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Abstract. Let ¢ be a non-zero integer, a set of m distinct positive integers {ai,as,...,an}
is called a D(¢)-Diophantine m-tuple, if a;a; + ¢ is a perfect square for any distinct 4,j €
{1,2,...,m}. Let P, denote the n" Pell number, defined by the recurrence relation P, =
2P, + P,,_1, with initial conditions Py = 0 and P; = 1. This paper investigates the extendibility
of the pair Pa,14, 4Pa, 12 to a D(4)-Diophantine triple by another Pell number.
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1 Introduction

Let [ be a non-zero integer, a set of m integer elements {a1,as,...,an} is called an integer
Diophantine m-tuple for non-zero integer ¢ with property D(¢), or alternatively a D({) m-tuple,
provided the product of any two different elements increased by /¢, a;a; + ¢ where i # j, is an
integer square.

The Pell numbers are defined by the recurrence relation:

P,=2P, 1+ P, 5 with initial conditions Py=0, P =
The n'* term of this sequence is given by:

1 n n
Pn:ﬁ((l—i-\/i) — (1 —=V2)").
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Herein we will denote o = 1 + /2, which gives the following representation:

k —k k k  —k

- — (-1
P 4 po (DT

a—a 22

The Pell numbers satisfy an analogue of Catalan’s identity:

where @=1-—2. (1)

Proposition 1. (Catalan’s identity) For positive integers n and v with n > r, the Pell numbers
satisfy
P:_P, Py, = (—1)" P

Proof. Using (1),

2 _ _ _
a —a” Q" — @t QT — @t
a «

o — oa—« oa—a
_ (an _ a’n)2 _ (an—r —at r)(an—i-r _ an—&-r)
B (a—a)?
o —am\?
= (a@)"™"
(o) < o —a )
- p2
= (_1)n " PT :
O
The Pell numbers also satisfy the following bounds in terms of a:
Lemma 1. o" 2+ 1< P, < a" ! forn > 2. The first inequality is strict for n > 2.
a” —a"
Proof. For P, < o" ! start with P, = —————, multiply top and bottom by a” and use
oa—
(ca)"=(=1)",
a —at a2n _ (_1)n (X2n _ (_1)n a2n +1
P = — — an—l n—1 — an—l
n a—a antl 4 gn—1 o2n 4 q2n—2 o2n 11

For a" 2 +1 < P,, equality when n = 2. For n > 2, use induction. The inequality is strict
when n = 3 and n = 4. For k > 4, assume that a*~2 4+ 1 < P,. Then

Pryy —1=2P.+ P, 1 —1
>2(P,— 1)+ (Pro1 — 1)
> 2aF72 4 b3

= (2ot +a Pk !

= of71,
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The following is the main result of this paper:

Theorem 1. Let n be a non-zero integer, the set { Pop+ta,4Ponyo2, Pr} is a D(4)-triple exactly
when k = 2n.

To prove this theorem, we need to establish that k£ = 2n is the only solution which will make
{P2ny4,4Pon 12, Pr} a D(4)-triple.

2 Preliminaries

We state several results that will be required in order to prove Theorem (1). The following
result gives a general solution to a certain class of Pellian equations. It is a generalization of a
result from [7], and is used and proven in [4].

Lemma 2 (Lemma on Pellian equations). Let £ be a non-zero integer and {a,b,c} be a D(¢?)-
triple, that is there exist positive integers r,s,t such that

ab+ 02 =12, ac+ 02 = s, be + 02 = 2.

Suppose that a < b < a (4 + Z%). If one of the following conditions holds:

e (=2

o 0 is an odd prime and ¢ | ab, or

e laorf®|b
then all the solutions of the equation

at® — bs® = (*(a — b)

have the form

tva + sVb = (£lv/a + VD) (W) ., wveZ'.

Two results for lower bounds are stated below. The first is due to Matveev [6] and the sec-
ond is due to Laurent [5]. Both of these theorems require the definition of absolute logarithmic
height which is defined as follow,

Definition 1 (Definition of absolute logarithmic height). Let v be an algebraic number with
minimal polynomial over Z is a]_[;lzl(x — 9, where v, 42, ..., 4% are the conjugates of 7,
including . Define

d
1 |
h(y) = - | loglal + > log (max {1, ]7[})
j=1
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The following theorem is due to Matveev from [6].

