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Abstract. Given a module M over a commutative ring R, we can construct a simple graph
EG(M) with the vertex set ZR(M)\AnnR(M). Two distinct vertices x, y are connected when-
ever AnnM(xy) is an essential submodule of M. The present study provides a detailed analysis
of planar zero-divisor and planar essential graphs, especially when they possess a universal
vertex. It demonstrates that such graphs can be represented as join of some known graphs. Ad-
ditionally, it examines that whether the zero-divisor and the essential graphs of Zn are planar
or not.
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1 Introduction and preliminaries
In the last few decades, algebraic graph theory in the context of ring theory has garnered signif-
icant interest due to its unique structural characteristics and the deep exploration opportunities
it offers. The zero-divisor graph was formally introduced in [4] and later modified in [1]. Let us
consider a commutative ring R, and let Z(R) be the set of zero divisors of R. The zero-divisor
graph of R, denoted by Γ(R), is a graph with the vertex set Z(R)∗ = Z(R) \ {0} and two
distinct vertices x, y are adjacent if xy = 0. The zero-divisor graph, as a topic in graph theory
and commutative algebra, has been extensively studied by numerous investigators. For example,
see [2,3]. The essential graph of R, a variant of the zero-divisor graph with modified adjacency
criteria, has been defined and investigated in [7]. Given Z∗(R) as the vertex set for the essen-
tial graph, which is denoted by EG(R), and two different vertices x, y are connected whenever
AnnR(xy) is an essential ideal of R. It has been demonstrated, Γ(R) = EG(R) whenever R
is a reduced ring, [7, Theorem 2.2]. Significant research has been dedicated to studying the
zero-divisor graph of modules; for further details, see [5, 8, 9]. In this study, we adhere to the

∗Corresponding author
Received: 07 May 2025/ Revised: 10 September 2025/ Accepted: 27 September 2025
DOI: 10.22124/JART.2025.30608.1799

© 2026 University of Guilan http://jart.guilan.ac.ir

https://doi.org/10.22124/JART.2025.30608.1799
http://jart.guilan.ac.ir


2 S. Azlesh, Sh. Payrovi, F. Soheilnia

definition used in [8]. Let us consider ZR(M) \AnnR(M) as the vertex set for a graph over
an R-module M. The zero-divisor graph denoted by Γ(M), features of two vertices x, y from
ZR(M) \AnnR(M): they are adjacent if xyM = 0.

The essential graph for R-module M is another kind of simple graph which its structures
and parameters have been defined and studied in [11, 12]. Let us consider ZR(M) \AnnR(M)
as the vertex set for a graph over R-module M. The essential graph of M denoted by EG(M),
features of two vertices x, y from ZR(M) \AnnR(M): they are connected whenever AnnM(xy)
is an essential submodule.

In section two, it provides a comprehensive analysis of the planarity of the zero-divisor and
the essential graphs for an R-module M, specifically in cases where these graphs possess a
universal vertex. It is shown that Γ(M) is a planar graph if and only if it is a star graph.
Furthermore, the planarity of the essential graph is studied when M is a Noetherian R-module.
More precisely, it is demonstrated that for a Noetherian R-module M with MinAssR(M) =
{q1, . . . , qn}, the graph EG(M) is planar if and only if n ≤ 3 and one of the following statements
holds:

(a) When MinAssR(M) = {q}.

(i) EG(M) is a null graph or EG(M) = K4.
(ii) EG(M) = K3 ∨K |ZR(M)\q|, where |ZR(M) \ q| ≤ 2.
(iii) EG(M) = K2 ∨K |ZR(M)\q| or EG(M) = K1 ∨K |ZR(M)\q|, where |ZR(M) \ q| ≤ 4.

(b) When MinAssR(M) = {q1, q2}

(i) EG(M) = K4 or EG(M) = K2 ∨K1,2.
(ii) EG(M) = P1 ∨ K2,2 or EG(M) = P1 ∨ K1,2 or EG(M) = P2 ∨ K |qt\qs|, where

1 ≤ t, s ≤ 2.
(iii) EG(M) = K1,|qs\r(AnnR(M))| or EG(M) = K2,|qs\r(AnnR(M))|, where 1 ≤ t, s ≤ 2.

(c) When MinAssR(M) = {q1, q2, q3}

(i) EG(M) = P1 ∨ (K1,|q1\r(AnnR(M))| ∪K1,|q2\r(AnnR(M))| ∪K1,|q3\r(AnnR(M))|).
(ii) EG(M) = K3 ◦K |qt\qs∪qr| for each 1 ≤ r, s, t ≤ 3.
(iii) EG(M) = (K3 ◦K |qt\qs∪qr|) ∪ (K3 ◦K |qt\qs∪qr|), where 1 ≤ r, s, t ≤ 3.

