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Abstract. Let M be a nilpotent quotient of a free monoid, satisfying the monoid ring R[M ] in
the McCoy’s theorem for any semiprime or right APP ring R is proven. Also, it is shown that
R[M ] is right McCoy for any reduced ring R.
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1 Introduction
Let R be an associative unitary ring. In [16] Liu and Zhao introduced right APP rings as a
common generalization of right p.q.-Baer and left p.p.-rings. A ring R is called right APP if
rR(aR) is left s-unital for any a ∈ R (i.e. for each b ∈ rR(aR) there is an x ∈ rR(aR) such that
xb = b). Clearly, every right p.q.-Baer ring is right APP, and so the class of right APP rings
includes all biregular and all quasi-Baer rings. Recall that R is quasi-Baer if the right (equiv.
left) annihilator of every right (equiv. left) ideal of R is generated by an idempotent of R as
a right (equiv. left) ideal. Clark [2] defined quasi-Baer rings and used them to characterize
when a finite dimensional algebra with unity over an algebraically closed field is isomorphic to
a twisted matrix units semigroup algebra. Next, Birkenmeier et al [1] introduced the concept
of principally quasi-Baer rings. A ring R is called right principally quasi-Baer (simply right
p.q.-Baer) if the right annihilator of a principal right ideal of R is generated by an idempotent
of R as a right ideal. A ring R is called Baer (resp. left p.p.) if the left annihilator of every
non-empty subset (with cardinal 1) of R is generated by an idempotent of R as a left ideal.
Kaplansky [11] introduced Baer rings to abstract various properties of AW∗-algebras and von-
Neumann algebras. A left p.p.-ring (Baer ring) R is right APP, by [4, Proposition 1].

According to Corollary 2.10 of [16], If R is right APP, then R is semiprime if and only if
rR(aR) ⊆ ℓR(a) for all a ∈ R (rR(A) and ℓR(A) denote the right and the left annihilators of a
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subset A in R, respectively). Also, commutative APP rings are reduced, by [16, Corollary 2.11].
Moreover, [16, Theorem 3.8] it is shown that the right APP condition is a Morita invariant
property. Further, R is right APP if and only if the upper triangular matrix ring Tn(R) is right
APP if and only if the polynomial extension R[X] is right APP if and only if the Laurent ring
R[x, x−1] is right APP if and only if the monoid ring R[S] is right APP, for any u.p.-monoid S
and a non-empty set of not necessarily commuting indeterminates X (see Proposition 3.6 and
Corollary 3.12 of [16]).

McCoy [17, Theorem 2] proved that if R is a commutative ring, then every polynomial has
a non-zero annihilator in R[x] if and only if it has a non-zero annihilator in R. But it was
shown in [22] that this result is not necessarily true for non-commutative rings. According to
Nielsen [19] a ring R is said to be right McCoy, if it satisfies the following condition.

∀f(x), g(x) ∈ R[x] f(x)g(x) = 0 ⇒ ∃0 ̸= c ∈ R; f(x)c = 0.

In [19, Theorem 2] he proved that if R is reversible (i.e. for a, b ∈ R, ab = 0 implies ba = 0),
then R is right McCoy. By changing his view from element to ideal, McCoy [18, Theorem 1]
proved that for an arbitrary ring R and any right ideal I of T = R[x1, . . . , xm], if rT (I) ̸= 0,
then rR(I) ̸= 0. This interesting result is known as the McCoy’s theorem. Then it was shown
in [3, Example 3] that McCoy’s theorem does not hold for the formal power series ring R[[x]],
even if R is commutative. In [10], Hong et al under conditions and restrictions, extended Mc-
Coy’s theorem to the Ore extensions and the skew power series rings over non-commutative
rings. They also in [10, Theorem 3] proved that for a u.p.-monoid G, rR[G](A) ≠ 0 implies that
rR(A) ̸= 0 for any right ideal A of the monoid ring R[G].