Theorem 2. Let N be a non-zero natural number and A be a linear form in logarithms of

multiplicatively independent, totally real algebraic numbers oy, oo, . .., an with non-zero rational
integer coefficients by, ba,...,bn. Let h(a;) denote the absolute logarithmic height of oj. Let D
be the degree of Q(an,az,...,an) as a field extension over Q. Define the numbers A; and E so
that

A
A; > max {Dh(o;j),log(|aj])}, 1 <j <N and E= max{l,max{|bj|,AJ;1 <j< N}}
N

Then,
log(A) > —C/(N)CoWy D3,
where,
8
C(N) = W(N +2)(2N + 3)(4e(N + D))V ¢y = log (" NN D2 log(eD))

Wo = log (1.5¢ ED log(eD)) Wo = log (L.5eED log(eD))

The following theorem on linear forms in two logarithms is due to Laurent [5].

Theorem 3. Let v1 > 1 and 2 > 1 be two real multiplicatively independent algebraic numbers
bi,by € Z not both 0, and A = balog(yz) — b1 log(~1). Let D = [Q(y1,72) : Q. Let

| 108;(%') ‘ 1 . / |b1’ |b2’
- > . — > .
h; > max {h(%), , for i=1,2, b +
then

: 30 \?
log(|A]) > —17.9.D4 (max {10g(b ) +0.38, o 1}) hihs.

The following result due to Dujella and Pethd [3] is a variation of a method firstly used by
Baker and Davenport in [1] to reduce the bounds to a more manageable size.

Dujella’s original lemma in [3] had the requirement that ¢ > 6M (M is a positive integer).
His lemma had two parts, and this requirement is only necessary for part (b) of his lemma,
which is not needed in this paper.

Lemma 3. Assume k and p are real numbers and M is a positive integer. Let p/q be the
convergent of the continued fraction expansion of k such that ¢ > 1, and let

e = gl — M.||xq||
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where ||.| denotes the distance to the nearest integer. If € > 0, then there is no solution to the
inequality
0<jr—k+p<AB™

in integers j and k with
log(Ag/e)

— T << M.

logB — )=

3 The D(4)-triple

Using Catalan’s identity, it can be shown that { Poyy4,4Pop 2, P} is a D(4)-triple, so it remains
to show that k = 2n is the only solution which makes { Py, +4,4Pon+2, Pr} a D(4)-triple.

If {Popta,4Pop o, Pr} is a D(4)-triple, then from some integers X and Y we have
PoiaPo+4=X% and 4Py, 9P, +4=Y2
We can eliminate Py to obtain the Pellian equation:
AP 12 X? — PopigY? = 4(4P2p 2 — Papya)

Now apply lemma (2) with the quantities a = 4Pa, 42, b= Papya and £ = 2. Since
4Poyt9 < Popya < 20Ps, 42, this equation has general solution:

v
Y/ Popgq+ QXM = (:l:2\/P2n+4 + 4\/P2n+2) (P2n+3 + 4/ P2n+2P2n+4) ,U € VA (2)

Define the sequences Vj, U; by:

J
Vi +Uj\/ PopyoPopyg = <P2n+3 + P2n+2p2n+4> . (3)

This result in:
Y/ Prnst + 2X/Pansz = (£2y/Ponsa + 4V Ponsz) (Vi + Upy/ PrnsaPanea)
= (£2V; + 4Pon12U;) \/ Pona + (£2U; Pana + 4V5) / Poga
which gives the expressions for X; and Yj:
X =X =2V £ P U and Y =Y; =4P,2U; £2V; (4)
Thus
(A) Pop 4Py +4=X?= (2Vj + Po,14U;)?,

(B) 4Py oPe+4=Y2 = (4P, oU; + 2V})2.
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Subtracting (B) from (A) gives
Py = (Papgs + 4Poni2) Uj2 +4U;V; (5)
We call the resulting expression C;E:
C]:l: = i4U]V3 + <P2n+4 + 4P2n+2) sz

The goal is to find the values of j such that C;—L results in a Pell number, that is to find a pair
of integers (j, k) such that P = C']i.
Note that when j = 1 we have:

Cy = 4Py 3+ Popia+ 4P 12
= Papyo — 2Pont1 — 4Pony3 + Ponta + 3Pont2 + 2Pop
= Pont2 — 2Pon+1 — 2Popy3 + 4Poni2 + 2Pon 4
= Popyo —2Pon41 — 2Popy3+ 2P 43
= Pay,

and also Py,46 < Cf < Papy7, which follows from:

Cfr = 4Pyyi5+ Popya + 4Pon o
= Poni6 +4Pony3 — (Pante — Panya) +4Ponyo
= Pony6 + 4Pon+3 — 2Papy5 + 4Pon2
= Pany6 + 2Pon+3 + 4(Pant2 — Panta)
= Popt6 — 6FPon+t3
< Ponte + 10Pon43
< Popye + 3Pons3 + TPopta
= Popy6 + 3Ponys5 + Ponya
=2Py16 + Ponys
= Popy7.

