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Abstract. We present some new bounds for signed domination numbers. Let G = (V, E) be
a simple and undirected graph. For a function f : V — {—1,1}, the weight of is f defined by
w(f) = Xyev f(v). For a vertex v in V, we define f[v] = 3, cnp f(u). A signed domination
function of G is a function f : V. — {—1,1} such that f[v] > 1 for all v € V. The signed
domination number v5(G) of G is the minimum weight among all signed domination functions
of G. In this paper, we study the signed domination problem of the general graph, and obtain
some bounds of the signed domination number of G. We also establish upper and lower bounds
of the signed domination number of subdivision construction S(G).
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1 Introduction

In this paper, all graphs are assumed to be finite, simple, and undirected. A graph with no
edges (but with at least one vertex) is called empty. We will often use the notation G = (V, E)
to denote a graph with non-empty vertex set V= V(G) and edge set E = E(G). The order of
a graph is the number of its vertices and the size of a graph is the number of its edges. The
degree of a vertex v € V(@) is denoted degg(v). The minimum and maximum degree of G are
denoted by §(G) and A(G), respectively. We sometimes write ¢, A particularly when the graph
is clear in the context. A graph G is called k-regular if every vertex of G has degree k. A graph
is said to be regular if it is k-regular for some nonnegative integer k. In particular, a 3-regular
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graph is called a cubic graph. A connected graph G is a cycle if G is 2-regular. An edge of G
with end vertices u and v is denoted by wv. For every vertex x € V(G), the open neighborhood
of z is denoted by Ng(x) and defined as Ng(z) = {y € V(G) : zy € E(G)}, and the closed
neighborhood of © € V(G), Nglz], is Ng[z] = Ng(z) U {z}. For a set T' C V(G), the open
neighborhood of T is Ng(T) = UzerNg(z). For a set S C V(G), the induced subgraph on S is
denoted by G[S]. The symmetric difference of two sets is the set of all elements that are in either
set, but not in both of them. Symmetric difference of the sets A, B is denoted by A & B. A
graph is bipartite if its vertex set can be partitioned into two nonempty disjoint subsets X and
Y such that each edge of G has one end in X and the other in Y. In this circumstaces, the pair
(X,Y) is called a bipartition of the bipartite graph. The adjacency matrix of G, is the n x n
matrix A = A(G) whose entries a;; are given by

{1 if v; and v; are adjacent;
ij =

0 otherwise.

Given a matrix A, a vector x # 0 is an eigenvector of A if and only if there exists A € C such
that Az = Az. In this case, A is called an eigenvalue of A. The subdivision graph of G is the
graph obtained by inserting an additional vertex in the middle of each edge of GG, and denoted
by S(G). A matching M in a graph G is a set of edges such that no two have a vertex in
common. The size of a matching is the number of edges in it. A vertex incident to an edge
of M is said to be covered by M. A matching that covers every vertex of G is called a perfect
matching or a I-factor. Clearly, a graph that contains a perfect matching has an even number
of vertices. A maximum matching is a matching with the maximum possible number of edges.
A subset D of V(G) is a dominating set of G, if every vertex in V(G) \ D is adjacent to at least
one vertex in D. The domination number of a graph G, denoted by ~(G), is the minimum size
of a dominating set of G. For more terminology we refer to [2,13].

For a function f : V(G) — {—1,1} and a vertex v € V, we define f[v] = >_,cnp,; f(u). A signed
dominating function of G is a function f : V(G) — {—1, 1} such that f[v] > 1 for all v € V(G).
The weight of a function f is w(f) = > ey (q) f(v). The signed domination number v(G) is
the minimum weight of all signed dominating functions of G. A signed dominating function of
G with minimum weight is called a v;— function. This parameter has been studied by several
authors, namely [1,6,9-12,14,15]. The authors in [4,5] obtained a lower bound for v4(G) w.r.t.
n,d, A, and for 75(G) + vs(G) w.r.t. n, respectively. Moreover, in [7], the authors obtained a
lower and an upper bound of v5(G) w.r.t. (G) and the packing number, respectively. The
nonnegative signed domination number was introduced by Huang et al. [§].

