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Abstract. Let M be a nilpotent quotient of a free monoid, satisfying the monoid ring R[M] in
the McCoy’s theorem for any semiprime or right APP ring R is proven. Also, it is shown that
R[M] is right McCoy for any reduced ring R.
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1 Introduction

Let R be an associative unitary ring. In [16] Liu and Zhao introduced right APP rings as a
common generalization of right p.q.-Baer and left p.p.-rings. A ring R is called right APP if
rr(aR) is left s-unital for any a € R (i.e. for each b € rgr(aR) there is an x € rr(aR) such that
xb = b). Clearly, every right p.q.-Baer ring is right APP, and so the class of right APP rings
includes all biregular and all quasi-Baer rings. Recall that R is quasi-Baer if the right (equiv.
left) annihilator of every right (equiv. left) ideal of R is generated by an idempotent of R as
a right (equiv. left) ideal. Clark [2] defined quasi-Baer rings and used them to characterize
when a finite dimensional algebra with unity over an algebraically closed field is isomorphic to
a twisted matrix units semigroup algebra. Next, Birkenmeier et al [1] introduced the concept
of principally quasi-Baer rings. A ring R is called right principally quasi-Baer (simply right
p.q.-Baer) if the right annihilator of a principal right ideal of R is generated by an idempotent
of R as a right ideal. A ring R is called Baer (resp. left p.p.) if the left annihilator of every
non-empty subset (with cardinal 1) of R is generated by an idempotent of R as a left ideal.
Kaplansky [11] introduced Baer rings to abstract various properties of AW*-algebras and von-
Neumann algebras. A left p.p.-ring (Baer ring) R is right APP, by [4, Proposition 1].

According to Corollary 2.10 of [16], If R is right APP, then R is semiprime if and only if
rr(aR) C lr(a) for all a € R (rr(A) and ¢r(A) denote the right and the left annihilators of a
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subset A in R, respectively). Also, commutative APP rings are reduced, by [16, Corollary 2.11].
Moreover, [16, Theorem 3.8] it is shown that the right APP condition is a Morita invariant
property. Further, R is right APP if and only if the upper triangular matrix ring 7, (R) is right
APP if and only if the polynomial extension R[X] is right APP if and only if the Laurent ring
R[z,x71] is right APP if and only if the monoid ring R[S] is right APP, for any u.p.-monoid S
and a non-empty set of not necessarily commuting indeterminates X (see Proposition 3.6 and
Corollary 3.12 of [16]).

McCoy [17, Theorem 2] proved that if R is a commutative ring, then every polynomial has
a non-zero annihilator in R[z| if and only if it has a non-zero annihilator in R. But it was
shown in [22] that this result is not necessarily true for non-commutative rings. According to
Nielsen [19] a ring R is said to be right McCoy, if it satisfies the following condition.

Vf(x),9(x) € Rlz] fx)g(x) =0 = F0#ceR; flx)e=0.

In [19, Theorem 2] he proved that if R is reversible (i.e. for a,b € R, ab = 0 implies ba = 0),
then R is right McCoy. By changing his view from element to ideal, McCoy [18, Theorem 1]
proved that for an arbitrary ring R and any right ideal I of T = Rlz1,...,zy], if r7(I) # 0,
then rr(I) # 0. This interesting result is known as the McCoy’s theorem. Then it was shown
in [3, Example 3] that McCoy’s theorem does not hold for the formal power series ring R[[z]],
even if R is commutative. In [10], Hong et al under conditions and restrictions, extended Mc-
Coy’s theorem to the Ore extensions and the skew power series rings over non-commutative
rings. They also in [10, Theorem 3] proved that for a u.p.-monoid G, rgjg(A) # 0 implies that
rr(A) # 0 for any right ideal A of the monoid ring R[G].