So Cf is the already-known solution of & = 2n and C}" cannot be a Pell number.
From equation (2) we can obtain recursive forms for X; and Yj:

Yit1v Ponta + 2Xj11v Pon2 = (Yj/ Pana + 2X5v/ Pant2) (Ponts + / Pany2Ponya)
= (YjPont3 +2X;Poyio)\/ Ponya + (Y Popya + 2X Popy3)/ Ponyo.

Which gives 2X;,1 = 2X; P23 + Y, Py 4. Therefore,

1
Xjr1=XjPopys + Yj§P2n+4
= (2V; £ PonyaU;j) Pony3 + (2Pop2U; £ Vj) Popyy
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= 2V Pony3 & PonyaPoni3Uj + 2P 0Pop 4Uj £ Vi Poyyy
= (2Pan43 £ Popta)Vj + (2Pony2 £ Pony3) PopyaUj
> 2Vj + P2n+4Uj
= X*
i

So we have that Xﬁrl > X;E and X;" > X; > 0. We are interested in solutions (j,k) that
satisfy
Popya P = (in)Q-

When j = 1 we have Psy, 4P, = (X7 )2. For any solution (j, k) with j > 1,
Py 4Py +4 = (X;[)2 > (X])? = PopyaPon +4

which implies that P, > P»,. Based on this, we conclude that any solution different from
(4, k) = (1,2n), would have j > 2 and k > 2n.

Define 8, = Pop13 + 1/P22n+3 —1, then 3,1 = Pop i3 — w/P22n_~_3 — 1, so from (3),

Vi + Uj\/Pont2Ponya = 32 i g=i J_ 3
i+ Ui/ Pang2Ponya = B N V‘:ﬁ,ﬁ-ﬂn and U, = Bn — Bn
V} — Uj\/P2n+2P2n+4 = ﬁgj J 2 2v P2n+2P2n+4

So C;E can be rewritten as

2j —2j 2j —2j
- + Y —2
Ct =+ B - + (Ponya + 4P2n+2)%

J VPon2Pon 4 4P 12 Poyy4
27 (4P2py2 + Ponia) B _ E6 2 (Panga + 4Poni2)Bn

+
VPon2Pon 4 4Pop 2 Pont4 VPon2Ponia 4Pop 2 Pont4
_ Ponya+ 4Py

2Py 12Ponta
B < +1 Popya + 4P2n+2> 9;  Ponta+ 4Py +1
- \VPonr2Pania - APoni2Pania 2Poni2Ponts N Pani2Ponta
Poyyg + 4P 2
4Popy2Ponya
Define v = £1 PoncatdPonts o that the problem may be expressed as finding

+
vV Pan+2Pon44 4Pont2Ponta

j > 2 and k > 2n which satisfy the equation:

Popyg+ 4P 0 of —ak

+£52j _ + 3% = ——  where, a=1+V2. 6

2Popy2Ponta

4 A linear form in three logarithms
From (6) we find that

| <P2n+4+4P2n+2 _a > sy
VB 2V2  ANERY VB

2Py 2Pon 4 2v/2
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The left-hand side of equation (7) can be written as follows:
1 aF _1 Bﬁzj %
v B 2v/2 2V2 X v
log(’gn ZjXO‘k)
=1—e \2V2xm
— 1 _ plog(Ba P ak)—log(2v2yi)
-1 ef2j log(ﬁn)Jrklog(a)flog(%/i'y,f)
— 1 — ¢ (2410g(Bn)—klog(a)+log(2v27))
=1- e*A,
where A is the following linear form in three logarithms:
A = 2jlog(B,) — klog(a) +log(2v/27;,).

It will be established in lemma (6) that A is positive. We will be able to get an upper bound for
the left-hand side of equation (7), which will give us an upper bound for A using the following
lemma.

4
Lemma 4. For0 < x < 3 the inequality 2(1 — e™%) > x is true.

Proof. Using the Taylor series of the logarithm, we have:

X x > xk > xk T flf2
~1 (1——):— AR P Y 7
U T 2+k§_:22kk ,;22“2 2 ie—n ="

which is equivalent to 2(1 —e™) > x. O

Using theorem (2), we will be able to get a lower bound for A. Once we have an upper and
lower bound for A, we will be able to compare these two bounds to obtain the following bound
for n and j :

Proposition 2. If equation (5) has a positive integer solution (j, k) with j > 1, then
§ < 1.92441 x 10'2(4n + 7) log(395 (4n + 7)).

To get an upper bound for 1 — e, we will start by finding the bounds on . Using the
identity
2 4 2
:l:xiy + y4;'2y€ = (% + i)Q we have

1 1

+

VA =+ + .
n VP4 2y Ponyo
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Lemma 5. v satisfy the following:
0.02081 2" 2 < v~ < 0.02093a"2""2  and 2.36395a"2""% < 4T < 2.3651a" 2" 2.