Our main results are stated in the following theorems.
Theorem A:(Theorem 1) Let G be a connected graph of order n and size m. If A4, and Apin
are the largest and the smallest of adjacency matrix eigenvalues of GG, respectively, then

4m — NAmin 2m + n(1 — 2\ maz)
> _— .
7s(Q) _max{[ -‘ ) { Tt2n.. -‘}

Amin

Theorem B:(Theorem 2) Let G be a connected graph of order n and size m. Then the following
statements hold:
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(@) () 2 mas{ |6) - "2 |, [ e - 52|

Theorem C:(Theorem 5) Let G be a k-regular and r-factorable graph of order n. Then

2 (S(G)) < gn, if kis an odd integer with 51

n, if k is an even integer with

=0 (mod ),

Theorem D:(Theorem 6) Let G be a connected 3—regular graph of order n. Then ~5(S(G)) =
3

—n.
2

Theorem E:(Theorem 7) Let G be a graph of order n > 4 and size m with §(G) > n —2. Then
75(S(G)) > n—m.

2 Bounds for Signed domination number of G

In this section, we establish the results in Theorems A and B by giving two bounds the signed
dominating number the domination number and eigenvalues of the adjacency matrix of the
graph.

Definition 1. Let G be a graph of order n and f : V(G) — {—1,1} be a signed dominating
function of G. The following sets are defined.

Eo(f) = {wv € B(G) : f(v) = f(u) = —1} and m} = |Eo(f)|,
Ei(f) = {uwv € B(G) : f(v)f(u) = —1} and m] = |E1(f)],
Ex(f) = {uwv € E(Q) : f(v) = f(u) = 1} and m} = |Ea(f)],
Vf+ ={veV:fv)= 1},Vf_ ={veV:fv)=-1}

Lemma 1. Let G be a graph of order n and f : V(G) — {—1,1} be a signed dominating
function of G. Then v(G) < | VfJr |

Proof. Let z € V(G) \ Vf+. Since f is a signed dominating function of G, there exists y € V(G)
such that y € (Ng[z] N Vf+). So, VfJr is a dominating set for G. Hence, 7(G) < |Vf+|. O

Lemma 2. If G is a non-empty graph, then for every signed dominating function f, 2m£ +20 <
m{ < 2m£, where £ = [V,|.

Proof. Let f be a signed dominating function for G.

If for every v € Vi and every u € Ng(v), f(u) = 1, then mg = 0. Since [ is a signed dominating
function for G, there exist at least two vertices z and y belong to Vf+ such that {z,y} C Ng(v).
Hence the edges © ~ v,y ~ v are in F1(f) (see Fig 1). Thus 2¢ < m{ and so 2m£ + 20 < m{
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v

Figure 1

Let v € V; and there exists u € Ng(v), such that f(u) = —1. Then u ~ v € Ey(f). Since f
is a signed dominating function of G, there exist sets Ly, L, C Vf+ such that | L, N Ng(v) | > 3

and | L, N Ng(u) | > 3 (see Fig 2). Thus 2m£ +20< m{.

L'lL v
eeec @ ®
7\
/ \
/ \
/ \
U v
Figure 2

Now we show that m{ < 2m§.
Let for every a € V;~ we have Ng(a) C Vf+. Let a/,a" € VfJr such that a/,a” € Ng(a). Thus

m{ < 2m£ (see Fig 3 ).

T =1y
a/ CL” a/ 6 a/l
a a
Figure 3

Let a,b € V; such that a ~ b. Also let a ~ a’ and b ~ b be two edge in Ei(f), where
{a,b} C Vf+. Then a' ~ b’ or there are z,y € VfJr such that o’ ~ z and b ~ y. Thus m{ < 2m§.

