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Planarity of the essential graph for modules
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Abstract. Given a module M over a commutative ring R, we can construct a simple graph
EG(M) with the vertex set Zg (M) \ Anng (M). Two distinct vertices x, y are connected when-
ever Anny(zy) is an essential submodule of M. The present study provides a detailed analysis
of planar zero-divisor and planar essential graphs, especially when they possess a universal
vertex. It demonstrates that such graphs can be represented as join of some known graphs. Ad-
ditionally, it examines that whether the zero-divisor and the essential graphs of Z, are planar
or not.
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1 Introduction and preliminaries

In the last few decades, algebraic graph theory in the context of ring theory has garnered signif-
icant interest due to its unique structural characteristics and the deep exploration opportunities
it offers. The zero-divisor graph was formally introduced in [4] and later modified in [1]. Let us
consider a commutative ring R, and let Z(R) be the set of zero divisors of R. The zero-divisor
graph of R, denoted by I'(R), is a graph with the vertex set Z(R)* = Z(R) \ {0} and two
distinct vertices x,y are adjacent if xy = 0. The zero-divisor graph, as a topic in graph theory
and commutative algebra, has been extensively studied by numerous investigators. For example,
see [2,3]. The essential graph of R, a variant of the zero-divisor graph with modified adjacency
criteria, has been defined and investigated in [7]. Given Z*(R) as the vertex set for the essen-
tial graph, which is denoted by EG(R), and two different vertices z,y are connected whenever
Anng(zy) is an essential ideal of R. It has been demonstrated, I'(R) = EG(R) whenever R
is a reduced ring, [7, Theorem 2.2]. Significant research has been dedicated to studying the
zero-divisor graph of modules; for further details, see [5,8,9]. In this study, we adhere to the
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definition used in [8]. Let us consider Zg (M) \ Anng (M) as the vertex set for a graph over
an R-module M. The zero-divisor graph denoted by I'(M), features of two vertices x,y from
Zr(M) \ Anng (M): they are adjacent if zyM = 0.

The essential graph for R-module M is another kind of simple graph which its structures
and parameters have been defined and studied in [11,12]. Let us consider Zg (M) \ Anng (M)
as the vertex set for a graph over R-module M. The essential graph of M denoted by EG(M),
features of two vertices z,y from Zg (M) \ Anng(M): they are connected whenever Anna(zy)
is an essential submodule.

In section two, it provides a comprehensive analysis of the planarity of the zero-divisor and
the essential graphs for an R-module M, specifically in cases where these graphs possess a
universal vertex. It is shown that I'(M) is a planar graph if and only if it is a star graph.
Furthermore, the planarity of the essential graph is studied when M is a Noetherian R-module.
More precisely, it is demonstrated that for a Noetherian R-module M with MinAssg (M) =
{q1,...,9n}, the graph EG(M) is planar if and only if n < 3 and one of the following statements
holds:

(a) When MinAssg (M) = {q}.

(i) EG(M) is a null graph or EG(M) = Kj.
(ii) EG(M) = K3 VF|ZR(M)\q|7 where ’ZR(M) \ q\ < 2.
(iii) EG(M) = K2 \/F|ZR(M)\q| or EG(M) = K1 V F|ZR(M)\q|7 where |ZR(M) \ q| <A4.

(b) When MinAssg (M) = {q1,92}

(i) EG(M) = K, or EG(M) =KoV K172.

(ii) EG(M) =PV K272 or EG(M) =PV KLQ or EG(M) =P \/?\Qt\qsh where
1<¢,5s<2.

(iii) EG(M) = Kl,\qs\r(AnnR(./\/l)H or EG(M) = K2,|qs\r(AnnR(M))|a where 1 <ts< 2.
(c) When MinAssg (M) = {q1, 92,93}

(i) EGM) = P1V (Ky jg\r(Anng (M) Y K1 jg\r(Anng (M) Y K1 jg5\r(Anng (M))))-
(i) EG(M) = K30 K\g,\q,uq,| for each 1 <r,s,t <3.
(111) EG(M) = (Kg OFMt\%UqH) U (Kg O?\qt\quqH)’ where 1 < r, S,t < 3.