Proof. We have

1 1
+
Vit =+ +
n VPonta  2v/Papyo

1 1

\/(a2n+4 _ a72n74)/(2\/§) 2\/(a2n+2 _ a72n72)/(2\/§)

1 1
= 23/4q 7! (i + )
a1 —a =8 = 2\/1 - q—in—1

From the Taylor series of (1 — z)~1/2), for 0 < z < 1 we have

14+ tr < S P O S N (.
'S Aoz T2t Tg” o \1-2
SO 4 8
1 1 1 1 a4n—
- 1 - —47’L—8 - _ 1 - .
(6] ( T 20& > < av'1 _a74n78 < o ( + 2(1 _a4n8)>
Hence,
1 1 1 1 1
Similarly,
1 1 1 1 o in—4
05<=(1+=-aq 41 “Vi—at 4t (14— 0.50021665
<2<+2a ><2 Q <2<+2(1—a—4”—4)><
We then obtain bounds for /~*
1 1
0.085781154 < 273/4qn 1 [y = — + < 0.08600309
n aV1—a =8  2\/1 - qin—14
1 1
0.91421356 < 27 3/4a™ 1y [yt = + < 0.941435496

av1l —a4n=8 = 24/1 — q—4n—4

So we get the following bounds:
0.02081a "2 < 4~ < 0.02093a2""2  and  2.3639950 "2 < 4F < 2.36514a "2
O

With this we can show that A is positive and obtain an upper bound for it.
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Lemma 6. 0 < A < 404683, % for j > 2.

Proof. Firstly, we show that A > 0. A = log(?ﬂyﬂfﬁgja*k) > 0 if and only if 2\/5756,2#04*’“ >
1. For an argument by contradiction, suppose this is not the case. This implies that

ok 2j —2j
2
ﬁQJ< and {_Bn _ﬁ"_ (8)
\/5 @ 771 Tn
this gives
1 14
<717 e because Pyy,1q4 < TP
Pypyo 11 <2P2n+2 P2n+4) 2n+ 2n+2
_ <P2n+4 + 4P2n+2>
11\ 2Pny2Ponta
—4< 4 B2j+<iﬂ2j_ ak>)
r\2y2 " KNG
14

2, O
< (w+m)

14 4 2 22 ok —k
<
< 11( B 8 esincea” < «
14 o 4
< J
< 116 <7n+8 n)

which we apply below, along with the bounds on 7 from lemma (5)

) . 9 .
P23n+2pgn+4 - (P2n+3 - 1)]

< By
14 1
< ﬁPZnJrQ <’Yn + 8‘)
< Popio(3.01a72"72 4 7.640°"2) e by lemma(5)
a2n+3 4 o —2n-3
< P2n+2 -21.26 ( 2\/§ >
= 21.26 Py 12 Pop 13 e by equation (1)

< 21.26P2n+2P2n+4.

which implies that 21.26 > P2Jn JiQPQJn Ji4 > P,Ps = 12 - 70, which is a contradiction.
We now estabhsh the upper bound for A, firstly by finding an upper bound for

—A 1
l—e _1—WW
k
o 1
0<1l— ——F—— e since A >0
1= E

1 <P2n+4+4P2n+2 a” >
~EBY \ 2Pumi2Pania 22
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1 <P2n+4+4P2n+2 1 >
v 2j 2Py 19Ponya 24/20F

1 5 1
< : -
VB <2P2n+2 2\/§a2n+1>

L ( b 1 ) by 1 2)
— _ [} emma

27 % 01208102041 \ 2P | 2¢/2a20+1 Y
2023

%

n

U1

-

Note that 1 —e™® < 3 implies that 2 < In2, so by lemma (2) we must have
A< 2(1—e ) < 40468, 7. O

We will now work towards using Matveev’s theorem (2) to get a lower bound for A. To apply
this theorem, we will take (v, a9, 3) = (Bn, @, 2¢/27F). We will need to find the degree D of
Q(au, g, a3) as a field extension over Q, and to establish that (aq, g, ag) are multiplicatively
independent, that is, for p,q,r € Z, that ofadal =1 if and only if p = ¢ = r = 1. In order to
do this, we will need to establish the following result:

Lemma 7. Py, oPs, 14 is neither a square nor 2 times a square.