Figure 4
O

Remark 1. If A is the adjacency matriz of graph G, and A1 >, p >, ..., > A\, eigenvalues of
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matriz A, then since tr A = 0 and the trace of a square matriz is also equal to the sum of its
etgenvalues, we have \1 > 0 and A\, < 0.

In view of this argument, we give the next theorem.

Theorem 1. Let G be a connected graph of order n and size m. If Mgz and Apin are the largest
and the smallest of adjacency matriz eigenvalues of G, respectively, then

4m — ndmin 2m 4+ n(1 — 2\ aa)
’ 1+ 2\ e ’

(G 2 masf |

)\min

Proof. Let V. = {v1,va,--- ,v,} and let A be the adjacency matrix of G. Also let f be a v5—
function of G. For x; € {0,1}, let X; = (x;) be a matrix n x 1 such that x; = 1 if and only if
X}AXf
X}Xf

v; € Vf+. Since \Vf+| > 0, so X}Xf = |Vf+] > 0. By Rayleigh quotient, Apin < < Mmaz-

We have .
X{AXy =Y " ai| No(vi)n Vi |,
=1

Since x; = 0 for v; € fo and x; = 1 for v; € Vf+, SO

XiAXp= Y w| No(w)nVi | = Y | Na(w)n V|,
UiEVf+ ’UiGV;—

Let H be induced subgraph on Vf+. Then | Ng(v;) N VfJr | = degp (v;) and so

X{AX;= " [ Na()n V[ =Y degu(vi) = 2|E(H) | = 2m].
UZ'GV'f+ v, €H
: t + — 2m£
It is clear that Xfo = Vf | = n — ¢, where | Vf | = £. Hence Apin < / < Amnaz, and

so 4mJ < 2(n — £)Amae- By Lemma 2, (£ + mg) +mi +md <md +2md +m <2\ nae(n —0).
Thus £ +m < 2\naz(n — £). Hence

m — 2N Amaz <_y
14+ 2Nnae —

Also we have A\pin(n —¢) < 2m§ < 2m. Since A\pin < 0, so

2m — nAmin <_s

)\min

From v5(G) = n — 2¢, we have

vo(G) = n+2(—0) > max{ [ Am = nAmin w [ 2m + nfl = 2Amaq) w }

1+ 2)\max

)\min

which completes the proof of theorem. O
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In the following theorem we obtain some new bounds for the signed dominating number.

Theorem 2. Let G be a connected graph of order n and size m. Then the following statements
hold:

I

o [ ] e < |

(i) G = masf |2(6) - "2 3 | [ 26 - "2 .

Proof. (i) Let D be the diagonal matrix whose diagonal entry (D);; is degg(v;). Also, let f be
a 75— function for G' and for z; € {0,1}, Xy = (z;) is a matrix n x 1 such that z; = 1 if and
only if v; € Vf+. Then

X}DXf = Zx?(degg(vi)) = Z 22 (degg(vi)) = m{ + 2m£.

i=1 UiEVf+
XiDX;
We know that A\e.(G) < A(G). By Rayleigh quotient, § < XX, < A. Since X}Xf =n—/,
Ff
(6= V] |)so
/ f
§< my +2my <A,
n—4{

By Lemma 2, mJ +2m{ = m{ +mf +m] > m{+m£+(mg+€) =m+/L. Thus m+4{ < (n—{)A.
Also, 0(n —¥) < m{ + 2m£ < 2m. Hence,

n6—2m<€<nA—m (%)
0 - T 14AC

Since v5(G) = n — 2¢, an easy computation shows that

2m+n(l1—A) 4m —no
_ < < —.
ira =nl@="%

(73) Since | VfJr | =n —¢, by Lemma 1, v(G) < n — ¢. Thus

Y(G) —7s(G) < L. (*x)

By (%) and (xx) we have v(G) — v(G) < £ < m

Now, for y; € {0,1}, let Yy = (y;) be a matrix n x 1 such that y; = 1 if and only if v; € Vi
Then

n
YiDY; =Y g (dega(vi) = Y yi(dega(vi) = mi +2m.
=1 viEVfi
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Y}DYf
By Rayleigh quotient, & < ViV < A. Since Y]fo =/, by Lemma 2, we have
Fir
f f
my +2m m
(< 0 <« —.
S R
Therefore, by (x*) we have 7(G) — 75(G) < % O

Corollary 1. If G is a regular graph, then vs(G) > 1 and this bound is sharp.