Consider a graph G with a vertex set V (G) and an edge set E(G). In the following section,
we recall some important definitions related to G. A graph without any edges is called a null
graph, and without any vertices is called an empty graph. A vertex of G is called universal if it
is connected to all other vertices. If the elements of V (G) can be listed in an ordered sequence
v1, v2, ..., vn such that each vi is adjacent to vi+1 for each 1 ≤ i < n, then it is called a path and
denoted by Pn. A complete bipartite graph is a graph whose vertices can be partitioned into two
subsets A and B such that no edge has both endpoints in the same subset, and every possible
edge that could connect vertices in different subsets is part of the graph, this graph is denoted
by K|A|,|B|. Moreover, if we have K1,n, it is called a star graph. A clique of G is a complete
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subgraph of G, and the number of vertices in the largest clique of G, denoted by ω(G), is called
the clique number. G is characterized as planar if it can be drawn on the plane in such a way
that no two edges intersect at a point other than a vertex. Consider two different graphs G and
H. Then G∨H shows the join graph of G and H with the vertex set V (G∨H) = V (G)∪V (H)
and edge set E(G ∨H) = E(G) ∪ E(H) ∪ {uv : u ∈ V (G), v ∈ V (H)}.

In the whole of this article, R is a commutative ring with non-zero identity and M denotes
a unitary R-module. Recognize that ZR(M) = {r ∈ R : rm = 0 for some 0 ̸= m ∈ M},
AnnR(M) = {r ∈ R : rM = 0}, r(AnnR(M)) = {r ∈ R : rtM = 0 for some t ∈ N} and the
set of associated prime ideals of M is AssR(M) = {p ∈ Spec(R) : p = AnnR(m) for some 0 ̸=
m ∈ M}. Moreover, the set of minimal elements of AssR(M) is denoted by MinAssR(M). For
symbols and terms not provided in this article, refer to [6, 10].

2 Main results
This study explores the planarity of the zero-divisor and the essential graphs for an R-module M
whenever they have a universal vertex. To begin, we present the famous Kuratowski Theorem,
which is central to this article.

Theorem 1. [13, Kuratowski Theorem] G is a non-planar graph if and only if it contains a
subdivision isomorphic to K3,3 or K5.

In whole of the following section, let us assume that M is an R-module over a commutative
ring R.

Definition 1. Consider ZR(M) \AnnR(M) as the vertex set of the zero-divisor graph over M.
The zero-divisor graph denoted by Γ(M), features of two vertices x, y from ZR(M) \AnnR(M):
they are connected if xyM = 0.

Lemma 1. Suppose that x ∈ ZR(M)\r(AnnR(M)) is a universal vertex of Γ(M). Then Γ(M)
is a planar graph if and only if it is a star graph.

Proof. Let Γ(M) be planar and x ∈ ZR(M)\r(AnnR(M)) be a universal vertex of Γ(M). Thus,
from [8, Theorem 2.2], R = R1⊕R2 and M = M1⊕M2, whenever R1 and R2 are subrings of R,
and M1 and M2 are R-submodules of M and ZR(M) = {(1, 0)}∪({0}⊕R2) moreover proof of
the mentioned theorem shows that ZR2(M2) = 0. Assume that (0, r), (0, s) ∈ ({0}⊕R2)\{(0, 0)}
and (0, r)(0, s)M = 0 ⊕ rsM2 = 0. So either 0 ̸= r ∈ ZR2(M2) or 0 ̸= s ∈ ZR2(M2), which is
a contradiction. Hence, Γ(M) = K1,|R2| and (1, 0) is its only universal vertex.

Consider an integral domain D. Then Z(Z2⊕D) = {(1, 0)}∪({0}⊕D), Nil(Z2⊕D) = {(0, 0)}
and x = (1, 0) ∈ Z(Z2 ⊕D) \Nil(Z2 ⊕D) is a universal vertex of Γ(Z2 ⊕D). Thus the previous
lemma demonstrates that Γ(Z2 ⊕D) is a star graph, and consequently, planar as well.

Theorem 2. Suppose that x ∈ r(AnnR(M)) \AnnR(M) is a universal vertex of Γ(M). Then
Γ(M) is a planar graph if and only if at least one of the listed conditions is satisfied:

(i) Γ(M) = K4.
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(ii) Γ(M) = K3 ∨K |ZR(M)\AnnR(M)|−3, where |ZR(M) \AnnR(M)| ≤ 5.

(iii) Γ(M) = P2 ∨K |ZR(M)\AnnR(M)|−2 or Γ(M) = P2 ∨ (∪αi∈NPαi).

(iv) Γ(M) = P1 ∨ G, where G is a graph with ω(G) ≤ 3 and |N(y) ∩ N(z)| ≤ 3 for each two
optional vertices y, z of G.