In 2014, the following structure was introduced by the first author and Moussavi that in-
cluded many of the famous triangular matrix extensions. Due to the nilpotency of triangular ma-
trices, whenever the elements of the original diameter were all nilpotent, nilpotent monoids were
used in the proposed structure. Let F ′ = ⟨X⟩ be a free monoid with the basis X = {u1, . . . , ut}
and F = F ′ ∪ {0}. Let M be a factor of F which setting certain monomials in X to 0. We
say M is nilpotent if there exists some positive integer n such that α1 · · ·αn = 0, for each αi

in M . In this article, we assume that n is the smallest number with the said property. The
first author and Moussavi [6] considered nilpotent quotients of F and studied the monoid ring
R[M ]. The addition and multiplication operations of this ring are as usual. It will be useful to
pay attention to the fact that according to the structure of R[M ], elements of this ring are as
follows

ae+
∑

1≤k≤t

akuk +
∑

1≤k1,k2≤t

ak1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

ak1···kn−1uk1 · · ·ukn−1 ,

in which e is the identity element of F ′. From now on, throughout the article, the subset Cα of
R represents the set of all coefficients of α in R[M ]. For more information about this structure
and the results obtained so far, see [5], [7–9], [12–15] and [20].

In this article, we introduce a wide range of monoid rings that satisfy the McCoy’s theorem.
In more detail, we prove that for any semiprime (hence prime) or APP (hence quasi-Baer) ring
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R, the monoid rings R[M ] satisfy the McCoy’s theorem. Also, we show that R[M ] is right
McCoy for any reduced ring R.

2 Results
Before stating the results, let us mention the following four subrings of the upper triangular ma-
trix ring Tn(R) are important examples of R[M ] (for additional information see [20]). Therefore,
the results stated in this article are also valid for them.

For a matrix A = (aij) in Tn(R) we put:

Di = {a1i, a2 i+1, . . . , an−i+1n} ∀i = 1, . . . , n.

The four well-known and widely used subrings of Tn(R) are:

S(R,n) = {A : |D1| = 1};
A(R,n) = {A : |Di| = 1 ∀i = 1, . . . , [n/2]};
B(R,n) = {A : |Di| = 1 , |Dm\{a1m}| = 0 or 1 ∀i = 1, . . . ,m− 1} (n = 2m) and
T (R,n) = {A : |Di| = 1 ∀i = 1, . . . , n}.

Clearly, T (R,n) ∼= R[x]/⟨xn⟩. Note that the common feature of all these subrings is that the
elements of them have a constant main diagonal.

Now, as a first result we prove that the monoid rings R[M ] satisfy the McCoy’s theorem, for
any semiprime ring R.

Theorem 1. Let R be a semiprime ring. If rR[M ](I) ̸= 0, then rR(I) ̸= 0, for any right ideal I
of R[M ].

Proof. Let I be a right ideal of R[M ] and

β = be+
∑

1≤k≤t

bkuk +
∑

1≤k1,k2≤t

bk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

bk1···kn−1uk1 · · ·ukn−1

be a non-zero element in rR[M ](I). Suppose

α = ae+
∑

1≤k≤t

akuk +
∑

1≤k1,k2≤t

ak1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

ak1···kn−1uk1 · · ·ukn−1

be an arbitrary element of I. So, α(R[M ])β = 0, and hence for each r ∈ R we have α(re)β = 0.
Thus, we obtain the following equations:

arb = 0; (2.1)

arbk + akrb = 0; 1 ≤ k ≤ t (2.2)

arbk1k2 + ak1rbk2 + ak1k2rb = 0; 1 ≤ k1, k2 ≤ t (2.3)

arbk1k2k3 + ak1rbk2k3 + ak1k2rbk3 + ak1k2k3rb = 0; 1 ≤ k1, k2, k3 ≤ t

...
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Considering Eq. (2.1), we obtain aRb = 0. Now, by replacing r with rbr′ for any r′ ∈ R in
Eq. (2.2), we get a(rbr′)bk + ak(rbr

′)b = 0 and consequently ak(rbr
′)b = 0. Thus akRbRb = 0

and hence akRb(RakR)b = 0. This implies that akRb = 0, since R is semiprime and hence
from Eq. (2.2) we find that aRbk = 0 for all 1 ≤ k ≤ t. Next, by replacing r with rbr′ in Eq.
(2.3), we have a(rbr′)bk1k2 + ak1(rbr

′)bk2 + ak1k2(rbr
′)b = 0, and so ak1k2rbr

′b = 0. Therefore,
ak1k2RbRb = 0. Hence ak1k2Rb(Rak1k2R)b ⊆ ak1k2RbRb = 0. It concludes that ak1k2Rb = 0,
since R is semiprime and consequently

arbk1k2 + ak1rbk2 = 0, 1 ≤ k1, k2 ≤ t. (2.4)

