¢ be an indeterminate and u = t~1. The Rees ring of
R with respect to f is denoted by R = R(R, f). This is defined by

R=R(R,f) = Dpez Int" = {>27-_, a;it’ € Rlu,t] : a; € I}

We know, R(R, f) = Ru, I1t, It?,...] is a (graded) subring of R[u,t] (see [2,8]).

Also, for an R-module M, the Rees module of M with respect to f is

M = R(M, f) = @nGZ I, Mth = {Zf:_r miti € M[u,t] Tmy € IZM}

For every Zfzfq cit' € R(R, f) and Dy m;t! € R(M, f), we consider the following scalar

multiplication

( f:_q citi),(2§:_r m;tl) = f:_q ij_r cimtitd

where ¢;m; € I;1;M, then R(M, f) is an R(R, f)-module.
Further, if f is the [-adic filtration then we denote the Rees ring with respect to I by
R = R(R,I) and the Rees module with respect to I by M = R(M,I).

Remark 1. Let R be a Noetherian ring and f = {I,}n>0 be a Noetherian filtration. Further let
M be a finitely generated R-module. Then R(R, f) is a Noetherian ring by [8, Remark 2.2, P.
139]. Also R(M, f) is a finitely generated R(R, f)-module by [2, Theorem 4.4.6].

3 Main Results

We have seen the definition of the integral closure of a filtration of R relative to an R—module
M. When M is a finitely generated R-module, we have the following proposition.

Proposition 1. (See [4, Proposition 2.6].) Let f = {I,}n>0 be a filtration on R and let M be a
finitely generated R-module. Then x is integral over f relative to M if and only if there exists
a positive integer n € N such that
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"M C Y 2" M.

Proposition 2. (See [3, Corollary 2.3 (iii)].) Let f = {In}n>0 be a filtration on R. Then
f={In+(0:rM)/(0:r M)}n>0 is a filtration of the ring R = R/(0 :r M). Further we have

Closz(f) = Closg(f, M)/(0:g M).

Remark 2. Let f = {I,}n>0 be a filtration on R. Let t be an indeterminate and u = =1
Let R = R(R, f) be the Rees ring with respect to a filtration f = {I,}n>0. In the rest of this
section, the homogeneous ideal Ru is denoted by T and the Z-adic filtration on the Rees ring
R =TR(R, f) is denoted by fz = {Ru"}n>0.

Remark 3. Let R = R(R, f) = R[u, I1t, Ist?, .. ] be the Rees ring of R with respect to a filtration
[ ={ln}n>0. Let R = @,,c; Ry where R,, denotes the subgroup of R consisting of zero and the
homogeneous elements of R of degree n. By [6, Prop. 28, P. 115], we have

Ruk = @, c, (R N Ruk)

for every positive integer k € N. Therefore, as we have seen for an I-adic filtration in [10], we

can see
R ARk — Lt ifi> —k
’ Rttt ifi< —k.

We can get a simpler proof for [10, Theorem 2.2] by using the following theorem.

Theorem 1. Let R be a Noetherian ring and f = {In}n>0 be a Noetherian filtration on R.
Let M be a finitely generated R-module. If R = R(R, f) is the Rees ring of R with respect to
[ ={In}n>0 and M = R(M, f) is the Rees module of M with respect to f then for every positive
integer k € N, we have

C’losR(f(Zk), M)N R = Closg(f®, M).
Proof. Let x € ClosR(f(k), M). Then there exists a positive integer n € N such that
a"M C Y 2T M,
by Proposition 1. We will show that
"M C Y v (RuFHM.

Let a:"mjtj € "M, where m; € I; M. Since Ithj C M and by Remark 3, I;;it" = Iy it° =
Ro N Rukt C Ruki, we have

z"mt) € " [;Mt) C Y1 o (I M)
C Y 2" (It" )M
C Y 2" (RuF)M.

For the converse, let x € ClosR(f(Ik),M) N R. Then there exists n € N such that
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"M C S0 T (RuF)M
by Proposition 1. Let y € " M. Then y = x™m, for some m € M. Hence,
z"m € 2"M C Y 2" (Ru)MM.

