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Abstract. One approach to construct a model structure on CN (A), the category of N -
complexes over an abelian category A, is to start with a complete hereditary cotorsion pair
(F , C) in A and then introduce Hovey pairs on CN (A). There are three important pairs of
cotorsion pairs in the literature, particularly in [2] and [33]. In this paper, we employ a differ-
ent technique by considering A as a Grothendieck category to introduce these Hovey pairs. For
these pairs of cotorsion pairs, we omit the hereditary conditions, the conditions of having enough
F-objects–essential conditions in [33]–as well as the condition of being closed under direct limits
for the class F . As a result, we can construct Hovey pairs on categories that do not necessarily
have enough F-objects or where the class of objects is not closed under direct limits such as the
category of Cartesian modules over small categories and the category of quasi-coherent sheaves
on a scheme X.

Keywords: N -complexes, Complete cotorsion pairs, Model structure, Hovey pair.
AMS Subject Classification 2010: 18G35, 18E30, 1820F.

1 Introduction
A model category, often referred to as a Quillen model category, serves as a framework for
conducting homotopy theory. Quillen introduced the concept to formalize the parallels between
homotopy theory and homological algebra. His definition was primarily motivated by key ex-
amples such as the category of topological spaces, simplicial sets, and chain complexes. The
fundamental issue that model categories address is as follows:

Given a category, one often has certain maps (weak equivalences) that are not isomorphisms,
but one would like to consider them to be isomorphisms. One can always formally invert the
weak equivalences, but in this case one loses control of the morphisms in the quotient category. If
the weak equivalences are part of a model structure, however, then the morphisms in the quotient
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category from X to Y are simply homotopy classes of maps from a cofibrant replacement of X
to a fibrant replacement of Y . Because this idea of inverting weak equivalences is so central in
mathematics, model categories are extremely important.

In 2002, Hovey discovered a connection between the concept of cotorsion pairs and model
structures on abelian categories. This connection was expressed through a correspondence be-
tween two cotorsion pairs, referred to as Hovey pairs, and the model structure on abelian cate-
gories (Hovey’s Theorem [23]). The concept of cotorsion pairs (or cotorsion theory) was invented
by Salce in [30] in the category of abelian groups and was rediscovered by Enochs and coauthors
in the 1990’s. In short, a cotorsion pair in an abelian category A is a pair (F , C) of classes of
objects of A each of which is the orthogonal complement of the other with respect to the Ext
functor. The study of cotorsion pairs is especially relevant to the study of covers and envelopes,
particularly in the proof of the flat cover conjecture [6].

Given that the category of chain complexes plays a crucial role in homological algebra,
introducing a model structure on this category is fundamental and significant. If A is an abelian
category, the category C(A) (the category of complexes on A) will also be an abelian category.
Therefore, Hovey’s theorem allows us to construct new model structures on this category by
introducing new Hovey pairs. Many papers have been published in this area, including [3, 5, 8,
11,12,17–20,31,35].

As a generalization of the concept of complexes, the notion of N -complexes was introduced
by Mayer [28] in the his study of simplicial complexes and its homological theory was studied by
Kapranov and Dubois-Violette in [14, 27]. In recent years, many authors have generalized key
concepts in homology, such as derived categories and homotopy categories, for N -complexes,
see [2,4,21,24–26,33], and [34]. By an N -complex X, we mean a sequence · · · → Xn−1 → Xn →
Xn+1 → · · · such that composition of any N consecutive maps gives the zero map in A.

Gillespie introduced cotorsion pairs in [17–19], some of which formed Hovey pairs on chain
complexes (N = 2). As a result, new model structures on this category were presented. His
approach was to construct cotorsion pairs on C(A) from a hereditary cotorsion pair (F , C) in
the abelian category A with enough F-objects and enough C-objects. Utilizing this idea, Yang
and Cao introduced a series of these cotorsion pairs on the category of N -complexes in 2017. In
the introduction of these cotorsion pairs, two conditions-completeness and hereditary property
were essential in order to construct Hovey pairs in CN (A). In 2020, Bahiraei considered the
Grothendieck category G, endowed with a faithful functor U : G → Set instead of the Abelian
category A, which possesses enough F-objects and C-objects. He employed a different technique
to construct cotorsion pairs in CN (G) based on two cotorsion pairs cogenerated by a set in G.
This construction eliminated the hereditary condition from the paper by Yang and Cao, making
their results a special case of Bahiraei’s findings. Building on these results, he was able to regard
G as the category of quasi-coherent sheaves on a scheme, which may not necessarily have enough
F-objects. However, he did not investigate which of these cotorsion pairs form Hovey pairs.

There are three important pairs of cotorsion pairs introduced in both [2] and [33]. In this
paper, we aim to investigate which of these cotorsion pairs form Hovey pairs. These cotorsion
pairs were previously shown to be Hovey pairs by Yang and Cao in [30, Corollary 3.14, Theorem
4.10] under the conditions of being complete and hereditary for the cotorsion pair (F , C). We
employ a different technique to generalize their results. In fact, for these pairs of cotorsion
pairs, we omit the hereditary conditions, the conditions of having enough F-objects as well as
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the condition of being closed under direct limits for the class F . More precisely:

Theorem 1. Let (F , C) be a cotorsion pair cogenerated by a set in a concrete Grothendieck
category G endowed with a faithful functor U : G → Set and such that F contains a generator G
of G. Then the pairs

(1) (CN (F),CN (F)⊥) and (exF̃N , (exF̃N )⊥) and

(1) (⊥CN (C),CN (C)) and (⊥(exC̃N ), exC̃N )

are Hovey pairs. If furthermore F is closed under taking kernel of epimorphisms, then the pairs
(F̃N , dgC̃N ) and (dgF̃N , C̃N ) are a Hovey pair.