Proof. This is a straightforward result of Theorem 2(i). For the sharpness, consider the complete
graph K,,, where n is an odd integer. O

3 Signed dominating number of S(G)

Recall that for any graph G, the subdivision graph is obtained from G by inserting a vertex on
any edge of G. A factor of a graph G is a spanning subgraph of G. A k-factor of G is a factor of
G that is k-regular. Thus, a 1-factor of G is a matching that saturates all the vertices of G. For
this reason, a 1-factor of G is called a perfect matching of G. A 2-factor of G is a factor of G
that is a disjoint union of cycles of GG. A graph G is k-factorable if GG is an edge-disjoint union
of k-factors of G.

In this Section, we study the signed domination number of the subdivision of G. Let V(G) =
{v1,v9,- - ,v,}. Note that V(S(G)) = V(G) U B, where

B = {vij 1 <1<y <n, NS(G)(UU) = {vi,vj}}.
Let F be a family of functions ¢ : B — {—1,1}. We define following sets

Fr = {ap :B = {-1,1} @ [Ng(v)) NV, | =7, forallv; € V(G)},

B, = {vij © p(vij) = —1, for some ¢ € ]:r}.

Remark 2. Assume that G is a k-reqular r-factorable graph and M = {My, Ma,--- , My} is an
edge-disjoint union of r-factors of G. Since E(G) = U/_E(M;) and My N M; =0 (1 <t/ #1t <
0), one has r0 = k.

Lemma 3. Let G be a k-reqular and r-factorable graph. Then Frg # 0, for all 1 <6 < é

Proof. Suppose that M = {Mj, Ma,---, My} is an edge-disjoint union of r-factors of G, also
Uy = {vijlviv; € W_ B(My)}. First, let t = 1. We define the function ¢1 : B — {1, -1} to be —1
on Uy and 1 elsewhere. Hence for each v; € V/(G) we have [Ng(g)(vi) NV | =7, thus ¢, € F;.
Now if > 2, then by continuing this process for function ¢, : B — {—1,1} with the value -1
only on Uy, since My NM; =0 (1 < t' #t < 0), we have [ Ng(g)(v;) NV, | = rt, for all v; € V(G).
Hence ¢, € F,9 by Remark 2. This process can be continued up to step % Therefore, Fg # 0,
forall 1 <6 <% O
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-2
Theorem 3. [3] Forn > 2, vs(P,) =n — Q{n 3 J

Theorem 4. [3] Forn > 3, v5(C,) =n —2 V;J

Theorem 5. Let G be a k-regular and r-factorable and graph of order n. Then

e (S(G)) < 3™ if kis an odd integer and % =0 (mod r),
| n,  if kis even integer and % =0 (mod r).

Proof. 1t is clear that, if n > 2, then S(P,) = P5,-1 and for n > 3, we have Cy, = S(C,). By

Theorems 3 and 4, for kK = 1 and k = 2, the proof is straightforward. So we can assume that

k > 3 is an odd integer with k—gl =0 (mod r), by Lemma 3, there exist the function ¢ € Fi_1,
2

hence Br_1 # (. Now let f: V(S(G)) — {—1,1} is defined, as follows
2

1, zeV(G),
f(z) =<1, T € B\B%,
—1, x € Bg-1.
2
We have
flel= Y. fly) =2 forall zeV(G),
YENg(e)l]
flel= > fy)=3, foralze B\Ber.,
YENg ()]
flz] = Z fly)=1, for alleEBkQ;l.
YENg(@)lz]

k—1
So, f is a signed domination function of S(G) and |V, | = n(4) Therefore, v5(S(G)) < gn
Now, let k is an even integer and £ = 0 (mod r). by Lemma 3, there exist the function ¢; € Fi,
hence By # (). Consider f; : V(S(G)) — {—1,1} as defined by
2

1, zeV(G);
-1, x € Bx.
2

We have
Alzl= ) Al =1, fordlzeV(G),

YENg(e)l]

filz] = Z fily) =3, forall x B\Bg,

YENg ()=
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filz] = Z fily) =1, for allweBg.