Proof. The fact that Poyi9Po,14 is not square follows simply from Catalan’s identity:
PopioPopia =Py g —1

as we know that consecutive integers will not both be squares. For the sake of contradiction,
suppose that P, 9Psn4 = 2Y? for some integer Y. Catalan’s identity gives:

X2 _2v?=1 where, X = Pa,4+3 for somen € Z. (9)

We find the fundamental solution (X,Y’) = (3,2), and with this we obtain the general solution
X;+Y;V/2=(3+2V2)7, jeZ*. With this, we can obtain the general solution for X:

X+YV2=3+2V2) . X_(3+2\/§)j+(3—2ﬂ)ﬂ'

X-YVv2=(3-2v2y — 7 2

Noting that 3 + 2v/2 = a2, we have X; = 0‘2]*'27“72] Thus we have

02 4 o2 g2nt3 4 o223

2 - 21/2

Xj =Pz =

Following from this result,

O5271—5—2 +a—2n—2 a—1a2n+3 +a—2n—3a
2 N 2
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La2n+3 + %Q—Qn—S + (a—l _ L)OZQTH-S + (Oé 1 )a—Qn—S

< V2 V2 V2 V2
- 2
507 4 S5a TP - 0.29070 4 171720
<
2
_ a2n+3+a72n73
2v/2
2j —2j
- % = 2m+2<2j
a2n+3 —I—Oé_2n_3 . a2n+3 +a—2n—3
2 2V/2
a® + ™
=——— = 2 <2+3

Therefore, 2n + 2 < 25 < 2n + 3, which means that j cannot be an integer, so equation
(9) does not have a solution. With this, we conclude that Py, 49Ps,+4 is neither a square nor 2
times a square. O

With this fact established, we can take Q(av, az, a3) = Q(v/d, v/2) where d is the square-free
part of Pa,1+9Pa,+4. This field extension has the basis {1, \/Q, \/&, V2d} as a vector space over
Q, so its degree D is 4.

Proposition 3. a1, aq, as are multiplicatively independent.

Proof. Suppose, to the contrary, that there exist p, ¢, r € Z, not all zero, such that ofadaf = 1.

By lemma (7) it follow that Q(v/d) is a quadratic field different from Q(v/2). Since 4*, 8, €
Q(V/d) for all n, by closure under multiplication we have:

By = (2V2)™" ofal € Q(VA).

However, by rearranging ofada’ = 1 we find that (2v/2)"afa} = (2v/2) "ay ?, and the right-

hand side of this equation is always irrational in Q(y/2) unless ¢ = 0 and r is even (in this case

r is rational). Thus, letting ¢ = 0 and » = 2k we have that oal_pagk = 1, or moreover that
—-p 2k

Oél — Oé3 .

p 2k

Note that a; and 041_1 are both algebraic integers, so o; © is an algebraic integer, and thus o3
must also be. However, the minimal polynomial of oz%k has constant term:

4k
4+ —\2k __ [ Panta—4Pony2
8y 7)™ = (\/§P2n+2p2n+4) < Lforall n.

p

The constant term is never an integer, so o " is not an algebraic integer a contradiction.

M)4<1
)

To see that the constant term is always less than 1, the inequality 0 < ( 7
2P2p 1 2Pon 44

can be verified by noting Pop 14 — 4Popt0 = 2Pop 11 + Popio > 1, and

(Ponta — 4Pon12)® = 16P3, 5 — 8Poni2Ponga + Py, iy
< 16Pon+2Pop 4 — 8PonioPopia + Py
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=8P 12Ponia + P34
< (P2n+2P2n+4)2 + P22n+4
< (2P2n+2Poni4)?

2
= <\/§P2n+2p2n+4) .

4k
. . : Ponya—4Ponyo
Rearrange this and raise to the power 4k to obtain ( VT P2n+4> < 1. O

From lemma (1) we now that a*=2 +1 < Py < o*~!. With this fact we find that

Bn = Panys+ 1/ P25 —1<2Py43 < 20" < o® 2 and

Bn = Ponys+ /P25 —1> 2Py 5 — 1> 227",

With this we can prove the following fact which will be useful when applying theorem (2).

(10)

Lemma 8. k < j(4n + 7).

2
Proof. First note that % > 1—16 + (%)2 > % + ( P2i+2) . Multipliying by (PspnyoPonyi4)? shows
that

1

1
§(P2n+2P2n+4)2 > TG(P2n+2P2n+4)2 + P22n+4'

Also note that 24-16 < 1270 = Py P < Pop 9 Pop g implies that 24 Poy 49 Popg < (%P2n+gpgn+4)2 .
Therefore,

(P2n+2 + 4P2n+4)2 = 16P22n+2 +8Pont2Ponta + P22”+4
< 16Psy12Popia + 8PopioPonia + Poy iy
= 24P2n+2p2n+4 + P22n+4

1 2
< <4P2n+2p2n+4> + P22n+4

1/1 2
< 3 <4P2n+2P2n+4) .