We will also examine categories that do not satisfy the conditions of the theorems by Yang
and Cao, but for which our theorems can be applied. The main focus of our paper is on
categories of Cartesian modules over small categories and categories of quasi-coherent sheaves
on a scheme X. The paper is organized as follows: In Section 2, we recall some general concepts
related to N -complexes and provide any background information needed throughout this paper.
Our main result appears in Section 3 as Theorem 4. This result generalizes [33, Theorem 3.13]
and [33, Propositions 4.8 and 4.9]. Finally, in Section 4, we will examine examples to show our
framework and highlight the differences between our work and that of Yang and Cao.

2 Preliminaries
2.1 The category of N-complexes
Let C be an additive category. We fix a positive integer N ≥ 2. An N -complex is a diagram

· · ·
di−1
X // Xi

diX // Xi+1
di+1
X // · · ·

with Xi ∈ C and morphisms diX ∈ HomC(X
i, Xi+1) satisfy dN = 0. That is, composing any

N -consecutive maps gives 0. A morphism between N -complexes is a commutative diagram

· · ·
di−1
X // Xi

diX //

f i

��

Xi+1
di+1
X //

f i+1

��

· · ·

· · ·
di−1
Y // Y i

diY // Y i+1
di+1
Y // · · ·

We denote by CN (C) the category of unbounded N -complexes on C.

Remark 1. It is easy to check that if A is an abelian category then CN (A) is again abelian.

For any object M of C and any j and 1 ≤ i ≤ N , let

Dj
i (M) : · · · // 0 // Xj−i+1

dj−i+1
X // · · ·

dj−2
X // Xj−1

dj−1
X // Xj // 0 // · · ·

be an N -complex satisfying Xn = M and dnX = 1M for all j − i+ 1 ≤ n ≤ j.
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Notation 1. For 0 ≤ r < N and i ∈ Z, we define

diX,{r} := di+r−1
X · · · diX

In this notation di{1} = di and di{0} = 1Xi .

Definition 1. A morphism f : X −→ Y of N -complexes is called null-homotopic if there exists
si ∈ HomC(X

i, Y i−N+1) such that

f i =
N−1∑
j=0

d
i−(N−1−j)
Y,{N−1−j}s

i+jdiX,{j}

We denote by KN (C) the homotopy category of unbounded N -complexes on C.

Remark 2. Let SN (C) be the collection of short exact sequences in CN (C) with split short exact
sequences in each degree. It is shown in [24] that (CN (C),SN (C)) is a Frobenius category and
its stable category is the homotopy category KN (C) of C. So KN (C) is a triangulated category,
see [24, Theorem 2.3].

Definition 2. Let X be an N -complex of objects of C as · · ·
di−1
X // Xi

diX // Xi+1
di+1
X // · · · . We

define
Zi
r(X) := Ker(di+r−1

X · · · diX), Bi
r(X) := Im(di−1

X · · · di−r
X )

Ci
r(X) := Coker(di−1

X · · · di−r
X ), Hi

r(X) := Zi
r(X)/Bi

N−r(X)

Therefore in each degree we have N − 1 cycle and clearly Zn
N (X) = Xn

Definition 3. Let X ∈ CN (C). We say X is N -exact if Hi
r(X) = 0 for each i ∈ Z and all

r = 1, 2, . . . , N −1. We denote the full subcategory of CN (C) consisting of all N -exact complexes
by EN .

Definition 4. A morphism f : X −→ Y in KN (C) is called a quasi-isomorphism if the induced
morphism Hi

r(f) : H
i
r(X) −→ Hi

r(Y) is an isomorphism for any i and r. The derived category
DN (C) of N -complexes is defined by the quotient category KN (C)/EN .

2.2 Cotorsion pair
Definition 5. A pair of classes (F , C) in abelian category A is a cotorsion pair if the following
conditions hold:

1. Ext1A(F,C) = 0 for all F ∈ F and C ∈ C.

2. If Ext1A(F,X) = 0 for all F ∈ F , then X ∈ C.

3. If Ext1A(Y,C) = 0 for all C ∈ C, then Y ∈ F .

We think of a cotorsion pair (F , C) as being “orthogonal with respect to Ext1A. This is often
expressed with the notation F⊥ = C and F = ⊥C.
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Definition 6. A cotorsion pair (F , C) in A is called complete if it has enough projectives and
enough injectives. That is, for every A ∈ A, there exist exact sequences

0 → Y → W → A → 0 and 0 → A → Y ′ → W ′ → 0,

where W,W ′ ∈ F and Y, Y ′ ∈ C.
Definition 7. A cotorsion pair (F , C) in A is cogenerated by a set if there is a set S ⊆ F such
that S⊥ = C.

We note that if S is any class of objects of D and if S⊥ = B and D = ⊥B, then (D,B) is a
cotorsion pair that is cogenerated by S.
Definition 8. A cotorsion pair (F , C) in A is called hereditary if for all n ≥ 1 and all F ∈ F
and C ∈ C we have ExtnA(F,C) = 0.
Definition 9. Let (F , C) be a cotorsion pair.

(1) If F is closed under kernels of epimorphisms, then F is called resolving.

(2) If C is closed under cokernels of monomorphisms, then C is called coresolving.
The following lemma is well known:

Lemma 1. Let A be an abelian category and (F , C) a cotorsion pair.
(1) Assume A has enough injectives and C is coresolving. Then (F , C) is hereditary.