Proof. Let Γ(M) be planar, x ∈ r(AnnR(M)) \ AnnR(M) be a universal vertex of Γ(M)
and n ∈ N be the smallest integer such that xnM = 0 (xn−1M ̸= 0). Thus x, x2, · · · , xn−1

are distinct. Since xi is a universal vertex, for each i such that 1 ≤ i ≤ n − 1, so the
set {x, x2, · · · , xn−1} has at most four elements, otherwise Γ(M) has a subdivision isomor-
phic to K5, that is conflicting. If r(AnnR(M)) \ AnnR(M) ⊇ {x, x2, x3, x4}, then ZR(M) =
r(AnnR(M)) and Γ(M) = K4. Suppose that r(AnnR(M)) \ AnnR(M) ⊇ {x, x2, x3} and
y, z ∈ ZR(M) \ (AnnR(M) ∪ {x, x2, x3}). If y and z are adjacent, then Γ(M) contains a sub-
graph K5, that is inconsistent. Therefore Γ(M) = K3 ∨ K |ZR(M)\(AnnR(M)∪{x,x2,x3})|, where
|ZR(M) \ (AnnR(M)∪{x, x2, x3})| ≤ 2, otherwise Γ(M) has a subdivision isomorphic to K3,3.
Let r(AnnR(M)) \AnnR(M) ⊇ {x, x2}. If there are y1, y2, y3 ∈ ZR(M) \ (AnnR(M)∪{x, x2})
such that yi and yj are adjacent for 1 ≤ i < j ≤ 3, thus Γ(M) includes a subgraph K5

so Γ(M) = P2 ∨ (∪αi∈NPαi) or Γ(M) = P2 ∨ K |ZR(M)\(AnnR(M)∪{x,x2})|. Now, assume that
r(AnnR(M)) \ AnnR(M) ⊇ {x}. If there are y1, y2, y3, y4 ∈ ZR(M) \ (AnnR(M) ∪ {x}) such
that yi and yj are adjacent for 1 ≤ i < j ≤ 4, then Γ(M) includes a subgraph K5. So
Γ(M) = P1 ∨ G, where G is a subgraph of Γ(M) with ω(G) ≤ 3 and |(N(y) ∩N(z)) \ {x}| ≤ 2
for each two arbitrary vertices y, z of G.

It is easy to see that Γ(Z16) = P1 ∨ G, where G is a subgraph of Γ(M) with ω(G) ≤ 3 and
|(N(y) ∩N(z)) \ {x}| ≤ 2 for each two arbitrary vertices y, z of G.

A submodule N of M is referred to as essential provided that, for each non-trivial submodule
K of M, N ∩K ≠ {0}.

Definition 2. [11, Definition 2.1] Consider that ZR(M) \AnnR(M) as the vertex set for
a graph over R-module M. The essential graph of M denoted by EG(M), features of two
vertices x, y from ZR(M) \AnnR(M): they are connected whenever AnnM(xy) is an essential
submodule of M.

We start by considering the subsequent lemma:

Lemma 2. Suppose that x ∈ ZR(M) \ AnnR(M). If AnnM(x3) is an essential submodule of
M, then AnnM(xn) is too, for each n ≥ 1. Furthermore, AnnM(x) is an essential submodule
of M if and only if AnnM(xn) is essential, for all n ≥ 2.

Proof. Let AnnM(x3) be essential. We aim to prove that AnnM(x) is also essential. Assume
that N is a non-zero submodule of M. Therefore, a non-zero element m exists, satisfying
m ∈ AnnM(x3) ∩ N , so x3m = x(x2m) = 0 If 0 ̸= x2m, then x2m ∈ AnnM(x) ∩ N and
we are done. Now, suppose that x2m = 0. If 0 ̸= xm, then xm ∈ AnnM(x) ∩ N otherwise
m ∈ AnnM(x) ∩N . Thus AnnM(x) ∩N ̸= 0 and AnnM(x) is essential, as we needed.

The second assertion is evident from the previous paragraph.
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Theorem 3. Suppose that AnnM(x) is an essential submodule of M for some x ∈ ZR(M) \
r(AnnR(M)). Then EG(M) is a planar graph if and only if at least one of the listed conditions
is satisfied:

(i) EG(M) is a star graph.

(ii) EG(M) = K2,α, where α is a cardinal number.