In 2014, the following structure was introduced by the first author and Moussavi that in-
cluded many of the famous triangular matrix extensions. Due to the nilpotency of triangular ma-
trices, whenever the elements of the original diameter were all nilpotent, nilpotent monoids were
used in the proposed structure. Let F’ = (X)) be a free monoid with the basis X = {uq,...,u}
and F' = F' U {0}. Let M be a factor of F' which setting certain monomials in X to 0. We
say M is nilpotent if there exists some positive integer n such that aj---a, = 0, for each «;
in M. In this article, we assume that n is the smallest number with the said property. The
first author and Moussavi [6] considered nilpotent quotients of F' and studied the monoid ring
R[M]. The addition and multiplication operations of this ring are as usual. It will be useful to
pay attention to the fact that according to the structure of R[M], elements of this ring are as
follows

ae + E apug + § Oy oy Wy Uky + 7+ E Oy ook Uky * Wk _q s
1<k<t 1<k ko<t 1<k, skn—1<t

in which e is the identity element of F’. From now on, throughout the article, the subset C, of
R represents the set of all coefficients of a in R[M]. For more information about this structure
and the results obtained so far, see [5], [7-9], [12-15] and [20].

In this article, we introduce a wide range of monoid rings that satisfy the McCoy’s theorem.
In more detail, we prove that for any semiprime (hence prime) or APP (hence quasi-Baer) ring
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R, the monoid rings R[M] satisfy the McCoy’s theorem. Also, we show that R[M] is right
McCoy for any reduced ring R.

2 Results

Before stating the results, let us mention the following four subrings of the upper triangular ma-
trix ring T,,(R) are important examples of R[M] (for additional information see [20]). Therefore,
the results stated in this article are also valid for them.

For a matrix A = (a;) in T5,(R) we put:

Di:{ali,azprl,...,an,zurln} Vz’zl,...,n.
The four well-known and widely used subrings of T;,(R) are:
A . |Dy| =1}
D=1 Vi=1,...,[n/2]};

{
A(R {A
B(R,n)={A : |D;|] =1, |Dyn\{aim}|=0o0r1 Vi=1,...,m —1} (n =2m) and
T(R {A:|Dj|]=1 Vi=1,...,n}.

Clearly, T(R,n) = R[z]/(z™). Note that the common feature of all these subrings is that the
elements of them have a constant main diagonal.

Now, as a first result we prove that the monoid rings R[M] satisfy the McCoy’s theorem, for
any semiprime ring R.

Theorem 1. Let R be a semiprime ring. If rgiy(I) # 0, then rr(I) # 0, for any right ideal I
of R[M].

Proof. Let I be a right ideal of R[M] and

B =be+ E bruk + E bkoy o Uk Uy + -+ + E Okoy 1 Whey *** Uy
1<k<t 1<k ,k2<t 1<k, skn—1<t

be a non-zero element in 73 (1). Suppose

a=ae+ Z apug + Z Oy ko Uk Uky + -+ + Z Aoy okopyq Uky = " Uk _q
1<k<t 1<k, ka2 <t 1<k, o ybn—1<t

be an arbitrary element of I. So, a(R[M])f = 0, and hence for each r € R we have a(re)s = 0.
Thus, we obtain the following equations:

arb = 0; (2.1)
arby, + aprb = 0; 1<k<t (22)
arbkle + aklrka + akleTb = 0; 1<k, ko <t (2.3)

arby, koks + Wy TOkoky + Qky ko TOky + Al oy 7D = 05 1< ki, ko, ks <t
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Considering Eq. (2.1), we obtain aRb = 0. Now, by replacing r with rbr’ for any ' € R in
Eq. (2.2), we get a(rbr')bg + ax(rbr’)b = 0 and consequently ay(rbr’)b = 0. Thus apRbRb = 0
and hence a;Rb(RapR)b = 0. This implies that axRb = 0, since R is semiprime and hence
from Eq. (2.2) we find that aRb;y = 0 for all 1 < k < t. Next, by replacing r with rbr’ in Eq.
(2.3), we have a(rbr’)by, i, + ag, (rbr" )bk, + ag,k, (rbr’)b = 0, and so ag, ,rbr'b = 0. Therefore,
Ak, ky, RORb = 0. Hence ag, , Rb(Rag, 1, R)b C ag,k, RORb = 0. It concludes that ay,, Rb = 0,
since R is semiprime and consequently