(2) Assume A has enough projectives and F is resolving. Then (F , C) is hereditary.
Lemma 2. Let (F , C) be a cotorsion pair cogenerated by a set in a Grothendieck category G
such that F contains a generator G of G. Then the following are equivalent:

(1) F is resolving and C is coresolving.

(2) ExtnG(F,C) = 0 for any n > 0 and any F ∈ F and C ∈ C.
Proof. (1) ⇒ (2): We will prove it by induction on n. Obviously Ext1G(F,C) = 0 for all F ∈ F
and C ∈ C. Suppose that k > 0 and ExtkG(F,C) = 0 for all F ∈ F and C ∈ C. Let F ∈ F and
C ∈ C be arbitrary but fix. Consider the short exact sequence 0 → C → I → D → 0 where I is
injective. Note that I ∈ C, hence D ∈ C. Now apply the functor HomG(F,−) we have the exact
sequence

· · ·ExtkG(F,D) → Extk+1
G (F,C) → Extk+1

G (F, I) → · · ·

But by induction hypothesis and I is injective we have ExtkG(F,D) = 0 and Extk+1
G (F, I) = 0.

So we are done.
(2) ⇒ (1) is easy.

Definition 10. A cotorsion pair (F , C) in A is said to be perfect if every object X of A has an
F-cover and a C-envelope.

It is clear by its definition that a perfect cotorsion pair (A, B) is complete. The converse
holds when A is closed under direct limits [16, Corollary 2.3.7].
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2.3 Hill lemma
Let G be a Grothendieck category endowed with a faithful functor U : G → Set, where Set
denotes the category of sets. By abuse of notation, we write x ∈ G instead of x ∈ U(G), for
any object G in G. Analogously, |G| will denote the cardinality of U(G). We will also assume
that there exists an infinite regular cardinal λ such that for each G ∈ G and any set S ⊆ U(G)
(which we will write as S ⊆ G for convenience) with |S| < λ, there is a subobject X ⊆ G such
that S ⊆ X ⊆ G and |X| < λ. So in our setting if G = Qco(X), the category of quasi-coherent
sheaves on a scheme X, then U(F ) = tv∈VF (v), where V is a fixed open affine cover of X. Note
that the existence of such cardinal in Qco(X) is proved in [9, Proposition 3.3]. In the category
of R-modules, we can consider a cardinal λ that is larger than both ℵ0 and |R|.

Definition 11. Let κ be an infinite regular cardinal.

(1) A poset is called κ-directed provided that every subset of cardinality smaller than κ has an
upper bound. A diagram whose scheme is a κ-directed poset is called a κ-directed diagram,
and its colimit is called a κ-directed colimit.

(2) An object X ∈ G is called κ-presentable if the functor HomG(X,−) : G → Ab preserves
κ-directed colimits. An object X ∈ G is called κ-generated whenever HomG(X,−) preserves
κ-directed colimits of monomorphisms.

By [1, Example 1.14 and Example 1.68] one can see that

|X| < λ ⇔ X is λ-presentable ⇔ X is λ-generated

Definition 12. Let S be a class of objects of G. An object X ∈ G is called S-filtered if there
exists a well-ordered direct system (Xα, iαβ|α < β ≤ σ) indexed by an ordinal number σ such
that

(a) X0 = 0 and Xσ = X,

(b) For each limit ordinal µ ≤ σ, the colimit of system (Xα, iαβ|α < β ≤ µ) is precisely Xµ,
the colimit morphisms being iαµ : Xα → Xµ,

(c) iαβ is a monomorphism in G for each α < β ≤ σ,

(d) Cokeriαα+1 ∈ S for each α < σ

The direct system (Xα, iαβ) is then called an S-filtration of X. The class of all S-filtered
objects in G is denoted by Filt-S.

The Hill Lemma is a way of creating a plentiful supply of a module with a given filtration,
where these submodules have nice properties, see [22] and [15]. In the following we state the
Hill Lemma for Grothendieck category which is known as the generalized Hill Lemma, see [31,
Theorem 2.1].

Theorem 2. Let G be as above and κ be a regular infinite cardinal such that κ ≥ λ. Suppose
that S is a set of κ-presentable objects and X is an object possessing an S-filtration (Xα | α ≤ σ)
for some ordinal σ. Then there is a complete sublattice L of (P(σ),∪,∩) and ℓ : L → Subobj(X)
which assigns to each S ∈ L a subobject ℓ(S) of X, such that the following hold:
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(H1) For each α ≤ σ we have α = {γ | γ < α} ∈ L and ℓ(α) = Xα.

(H2) If (Si)i∈I is a family of elements of L, then ℓ(∪Si) =
∑

ℓ(Si) and ℓ(∩Si) = ∩ℓ(Si).

(H3) If S, T ∈ L are such that S ⊆ T , then the object N = ℓ(T )/ℓ(S) ∈ Filt-S.

(H4) For each κ-presentable subobject Y ⊆ X, there is S ∈ L of cardinal < κ( so ℓ(S) is
κ-presentable by (H3)) such that Y ⊆ ℓ(S) ⊆ X.

Let H = {ℓ(S) |S ∈ L}. We call H as the Hill Class of subobjects of X relative to κ.
Corollary 1. If N ∈ H and M is a κ-presentable subobject of X, then there exists P ∈ H such
that N +M ⊆ P and P/N is κ-presentable.
Proof. By using Theorem 2 (H4), we can find S ∈ L of cardinal < κ such that M ⊆ ℓ(S).
Denoting W = ℓ(S), P = N+W and combining (H2) and (H3) of Theorem 2 with [31, Corollary
A.5], we observe that P ∈ H and P/N is κ-presentable.