Consider a graph G with a vertex set V(G) and an edge set E(G). In the following section,
we recall some important definitions related to G. A graph without any edges is called a null
graph, and without any vertices is called an empty graph. A vertex of G is called universal if it
is connected to all other vertices. If the elements of V(G) can be listed in an ordered sequence
V1, V2, ..., Un such that each v; is adjacent to v;41 for each 1 <4 < n, then it is called a path and
denoted by P,,. A complete bipartite graph is a graph whose vertices can be partitioned into two
subsets A and B such that no edge has both endpoints in the same subset, and every possible
edge that could connect vertices in different subsets is part of the graph, this graph is denoted
by K|, p|- Moreover, if we have Kj,, it is called a star graph. A clique of G is a complete
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subgraph of G, and the number of vertices in the largest clique of G, denoted by w(G), is called
the clique number. G is characterized as planar if it can be drawn on the plane in such a way
that no two edges intersect at a point other than a vertex. Consider two different graphs G and
H. Then GV H shows the join graph of G and H with the vertex set V(GV H) =V(G)UV (H)
and edge set E(GV H)=E(G)UE(H)U{uv:ueV(QG),ve V(H)}.

In the whole of this article, R is a commutative ring with non-zero identity and M denotes
a unitary R-module. Recognize that Zr(M) = {r € R : rm = 0 for some 0 # m € M},
Anng(M) ={r e R : vM = 0}, r(Anng(M)) = {r € R : r'M = 0 for some ¢t € N} and the
set of associated prime ideals of M is Assg(M) = {p € Spec(R) : p = Anng(m) for some 0 #
m € M}. Moreover, the set of minimal elements of Assg (M) is denoted by MinAssg (M). For
symbols and terms not provided in this article, refer to [6,10].

2 Main results

This study explores the planarity of the zero-divisor and the essential graphs for an R-module M
whenever they have a universal vertex. To begin, we present the famous Kuratowski Theorem,
which is central to this article.

Theorem 1. [13, Kuratowski Theorem| G is a non-planar graph if and only if it contains a
subdivision isomorphic to K33 or Ks.

In whole of the following section, let us assume that M is an R-module over a commutative
ring R.

Definition 1. Consider Zr (M) \ Anng (M) as the vertex set of the zero-divisor graph over M.
The zero-divisor graph denoted by T'(M), features of two vertices x,y from Zr(M) \ Anng(M):
they are connected if xyM = 0.

Lemma 1. Suppose that x € Zr(M)\r(Anng(M)) is a universal vertex of T'(M). Then T'(M)
is a planar graph if and only if it is a star graph.

Proof. Let I'(M) be planar and € Zg(M)\r(Anng (M)) be a universal vertex of I'(M). Thus,
from [8, Theorem 2.2], R = R1®R2 and M = M;®May, whenever R; and Ry are subrings of R,
and M; and My are R-submodules of M and Zg (M) = {(1,0)}U ({0} &R2) moreover proof of
the mentioned theorem shows that Zg,(M3z) = 0. Assume that (0,7), (0, s) € ({0}®R2)\{(0,0)}
and (0,7)(0,5)M = 0& rsMsy = 0. So either 0 # r € Zg,(Mz) or 0 # s € Zg,(Mas), which is
a contradiction. Hence, I'(M) = K |z, and (1,0) is its only universal vertex. O

Consider an integral domain D. Then Z(Z2® D) = {(1,0)}U({0}& D), Nil(Z2® D) = {(0,0)}
and z = (1,0) € Z(Zy® D) \ Nil(Zo @ D) is a universal vertex of I'(Zg @ D). Thus the previous
lemma demonstrates that I'(Ze @ D) is a star graph, and consequently, planar as well.

Theorem 2. Suppose that x € r(Anng(M)) \ Anng (M) is a universal vertex of I'(M). Then
['(M) is a planar graph if and only if at least one of the listed conditions is satisfied:

(i) D(M) = K,.
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(ii) T(M) = K3V K|z (M)\Anng (M) -3, Where |Zr(M) \ Anng (M)] < 5.
(iii) T(M) = PV K|z (M)\Anng (M)|—2 07 T(M) = P2 V (Ug;enPay)-

(iv) T(M) = PV G, where G is a graph with w(G) < 3 and |[N(y) N N(2)| < 3 for each two
optional vertices y,z of G.