arbg, i, + ag, 7bg, =0, 1<k, k<t (2.4)
Now, by replacing r with rbg,r’ in Eq. (2.4), we obtain
a(T’kaT'/)bkle + ag, (TkaT,)ka =0,

and thus ay, (7by,7")bg, = 0. Similar to the technique used so far, we obtain aRby, , = ag, Rby, =
0 for all 1 < k1,ke < t. By continuing in this way, one can see that pRq = 0, for each p € C,
and ¢ € Cg. Now, let ¢ be a non-zero element in Cg. Clearly ac = 0. Therefore Ic = 0 and the
result follows. O

Corollary 1. Let R be a prime ring. If rria(I) # 0, then rr(I) # 0 for any right ideal I of
R[M].

Next, we prove that for a right APP ring R, the monoid rings R[M] satisfy the McCoy’s
theorem. The following lemma that stated in [5], plays a key role in the proof.

Lemma 1 ([5], Lemma 2.2). Let R be a right APP ring and ay,...,am,b1,...,b, belong to R.
If a;Rbj = 0, for all © and j, then there exists ¢ € R such that b; = cb; and a;Rc = 0, for all
and j.

Theorem 2. Let R be a right APP ring. If (1) # 0, then rr(I) # 0, for any right ideal T
of R[M].

Proof. Let I be a right ideal of R[M] and

B = be + § bruy + E ki ko Uky Uy + -+ + E Oy by Whey " " Ukeyy_y
1<k<t 1<k, ka<t 1<k, sbn—1<t

be a non-zero element in (). Suppose

a = ae+ E apug + Z ey ko Uk Uky + -+ + Z Aoy o kopq Uky = Uk _q
1<k<t 1<ky,k2<t 1<k ,eosbn—1<t

be an arbitrary element of I. So, a(R[M])5 = 0 and consequently for each 7, 7k, Pk kys - - - s Thy-p_y
in R:

(ae + Z arug + Z Aoy kg Whey Uky + -+ F E : Ay k1 Uky " .uknfl)x
1<k<t 1<k ko<t 1<k, kn—1<t
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(7’6 + E TEUE + E ThikoWUky Uky + -+ + E Thyookyq Uky *°° ukn_l)x

1<k<t 1<k ka2 <t 1<k, shn—1<t
(be + E bruy + E bklbuklu;@ + -+ E bk1~~kn_1uk1 <o ukn_l) = 0.
1<k<t 1<ky,k2<t 1<ky,...skpn—1<t

Therefore, we have the following equations:

arb = 0; (2.5)
arbg + arpb + airb = 0; 1<k<t
arby, k, + arg, by, + ag, by, + ark kb + ag, Tr,b

+ak, kb = 0; 1<kika<t  (2.7)
arbi, koks + ATk bkoky + Oy TOkoks + ATE ko DRy

Fak, Thy by + Ay kg TOky + ATk koksb + Qky Thoks

Tk ko Ths b+ ey ook b = 05 1< ki ko ks <t

Considering Eq.(2.5), we obtain aRb = 0. Hence, there exists ¢ € R such that ¢b = b and
aRc = 0, since R is right APP. On the other hand, applying the equation a(R[M])3 = 0, we
obtain:

(ae + Z apug + Z Qe foo Uk Ukeq + -+ Z Aly ok Uky * uknil)x
1<k<t 1<ky,k2<t 1<k, k1<t

(re+ Z TRUE + Z Thyko Wy Uy + - + Z Thyoey Wy = * " Uk, ) (c€)X

1<k<t 1<k, ,ka<t 1<k, kn_1<t
(be + Z bruy, + Z Dkey kg Uky Uky + -+ + Z bky ke Wkey * * Uk, _,) = 0.
1<k<t 1<k ko<t 1<ky k1<t