Now, by replacing r with rbk2r
′ in Eq. (2.4), we obtain

a(rbk2r
′)bk1k2 + ak1(rbk2r

′)bk2 = 0,

and thus ak1(rbk2r′)bk2 = 0. Similar to the technique used so far, we obtain aRbk1k2 = ak1Rbk2 =
0 for all 1 ≤ k1, k2 ≤ t. By continuing in this way, one can see that pRq = 0, for each p ∈ Cα
and q ∈ Cβ. Now, let c be a non-zero element in Cβ. Clearly αc = 0. Therefore Ic = 0 and the
result follows.

Corollary 1. Let R be a prime ring. If rR[M ](I) ̸= 0, then rR(I) ̸= 0 for any right ideal I of
R[M ].

Next, we prove that for a right APP ring R, the monoid rings R[M ] satisfy the McCoy’s
theorem. The following lemma that stated in [5], plays a key role in the proof.

Lemma 1 ([5], Lemma 2.2). Let R be a right APP ring and a1, . . . , am, b1, . . . , bn belong to R.
If aiRbj = 0, for all i and j, then there exists c ∈ R such that bj = cbj and aiRc = 0, for all i
and j.

Theorem 2. Let R be a right APP ring. If rR[M ](I) ̸= 0, then rR(I) ̸= 0, for any right ideal I
of R[M ].

Proof. Let I be a right ideal of R[M ] and

β = be+
∑

1≤k≤t

bkuk +
∑

1≤k1,k2≤t

bk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

bk1···kn−1uk1 · · ·ukn−1

be a non-zero element in rR[M ](I). Suppose

α = ae+
∑

1≤k≤t

akuk +
∑

1≤k1,k2≤t

ak1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

ak1···kn−1uk1 · · ·ukn−1

be an arbitrary element of I. So, α(R[M ])β = 0 and consequently for each r, rk, rk1k2 , . . . , rk1···kt−1

in R:

(ae+
∑

1≤k≤t

akuk +
∑

1≤k1,k2≤t

ak1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

ak1···kn−1uk1 · · ·ukn−1)×
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(re+
∑

1≤k≤t

rkuk +
∑

1≤k1,k2≤t

rk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

rk1···kn−1uk1 · · ·ukn−1)×

(be+
∑

1≤k≤t

bkuk +
∑

1≤k1,k2≤t

bk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

bk1···kn−1uk1 · · ·ukn−1) = 0.

Therefore, we have the following equations:

arb = 0; (2.5)

arbk + arkb+ akrb = 0; 1 ≤ k ≤ t (2.6)

arbk1k2 + ark1bk2 + ak1rbk2 + ark1k2b+ ak1rk2b

+ak1k2rb = 0; 1 ≤ k1, k2 ≤ t (2.7)

arbk1k2k3 + ark1bk2k3 + ak1rbk2k3 + ark1k2bk3

+ak1rk2bk3 + ak1k2rbk3 + ark1k2k3b+ ak1rk2k3b

+ak1k2rk3b+ ak1k2k3rb = 0; 1 ≤ k1, k2, k3 ≤ t

...

Considering Eq.(2.5), we obtain aRb = 0. Hence, there exists c ∈ R such that cb = b and
aRc = 0, since R is right APP. On the other hand, applying the equation α(R[M ])β = 0, we
obtain:

(ae+
∑

1≤k≤t

akuk +
∑

1≤k1,k2≤t

ak1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

ak1···kn−1uk1 · · ·ukn−1)×

(re+
∑

1≤k≤t

rkuk +
∑

1≤k1,k2≤t

rk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

rk1···kn−1uk1 · · ·ukn−1)(ce)×

(be+
∑

1≤k≤t

bkuk +
∑

1≤k1,k2≤t

bk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

bk1···kn−1uk1 · · ·ukn−1) = 0.

So we get the following equation:

arcbk + arkcb+ akrcb = 0. ∀k ∈ {1, . . . , t}

Thus, for each 1 ≤ k ≤ t, we have akrb = 0, since cb = b, aRc = 0 and arb = 0. Therefore
akRb = 0 and consequently aRbk = 0, by Eq. (2.6). Now, let I be a right ideal generated by
a, a1, . . . , at. Clearly, rR(I) = rR(a) ∩ rR(a1) · · · ∩ rR(at). Thus b ∈ rR(I) implies that

∃c0 ∈ R, aRc0 = 0 and c0b = b
∀k, ∃ck ∈ R, akRck = 0 and ckb = b.