Proof. Let I'(M) be planar, z € r(Anng(M)) \ Anng(M) be a universal vertex of I'(M)
and n € N be the smallest integer such that 2" M = 0 (z""'M # 0). Thus z,22%,--- , 2" !
are distinct. Since z’ is a universal vertex, for each i such that 1 < i < n — 1, so the
set {z,2%,---,2" !} has at most four elements, otherwise I'(M) has a subdivision isomor-
phic to K5, that is conflicting. If 7(Anng(M)) \ Anng(M) D {z,2% 23,2}, then Zrp(M) =
r(Anng(M)) and T'(M) = K,. Suppose that r(Anng(M)) \ Anng(M) D {z, 22,23} and
Y,z € Zr(M)\ (Anng (M) U {z, 22, 23}). If y and z are adjacent, then I'(M) contains a sub-
graph K3, that is inconsistent. Therefore I'(M) = K3 V?|ZR(M)\(AnnR(M)u{x,x2,x3})|a where
|Zr (M) \ (Anng (M) U {z, 22, 2%})| < 2, otherwise ['(M) has a subdivision isomorphic to K3 3.
Let r(Anng (M)) \ Anng (M) D {z, 22}. If there are y1,y2,y3 € Zr(M)\ (Anng (M) U {z, 2?})
such that y; and y; are adjacent for 1 < ¢ < j < 3, thus I'(M) includes a subgraph Kj
SO P(M) = P2 V (UaieNPai) or P(M) = P2 \Y F|ZR(M)\(AHHR(M)U{Z‘,$2})" NOW, assume that
r(Anng (M)) \ Anng (M) D {x}. If there are y1,y2,y3,ys € Zr(M) \ (Anng (M) U {z}) such
that y; and y; are adjacent for 1 < i < j < 4, then I'(M) includes a subgraph Ks. So
I'(M) = P, VG, where G is a subgraph of I'(M) with w(G) < 3 and |(N(y) N N(2)) \ {z}| <2
for each two arbitrary vertices y, z of G. O

It is easy to see that I'(Z15) = P1 V G, where G is a subgraph of I'(M) with w(G) < 3 and
((N(y) " N(z)) \ {z}| <2 for each two arbitrary vertices y, z of G.
A submodule N of M is referred to as essential provided that, for each non-trivial submodule

K of M, N NK # {0}.

Definition 2. [11, Definition 2.1] Consider that Zr (M) \ Anng (M) as the vertex set for
a graph over R-module M. The essential graph of M denoted by EG(M), features of two

vertices x,y from Zr(M) \ Anng(M): they are connected whenever Annq(xy) is an essential
submodule of M.

We start by considering the subsequent lemma:

Lemma 2. Suppose that z € Zr(M) \ Anng(M). If Annp(23) is an essential submodule of
M, then Annpg(x™) is too, for each n > 1. Furthermore, Annpa(z) is an essential submodule
of M if and only if Annp(z™) is essential, for all n > 2.

Proof. Let Ann(z®) be essential. We aim to prove that Ann(z) is also essential. Assume
that A is a non-zero submodule of M. Therefore, a non-zero element m exists, satisfying
m € Annp(23) NN, so 23m = z(z?m) = 0 If 0 # 2?m, then ?m € Annp(z) NN and
we are done. Now, suppose that z?m = 0. If 0 # zm, then xm € Anny(z) NN otherwise
m € Annpg(z) NN. Thus Annpag(z) NN # 0 and Annpg(x) is essential, as we needed.

The second assertion is evident from the previous paragraph. O
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Theorem 3. Suppose that Annpyq(x) is an essential submodule of M for some v € Zr(M) \
r(Anng(M)). Then EG(M) is a planar graph if and only if at least one of the listed conditions
is satisfied:

(i) EG(M) is a star graph.
(i) EG(M) = Kj o, where o is a cardinal number.