YENg (@[]

So, fi is a signed domination function corresponding to S(G) and |Vf:| = %k; Therefore,
75(5(G)) < n. O

Theorem 6. Let G be a connected 3—regular graph of order n. Then v4(S(G)) = %n

Proof. We define T'={| BN VfJr | : fisa~vs— function of S(G)}. Let fy be a vs— function
of S(G), such that Min(T) = | BN VfJr |. Also, let D}r =Vn Vf+, D, =vnV.,

0 0 0 0 0
C}; = BN Vf'g, C'JTO =BnN Vfg. It is clear that C’}Z #+ () and D}; # (). We now prove the
following claims.

Claim 1) If induced subgraph on (C U D};) in S(G) is Hy, then H; is exactly equal to the union

1
of §| D}g | paths of length two.
Since fy is 'ys(:S:(G))— function, if vi; € C} , then v, v; € D};. So degs(c (vij) = degm, (vij) =
2. If v; € Dy and Ng)(vi) N Cp # 0, then |Ng)(vi) N C,| = 1. We show that
Ns(e)(vi) NCh # () for every v; in D;{). Assume, to the contrary, that there exist v; € D}LO
such that [Ngg)(vi) N C’;g| = 3. We consider the following two cases

Case i) Let for all v; € Ng(v;) we have v; € D};. Then we define

fi(e) = {fo(w), © € V(S(G)\{ui};

—1, T = Vj.

It is easy to see that f; is a signed domination function, which is a contradiction.
Thus there exists v; € D such that v; € Ng(v;).

Case ii) Let v; € D} such that v; € Ne(v;). We define

_ ) fo@),  w e V(S(G)\{v),vij};
fa(z) =
—fo(x), = € {vj, vy}
It is clear that fy is a ys— function for S(G) such that | C’}; | > | C’}; |. This is a
contradiction to the fact that | C’;{) | is minimum of 7. The claim is proved.

Claim 2) If H» is induced subgraph on (C’J}Z U D};) in S(G), then Hs is a cycle of length 2| D;fo|
By Claim 1, degp,(z) = 2, where z € D]TO. Now, if v;; € C}g, then v; € D}Z or vj € D;[O.
Without loss of generality, let v; € D}Z and v; & D};. Obviously, fo in the case (ii) of claim
(1) is a vs— function of S(G), which is a contradiction. Thus, for every v;; € C;g we have
degm,(vij) = 2. Since Hs is a bipartite graph, it is a cycle of length 2| D;{O|
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Claim 3) Induced subgraphs on (C'; UD; ) and (C}E UDy ) in S(G) are empty graph, respectively.
Obviously, induced subgraph on (CJ?O U DJ?O) is empty graph.
If v;v;; is an edge in induced subgraph S(G) [C;g UD ], then f3 in the case (ii) of claim (1)
is a 75— function of S(G), which is impossible. So the induced subgraph on (C’;{) UDy ) is
empty graph.

_ _ on
However, we have 2| C; | = | D}; | C’}E | =] D}g |and | D} | = 0. Hence, -5 = V(S(G))| =

_ _ - . )
| Cp |+ ] C;g |+ | D}; | + | Dy, | = 5¢, where | V. | = £. Since 75(S(G)) = on 2¢. Hence
3
7s(S(G)) = P O

Theorem 7. [7] For any graph G of order n with minimum degree § and maximum degree A,

one has
s (G) > —n+2maxHA;rﬂ , PJF?(G)H.