Proof. Let EG(M) be planar, x ∈ ZR(M) \ r(AnnR(M)) and AnnM(x) be essential. Thus x
is universal and so Lemma 2 implies that {xn : n ∈ N} has at most four elements otherwise
EG(M) includes a subgraph K5, which is an inconsistency. Thus, R has an idempotent element,
so R = R1 ⊕ R2 and M = M1 ⊕ M2, with R1 and R2 are subrings of R, and M1 and M2

are R-submodules of M. Hence, by [11, Lemma 2.3], (a, 0) is universal in EG(M) for every
a ∈ ZR1(M1) \ AnnR1(M1) and ZR2(M2) = 0. Thus, [11, Lemma 4.1] implies that |R1| ≤ 3
otherwise (1, 0), (a, 0), (b, 0) and (0, 1), (0, c), (0, d) are vertices of a subdivision isomorphic to
K3,3 of EG(M), which is an inconsistency. If R1

∼= Z2, then Γ(M) = EG(M) = K1,|R2|
since for (0, c), (0, d) ∈ ({0} ⊕ R2) \ {(0, 0)} we have AnnM((0, c)(0, d)) = AnnM((0, cd)) =
M1 ⊕ cdM2 = M1 ⊕ 0. Now, assume that R1

∼= Z3. Thus ZR(M) = {(1, 0), (2, 0)} ∪ (0⊕R2)
and so EG(M) = K2,|R2|.

Theorem 4. Consider r(AnnR(M)) ≠ AnnR(M). Then EG(M) is a planar graph if and only
if at least one of the listed conditions is satisfied:

(i) EG(M) = K4.

(ii) EG(M) = K3 ∨K |ZR(M)\r(AnnR(M))|, where |ZR(M) \ r(AnnR(M))| ≤ 2.

(iii) EG(M) = P2 ∨K |ZR(M)\r(AnnR(M))| or EG(M) = P2 ∨ (∪αi∈NPαi).

(vi) EG(M) = P1 ∨ G, where G is a graph with ω(G) ≤ 3 and |N(y) ∩ N(z)| ≤ 3 for two
arbitrary vertices y and z of G.

Proof. The proof which we include for the readers convenience, is similar to that of the proof
of Theorem 2. Assume that EG(M) is a planar graph. Let x ∈ r(AnnR(M)) \ AnnR(M) and
let n ∈ N be the smallest integer such that xnM = 0 (xn−1M ̸= 0). Thus x, x2, · · · , xn−1 are
distinct. By [11, Lemma 2.1] for i with 1 ≤ i ≤ n − 1, xi is universal in EG(M) so the set
{x, x2, · · · , xn−1} has at most four elements otherwise EG(M) contains a subgraph K5, which is
a discrepancy. If |r(AnnR(M)) \AnnR(M)| = 4, then ZR(M) = r(AnnR(M)) and EG(M) =
K4. Now, let x, x2, x3 be distinct and y ∈ r(AnnR(M)) \ AnnR(M) ∪ {x, x2, x3}. Hence,
according to [11, Lemma 2.1], EG(M) is equal to K4. Now, let r(AnnR(M)) \ AnnR(M) ⊇
{x, x2, x3}. When y, z ∈ ZR(M) \ r(AnnR(M)) are present such that y and z are adjacent,
then EG(M) includes a subgraph K5, which is a discrepancy. Therefore, EG(M) = K3 ∨
K |ZR(M)\r(AnnR(M))|, where |ZR(M) \ r(AnnR(M))| ≤ 2. Let r(AnnR(M)) \ AnnR(M) ⊇
{x, x2}. If there are y1, y2, y3 ∈ ZR(M) \ r(AnnR(M)), such that yi and yj are adjacent for
1 ≤ i < j ≤ 3, then EG(M) includes a subgraph K5. So EG(M) = P2 ∨ (∪αi∈NPαi) or
EG(M) = P2 ∨ K |ZR(M)\r(AnnR(M))|. Now, assume that r(AnnR(M)) \ AnnR(M) ⊇ {x}. If
there are y1, y2, y3, y4 ∈ ZR(M)\ r(AnnR(M)), such that yi and yj are adjacent for 1 ≤ i < j ≤
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4, then EG(M) includes a subgraph K5. So EG(M) = P1 ∨G, where G is an induced subgraph
of EG(M) with ω(G) ≤ 3 and |(N(y) ∩N(z)) \ {x}| ≤ 2, for each y, z ∈ G.

It is easy to see that E(Z25) = K4 and EG(Z8) = K3 .
In the subsequent sections, we explore the planarity of the essential graph of M whenever

M is a Noetherian R-module.

Lemma 3. Consider MinAssR(M) = {q1, ..., qn}. If EG(M) is a planar graph, then n ≤ 3.

Proof. Let EG(M) be planar and MinAssR(M) = {q1, ..., qn}. Then, for each t such that 1 ≤
t ≤ n, it holds that |∩n

s=1,s ̸=tqs\r(AnnR(M))| ≥ 1. Assume that xt ∈ ∩n
s=1,s ̸=tqs\r(AnnR(M)).