Proof. Let EG(M) be planar, z € Zgr(M) \ r(Anng(M)) and Anna(z) be essential. Thus
is universal and so Lemma 2 implies that {z" : n € N} has at most four elements otherwise
EG(M) includes a subgraph K3, which is an inconsistency. Thus, R has an idempotent element,
O R =Ri ® Ry and M = M1 & My, with Ry and Rs are subrings of R, and M; and Mo
are R-submodules of M. Hence, by [11, Lemma 2.3|, (a,0) is universal in EG(M) for every
a € Zr,(My) \ Anng, (M;) and Zg,(Msz) = 0. Thus, [11, Lemma 4.1] implies that |Ri| < 3
otherwise (1,0), (a,0),(b,0) and (0,1),(0,c¢), (0,d) are vertices of a subdivision isomorphic to
K33 of EG(M), which is an inconsistency. If Ry & Zs, then T'(M) = EG(M) = Ky,
since for (0,¢), (0,d) € ({0} ® R2) \ {(0,0)} we have Annx((0,¢)(0,d)) = Anna((0,cd)) =
M ® cdMs = My & 0. Now, assume that Ry = Zs. Thus Zr(M) = {(1,0),(2,0)} U (0 ® R2)
and so EG(M) = Ky |r,|- O

Theorem 4. Consider r(Anng(M)) # Anng(M). Then EG(M) is a planar graph if and only
if at least one of the listed conditions is satisfied:

(i) EG(M) =
(’LZ) EG(M) Kg V KlZR(M)\T’(AHHR(M))|7 where |Z’R(M) \T(AHDR(M))| S 2.
(M

(m) EG ) PV K\ZR( M)\r(Anng (M))| OT EG(M) =PhPV (UaieNPai)’
(vi) EG(M) = PV G, where G is a graph with w(G) < 3 and |N(y) N N(2)| < 3 for two
arbitrary vertices y and z of G.

Proof. The proof which we include for the readers convenience, is similar to that of the proof
of Theorem 2. Assume that EG(M) is a planar graph. Let 2 € r(Anng(M)) \ Anng (M) and
let n € N be the smallest integer such that 2" M = 0 (z"~'M # 0). Thus z,22,--- , 2" ! are
distinct. By [11, Lemma 2.1] for i with 1 < i < n — 1, 2% is universal in EG(M) so the set
{x,22 -, 2" 1} has at most four elements otherwise EG(M) contains a subgraph K5, which is
a discrepancy. If |r(Anng(M)) \ Anng (M)| = 4, then Zxr (M) = r(Anng(M)) and EG(M) =
K. Now, let x,2% 23 be distinct and y € r(Anng(M)) \ Anng(M) U {z,2%,23}. Hence,
according to [11, Lemma 2.1], EG(M) is equal to K4. Now, let r(Anng(M)) \ Anng(M) D
{x, 22 2%}. When y,z € Zr(M) \ 7(Anng(M)) are present such that y and z are adjacent,
then EG(M) includes a subgraph K5, which is a discrepancy. Therefore, EG(M) = K3z V
K|z (M)\r(Anng (M), Where |ZR(M) \ r(Anng(M))| < 2. Let r(Anng(M)) \ Anng(M) 2
{x,2?}. If there are y1,y2,y3 € Zr(M) \ r(Anng(M)), such that y; and y; are adjacent for
1 <i < j <3, then EG(M) includes a subgraph Ks. So EG(M) = P, V (Ug,enPa;) or
EG(M) = Py V K|z, (M)\r(Anng (M) Now, assume that r(Anng(M)) \ Anng (M) 2 {z}. If
there are y1, 42,3, ys € Zr(M)\ r(Anng(M)), such that y; and y; are adjacent for 1 <1i < j <
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4, then EG(M) includes a subgraph K5. So EG(M) = P, V G, where G is an induced subgraph
of EG(M) with w(G) <3 and |(N(y) " N(2)) \ {z}| <2, for each y,z € G. O

It is easy to see that E(Zgs) = K4 and EG(Zg) = K3 .
In the subsequent sections, we explore the planarity of the essential graph of M whenever
M is a Noetherian R-module.

Lemma 3. Consider MinAssg (M) = {q1,...,qn}. If EG(M) is a planar graph, then n < 3.

