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Abstract. We define Hom-Jacobi algebras as an extension of Hom-Poisson algebras and we
give some examples. We describe the universal property of first-order Hom-differential operators
as well as the universal property of first-order Hom-differential multi-operators. By using these
universal properties, we prove the existence and uniqueness of a canonical purely Hom-Jacobi
form associated to purely Hom-Jacobi algebra.
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1 Introduction

Jacobi algebras are abstract algebraic counterparts of Jacobi manifolds. Jacobi manifolds as
generalizations of symplectic or more generally Poisson manifolds, were introduced indepen-
dently by Kirillov [6] and Lichnerowicz [9]. Both Poisson and Jacobi algebras are commutative
algebras endowed with a Lie bracket. However, while the Poisson bracket is a derivation of the
underlying commutative algebra, the Jacobi bracket is a first-order differential operator on the
commutative algebra [1,3,4].

The notion of Hom-Lie algebras was introduced by Hartwig, Larsson, and Silvestrov in [5] as
apart of a study of deformations of the Witt and the Virasoro algebras. In a Hom-Lie algebra,
the Jacobi identity is twisted by a linear map, called the Hom-Jacobi identity. A Hom-type
generalization of Poisson algebras, called Hom-Poisson algebras, was introduced by Makhlouf
and Silvestrov in [11], which combines a commutative Hom-associative algebra and a Hom-Lie
algebra such that a Hom-Leibniz identity is satisfied. In [7], the authors introduced the notion
of a purely Hom-Poisson algebra, which combines a commutative associative algebra and a
Hom-Lie algebra such that a Hom-Leibniz identity is satisfied.
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The aim of this paper is to generalize the notion of Hom-Poisson algebras by using the first-
order Hom-differential operators on the commutative Hom-associative algebra with unit. The
paper is organized as follows. In Section 2, we give the concept of first-order Hom-differential
operator and we show that the space of first-order Hom-differential operators is a Hom-Lie
algebra. In Section 3, we introduce the notion of Hom-Jacobi algebras, the notion of purely
Hom-Jacobi algebras and we give some examples. Finally, in Section 4, we establish the universal
property of first-order Hom-differential operators as well as the universal property of first-order
hom-differential multi-operators. By using the universal property of first-order Hom-differential
operators, we describe the necessary and sufficient condition of existence of purely Hom-Jacobi
algebra structure in terms of canonical purely Hom-Jacobi form. We give some properties
associated with a canonocal purely Hom-Jacobi form.

2 First-order Hom-differential operators

Throughout this paper, K will be an algebraically closed field of characteristic 0. Let A be a
commutative associative algebra with unit 14 over K. Recall that an A-module M is an abelian
group (M, +) together with a scalar multiplication, A x M — M, (a,m) — am, such that
the following hold:

(1) a(m +n) = am + an and (a + b)m = am + bm, for all a,b € A and m,n € M;

(2) a(bm) = (ab)m, for all a,b € A and m € M,

(3) 1Lam = m, for all m € M.

An A-submodule N of an A-module M is a subgroup of (M,+) which is closed under
multiplication, that is, an € N, for all a € A and n € N.

Definition 1 ([5], Definition 2). Given a commutative associative algebra A with unit 14, an
A-module M and an algebra endomorphism ¢ : A — A, a K-linear map d : A — M is an
¢-derivation of A into M if d(ab) = d(a)p(b) + ¢(a)d(b), for all a,b € A.

Let us denote by Dery (A, M) the set of all ¢-derivations of A into M and Dery (A) the set
of all ¢-derivations of A.
Let us now make the following definition.

Definition 2. Let A be a commutative associative algebra with unit 14 and M be an A-module.
A first-order Hom-differential operator of A into M is a pair (D,¢$) where D : A — M is a
K-linear map and ¢ : A —> A an algebra endomorphism such that

D(ab) = D(a)p(b) + ¢(a)D(b) — ¢(a)(b)D (14) , (1)
for all a,b € A.

In this case, the K-linear map D : A — M is called first-order ¢-differential operator
of A into M. The space of all first-order ¢-differential operators of A into M is denoted
by Dif fy (A, M) and the space of all first-order ¢-differential operators of A is denoted by
Diffy (A).