Which means that Popyq 4+ 4Pop 10 > %P2n+2P2n+4, using this we establish the result:
b1 < 3ak2
<3P, e by lemma(1)
= +12U;V; + 3U7 (Panga + 4Pon2)
< 12U;V; + UJ‘2P2n+4P2n+2
2 2
< (Vi + Uj\/Pant4Pon12)? — v e because 12 < 21/PyPs < 21/ Pap2Pan 14
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< (V; + Uj\/PansaPoni2)?
= g%
< o2i(2n+3)

Therefore, k < j(4n + 7). O

We have everything needed to apply theorem (2), to get an upper bound for —log |A|. From
lemma (2) we have the lower bound 2log 3,, —log 4046 < —log |A|. Combining these two bounds
will allow us to prove proposition (2).

Proof. (Proof of Proposition (2))
To prove this, we will apply theorem Matveev’s (2) to the linear form in logarithms
A = 2jlog B, — kloga + log(2v2yF),
with the following quantities as specified by theorem (2):
N =3 D=4 by =25 bo = —k by =1

=0, ax=a  az3=2V2y,.

We have already established that D = 4 and «aq, o, ag are multiplicatively independent.
Since a1 and g are both algebraic integers with degree 2 and their conjugates are less than 1,
their absolute logarithmic heights are:

1 1
h(ay) = 5 log B3, and  h(ag) = §log a.

For ag, note that ;" and ~,, are roots of the polynomial

Py + 4P2n+2> vt <P2n+4 — 4P 40 > 2

+ - _ .2
( Tn )( Tn ) < 4P2n+2p2n+4 4P2n+2p2n+4

Clearing the denominators, we find that the minimal polynomial of 7 has constant term
16P5,.,P}, 4
Since |y;5| < 1 for all n, and Py < o/2%/2 for positive even A, we have

1 1
h(vi) = 5(16P22n+2pz2n+4) = log(4Pony2Ponta) < (4n + 6) log(a) + 108;(5)-

Thus we can take
h(as) = h(2v2y;)
< h(2V2) + h(y3)

3 1
<3 log 2 + log(4n + 6) log(«) + log(§)
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3 1
<3 log 2 + log(§) + log(4n + 6) log (o)

< log(a) + (4n + 6) log(av)
= (4n + 7) log().

Since we need A; > max{Dh(«a;),|a;|}, where D = 4, we take
A1 = 2log By, As =2log As =4(4n+7)log .
Note that the requirement that As > |log | is met:
‘log (2\/572:)‘ < ’10g (2\@ x 0.0208104_2"_2)‘
< ’log (2\/5 X 0.02081074(4”*4))‘

< ’10g (oz_4(4"+7)) )

=4(4dn +7)log av.

For FE (see theorem(2)), we have

A . b1 A1 [ba|As B3| A3
E—max{l,max{wj\A;:ISJSB}}—maX{l,maX{ A 0 As 0 As

e d 7108 6n k ]
N (4n+7)loga’ 2(4n +7)’

< max {‘;, %, 1} e by equation (5) and lemma(6)
<jdn+7).
To apply theorem (2), consider the quantities
C(3) = ; 5-9-(16 - exp)? < 6.45 x 10® Co = log (¢*°23°5(16) log(4e)) < 30
Wo = log(1.5¢E - dlog(4e)) < log(39j(4n + 7)) = (2108 Sn) log(2log a)(4(4n + 7) log a).
Therefore,

27 log 3, — log 4046 < — log |A| e by lemma(6)
< C(3)CoWoD*Q
< 3.8481 x 10'%(4n + 7)(log B,) log (397 (4n + 7)),

which implies
§ < 1.9241 x 10" (4n + 7) log(397 (4n + 7)).
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5 Linear form in two logarithms

Firstly, define a new linear form in three logarithms Ag, by substituting (j, k) = (1,2n) into A:

Ao = 2log B, — 2nlog o + log(2v/27).

. . . . 2 _ o _ 1
By the easily verifiable identity = + v« =2z (1 VD) \/:627_1)), and that
2n+3
Py i3 = 042\/5 (1 + a4}L+6) , we find that
Bn:P2n+3+\/P22n+3*1
1

= 2P2n+3 1-

2Py 3(Pongs + /P35 — 1)

1 onys ( 1 ) < 1 >
= —« 1+ 1—-—].
\/§ aAn+6 2P2n+36n

Let,s deﬁne 6” = (1 + a4711+6) (1 N 2P2n::—3ﬁ77«>7 we then Obtain

A—Ay= (2j log B, — klog o + log(2\f2’yf)) — (2 log B, — 2nlog o + log(2\[2’y,jf)>
=(2j —2)log B, — (k —2n)log o

_(2j-2) <10g (\2) +(2n+3)loga + log 5n> (k- 2n)loga

1
=(2j —2)log (\/§> +((2/ —2)2n+3) — (k—2n))loga+ (2j — 2) log 0y,
If we define the linear form in two logarithms:
A = Kloga— (5 —1)log(2) where, K =(2j—1)(2n+3)—k— 3.