Theorem 3. Let κ be an uncountable regular cardinal such that κ > λ. Let (F , C) be a cotorsion
pair in G such that F contains a family of λ-presentable generators of G. Then the following
conditions are equivalent:

(1) The cotorsion pair (F , C) is cogenerated by a class of κ-presentable objects in G.

(2) Every object in F is Fκ-filtered, where Fκ is the class of all κ-presentable objects in F .
Proof. We refer to [11, Theorem 2.1].

We need the following lemma. The idea of the proof is taken from [2, Lemma 2.14]. We
provide here the argument for the reader’s convenience.
Lemma 3. Let κ be a regular infinite cardinal such that κ > λ. Let X and Y be N -complexes
such that X ⊆ Y. For each i ∈ Z, let M i be a κ-presentable subobject of Y i. Then there exists
N -complex T such that X ⊆ T ⊆ Y and for each i ∈ Z, M i +Xi ⊆ T i and the object T i/Xi is
κ-presentable.
Proof. We use the zig-zag technique to construct T. First, consider the particular case X = 0.
We will construct T as the union of an increasing sequence of N -subcomplexes

C0 ⊆ C1 ⊆ C2 ⊆ · · ·

of Y where M i ⊆ Ci
0, |Ci

n| ≤ κ for all i, n ∈ Z. Then if T = ∪n∈ZCn, then T ⊆ Y with |T i| < κ
and M i ⊆ T i for each i ∈ Z. In this case clearly M i ⊆ T i and |T| ≤ κ, since |Cn| ≤ κ. Let
C0 = (Ci

0) be such that Ci
0 = M i +

∑N−1
k=1 di−N+k

{N−k} (M
i−N+k). Then C0 is an N -subcomplex of

Y and clearly M i ⊆ Ci
0 and |C0| ≤ κ. Having constructed Cn with |Cn| ≤ κ, we construct

Cn+1 with Cn ⊆ Cn+1 such that |Cn+1| ≤ κ.
By our assumption on κ, consider a subobject Si−N+r ⊆ Y i−N+r for all 1 ≤ r ≤ N −1. Now

define Ci
n+1 = Ci

n + Si +
∑N−1

k=1 di−N+k
{N−k} (S

i−N+k) for all i ∈ Z. Clearly Cn ⊆ Cn+1. Hence we
have the desire T ⊆ Y.

In case X 6= 0 let Y = Y/X and M i = (M i+Xi)/Xi. According to the previous part, there
is an N -complex T ⊆ Y, and for each i ∈ Z, M i ⊆ T i, and the object T i is κ-presentable. Then
T = T/X for an N -subcomplex X ⊆ T ⊆ Y, and T clearly has the required properties.
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3 Hovey pairs in the category of N-complexes
In this section, we show that the cotorsion pairs introduced by Bahiraei in [2, Corollary 3.12]
form Hovey pairs. Yang and Cao in [33, Corollary 3.14, Theorem 4.10] proved that these pairs
of cotorsion pairs form hovey pairs when (F , C) is a complete hereditary cotorsion pair in the
abelian category A. We have omitted hereditary condition and the conditions of having enough
F-objects and C-objects here. Moreover, the requirement that the class F is closed under direct
limits is not necessary in our theorem. To begin, we will first recall the classes and cotorsion
pairs from [2].

Definition 13. Let (F , C) be a cotorsion pair in G. Let EN be a class of N -exact complexes.
We will consider the following subclasses of CN (G):

(1) The class of CN (F) complexes (resp. CN (C) complexes), consisting of all X ∈ CN (G) such
that Xi ∈ F (resp. Xi ∈ C) for each i.

(2) The class of F-N -complex, that we denote by F̃N , consisting of all X ∈ EN such that
Zi
r(X) ∈ F for all r, i.

(3) The class of C-N -complex, that we denote by C̃N , consisting of all X ∈ EN such that
Zi
r(X) ∈ C for all r, i.

(4) The class of dg-F-N -complexes, that we denote by dgF̃N , consisting of all X ∈ CN (F)
such that HomKN (G)(X,C) = 0 whenever C ∈ C̃N .

(4) The class of dg-C-N -complexes, that we denote by dgC̃N , consisting of all X ∈ CN (C) such
that HomKN (G)(F,X) = 0 whenever F ∈ F̃N .

(5) The class exN (F) = CN (F) ∩ EN (resp. exN (C) = CN (C) ∩ EN ).

In the following, we will introduce Hovey pairs in the category of N -complexes by using these
classes. We will reiterate that these pairs were introduced by Yang and Cao in [33], but here we
have omitted the hereditary condition. Additionally, the examination of how these pairs form
complete cotorsion pairs in a more general context is shown in the article [2]. However, for the
convenience of the reader, we will present it here in our case and then show that these pairs
form Hovey pairs. The technique used in the article [2] to prove the completeness of cotorsion
pairs is the use of Hill Lemma.