Then in view of [11, Theorem 2.5], x1, x2, x3, x4 and x5 are vertices of a subgraph contains K5 of
EG(M), which is an opposition. Hence, n ≤ 4. Moreover, for n = 4, x ∈ q1∩q2, x′ ∈ q1∩q2∩q3
and x′′ ∈ q1 ∩ q2 ∩ q4 with y, y′, y′′ are vertices of a subdivision isomorphic to K3,3 of EG(M)
where y ∈ q3 ∩ q4, y′ ∈ q1 ∩ q3 ∩ q4 and y′′ ∈ q2 ∩ q3 ∩ q4, that is a contradictions so n ≤ 3.

Theorem 5. Consider MinAssR(M) = {q}. Then EG(M) is a planar graph if and only if at
least one of the listed conditions is satisfied:

(i) EG(M) is a null graph or EG(M) = K4.

(ii) EG(M) = K3 ∨K |ZR(M)\q|, where |ZR(M) \ q| ≤ 2.

(iii) EG(M) = K2 ∨K |ZR(M)\q| or EG(M) = K1 ∨K |ZR(M)\q|, where |ZR(M) \ q| ≤ 4.

Proof. Let EG(M) be planar. If r(AnnR(M)) = AnnR(M), then [11, Theorem 4.6 ] and
[8, Lemma 2.1], imply that EG(M) is a null graph. Let r(AnnR(M)) ̸= AnnR(M) and
MinAssR(M) = {q}, where q = AnnR(m) for some 0 ≠ m ∈ M. If x, y ∈ ZR(M) \ AnnR(M)
be adjoin in EG(M), then AnnM(xy) is essential. So AnnM(xy) ∩ Rm ̸= 0. Now, it is evi-
dent that either x ∈ q or y ∈ q. Therefore, by [11, Lemma 2.2 ], |r(AnnR(M)) \ AnnR(M)| =
|q\AnnR(M)| ≤ 4. If |r(AnnR(M))\AnnR(M)| = 4, then ZR(M) = r(AnnR(M)) which leads
to EG(M) = K4. Otherwise, EG(M) = K|q\AnnR(M)| ∨K |ZR(M)\q|, where |q \AnnR(M)| ≤ 3.
If |q \AnnR(M)| = 3, then EG(M) = K3 ∨K |ZR(M)\q|, where |ZR(M) \ q| ≤ 2. Now, assume
that |q \ AnnR(M)| ≤ 2. Thus EG(M) = K2 ∨ K |ZR(M)\q| or EG(M) = K1 ∨ K |ZR(M)\q|,
where |ZR(M) \ q| ≤ 4 since in view of [12, Theorem 2.9], EG(M) is perfect.

Theorem 6. Consider MinAssR(M) = {q1, q2}. Then EG(M) is a planar graph if and only if
at least one of the listed conditions is satisfied:

(i) EG(M) = K4 or EG(M) = K2 ∨K1,2.

(ii) EG(M) = P1∨K2,2 or EG(M) = P1∨K1,2 or EG(M) = P2∨K |qt\qs|, where 1 ≤ t, s ≤ 2.

(iii) EG(M) = K|qt\qs|,|qs\AnnR(M)|, where |qt \ qs| ≤ 2 and 1 ≤ t, s ≤ 2.

Proof. Let EG(M) be planar and MinAssR(M) = {q1, q2}. Then, as demonstrated by the ar-
gument of Theorem 2, we have |r(AnnR(M)\AnnR(M)| ≤ 4. If |r(AnnR(M)\AnnR(M)| ≥ 3,
then from |q1 \ q2| ≥ 1 and |q2 \ q1| ≥ 1 it follow that the graph EG(M) includes a subgraph
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K5, that is a contradictions. Thus |r(AnnR(M) \AnnR(M)| ≤ 2. The following circumstances
are present:
Case 1: Let r(AnnR(M))\AnnR(M) = {x, y} and let q1 \q2 = {x1, x2} and q2 \q1 = {x3, x4}.
Then EG(M) has a subdivision isomorphic to K3,3 with vertices x, x1, x2 and y, x3, x4. Thus
EG(M) = K4 whenever |q1 \ q2| = |q2 \ q1| = 1 and EG(M) = K2 ∨K1,2 whenever |q1 \ q2| = 2
and |q2 \ q1| = 1.
Case 2: Let r(AnnR(M)) \ AnnR(M) = {x}. If |q1 \ q2| ≥ 2 and |q2 \ q1| ≥ 3, then EG(M)
includes a subgraph K3,3 with vertices x, x1, x2 and x3, x4, x5, where x1, x2 ∈ q1 \ q2 and
x3, x4, x5 ∈ q2 \ q1, that is a contradictions. Thus we may assume that |q1 \ q2| ≤ 2 and
|q2 \ q1| ≤ 2. For |q1 \ q2| = 2 we have EG(M) = P1 ∨ K2,2 or EG(M) = P1 ∨ K1,2. For
|q1 \ q2| = 1 we have EG(M) = P2 ∨K |q2\q1|.
Case 3: Let r(AnnR(M)) = AnnR(M). If |q1 \q2| ≥ 3 and |q2 \q1| ≥ 3, then EG(M) contains
a subgraph K3,3 with vertices x1, x2, x3 and x4, x5, x6, where x1, x2, x3 ∈ q1 \ q2 and x4, x5, x6 ∈
q2 \ q1, that is a contradictions. Thus either |q1 \ q2| ≤ 2 or |q2 \ q1| ≤ 2. For |q1 \ q2| = 2 we
have EG(M) = K2,|q2\AnnR(M)| and for |q1 \ q2| = 1, EG(M) = K1,|q2\AnnR(M)|.