Proof. Let EG(M) be planar and MinAssg (M) = {q1, ..., qn}. Then, for each ¢ such that 1 <
t < n, it holds that [Ng_; ., qs\r(Anng(M))[ > 1. Assume that z; € N{_; ;45 \7(Anng (M)).
Then in view of [11, Theorem 2.5, 1, x2, x3, x4 and x5 are vertices of a subgraph contains K5 of
EG(M), which is an opposition. Hence, n < 4. Moreover, for n =4, x € q1Nq2, ' € g1Nq2Nqs3
and 2" € q1 N q2 Nqq with y,y/,y” are vertices of a subdivision isomorphic to K33 of EG(M)
where y € g3 N qq, ¥ € g1 N g3 Ngq and y” € g2 N g3 N qq, that is a contradictions so n < 3. 0O

Theorem 5. Consider MinAssg (M) = {q}. Then EG(M) is a planar graph if and only if at
least one of the listed conditions is satisfied:

(i) EG(M) is a null graph or EG(M) = Kj.
(’LZ) EG(M) = Kj \/K|ZR(M)\q|: where |ZR(M) \ q| < 2.
(Z’L’L) EG(M) =Ky \/F|ZR(M)\q| or EG(M) =K; \/F|ZR(M)\q|; where |ZR(M) \ C]| <4.

Proof. Let EG(M) be planar. If r(Anng(M)) = Anng (M), then [11, Theorem 4.6 | and
[8, Lemma 2.1], imply that EG(M) is a null graph. Let r(Anng(M)) # Anng(M) and
MinAssg (M) = {q}, where ¢ = Anng(m) for some 0 # m € M. If z,y € Zr(M) \ Anng (M)
be adjoin in EG(M), then Anny(zy) is essential. So Annp(zy) N Rm # 0. Now, it is evi-
dent that either z € q or y € ¢. Therefore, by [11, Lemma 2.2 |, |r(Anng(M)) \ Anng(M)| =
lg\ Anng (M)| < 4. If |r(Anng (M)) \ Anng (M)| = 4, then Zr (M) = r(Anng (M)) which leads
to EG(M) = K,4. Otherwise, EG(M) = Klq\AnnR(M)\ VF|ZR(M)\q|a where |q\AnnR(./\/l)| <3.
If |q \ Anng (M)] = 3, then EG(M) = K3V K|z, (a1)\q, Where [Zr(M) \ q| < 2. Now, assume
that |q \ AHHR(M)| < 2. Thus EG(M) = KQ V K|ZR(M)\CI| or EG(M) = Kl V K\ZR(M)\q\’
where | Zr (M) \ q] < 4 since in view of [12, Theorem 2.9], EG(M) is perfect. O

Theorem 6. Consider MinAssg (M) = {q1,q2}. Then EG(M) is a planar graph if and only if
at least one of the listed conditions is satisfied:

(Z) EG(M) =Ky or EG(M) =KoV KLQ.
(’LZ) EG(M) = P]_\/KQ’Q or EG(M) = Pl\/Kl,g or EG(M) =P \/Fmt\qs‘, where 1 <t,s < 2.
(i) EG(M) = K|g\q|,lq5\Anng (M)]» Where |q:\ qs| <2 and 1 <t,s < 2.

Proof. Let EG(M) be planar and MinAssg (M) = {q1,q2}. Then, as demonstrated by the ar-
gument of Theorem 2, we have |r(Anng (M) \ Anng (M)| < 4. If |r(Anng (M) \ Anng (M)] > 3,
then from |q; \ q,| > 1 and |q, \ q1] > 1 it follow that the graph EG(M) includes a subgraph
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K, that is a contradictions. Thus |r(Anng (M) \ Anng (M)| < 2. The following circumstances
are present:

Case 1: Let 7(Anng(M))\ Anng (M) = {z,y} and let q1 \ q2 = {z1, 22} and q2\ q1 = {x3, 24}.
Then EG(M) has a subdivision isomorphic to K33 with vertices z,z1,22 and y, x3,z4. Thus
EG(M) = K4 whenever |q1 \ q2| = |92\ q1] = 1 and EG(M) = K3V K; 2 whenever |q; \ q2| = 2
and |q2 \ q1] = 1.