Theorem 4. Let (F , C) be a cotorsion pair cogenerated by a set in a concrete Grothendieck
category G as above and such that F contains a generator G of G. Then the induced pairs

(1) (F̃N , dgC̃N ) and (dgF̃N , C̃N )

(2) (CN (F),CN (F)⊥) and (⊥CN (C),CN (C))

(3) (exF̃N , (exF̃N )⊥) and (⊥(exC̃N ), exC̃N )

are complete cotorsion pairs.
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Proof. Let us see (1). By [2, Corollary 3.7] we have induced cotorsion pairs (F̃N , dgC̃N ) and
(dgF̃N , C̃N ). By [2, Proposition 3.11] and [23, corollary 6.6] we have the completeness of the pair
(dgF̃N , C̃N ). In order to show that (F̃N , dgC̃N ) is complete, we first prove that it is cogenerated
by a set. To this point by Theorem 3 it is enough to show that each N -complex F ∈ F̃N is
F̃κ
N -filtered(for some κ ≥ λ regular uncountable) i.e. we construct a filtration (Fα | α ≤ σ) for

F such that Fα+1/Fα ∈ F̃κ
N . Let F = (F i) ∈ F̃N . By definition F is an N -exact complex and

Zi
r(F) ∈ F for i ∈ Z and 1 ≤ r ≤ N − 1. Moreover, we have Zi

N (F) = F i ∈ F . By assumption
Zi
r(F) has Fκ- filtration Mi,r = (M i,r

α | α ≤ σi,r) for each i ∈ Z, 1 ≤ r ≤ N . Using Hill Lemma,
we obtain the corresponding families Hi,r for these filtrations.

Now, we recursively construct a filtration (Fα ∈ F̃N | α ≤ σ) for F with the property that,
for each α < σ, i ∈ Z and 1 ≤ r ≤ N , the object Zi

r(Fα) belongs to Hi,r. First, put F0 = 0. If α
is a limit ordinal and Fβ is already defined for each β < α, we simply put Fα =

⋃
β<αFβ. This

is again an N -exact complex and, by the properties of Hill families, we have Zi
r(Fα) ∈ Hi,r for

all i ∈ Z and 1 ≤ r ≤ N . We proceed to the crucial isolated step. Let Fα be defined and assume
that Fα 6= F (otherwise, we set σ = α and we are done). Put G0 = Fα.

For each i ∈ Z, fix some M i
0 ∈ Hi,N such that Gi

0 ⊆ M i
0, M i

0/G
i
0 is κ-presentable and, if

possible, Gi
0 ⊊ M i

0. Assuming that M i
n is defined for some nonnegative integer n and all i ∈ Z,

and M i
n/G

i
0 is κ-presentable, the objects (M i

n ∩ Zi
r(F))/Z

i
r(Fα) are κ-presentable as well for all

1 ≤ r ≤ N − 1. Hence we can find Zi,r
n ∈ Hi,r, 1 ≤ r < N , such that M i

n ∩ Zi
r(F) ⊆ Zi,r

n and
Zi,r
n /Zi

r(Fα) is again κ-presentable. We define M i
n+1 ∈ Hi,N in such a way that M i

n∪
⋃N−1

r=1 Zi,r
n ⊆

M i
n+1 and M i

n+1/M
i
n is κ-presentable. This is possible by the properties of the Hill family Hi,N .

Consequently, M i
n+1/G

i
0 is κ-presentable. For each i ∈ Z, put M i =

⋃∞
n=0M

i
n. Then M i/Gi

0 is
κ-presentable. Moreover, M i ∩ Zi

r(F) =
⋃∞

n=0 Z
i,r
n ∈ Hi,r for each i ∈ Z and 1 ≤ r ≤ N − 1 and

M i =
⋃∞

n=0M
i
n ∈ Hi,N .

Now, we use [2, Lemma 2.14] to obtain an N -exact complex G1 such that G0 ⊆ G1 ⊆ F, the
quotient Gbi1/Gbi0 is κ-presentable and M i ⊆ Gbi1 for each i ∈ Z. We go back to the beginning of
the previous paragraph and repeat the process with G0 replaced by G1. Using [2, Lemma 2.14],
we obtain G2 and so on. Finally, we define Fα+1 =

⋃∞
n=0Gn. This is an N -exact complex and,

for all i ∈ Z, Zi
r(Fα+1) = Fα+1 ∩ Zi

r(F) is the union of elements of the type M i ∩ Zi
r(F) ∈ Hi,r;

thus Zi
r(Fα+1) is an element from Hi,r for all i ∈ Z and 1 ≤ r ≤ N . Moreover, F i

α+1/F
i
α is

κ-presentable.
This finishes the construction of the filtration (Fα | α ≤ σ). Finally, we observe that,

for each α < σ, the quotient Fα+1/Fα belongs to F̃κ
N : here Zi

r(Fα+1)/Z
i
r(Fα) ∈ F since

Zi
r(Fα),Z

i
r(Fα+1) ∈ Hi,r for all i ∈ Z and 1 ≤ r < N .

Now we will prove (2). By [33, Proposition 4.1] (CN (F),CN (F)⊥) and (⊥CN (C),CN (C)) are
cotorsion pairs. If (F , C) is cogenerated by {Xn}n∈I0 then (⊥CN (C),CN (C)) is cogenerated by
the set {Di

N (Xn) | i ∈ Z, n ∈ I0}. Therefore by [23, Corollary 6.6] it is complete. Finally we
have to check that (CN (F),CN (F)⊥) is cogenerated by a set. This will be done by showing that
every N -complex X ∈ CN (F) is CN (F)κ-filtered. The argument to see this is similar to the case
(1) to prove that every N -complex X in F̃N is F̃κ

N -filtered. We have just to replace [2, Lemma
2.14] by Lemma 3 in the previous argument.