So we get the following equation:
archy, + arieb + agreb = 0. Vk e {1,...,t}

Thus, for each 1 < k < t, we have agrb = 0, since ¢b = b, aRc = 0 and arb = 0. Therefore
arRb = 0 and consequently aRb; = 0, by Eq. (2.6). Now, let I be a right ideal generated by
a,ai,...,a;. Clearly, rr(I) =rgr(a) Nrr(ai)---Nrr(a;). Thus b € rr(I) implies that

dcy € R, aRco =0 and cob=0b
Vk, dci. € R, arRecr, =0 and c¢b=0.

Get ¢ = cpc1 -+ ¢ One can easily check that ¢ € rg(I) (i.e. aRd = apRcd = 0) and b = b.
Next, by using the equation a(R[M])S = 0, we obtain:

(ae+ Y apup+ Y AUk g o) ey Uy~ Uy ) X
1<k<t 1<k ko<t 1<k, kn—1<t
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/
(7'6 + E rruk + E Thyky Wy Uk + +*+ E Thykp_1UWky " ukn—l)(c e)><

1<k<t 1<k, ka<t 1<k, kn—1<t
(be =+ E bkuk =+ E bkleuklukz, + -+ E bkl"‘kn—lukl cee ukn_l) =0
1<k<t 1<k ,k2<t 1<k, skn—1<t

and so we get the following equation:
arcby, gy + ary, by + ag, by, + arg g, b+ ag, Tr, b+ ag kb =0,

for all k1, ke € {1,...,t}. According to the property mentioned above for ¢/, we have ag,,7b =0
and therefore ay,x, Rb = 0 for all ki, ko € {1,...,t}, since r is an arbitrary element of R.
Furthermore, aRb;, = 0 implies that

A" € R, aR” =0 and b, =0, Vk=1,...t

by [21, Theorem 1]. By reusing equation a(R[M])S = 0 we have

(ae -+ E apug + E Aoy oo Wy Uy + -+ - + E Ay ok Uky * uknil)x
1<k<t 1<ky,ka<t 1<k, hn—1<t

(re + Z TRUE + Z Thy ko Why Uky + *++ + Z Thyoookiyy g Uky *** Uk, ) (€)X

1<k<t 1<k ko<t 1<kt kin_1<t
(be + Z bruk + Z bklkzu/ﬂukz + o+ E bkr"knqukl .. 'uknfl) = 0.
1<k<t 1<ky ko<t 1<kt ,ookin_1<t

Therefore, we get the following equation:
ard’ by, g, + arg, b, + ag, 7 by + arg, g, ' + ag, Ty b + ag k,rc’b = 0,

for all ki,ke € {1,...,t}. By a similar argument as above, we have ay, Rby, = 0. Now, by
considering Eq. (2.7), we get aRby,x, = 0. Thus

aRby, k, = ap, Rby, = ag, 1, b,

for each k1 and ko in {1,...,t}. By continuing in this way, we obtain pRq = 0, for each p € C,
and ¢q € Cg. Now, let ¢ be a non-zero element in Cg. Clearly ac = 0. Therefore, Ic = 0 and the
proof is complete. O

Corollary 2. Let R be a quasi-Baer ring. If (1) # 0, then rr(I) # 0 for any right ideal I
of R[M].

Note that if R[M] is right McCoy, then clearly so is R. In the following, we show that the
property of being right McCoy is transferred from R to the monoid ring R[M], for any reduced
ring R. To demonstrate this, we need the following lemma.