Case 2: Let r(Anng(M)) \ Anng(M) = {z}. If |q1 \ q2| > 2 and |q2 \ q1] > 3, then EG(M)
includes a subgraph K33 with vertices z,z1,22 and x3, x4, 25, where z1,22 € q1 \ q2 and
x3,%4,T5 € q2 \ q1, that is a contradictions. Thus we may assume that |q; \ q2| < 2 and
lg2 \ q1] < 2. For |q1 \ g2/ = 2 we have EG(M) = P, V K5 or EG(M) = P, V K. For
|q1 \ q2| =1 we have EG(M) = Pg V K|Q2\q1\'

Case 3: Let 7(Anng(M)) = Anng(M). If |q1 \ 2| > 3 and |q2\ q1| > 3, then EG (M) contains
a subgraph K3 3 with vertices z1,x2, x3 and x4, x5, x6, Where 1, 22,23 € q1 \ q2 and x4, 5, 6 €
g2 \ q1, that is a contradictions. Thus either |q; \ q2| < 2 or |q2 \ q1| < 2. For |q1 \ q2| = 2 we
have EG(M) = K2,\q2\AnnR(M)| and for !Cl1 \ q2| = 1, EG(M) = K1,|q2\Ann7g(./Vl)\‘ O

Theorem 7. Consider MinAssg(M) = {q1,92,q3}. Then EG(M) is a planar graph if and
only if at least one of the listed conditions is satisfied:

(i) EGIM) = PrV (Ky g, \r(Amng (M) Y K1 jgo\r(Anng (M) Y K1 jgs\r(Anng (M))])-
(ii) EG(M) = K3 0 K|q\q,uq,| for each 1 <7, s,t < 3.
(iii) EG(M) = (K30 K g,\q,uq,)) U (K30 K|g,\q.uq,|), where 1 <r,s,t <3

Proof. Let EG(M) be planar and MinAssg (M) = {q1, q2,93}. By a similar argument to that
of Theorem 6 we have |r(Anng (M) \ Anng(M)| < 2. If r(Anng (M)) \ Anng (M) = {z,y} and
Ty € ﬂ?:Ls#qs \ 7(Anng (M)). Then z,y, 1, z2 and x3 are vertices of a subgraph that includes
K5 of EG(M), that is a contradictions. Thus the following circumstances are present:

Case 1: Let r(Anng(M)) \ Anng(M) = {z}. Then there are y € q1 N g2 \ 7(Anng(M)),
z € qaNgs \ r(Anng(M)) and w € q1 N gz \ r(Anng (M)). If |qg1 N g2 \ 7(Anng (M))| > 2, then
EG(M) contains a subdivision isomorphic to K33 with vertices z,y,y and z,w,w’, where y' €
q1Ng2\7(Anng (M)) and w’ € g3\q1Uqz, that is a contradiction. Thus |q:Nqs\7(Anng(M))] =1
for each ¢,s such that 1 < t,s < 3 and t # s. Hence, EG(M) = P1 V (K jq,\r(Anng(M))| Y
K1 jgo\r(Anng (M) Y K1 jg5\r(Anng (M))))> See the Figure 1, where q1 \ q2 U q3 = {ug, u1,uz, -},
92 \ 91 U q3 = {s0, 51,82, -- } and q3 \ q1 U g2 = {to,t1,t2, - }.

S92 7 T to

Figure 1: The planar graph EG(M) = P1 V (K1 jq;\r(Anng (M) Y K1 g5\ r(Anng (M)] Y K1 g5\ r(Anng (M)])-
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Case 2: Let 7(Anng(M)) = Anng(M). If |q1 N g2 > 3, then EG(M) contains a subgraph
K3 3 with vertices z,2’, 2" and y,v/,y” where z, 2’2" € q1 Nq2, y € 2N g3, ¥ € q1 N g3 and
v €q3\qrUqe. Thus [q:Ngs| < 2for 1 <t,s <3andt #s. If |[q1 Ng2] = [q2 Ngs| = 2,
then EG(M) has a subdivision isomorphic to K5 with vertices z,2' € q1 N q2, ¥,y € 92 N qs,
zeqinNqs, r1 € C|1\C|2UC|3, X9 € C|2\C|1Uq3 and x3 € qg\q1Uq2, see the Figure 2.

x T3 2

Figure 2: The non-planar graph EG(M) with |q1 Nq3| = |q2 N qs| = 2.