Let us see (3). By [2, Corollary 3.8] (exF̃N , (exF̃N )⊥) and (⊥(exC̃N ), exC̃N ) are cotorsion
pairs. To see that the first one is complete it is enough to show that every complex in exF̃N is
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exF̃κ
N -filtered. Again this is achieved by following the same argument of the case (1) to see that

every N -complex X in F̃N is F̃κ
N -filtered. Finally, if (F , C) is cogenerated by {Xn}n∈I0 then

(⊥(exC̃N ), exC̃N ) is cogenerated by

S = {Di
r(G)| i ∈ Z, 1 ≤ r ≤ N − 1} ∪ {Di

r(Xn)| i ∈ Z, 1 ≤ r ≤ N − 1, n ∈ I0}

See the proof of [2, Proposition 3.20] for more details.

Corollary 2. Let (F , C) be a complete cotorsion pair in the concrete Grothendieck category G
as above and such that F contains a generator G of G. If F is closed under direct limits then
the induced pairs

(1) (F̃N , dgC̃N ) and (dgF̃N , C̃N )

(2) (CN (F),CN (F)⊥) and

(3) (exF̃N , (exF̃N )⊥)

are perfect cotorsion pairs.

Proof. By [10, Theorem 2.6] we know that if A is a class of objects of a Grothendieck category C
closed under direct sums, extensions and well ordered direct limits and such that the generator
of C is in A and (A,A⊥) is cogenerated by a set, then every object M in C has an A-cover and
an A⊥-envelope. Here we can notice that since F is closed under direct limits, then all classes
F̃N , dgF̃N , CN (F), and exF̃N are also closed under direct limits. So we are done.

In the next step we will see that the induced cotorsion pairs in Theorem 4 give rise to an
abelian model structure in CN (G) which the homotopy category of this model structure is equal
to DN (G). We recall the definition of Hovey pair in CN (G).

Definition 14. Let G be a Grothendieck category. Suppose that (A,B) and (F , C) are two
complete cotorsion pairs in CN (G). We say that they are compatible (we refer to these two
cotorsion pairs as a Hovey Pair) if B = C ∩ EN and F = A ∩ EN where EN is the class of all
N -exact complexes in CN (G).

Now we introduce our main theorem:

Theorem 5. Let (F , C) be a cotorsion pair as in Theorem 4. Then the pairs

(1) (CN (F),CN (F)⊥) and (exF̃N , (exF̃N )⊥) and

(1) (⊥CN (C),CN (C)) and (⊥(exC̃N ), exC̃N )

are Hovey pairs. If furthermore F is closed under taking kernel of epimorphisms, then the pairs
(F̃N , dgC̃N ) and (dgF̃N , C̃N ) are a Hovey pair.



Hovey pairs in CN (G) 11

Proof. We only prove (1) and the proof of (2) is dual. By definition exF̃N = CN (F) ∩ EN . We
will see that CN (F)⊥ = (exF̃N )⊥ ∩ EN . Since dgF̃N ⊆ CN (F) and (dgF̃N , C̃N ) is a cotorsion
pair, we see that CN (F)⊥ ⊆ dgF̃N

⊥, hence CN (F)⊥ ⊆ C̃N . So in particular, CN (F)⊥ ⊆ EN .
Now since exF̃N ⊆ CN (F) we get that CN (F)⊥ ⊆ exF̃N

⊥. Therefore, CN (F)⊥ ⊆ exF̃N
⊥
∩ EN .

Conversely, assume that X ∈ exF̃N
⊥
∩EN . By Theorem 4 the pair (CN (F),CN (F)⊥) is complete,

so there exists a short exact sequence in CN (G)

0 → X → Y → F → 0

with Y ∈ CN (F)⊥ and F ∈ CN (F). But X and Y are N -exact and EN is a thick subcategory
of CN (G) so F ∈ CN (F) ∩ EN = exF̃N . So the short exact sequence splits and therefore X is a
direct summand of Y. Since CN (F)⊥ is closed under direct summands we get that X ∈ CN (F)⊥.

For the last part, we first claim that ExtnG(F,C) = 0 for all n > 0, F ∈ F and C ∈ C. Clearly
Ext1G(F,C) = 0. Given any exact sequence

0 → C → X → Y → F → 0

in Ext2G(F,C). Since F contains a generator of G we have the exact sequence 0 → K → G →
F → 0 and by assumption K ∈ F (Since F is closed under kernels of epimorphisms). So
Ext1G(K,C) = 0, hence 0 → C → M → K → 0 splits. But this means that 0 → C → M →
G → F → 0 (and therefore 0 → C → X → Y → F → 0) represents the zero element in
Ext2G(F,C). Proceeding inductively in this way we get our claim. So by Lemma 2 we can say
that F is resolving and C is coresolving. Now by [33, Lemma 3.9] and Definition 13 one can see
that F̃N ⊆ dgF̃N ∩ EN and C̃N ⊆ dgC̃N ∩ EN . Now let X ∈ dgF̃N ∩ EN (resp. Y ∈ dgC̃N ∩ EN ).
Then by [33, Lemma 3.4(i)] (resp. [33, Lemma 3.4(ii)]) we have X ∈ F̃N (resp. Y ∈ C̃N ). So
The induced cotorsion pairs (F̃N , dgC̃N ) and (dgF̃N , C̃N ) are a Hovey pair.