Therefore,

for v; € M, and this shows ~; € I; Mt*. Now since uki'yi € I,; M, we have "m € Z?zl " M
and so "M C Y1 2" Iy;M. Then x € Closg(f*, M) by Proposition 1. O

Corollary 1. (See [10, Theorem 2.2].) Let R be a Noetherian ring and let I be an ideal of R
and R = R(R,I). Let M be a finitely generated R-module and M = R(M,I). Then for every

positive integer k € N, we have
(RuF)=M) 0 R = (1F)=(M),
Proof. Let f = {I"},>0 be an [-adic filtration. Then by Theorem 1, we have

ClosR(f(Ik),M) N R = Closg(f®, M).

But, we can see that

Closg (f), M) N R = (Ru*)" M N R

and
Closp(f®), M) = (1F)=M),

So the proof is completed. O

In the next proposition we will show that, if f is a filtration of homogeneous ideals of R then
Closg(f) is a homogeneous ideal of R.

Proposition 3. Let R = @, ., Ry, be a graded ring and f = {I,,}n>0 be a filtration of homoge-
neous ideals of R. Then Closgr(f) is a homogeneous ideal of R.

Proof. Let R = R[u, I1t, I5t,...] be the Rees ring with respect to f. Let € Closg(f). By [3,
Lemma 2.1 (i)], we know that € Closg(f) if and only if xt is integral over R. So z € Closg(f)
implies that xt is integral over R. But by [1, Proposition 20, P. 321], all homogeneous components
of zt are integral over R. Again, by using [3, Lemma 2.1 (i)], we see that all homogeneous
components of = belong to Closg(f). Then the proof is completed. O

Corollary 2. Let R = @, c; Ry be a graded ring and let f = {I,}n>0 be a filtration of
homogeneous ideals of R. Let M be a graded R-module. Then Closg(f, M) is a homogeneous
ideal of R.

Proof. Let ¢ be the natural ring homomorphism R — R/(0 :p M) = R. By Proposition 3,
Closg(f) = Closg(f, M)/(0 :r M) is a homogeneous ideal of R. Therefore, Closg(f, M) is a
homogeneous ideal of R. O
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Theorem 2. Let R be a Noetherian ring and let M be a finitely generated R-module. Let
f=A{In}n>0 be a Noetherian filtration on R and R = R(R, ) and M = R(M, f). Then

Closg (1), MYM N M = Closg(f®), M)M.
Proof. We know, the zero component of CZOSR(f(Ik),M)M is (RN Closn(f(zk),./\/l))M. But by

Theorem 1, we have

Closg(f®, M)M = (RN Closg (", M)) M
- ClosR(f(Ik),M)M N M.

Let m € Closg( (Zk),/\/l)./\/l N M. Since m is a homogeneous element of Closg( (Zk),./\/l)./\/l of
degree zero, it belongs to Closg(f*), M)M and the proof is completed. O

The following theorem is proved by applying the main idea used in the proof of theorem [10,
Proposition 2.7].

Proposition 4. Let R be a Noetherian ring and let M be a finitely generated R-module. Let
f=A{In}n>0 be a Noetherian filtration and R = R(R, ) and M = R(M, f). If

p € Assgr(M/Closr(f*), M)M),
then there exists

P € Assg(M/Closg (f&), M)M)
such that PN R = p.
Proof. Let

G = M/Closr (i, M)M = @ ez, G
By Theorem 2, we have
Go = M/Closg(f®, M)M.

Let p € Assr(Gp). Then there is a non-zero element gy € Go such that p = (0 :g go). Since
R is a Noetherian ring, the zero submodule of Rgy has a minimal primary decomposition as
0 = i, N, such that N is P;-primary homogeneous submodule of Rgy for every 1 < i < n.
By [5, Theorem 6.8 (ii)],

Assr(Rgo) = {P1,...,Pn}.

\/(O ‘R go) = RN/ (0 R Rg()),

Since

we have

p=RN(0:= Rgo) = () (RNVNi = Reo)).
2k
This implies that p = RN /(N; :r Rgo) for some 1 < i < n with gg ¢ N;. Therefore, p = RNP;
and P; € Assr(Rgo) C Assr(G). O
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