Suppose that |1 N q2] = |2 Nq3] = |q1 Ng3] = 1. Thus EG(M) is the following planar
Corona product graph K3 o F\qt\ququ for each t,s,r € {1,2,3}. See the Figure 3, where

g1 \ 92 U q3 = {uo, u1,u2,--- }, 92 \ 91 U q3 = {s0, 51, 52,--- } and q3 \ q1 U q2 = {to,t1,t2,--- }.

ta to t1

Figure 3: The planar Corona product graph K3 Oflqt\qsuqr\ for each 1 <r,s,t < 3.

At this point, we can safely assume that q1 N g2 = {z,2'}, g2 N q3 = {y} and q1 Nq3 = {z}.
Then EG(M) is union of two Corona product graphs, that is,

EG(M) = (K30 qut\qsuw) U (K30 qut\qsuqu)'

See the Figure 4, where ¢ \ g2 U g2 = {ug,u1,u2,---}, q2 \ q1 U qs = {so,s1,82,---} and
q3\q1 Uq2 = {tht17t27"'}'
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Figure 4: The planar graph EG(M) = (K3 0 K |g,\q.uq,.|) U (K3 © K|q,\q.uq,.])-

O]

Corollary 1. Consider MinAssg (M) = {q1,....qn} (n < 3) and r(Anng(M)) = Anng(M).
Then T'(M) is a planar graph if and only if at least one of the listed conditions is satisfied:

(i) I'(
(ii) T(M) = K2,|qt\Ann(M)\ or '(M) = Kl,\qt\Ann(M)b where 1 <t < 2.
r?

)
M) is a null graph.
)

M) = Kz 0 Kjgaquq,| o7 T(M) = (K5 0 Kjg\q,ug,)) U (K3 © Kjg\q,uq,1); where 1 <
s, t < 3.

Proof. This result is derived directly via [11, Theorem 4.6] and Theorems 5, 6, 7. O

3 When ['(Z,) and EG(Z,) are Planar?

This portion of the text examines the zero-divisor and the essential graphs of the ring Z,, and
explores the conditions under which they exhibit planar or non-planar characteristics. For prime
number p, Z(Z,)* = 0 so I'(Z,) and EG(Z,) are null graphs and inherently planar.

Theorem 8. Consider prime number p and n = p®, where 2 < «. Then I'(Z,) is a planar
graph if and only if n = 2% (o < 4), n=3% (a <3) and n =5 (a < 2). Moreover, EG(Zy,) is
a planar graph if and only if n = 2% (o < 3) and n = 3%, 5% (a < 2).

a—1

Proof. 1t is apparent that kp is a universal vertex of I'(Zpe) for 1 < k < p — 1. Thus, as
demonstrated by the argument of Theorem 2, I'(Z) is non-planar for all p > 7. Let p = 2. Then
2073 and 2 x 2473, 3 x 2973 4 x 2473 5 x 2973 are vertices of a subgraph of I'(Zsa) isomorphic to
K. Moreover, 4,12,28 and 8,16, 24 are vertices of a subgraph of I'(Zs2) isomorphic to K33 so
['(Zg) is non-planar for aw > 5. Also, it is easy to see that I'(Zge) is planar for o < 4. If p = 3,
then 32, 32722 x 3%72 3%~ and 2 x 39! are vertices of a subgraph of I'(Z3a) isomorphic to
K. Moreover, 9, 18,27 and 36, 45, 54 are vertices of a subdivision isomorphic to K33 of I'(Zs;)
so I'(Z3~) is non-planar for v > 4. Now, it is clear that I'(Zs«) is planar whenever a < 3. A
similar argument shows that for p = 5, I'(Zs« ) is planar whenever « < 2.

For the second assertion, it is well known that Z(Zp«) = Nil(Zye) = pZpe. So by Theorem
5, EG(Zy~) is a planar graph if and only if

|Z2(Zpe)*| =9 = d(p™) =1 =p*"1 —1< 4.



10 S. Azlesh, Sh. Payrovi, F. Soheilnia

This implies that p = 2 for o < 3 and p = 3,5 for a < 2. O
In what follows, we illustrate some special cases of Theorem 8.