Theorem 7. Consider MinAssR(M) = {q1, q2, q3}. Then EG(M) is a planar graph if and
only if at least one of the listed conditions is satisfied:

(i) EG(M) = P1 ∨ (K1,|q1\r(AnnR(M))| ∪K1,|q2\r(AnnR(M))| ∪K1,|q3\r(AnnR(M))|).

(ii) EG(M) = K3 ◦K |qt\qs∪qr| for each 1 ≤ r, s, t ≤ 3.

(iii) EG(M) = (K3 ◦K |qt\qs∪qr|) ∪ (K3 ◦K |qt\qs∪qr|), where 1 ≤ r, s, t ≤ 3

Proof. Let EG(M) be planar and MinAssR(M) = {q1, q2, q3}. By a similar argument to that
of Theorem 6 we have |r(AnnR(M) \AnnR(M)| ≤ 2. If r(AnnR(M)) \AnnR(M) = {x, y} and
xt ∈ ∩n

s=1,s ̸=tqs \ r(AnnR(M)). Then x, y, x1, x2 and x3 are vertices of a subgraph that includes
K5 of EG(M), that is a contradictions. Thus the following circumstances are present:
Case 1: Let r(AnnR(M)) \ AnnR(M) = {x}. Then there are y ∈ q1 ∩ q2 \ r(AnnR(M)),
z ∈ q2 ∩ q3 \ r(AnnR(M)) and w ∈ q1 ∩ q3 \ r(AnnR(M)). If |q1 ∩ q2 \ r(AnnR(M))| ≥ 2, then
EG(M) contains a subdivision isomorphic to K3,3 with vertices x, y, y′ and z, w,w′, where y′ ∈
q1∩q2\r(AnnR(M)) and w′ ∈ q3\q1∪q2, that is a contradiction. Thus |qt∩qs\r(AnnR(M))| = 1
for each t, s such that 1 ≤ t, s ≤ 3 and t ̸= s. Hence, EG(M) = P1 ∨ (K1,|q1\r(AnnR(M))| ∪
K1,|q2\r(AnnR(M))| ∪ K1,|q3\r(AnnR(M))|), see the Figure 1, where q1 \ q2 ∪ q3 = {u0, u1, u2, · · · },
q2 \ q1 ∪ q3 = {s0, s1, s2, · · · } and q3 \ q1 ∪ q2 = {t0, t1, t2, · · · }.

x

w y

z

t0

t1

t2

s0

s1

s2

u1 u0

Figure 1: The planar graph EG(M) = P1 ∨ (K1,|q1\r(AnnR(M))| ∪K1,|q2\r(AnnR(M))| ∪K1,|q3\r(AnnR(M))|).
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Case 2: Let r(AnnR(M)) = AnnR(M). If |q1 ∩ q2| ≥ 3, then EG(M) contains a subgraph
K3,3 with vertices x, x′, x′′ and y, y′, y′′ where x, x′, x′′ ∈ q1 ∩ q2, y ∈ q2 ∩ q3, y′ ∈ q1 ∩ q3 and
y′′ ∈ q3 \ q1 ∪ q2. Thus |qt ∩ qs| ≤ 2 for 1 ≤ t, s ≤ 3 and t ̸= s. If |q1 ∩ q2| = |q2 ∩ q3| = 2,
then EG(M) has a subdivision isomorphic to K5 with vertices x, x′ ∈ q1 ∩ q2, y, y′ ∈ q2 ∩ q3,
z ∈ q1 ∩ q3, x1 ∈ q1 \ q2 ∪ q3, x2 ∈ q2 \ q1 ∪ q3 and x3 ∈ q3 \ q1 ∪ q2, see the Figure 2.

x2

z

y

x1

y′

x x′x3

Figure 2: The non-planar graph EG(M) with |q1 ∩ q3| = |q2 ∩ q3| = 2.