Get c′ = c0c1 · · · ct. One can easily check that c′ ∈ rR(I) (i.e. aRc′ = akRc′ = 0) and b = c′b.
Next, by using the equation α(R[M ])β = 0, we obtain:

(ae+
∑

1≤k≤t

akuk +
∑

1≤k1,k2≤t

ak1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

ak1···kn−1uk1 · · ·ukn−1)×
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(re+
∑

1≤k≤t

rkuk +
∑

1≤k1,k2≤t

rk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

rk1···kn−1uk1 · · ·ukn−1)(c
′e)×

(be+
∑

1≤k≤t

bkuk +
∑

1≤k1,k2≤t

bk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

bk1···kn−1uk1 · · ·ukn−1) = 0

and so we get the following equation:

arc′bk1k2 + ark1c
′bk2 + ak1rcbk2 + ark1k2c

′b+ ak1rk2c
′b+ ak1k2rc

′b = 0,

for all k1, k2 ∈ {1, . . . , t}. According to the property mentioned above for c′, we have ak1k2rb = 0
and therefore ak1k2Rb = 0 for all k1, k2 ∈ {1, . . . , t}, since r is an arbitrary element of R.
Furthermore, aRbk = 0 implies that

∃c′′ ∈ R, aRc′′ = 0 and c′′bk = bk, ∀k = 1, . . . t

by [21, Theorem 1]. By reusing equation α(R[M ])β = 0 we have

(ae+
∑

1≤k≤t

akuk +
∑

1≤k1,k2≤t

ak1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

ak1···kn−1uk1 · · ·ukn−1)×

(re+
∑

1≤k≤t

rkuk +
∑

1≤k1,k2≤t

rk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

rk1···kn−1uk1 · · ·ukn−1)(c
′′e)×

(be+
∑

1≤k≤t

bkuk +
∑

1≤k1,k2≤t

bk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

bk1···kn−1uk1 · · ·ukn−1) = 0.

Therefore, we get the following equation:

arc′′bk1k2 + ark1c
′′bk2 + ak1rc

′′bk2 + ark1k2c
′′b+ ak1rk2c

′′b+ ak1k2rc
′′b = 0,

for all k1, k2 ∈ {1, . . . , t}. By a similar argument as above, we have ak1Rbk2 = 0. Now, by
considering Eq. (2.7), we get aRbk1k2 = 0. Thus

aRbk1k2 = ak1Rbk2 = ak1k2Rb,

for each k1 and k2 in {1, . . . , t}. By continuing in this way, we obtain pRq = 0, for each p ∈ Cα
and q ∈ Cβ. Now, let c be a non-zero element in Cβ. Clearly αc = 0. Therefore, Ic = 0 and the
proof is complete.

Corollary 2. Let R be a quasi-Baer ring. If rR[M ](I) ̸= 0, then rR(I) ̸= 0 for any right ideal I
of R[M ].

Note that if R[M ] is right McCoy, then clearly so is R. In the following, we show that the
property of being right McCoy is transferred from R to the monoid ring R[M ], for any reduced
ring R. To demonstrate this, we need the following lemma.

Lemma 2. Let R be a ring. Then R[M ][x] ∼= R[x][M ].
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Proof. Let α0 + · · ·+ αmxm be an element of R[M ][x] and

α0 = a(0)e+
∑

1≤k≤t

a
(0)
k uk +

∑
1≤k1,k2≤t

a
(0)
k1k2

uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

a
(0)
k1···kn−1

uk1 · · ·ukn−1 ,

...

αm = a(m)e+
∑

1≤k≤t

a
(m)
k uk +

∑
1≤k1,k2≤t

a
(m)
k1k2

uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

a
(m)
k1···kn−1

uk1 · · ·ukn−1 .