Example 1. Consider the ring Zs7. Theorem 8 shows that I'(Zg7) = P2V Kg is a planar graph
while the essential graph of Zs7 contains a subgraph K3, hence it is non-planar, see Figure 5.

3 18
24 e; ® 6
21 9 21 24
)
15 9

Figure 5: The non-planar graph EG(Z27) and planar graph I'(Z27)

Theorem 9. Consider an integer n > 2. Then I'(Zy,) is a planar graph if and only if n = 12
orn =18 orn = 2p or n = 3p, where p is a prime number.

Proof. 1t is easy to see that I'(Z12) and I'(Z;g) are planar. For n = 2p and n = 3p, Corollary
1(ii) and [11, Theorem 4.6] show that I'(Zs,) = K1 -1 and I'(Zs3p) = Ko p—1.

For the converse we show that if n # 12,18, 2p, 3p, then I'(Z,,) has a subdivision isomorphic
to K5 or K33 so it stands as a non-planar graph.
(i) If n = p*---pe*, where p; < pa < --- < pj are prime numbers, k£ > 3 and o; € N,
then p{'ps2pdt - -k, 207 pS2pe" - - PRk, ApT pyi st - - - pik and p§?, 2p5*, Aps® are vertices of a
subgraph isomorphic to K33 of I'(Z,,) so it stands as a non-planar graph. So k < 2.
(i) If n = p"p5?, where 5 < p; < p are prime numbers and «; € N, then p{*,2pT*, 3p]* and
P52, 2p5%, 3ps? are vertices of a subgraph isomorphic to K33 of I'(Z,) so it is a non-planar graph.
(iii) If n = 3%p”, where p > 5 and o > 1,3 > 2, then pP~1, 3%p%~1 2 x 3%p#~1 3 x 32pS~1 and
4 x 3%pB~1 are vertices of a subdivision includes of K5 of I'(Z,) so it remains a non-planar graph.
(iv) If n = 3%p, where p > 5 and a > 2, then 3%,2 x 3%,3 x 3% and p, 2p,4p are vertices of a
subgraph isomorphic to K33 of I'(Z,,) so it stands as a non-planar graph.
(v) If n = 2%p8, where p > 3 and o, 3 > 2, then 2%,2 x 2%, 3 x 2* and p”, 2p?, 3p® are vertices
of a subgraph included of K33 of I'(Zy,) so it is a non-planar graph.
(vi) If n = 2%, where p > 5 and a > 2, then 22,21 2942 and p,2p, 3p are vertices of a
subgraph isomorphic to K33 of I'(Z,,) so it is a non-planar graph.
(vii) If n = 2p®, where p > 5 and 3 > 2, then pB~1,2p~1 4pf~=1 6pB~1, 8p~1 are vertices of a
subgraph included of K3 of I'(Z,,) so it remains a non-planar graph.
(viii) If n = 2% x 3, where a > 3, then 227! 2% 29*! and 6,12, 18 are vertices of a subgraph
included of K33 of I'(Z,,) so it stands as a non-planar graph.
(viiii) If n = 2 x 3%, where 8 > 3, then 6,12,24 and 3°~1,3 x 35715 x 35~ are vertices of a
subgraph contain of K33 of I'(Z,) so it exists as a non-planar graph. O

Theorem 10. Consider an integer n > 2. Then EG(Zy,) is a planar graph if and only if n = 2p
or n = 3p, where p is a prime number.
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Proof. From Theorems 6, 9, and considering that I'(Z,,) is a subgraph of EG(Z,,), we derive the
result. O

The next example shows that Theorems 9 and 10 are satisfied.

Example 2. (i) Consider the rings Zj4 and Zj5. It is apparent that their zero-divisor and
essential graphs are K¢ and K> 4, respectively. So they are planar, see Figure 6.

10
2 4 6 8 10 12
W 5 () 12
7 5

Figure 6: The planar zero-divisor and the essential graphs Z14 and Z;s.

(ii) Consider the ring Z19. It is apparent that its essential graph is P3 V K4 included subgraph
K3 3 so it is a non-planar graph but I'(Zy2) is planar, see Figure 7.

2 4 8 10 10 4
%% m 9
3 6 9 2 8

Figure 7: The non-planar graph EG(Z12) and the planar graph I'(Z12) .
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