This means that
A1 =A- AO - (Qj - 2)10g5n

Which, by the triangle inequality, implies that [A1]| < |A]| + |Ao| + (25 — 2)|log dy|.

In this section the task is to find an upper bound for |A;|, and then Laurent’s theorem (3) gives
a lower bound. Combining these bounds with the result from proposition (2) will allow us to
get the following bounds for n and j:

Proposition 4. If equation (5) has a positive integer solution (j, k) with j > 1, then

j <9.19 x 10*® and  n < 20358.

We already have an upper bound for A from lemma (6). In order to get an upper bound for
|A1], it remains to find an upper bound for |Ag| and for |logd,|. We will begin with |Ag].
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Lemma 9. |Ao| < 159113, 2.
Proof. For now assume n > 2. Substituting (j, k) = (1,2n) into (7) we obtain

1 o® 1 Puig+4Psio 1 a 1
ViB22v2 B2 2PanioPonya

+ H—2
- Vi B ”- (11)
YiB22v2  mpr

Observe that 1 — e—20 — 1 — e~ log(B2a=2"2v28™) _ 1 _ ﬁ%, the left-hand side of the above
equation. This part of the proof is split into two cases: "

1—e*A°§0 and 1—e M9

e Case 1: If 1 — e 80 <0, then

1 a2n
0<-—— Y 4
VB2 2v/2
a?n + :t52
Vi B2 VEB2 2Pyi2Ponia
Bo2vE s
<+t
Vo B
1 + +
BE T
v B
- g + 2.365614a 7202
320.020810 272
113.654 + 288.646a4n+4
B
113.654 + 288.646a4n+4
45%0/171
< 2480432

Note that 1 — e™ < 0 implies z < 0. It follows in this case that
Ao = Ag < e™™ —1 < 24803, 2.

e Case 2: If 1 — e 80 > (, then

1 a2n
0<1l— —F—-——+
YiEB2 2V/2
azn 4~ 5_2
1 Puat+4Puia 35 " Tt
NEB2 2Pany2Popta yiEp2

< 1 ( 1 L 2 )
iEB2 \2Pon+2  Ponta
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< (omms)
B2 \ 2Poy 4o
< 70182

L
5

Note that 0 <1 —e™% < % implies that 0 < x < In2, so by lemma (4) we must have
|Ag| = Ao < 2(1 — e720) < 14023, Y.

If n =1, then

|Ao| = 210g(29+1/292 — 1)—2log(1+v/2)+log (2\@ < < 4.7326 < 159118, 2.

1 1
to b ——
V70 NE))
in any case, we have |Ag| < 159115,,2.
O

To find an upper bound for |log d,|, note that for 0 < x < % and 0 < y we have the following;:
—log(l —x) <2z and log(1+vy) <.

Using this and the bounds from lemma (1) and equation (10), we obtain the bound for |log d,|:

1
log|1l— —— ||+
& ( 2P2n+3ﬁn> ‘

Using the bounds for |Agl, |logdy,|, and |A|, we prove the following result:

1 1 1 18

|log | < log <1 + a4n+6)‘ < Foyamn T 2076 < 2qan 52 adni6 <~ gdnts

Lemma 10. |Aq] < %.

Proof. Bringing together [Aq] < 404643, |Ao| < 159118, 2 and |6,| < %, we get:

[A1] < JA]+ [Ao] + (25 — 2)|log 0n|

—9; _ . 18
< 40466, % — 159115, + (25 — 2)—ors
4046 15911 . 18
(2a2n+1)2; + (2a2n+1)2 +(27 - )a4n+6
7j + 29074
adn+6

O]

Now, using the theorem (3) due to Laurent on linear forms in two logarithms, we can prove
proposition (4).
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Proof. (Proof of proposition (4)) We will apply theorem (3) to
A = Kloga — (j —1)log(2).

We have,
D=2 v =2 Yo = bp=45—1 by = K.