It is easy to show that φ : R[M ][x] → R[x][M ] given by
m∑
i=0

αix
i → fe+

∑
1≤k≤t

fkuk +
∑

1≤k1,k2≤t

fk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

fk1···kn−1uk1 · · ·ukn−1 ,

where,

f = a(0) + a(1)x+ · · ·+ a(m)xm,

fk = a
(0)
k + a

(1)
k x+ · · ·+ a

(m)
k xm, 1 ≤ k ≤ t,

fk1k2 = a
(0)
k1k2

+ a
(1)
k1k2

x+ · · ·+ a
(m)
k1k2

xm, 1 ≤ k1, k2 ≤ t,
...

fk1···kn−1 = a
(0)
k1···kn−1

+ a
(1)
k1···kn−1

x+ · · ·+ a
(m)
k1···kn−1

xm, 1 ≤ k1, . . . , kn−1 ≤ t,

is an isomorphism.

Theorem 3. Let R be a reduced ring. Then R[M ] is right McCoy.

Proof. Let F (x) = α0 + α1x + · · · + αrx
r and G(x) = β0 + β1x + · · · + βsx

s be two non-zero
polynomials in R[M ][x] such that F (x)G(x) = 0. Suppose

αi = a(i)e+
∑

1≤k≤t

a
(i)
k uk +

∑
1≤k1,k2≤t

a
(i)
k1k2

uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

a
(i)
k1···kn−1

uk1 · · ·ukn−1 ,

and

βj = b(j)e+
∑

1≤k≤t

b
(j)
k uk +

∑
1≤k1,k2≤t

b
(j)
k1k2

uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

b
(j)
k1···kn−1

uk1 · · ·ukn−1 ,

for each 0 ≤ i ≤ r and 0 ≤ j ≤ s. We consider two following cases:
Case (1). Let a(i) = 0 for all i = 0, . . . , r. Since Mn−1 ̸= 0, there exist p1, . . . , pn−1 in X

such that ϖ = up1 · · ·upn−1 is non-zero. Notice that some pi’s may be equal. Clearly αiϖ = 0
for all 0 ≤ i ≤ r and hence F (x)ϖ = 0.

Case (2). Let a(j) = 0 for some j. According to Lemma 2, F (x)G(x) = 0 implies that

(fe+
∑

1≤k≤t

fkuk +
∑

1≤k1,k2≤t

fk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

fk1···kn−1uk1 · · ·ukn−1)×
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(ge+
∑

1≤k≤t

gkuk +
∑

1≤k1,k2≤t

gk1k2uk1uk2 + · · ·+
∑

1≤k1,...,kn−1≤t

gk1···kn−1uk1 · · ·ukn−1) = 0

where,
f = a(0) + a(1)x+ · · ·+ a(r)xr, g = b(0) + b(1)x+ · · ·+ b(s)xs,

fk = a
(0)
k + a

(1)
k x+ · · ·+ a

(r)
k xr, gk = b

(0)
k + b

(1)
k x+ · · ·+ b

(s)
k xs,

fk1k2 = a
(0)
k1k2

+ a
(1)
k1k2

x+ · · ·+ a
(r)
k1k2

xr, gk1k2 = g
(0)
k1k2

+ g
(1)
k1k2

x+ · · ·+ g
(s)
k1k2

xs,
...

...
fk1···kn−1 = a

(0)
k1···kn−1

+ · · ·+ a
(r)
k1···kn−1

xr, gk1···kn−1 = b
(0)
k1···kn−1

+ · · ·+ b
(s)
k1···kn−1

xs,

Thus, we have:

(1) fg = 0,
(2) fgk + fkg = 0, 1 ≤ k ≤ t,
(3) fgk1k2 + fk1gk2 + fk1k2g = 0, 1 ≤ k1, k2 ≤ t,
(4) fgk1k2k3 + fk1gk2k3 + fk1k2gk3 + fk1k2k3g = 0, 1 ≤ k1, k2, k3 ≤ t,

...
Since R[x] is reduced, by multiplying g from the right-hand side of above equations we obtain
fg = fgk = fgk1k2 = · · · = 0. On the other hand, β ̸= 0 implies that at least one of the
elements of G = {g, gk, . . . , gk1···kn−1 | 1 ≤ k, ki ≤ t} is non-zero. Thus there exists a non-zero g′

in G such that fg′ = 0. It concludes that fc = 0 for some non-zero c ∈ R and consequently
a(0)c = a(1)c = · · · = a(r)c = 0. This implies that αi(cϖ) = 0 for all 0 ≤ i ≤ r and the proof is
complete.
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