Note that the previous results are improved versions of [33, Theorem 4.10] and [33, Theo-
rem 3.13]. Essentially we do not assume that the cotorsion pair (F , C) is complete hereditary.
Moreover we also do not assume closure under direct limits in our class F . (See the proof
of [33, Proposition 4.4] and [32, Corollary 2.7]). As we shall see in the next section, these
improvement are crucial in finding new abelian model structures in CN (G) with respect to a
various classes that are not in general closed under arbitrary direct limits. By using Theorem 5
and [23, Theorem 2.2] we have the following corollaries:

Corollary 3. Let (F , C) be a cotorsion pair cogenerated by a set in a concrete Grothendieck
category G and such that F contains a generator G of G. The Hovey pair (CN (F),CN (F)⊥)
and (exF̃N , (exF̃N )⊥) induce an abelian model structure in CN (G). In this model structure the
weak equivalences are the homology isomorphisms, the cofibrations (resp. trivial cofibrations)
are the monomorphisms with cokernels in CN (F) (resp, exF̃N ), and the fibrations (resp. trivial
fibrations) are the epimorphisms whose kernels are in (exF̃N )⊥) (resp. CN (F)⊥).

Corollary 4. Let (F , C) be a cotorsion pair cogenerated by a set in a concrete Grothendieck
category G and such that F contains a generator G of G and F is closed under kernels of
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epimorphisms. The Hovey pair (F̃N , dgC̃N ) and (dgF̃N , C̃N ) induce an abelian model structure
in CN (G). In this model structure the weak equivalences are the homology isomorphisms, the
cofibrations (resp. trivial cofibrations) are the monomorphisms with cokernels in dgF̃N (resp,
F̃N ), and the fibrations (resp. trivial fibrations) are the epimorphisms whose kernels are in dgC̃N
(resp. C̃N ).

4 Examples
In this section, we will examine examples where, with the help of cotorsion pairs that do not
satisfy the hereditary condition or where the class of objects is not closed under direct limits, a
model structure can be constructed on the category of N -complexes.

4.1 Category of R-modules
Let R be a ring and G be the category of R-modules. Let (F , C) be a cotorsion pair cogenerated
by a set such that F is closed under kernels of epimorphisms. Let M ∈ G = Mod-R. The
projective dimension of M relative to C, which is denoted by PdC(M) is defined as follow:

PdC(M) = min{n ≥ 0 | ExtjR(M,C) = 0 for any j > n and C ∈ C}

We denote by P≤n
C the class of modules of finite projective dimension ≤ n relative to C. By [7,

Theorem 2.2, Corollary 2.7] (P≤n
C ,P≤n

C
⊥
) is cogenerated by a set and P≤n

C is closed under kernels
of epimorphisms. So by Corollaries 3 and 4 we have two model structures on CN (R) which the
homotopy category of each model structure is DN (R) the derived category of N -complexes of
R-modules.

Note that in case we consider (F , C) = (Prj-R,Mod-R) where Prj-R is the class of all projec-
tive R-modules, the model structure of Corollary 4 applies in the study of the so-called Finistic
Dimension Conjectures.

4.2 Cartesian modules on small categories
A ringed category (X,OX) is a pair such that X is a small category and OX is a presheaf of
commutative rings on X. Then, the category of presheaves of OX-modules on X can be defined.
Note that a (not necessarily commutative) ring may be regarded as a special case of a small
preadditive category so the category of modules over a preadditive category naturally arises.

Let C be a small category and consider a representation R : C → Add to be a pseudofunctor
from C to the category of small preadditive categories (see [13, Definition 3.1]. For each (α :
c → d) ∈ Mor(C) we denote by

α! : (R
op
c ,Ab) ⇆ (Rop

d ,Ab) : α∗

the change of base adjunction induced by Rα.

Definition 15. A representation R of a small category C is right (resp., left) flat if, for any
α ∈ C, the functor Rα is right (resp., left) flat.
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A right R-module M = (Mc,Mα) consist of the following data:

(1) for all c ∈ ObC,a right Rc-module Mc : R
op
c → Ab;

(2) for any morphism α : c → d in C,a homomorphism Mα : Mc → α∗Md

Furthermore,we suppose that the following axioms hold:

(3) Given two morphism α : c → d, β : d → e in C, then we have the following commutative
diagram:

Mc
Mα //

Mβα

��

α∗Md

α∗Mβ

��
(βα)∗Me

µα,β∗idMe// α∗β∗Me

(4) δc ∗ idMc = idMc , for all c ∈ ObC. where µα,β ∗ idMe and δc ∗ idMc are horizontal pastings.

(5) Given two right R-modules M and N ,a morphism φ : M → N consists of a family of
morphisms {φc : Mc → Nc}c∈ObC in (R(c)op,Ab),such that the following square commutes
for any morphism α : c → d in C:

Mc
φc //

Mα

��

Nc

Nα

��
α∗Md

α∗φd // α∗Nd

We denote by Mod-R the category of right R-modules. Notice that one can define analogously
the category R-Mod of left R-modules. If M ∈ Mod-R then we define |M | =

∑
c∈ObC |Mc|.

Definition 16. Given a representation R : C → Add of a small category C, the category of
cartesian modules Modcart(R) is the full subcategory of Mod-R whose objects are the modules M
such that, for any given morphism α : c → d in C, the adjoint morphism (Mα)! : α!(Mc) → Md

to the structural morphism Mα : Mc → α∗(Md) is an isomorphism.

Theorem 6. Let C be a small category and R : C → Add be a right flat representation. Then,
the category Modcart(R) is Grothendieck.

Proof. We refer to [13, Theorem 3.23].