Also we take hy and hg as shown below,

h1 =log(2) > max {h(%)a log(n1) 1 } = max {102;(2), log(2)’

-]
S|

By lemma (8),

(5 — 1)1og(2) + (7 + 29074)q~4n—4

K< < 0.7945 + 27.799.
log(a)
And because o) b "
bl b2 . k? . /
L BT e Oy | 1.573 19.0523 =0'.
Dhs " Dy~ U T D i0p < 1O

Applying theorem (3) we obtain the bound,

log |Ay| > —17.9 - 8log 2 - (max {log(1.573; + 19.0523) + 0.38,15})%.
And from lemma (10) we have the bound,

log |A1] < log(75 4+ 29074) — (4n + 4) log a.
Combining these two bounds yields
n < 10.279 (max {log(1.573j + 19.0523) + 0.38,15}) + 0.104 log(7j + 27074).

If log(1.573;5 + 19.0523) + 0.38 < 15, then j < 2.81554 x 10°. Otherwise,

n < 10.279(log(1.5735 + 19.0523) + 0.38)2 + 0.104 log(7j + 29074).

In proposition (4) we found the bound j < 1.9241 x 10'2(4n + 7)log(39j(4n + 7)). Bringing
these two results together, we have

7 < 1.9241 x 10 (4 (10.279(log(1.573; + 19.0523) + 0.38)% + 0.1041 log (75 + 29074)) + 7)
x log (39 (4 (10.279(log(1.5735 + 19.0523) + 0.38) + 01041 log(7j + 29074)) + 7)),

which implies j < 9.19 x 10'® and therefore n < 20358. O
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6 Refining the bounds

In this section, the bounds on n and j are improved before Baker-Davenport reduction wich will
be applied in the next section.

Lemma (10) gives

. 7j+20074 log2 K 75 + 29074
|KlOga—(]—1)lOg2|<W divide by j—1 loga_j—1‘< (j—l)oz4"+4logo[
Assume that )

7 + 29074 1

< .
(j — Datrtiloga ~ 2(j —1)2
Then by inequality above,
log 2 K < 1
loga  j—1| 2(j—1)%

log 2

oga” The 38" convergent

By Legendre’s criterion,j%1 is a convergent of the continued fraction of
log 2
log

of continued fraction of is
7486685157270191075
9519719241472897252"

Its denominator is larger than the upper bound of 9.19 x 10'® established for 7, so

K
j—1
equal to the 38" convergent, nor any convergent that follows it. Therefore ]% is a convergent

By theorem on the continued fraction [2,8],

cannot be

log 2
loga®

that occurs among the first 37 convergents of

we can use the denominator of the 37" convergent

506355234091671513
9519719241472897252’
to obtain the lower bound
log 2 B ‘K > log 2 - 506355234091671513 < 1.00 x 103,
logae j—1 loga  9519719241472897252
Combining these bounds we obtain
77+ 29074 29200

10738 < < :
(j— Dadn +4loga ~ a*t4log o
which implies that n < 27.

Since we know that 2= is the 7" convergent of 252

qr loga?
log2 p, 1
loga  gr| = (ar+1 +2)q2
and a,y1 is the (r + 1)%, partial quotient of llggi Therefore, since ]% is among the first 37
convergents of llggi, we have for 2 < r < 37 that
log 2 K 75 + 29074

, 1
22y 287 { (ar1 +2)(j — 1)2} loga  j—1| > (- Datntiloga’
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Since max{a,4+1 : 2 < r < 37} = agy = 100,
«Q > 2 — J + 4)(log o

In either case, a®™t4 < 9 x 10°j2. This leads to the following result.

Proposition 5. If equation (5) has a positive integer solution (j,k) with j > 1, then
n < 0.568log j + 3.889.
Combining this result with the bound for j found in proposition (2), we get
§ < 1.9241 x 10™(4(0.5681log j + 3.889) + 7) log(39;(4(0.5681 log j + 3.889) + 7))

which implies j < 9.21 x 10! and n < 25.

7 Baker-Davenport reduction

To prove theorem (1), it just remains to apply Baker-Davenport reducation described in lemma
(3). We know from lemma (6) that

0 < 2jlog B, — klog a + log(2v/2+F) < 40465, %,
So we can apply lemma (3), with the quantities

_2logf, _ log(2v2E) 4046

— — B = 32
logar ’ log o loga’ Fn
M =921x10", 1<n<24.

We again use procedures written in Maple™ to carry out the reduction for each 1 < n < 24 in
the case of v, and the case of v, .
In each case we find that j < 6, which implies n < 4.

Proposition 6. If equation (5) has solutions (j, k) with j > 1, then j <6 and n < 4.

Applying this result to the equation P, = C’;E, we can prove theorem (1).

Proof. (Proof of theorem (1)) By testing each case one-by-one, we find that no combination of
nand j with 1 < j <6 and 1 <n <4 result in C;E being a Pell number. When j = 1, we have
already seen that C| = P», and Pauq6 < C’fr < Popyr. O
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