Theorem 8. Let G be a graph of order n > 4 and size m with §(G) > n — 2. Then ~vs(S(G)) >

n—m.

Proof. Without loss of generality, we may assume that v is adjacent to ve in G. Also let,
D' = {vs,vq,- -+ ,vp} U{v12}. Then the vertices v1 and vy are dominated by vi2. Also, each
vertex v;; with ¢ # j is dominated by v; or v for i # 1 and j # 2. So, 7(S(G)) < n—1. On the
contrary, we assume that v(S(G)) = n — 2 and D is a dominating set for S(G) with cardinality
n — 2. We define

L:{|DmV(G)| . |D|=n-2 NS(G)[D]:V(S(G))}.

Let Dy be a dominating set of S(G) such that |Dg| =n — 2 and |Dy N V(G)| = Max(L).

If DoNnB =0, thenn=|V(G) | =| Dy | =n — 2, which is false.

If DyNV(G) =0, then B = Dy. Since G is a connected graph,so n—1<|B|=|Dy|=n—2.
Which is a contradiction. Thus Dy N B # () and Dy N V(G) # 0. Let v;; € Dy, for some 4, j.
Then we have

1) {Ui,’()j} N Dy = 0.
If v;, v; € Do, then Dy \ {v;;} is a dominating set of S(G), which is not true. Now, without
loss of generality, suppose that v; € Dy and v; € Dg. Then Dy = (Do U {v;}) \ {vi;} is a
dominating set and | Dy NV (G) | < | D1 NV(G) |, which is contradiction to the fact that
| Do | is Max(L).

ii) {vij} = Do N (Ns(g)[vi] U Ng(c) [vs])-
It is clear that {vij} € Do N (Ng()lvi] U Ng(a)lvs]). Suppose that, r # j and {vi} €
Do N (Ng(a[vi] U Ng(alvj]). Without loss of generality, suppose that v, is adjacent to
v; in G, where ¢ < r. Then Dy = (Dp \ {vir}) U {v,} is a dominating set of S(G). Since
| DoNV(G) | € L,so| DanNV(G) | >| DoNV(G) |, which is not true.
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iii) If v; € Ng(vi) U Ng(vj), then v, € Dy.
First one let, v; € Ng(vi)NNg(v;), by (i) and (ii), {vi, v}, vit, vjt }N Do = O and {v;, ve, vie }N
Do = Ng()[vit] N Do # 0, hence v; belongs to Do,
Now, suppose that v; € Ng(vi) © Ng(v;), we may assume that v; is in Ng(v;). Since
{vi,vit} NDy= 0 and NS(G’) ['Uz't] N Dy # @. Thus v € Dy.

Now, if v;; € Dg for some i, j and degg(v;) = n—1, then by (éii), for every vy € V(G) (i # t # j)
we have v; € Dy. So (V(G)\{vi,vj}) U {v;;} € Do, which is not true.

Similary, if v;; € Dy for some i, j and Ng(vi)UNg(v;) = V(G), then (V(G)\{vi, v;})U{vij} € Dy,
which is impossible. Hence, we may assume that, there exists a vertex v; such that vy & Dy.
Since 6(G) > n — 2, so vy € Ng(vi) U Ng(vj). By (iii), vs € Do, which is a contradiction. Thus
v(S(G)) = n — 1, consider the following expressions:

[A(S(GQ))HW and P(S(G)) ZQV(S(GW .

Since S(G) is the subdivision graph of a connected graph with 6(G) > n — 2, it follows that
0(S(G)) =2 and A(S(G)) < n — 1. Using v(S(G)) = n — 1, we obtain

[5(S(G)) +27(5(G))W s [A(S(G)) +2]

2 2

By Theorem 7, it follows that

L (5(6) > VS + s [ A2 [ASGN 1S

2 2
We know that |V (S(G))| = n + m. Therefore

v(S(G)) > —(n+m)+2n=n—m.
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