In the rest of the paper, we focus on the special case where R is a flat presheaf of rings
on the small category C. In this context, we can view R as a representation R : C → Add.
This perspective allows us to utilize the properties of flat presheaves while studying Cartesian
modules. Our aim is to show that the category of Cartesian modules, as discussed in subsection
2.3, fits within our setting. Specifically, by Theorem 6, we established that Modcart(R) is a
Grothendieck category. Thus, it suffices to verify the existence of an infinite regular cardinal
λ such that for each M ∈ Modcart(R) and any set S ⊆ M with |S| < λ, there is a subobject
M ′ ⊆ M such that S ⊆ M ′ ⊆ M and |M ′| < λ. We will see this fact in Proposition 1. To this
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end, we need to understand the concept of Cartesian modules on a quiver. A quiver Q = (V,E)
is a directed graph where V is the set of vertices and E is the set of edges. A quiver Q may
be though as a category in which the objects of Q are the vertices of Q and the morphisms are
the paths of Q. On the other hand, for any small category C there exists a quiver QC whose
vertices are the objects of C, and whose edges are the morphisms of C. We refer to this quiver as
the associated quiver to C. The category of Cartesian modules on a quiver includes Cartesian
R-modules as a full subcategory. As mentioned earlier, our objective is to prove Proposition 1.
Since Enochs and Estrada established this proposition for Cartesian modules on quivers in [9],
we first need to define this category before we can achieve our goal in this setting.

4.2.1 Cartesian modules on quivers:

Let Q = (V,E) be a quiver and R be a presheaf from Q in the category of commutative rings,
that is, for each vertex v ∈ V we have a ring R(v) and for an edge a : v → w we have a ring
homomorphism R(aop) : R(w) → R(v).

We shall say that we have an R-module M when we have R(v)-modules M(v) and a morphism
M(aop) : M(w) → M(v) for each edge a : v → w that is R(v)-linear. The R-module M is said
to be a Cartesian Q-module if for each edge a : v → w as above the morphism

R(v)⊗R(w) M(w) → M(v)

given by rv ⊗mw 7→ rvM(aop)(mw) where rv ∈ R(v) and mw ∈ M(w) is an R(v)-isomorphism.
We denote by QModCart(R) the category of Cartesian Q-modules and this category is abelian

when R is such that for an edge v → w, R(v) is a flat R(w)-module. It is also shown in [9] that
QModCart(R) is a Grothendieck category. If M ∈ QModCart(R) then the cardinality of M is
defined as |M | = | tv∈V M(v)|.

Remark 3. Let C be any small category with associated quiver QC = (V,E). It is clear that the
category Modcart(R) is a full subcategory of the category QCModCart(R) . In case that M ⊆ N
in QCModCart(R) and N is a Cartesian R-module, then M will be automatically a Cartesian
R-module as well. This easy observation is crutial in proving our main result in the next
Proposition.

Proposition 1. Let C be any small category with associated quiver QC = (V,E) and M a
Cartesian R-module. Let λ be an infinite cardinal such that λ ≥ |R(v)| for all v and such that
λ ≥ max{|E|, |V |}. Let Xv ⊆ M(v) be subsets with |Xv| ≤ λ for all v. Then there is a Cartesian
R-submodule M ′ ⊆ M with M ′(v) pure for all v, with Xv ⊆ M ′(v) for all v and such that
|M ′| ≤ λ.

Proof. The proof of [9, Proposition 3.3] gives a Cartesian QC-submodules M ′ of M satisfying
the desired properties. Now by Remark 3, as M is Cartesian, M ′ will be also Cartesian R-
module.

With the fix λ as above and G = ModCart(R) we can apply Theorem 4 and Corollary 4 to
it. Indeed, we have the following corollary:
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Corollary 5. Let (A,B) be a cotorsion pair cogenerated by a set in ModCart(R) and such that
A contains a generator of ModCart(R) and A is closed under kernels of epimorphisms. The
Hovey pair (F̃N , dgC̃N ) and (dgF̃N , C̃N ) induces an abelian model structure in CN (ModCart(R)).
The corresponding homotopy category to this model structure is DN (ModCart(R)), the derived
category of N -complexes of ModCart(R).

4.3 Category of quasi-coherent sheaves
Let X be an arbitrary scheme and Qco(X) be the category of quasi-coherent sheaves on X. It is
well-known that Qco(X) is a Grothendieck category. On the other hand, by [9, Proposition 3.3]
there exists such a cardinal λ as we described before so Qco(X) exactly fulfills the requirements
of Theorems and note that Qco(X) does necessarily not have enough projectives, but it does
have enough flat objects. Let F be the class of all flat quasi-coherent sheaves. By [29] in case
that X is quasi-compact and semi separated, we can say that F contains a generator of Qco(X).
In addition, by [9, Section 4] we see that (F ,F⊥) is cogenerated by a set. It is easy to check
that F is closed under kernels of epimorphisms, so by Corollary 4 we have the following:

Corollary 6. There is a model structure on CN (Qco(X)), where weak equivalences are homol-
ogy isomorphisms, the cofibrations (resp. trivial cofibrations) are the monomorphisms whose
cokernels are dg-flat N -complexes (resp. flat N -complexes). The fibrations (resp. trivial fi-
brations) are the epimorphisms whose kernels are dg-cotorsion N -complexes (resp. Cotorsion
N -complexes). The associated homotopy category is DN (Qco(X)), the derived category of N -
complexes of Qco(X)

Remark 4. We can also apply Corollary 3 to construct a model structure on CN (Qco(X)),
whose homotopy category is DN (Qco(X)), the derived category of N -complexes of Qco(X). We
can also proceed in the same way and apply Corollaries 3 and 4 by considering F the class
of (non-necessary finite dimensional) vector bundles and the class of ‘restriced’ Drinfeld vector
bundles (see [8] for definition and terminology) on suitable schemes. These classes are not in
general closed under direct limits and in all cases we get model structures compatible with the
usal tensor product of N -complexes.
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