Lemma 2. Let R be a ring. Then R[M][z] = R[x|[M].
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Proof. Let ag+ -+ + amaz™ be an element of R[M][x] and

0 Z (0) Z (0) Z (0)
a7 :a( )e—i— ap " ug + ak1k2uk1uk2+~-+ Apoger Wk " Uk
1<k<t 1<k, ka<t 1<k, sbn—1<t

m (m) (m) (m)
e + Z ay, ug + Z W oy Why Uky Z Ay gy, Why * 7" Uk -
1<k<t 1<k ko<t 1<k, skn—1<t

It is easy to show that ¢ : R[M][z] — R[z|[M] given by
Zazw = fet+ > frurt Y. frikUk e+ > Frrka Uk Uk
1<k<t 1<k ,k2<t 1<ki,....kn—1<t

where,

f = a(o) + a(l)x + e + a(m)$

fr = a(o) + a,(:)x + et a(m) m, 1<k<t,
0 1
fkle = agﬂ)kQ + aél),mx —+ -+ al(€1k)2xm7 1 <k, ko <t,
0 1
fkl"'knfl = a](cl)nkn,l + a](ﬁtl)~~~kn,1x +o a’](gT.).knilxm7 1 S k17 R k?’b—l S t?
is an isomorphism. O

Theorem 3. Let R be a reduced ring. Then R[M] is right McCoy.

Proof. Let F(x) = ag + anx + -+ + apz” and G(z) = By + f1x + -+ + Bsz° be two non-zero

polynomials in R[M][x] such that F(a:)G(a:) = 0. Suppose
o = a(’i)e + Z a}(j)uk 4 Z a](;l)k2uk1uk2 + .o+ Z al(jl) o 1uk1 v ukn717
1<k<t 1<k, ko<t 1<ki,...kn—1<t
and

_ (4) ()
=pWe + E by g + E klkzuklukz 4+ 4 E bklmkn,l“h S UR,
1<k<t 1<k, ka<t 1<k, hn—1<t

for each 0 <4 <7 and 0 < j < s. We consider two following cases:

Case (1). Let ) =0 forall i = 0,...,r. Since M"~! # 0, there exist pi,...,p,—1 in X
such that @ = up, - --up,_, is non-zero. Notice that some p;’s may be equal. Clearly oy = 0
for all 0 <4 < r and hence F(x)w = 0.

Case (2). Let a¥) = 0 for some j. According to Lemma 2, F(2)G(x) = 0 implies that

(fe+ D frun+ D frokothatthy ++ Y ke Uy U)X

1<k<t 1<k ka2 <t 1<k, bn—1<t



(ge + Z gruk + Z k1 ko Uky Uy + *+* +

1<k<t 1<ky ko<t

where,
f e a(o) + a(l)l' + - + a(r)xT7
(0) (1) (r)
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E : Gk kp—1Uky " ukn—l) =0
1<k, skn—1<t

g=00 4+ pWg 4 ... 4 p)gs,

fo=a +aVz 4+ +aar, g = b 4+ bz P,

0 1 0 1
ke = CL,E,I),€2 + a,(ﬁ)kQac +-+ a,(;;),@:cr, Jhrky = g,g,l)kQ + g,(cl),@x + -+ 91(;)1@2 8,

_ (0) (r) r
fk1--~kn,1 =0 ik + Aok 1T

Thus, we have:

0
k1 kn1 = bl(<:1)...k;n_1 +oet bl(€s1)~~kn—1xs’

(1) fg=0,

(2) for+ frg =0, 1<k<t,
(3)  fkiks + fr1Gko + frikog =0, 1 <ki, ke <t,
(4)

fgk1k2k3 + fk1gk2k:3 + fklkzgk;g + fk1k2k3g = 07 1 S kl? k?u k3 S t7

Since R[z] is reduced, by multiplying ¢ from the right-hand side of above equations we obtain
fg = fogr = fok,k, = -~ = 0. On the other hand, 8 # 0 implies that at least one of the
elements of G = {g, gk, - - -+ Gy ke, | 1 < k,k; <t} is non-zero. Thus there exists a non-zero ¢’
in G such that f¢’ = 0. It concludes that fc = 0 for some non-zero ¢ € R and consequently
aWe=aWe=...=al"e=0. This implies that a;(cw) = 0 for all 0 < i < r and the proof is
complete. O
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