Suppose that |q1 ∩ q2| = |q2 ∩ q3| = |q1 ∩ q3| = 1. Thus EG(M) is the following planar
Corona product graph K3 ◦ K |qt\qs∪qr| for each t, s, r ∈ {1, 2, 3}. See the Figure 3, where
q1 \ q2 ∪ q3 = {u0, u1, u2, · · · }, q2 \ q1 ∪ q3 = {s0, s1, s2, · · · } and q3 \ q1 ∪ q2 = {t0, t1, t2, · · · }.

t0 t1
· · ·

t2
· · ·

x

zy
s0

s2

s1

u0

u2

u1

Figure 3: The planar Corona product graph K3 ◦K|qt\qs∪qr| for each 1 ≤ r, s, t ≤ 3.

At this point, we can safely assume that q1 ∩ q2 = {x, x′}, q2 ∩ q3 = {y} and q1 ∩ q3 = {z}.
Then EG(M) is union of two Corona product graphs, that is,

EG(M) = (K3 ◦K |qt\qs∪qr|) ∪ (K3 ◦K |qt\qs∪qr|).

See the Figure 4, where q1 \ q2 ∪ q2 = {u0, u1, u2, · · · }, q2 \ q1 ∪ q3 = {s0, s1, s2, · · · } and
q3 \ q1 ∪ q2 = {t0, t1, t2, · · · }.
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x′

x

t0t1t2· · ·
zy ...

s0
s2

...
s1

...

u0
u2

...
u1

Figure 4: The planar graph EG(M) = (K3 ◦K|qt\qs∪qr|) ∪ (K3 ◦K|qt\qs∪qr|).

Corollary 1. Consider MinAssR(M) = {q1, ..., qn} (n ≤ 3) and r(AnnR(M)) = AnnR(M).
Then Γ(M) is a planar graph if and only if at least one of the listed conditions is satisfied:

(i) Γ(M) is a null graph.

(ii) Γ(M) = K2,|qt\Ann(M)| or Γ(M) = K1,|qt\Ann(M)|, where 1 ≤ t ≤ 2.

(iii) Γ(M) = K3 ◦ K |qt\qs∪qr| or Γ(M) = (K3 ◦ K |qt\qs∪qr|) ∪ (K3 ◦ K |qt\qs∪qr|), where 1 ≤
r, s, t ≤ 3.

Proof. This result is derived directly via [11, Theorem 4.6] and Theorems 5, 6, 7.

3 When Γ(Zn) and EG(Zn) are Planar?
This portion of the text examines the zero-divisor and the essential graphs of the ring Zn and
explores the conditions under which they exhibit planar or non-planar characteristics. For prime
number p, Z(Zp)

∗ = ∅ so Γ(Zp) and EG(Zp) are null graphs and inherently planar.

Theorem 8. Consider prime number p and n = pα, where 2 ≤ α. Then Γ(Zn) is a planar
graph if and only if n = 2α (α ≤ 4), n = 3α (α ≤ 3) and n = 5α (α ≤ 2). Moreover, EG(Zn) is
a planar graph if and only if n = 2α (α ≤ 3) and n = 3α, 5α (α ≤ 2).

Proof. It is apparent that kpα−1 is a universal vertex of Γ(Zpα) for 1 ≤ k ≤ p − 1. Thus, as
demonstrated by the argument of Theorem 2, Γ(Zpα) is non-planar for all p ≥ 7. Let p = 2. Then
2α−3 and 2×2α−3, 3×2α−3, 4×2α−3, 5×2α−3 are vertices of a subgraph of Γ(Z2α) isomorphic to
K5. Moreover, 4, 12, 28 and 8, 16, 24 are vertices of a subgraph of Γ(Z32) isomorphic to K3,3 so
Γ(Z2α) is non-planar for α ≥ 5. Also, it is easy to see that Γ(Z2α) is planar for α ≤ 4. If p = 3,
then 32, 3α−2, 2 × 3α−2, 3α−1 and 2 × 3α−1 are vertices of a subgraph of Γ(Z3α) isomorphic to
K5. Moreover, 9, 18, 27 and 36, 45, 54 are vertices of a subdivision isomorphic to K3,3 of Γ(Z81)
so Γ(Z3α) is non-planar for α ≥ 4. Now, it is clear that Γ(Z3α) is planar whenever α ≤ 3. A
similar argument shows that for p = 5, Γ(Z5α) is planar whenever α ≤ 2.

For the second assertion, it is well known that Z(Zpα) = Nil(Zpα) = pZpα . So by Theorem
5, EG(Zpα) is a planar graph if and only if

|Z(Zpα)
∗| = pα − ϕ(pα)− 1 = pα−1 − 1 ≤ 4.



10 S. Azlesh, Sh. Payrovi, F. Soheilnia

This implies that p = 2 for α ≤ 3 and p = 3, 5 for α ≤ 2.

In what follows, we illustrate some special cases of Theorem 8.

Example 1. Consider the ring Z27. Theorem 8 shows that Γ(Z27) = P2 ∨K6 is a planar graph
while the essential graph of Z27 contains a subgraph K5, hence it is non-planar, see Figure 5.

3

24

21

6

9

18 12

15 9

18

21 1512 2463

Figure 5: The non-planar graph EG(Z27) and planar graph Γ(Z27)

Theorem 9. Consider an integer n ≥ 2. Then Γ(Zn) is a planar graph if and only if n = 12
or n = 18 or n = 2p or n = 3p, where p is a prime number.

Proof. It is easy to see that Γ(Z12) and Γ(Z18) are planar. For n = 2p and n = 3p, Corollary
1(ii) and [11, Theorem 4.6] show that Γ(Z2p) = K1,p−1 and Γ(Z3p) = K2,p−1.

For the converse we show that if n ̸= 12, 18, 2p, 3p, then Γ(Zn) has a subdivision isomorphic
to K5 or K3,3 so it stands as a non-planar graph.
(i) If n = pα1

1 · · · pαk
k , where p1 < p2 < · · · < pk are prime numbers, k ≥ 3 and αi ∈ N,

then pα1
1 pα2

2 pα4
4 · · · pαk

k , 2pα1
1 pα2

2 pα4
4 · · · pαk

k , 4pα1
1 pα2

2 pα4
4 · · · pαk

k and pα3
3 , 2pα3

3 , 4pα3
3 are vertices of a

subgraph isomorphic to K3,3 of Γ(Zn) so it stands as a non-planar graph. So k ≤ 2.
(ii) If n = pα1

1 pα2
2 , where 5 ≤ p1 < p2 are prime numbers and αi ∈ N, then pα1

1 , 2pα1
1 , 3pα1

1 and
pα2
2 , 2pα2

2 , 3pα2
2 are vertices of a subgraph isomorphic to K3,3 of Γ(Zn) so it is a non-planar graph.

(iii) If n = 3αpβ, where p ≥ 5 and α ≥ 1, β ≥ 2, then pβ−1, 3αpβ−1, 2× 3αpβ−1, 3× 3αpβ−1 and
4×3αpβ−1 are vertices of a subdivision includes of K5 of Γ(Zn) so it remains a non-planar graph.
(iv) If n = 3αp, where p ≥ 5 and α ≥ 2, then 3α, 2 × 3α, 3 × 3α and p, 2p, 4p are vertices of a
subgraph isomorphic to K3,3 of Γ(Zn) so it stands as a non-planar graph.
(v) If n = 2αpβ, where p ≥ 3 and α, β ≥ 2, then 2α, 2× 2α, 3× 2α and pβ, 2pβ, 3pβ are vertices
of a subgraph included of K3,3 of Γ(Zn) so it is a non-planar graph.
(vi) If n = 2αp, where p ≥ 5 and α ≥ 2, then 2α, 2α+1, 2α+2 and p, 2p, 3p are vertices of a
subgraph isomorphic to K3,3 of Γ(Zn) so it is a non-planar graph.
(vii) If n = 2pβ, where p ≥ 5 and β ≥ 2, then pβ−1, 2pβ−1, 4pβ−1, 6pβ−1, 8pβ−1 are vertices of a
subgraph included of K5 of Γ(Zn) so it remains a non-planar graph.
(viii) If n = 2α × 3, where α ≥ 3, then 2α−1, 2α, 2α+1 and 6, 12, 18 are vertices of a subgraph
included of K3,3 of Γ(Zn) so it stands as a non-planar graph.
(viiii) If n = 2 × 3β, where β ≥ 3, then 6, 12, 24 and 3β−1, 3 × 3β−1, 5 × 3β−1 are vertices of a
subgraph contain of K3,3 of Γ(Zn) so it exists as a non-planar graph.

Theorem 10. Consider an integer n ≥ 2. Then EG(Zn) is a planar graph if and only if n = 2p
or n = 3p, where p is a prime number.
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Proof. From Theorems 6, 9, and considering that Γ(Zn) is a subgraph of EG(Zn), we derive the
result.

The next example shows that Theorems 9 and 10 are satisfied.

Example 2. (i) Consider the rings Z14 and Z15. It is apparent that their zero-divisor and
essential graphs are K1,6 and K2,4, respectively. So they are planar, see Figure 6.

2 4 6 8 10 12

7 5

10

3 96 12

Figure 6: The planar zero-divisor and the essential graphs Z14 and Z15.

(ii) Consider the ring Z12. It is apparent that its essential graph is P3 ∨K4 included subgraph
K3,3 so it is a non-planar graph but Γ(Z12) is planar, see Figure 7.

2 4 8 10

3 6 9 8

4

936

2

10

Figure 7: The non-planar graph EG(Z12) and the planar graph Γ(Z12) .
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