For all a,b,c € A, D1,D2,D € Dif f; (A), we have

(aD) (be) = (aD) (b)d(c) + ¢(b) (aD) (¢) — ¢(b)¢(c) (aD) (14) , (2)
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(D1 — D) (ab) = (D1 — D2)(a)¢(b) + ¢(a) (D1 — Da) (b) (3)
—¢(a)p(b) (D1 — D2) (14).

Relations (2) and (3) respectively mean that for all a,b,c € A, D1,D2,D € Dif fy(A), then
aD € Diffy(A) and D1 — Dy € Diffy (A). Thus, Dif fy (A) is an A-module and

Dery (A) = {D € Diff,(A) /D (14) = 0}

is an A-submodule of Dif fy (A).
For x € M, let us define the linear map L, : A — M,a +—— ¢ (a) - x.

Proposition 1. A linear map D : A — M 1is a first-order ¢-differential operator of A into M
if and only if the linear map D — Lp ) : A — M is an ¢-derivation.

Proof. Let D : A — M be a first-order ¢-differential operator of A into M. For all a,b € A,
(D = Lp(yy) (ab) = D(a)p(b) + ¢(a)D(b) — ¢(a)p(b)D (1a)
—¢(a)p(b)D (14)
= [D(a) = ¢(a)D (14)] ¢ (b)
+¢(a) [D(b) — ¢(b)D (14)]
= (D —Lpay) (@)¢ )+ é(a) (D~ Lpay)) (b)-

Conversely, if D — Lp1,): A — M is an ¢-derivation, for all a,b € A,
(D~ Lpay) (ab) = (D = Lp ) (@) (b) + ¢(a) (D — Lpa,y)) () -

That is,

D (ab) — ¢(a)p(b)D (1a) = D(a)p(b) — ¢(a)p(b)D (14) + ¢(a) D(b)

Thus, we get (1). O

Proposition 2. Let ¢ : A — A be an algebra automorphism. Then for D € Dif fy (A), the
linear map oy (D) : A — A such that

ag(D)=¢oDog (4)

s a first-order ¢-differential operator of A and the linear map
ay: Diffy(A) — Diffy(A),D+— ¢poDop! satisfies

ag(a- D) = ¢(a) - ag(D). (5)
Proof. For all a,b€ A, D € Diffy(A),

ag (D) (ab) = ¢[D (¢ (a)p™" (b))]
= ¢ [D(¢7" (a)b+aD(¢~" (b)) — abD (14)]
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B(b) + ¢(a) (po Do g™) (b)
A)l-

= (¢oDo¢ ') (a)
—¢(a)¢(b)¢ [D (1
Since 14 = ¢! (14), then
ag (D) (ab) = ag (D) (a)p(b) + d(a)ag (D) (b) — ¢(a)p(b)ay (D) (14) -
For all a,b € A, D € Dif fy (A),
[ag (a- D) (b) = ¢[aD(¢™" (b))]
¢(a)- (poDog™ ) (b).
Therefore, for all a € A, D € Dif fy (A),
Oq;,((l . D) = qb(a) : Oz¢(D).
O

Proposition 3. Let R be a commutative ring with unit, A be an associative commutative R-
algebra with unit 14, ¢ : A — A be an algebra automorphism and Dif fy (A) be the space of
first-order ¢-differential operators of A. Then the linear map [D1, D2]¢ : A —> A such that

[D1,Dy]y=¢oDiog oDyod " —¢oDyod  oDiog (6)
is a first-order ¢-differential operator of A, for all D1, Dy € Dif fs (A).
Proof. For all a,b € A and Dy, Dy € Dif fs (A), we have
[D1, Dol (ab) = (poDio gb_l) [Dg(gzb_l (a))b+ aDy(¢~! (b)) — abDy (14)]
—(¢po D207 ") [D1(¢7" (a))b+ aDi(¢™! (b)) — abDy (14)] .
By straightforward computations, we get,
[D1, DQ]¢ (ab) = (gb oDio¢ toDyo qS_l) (a)o(b) + ¢(a) (gb oDio¢ toDyo qb_l) (b)
—(¢oDy0¢ oDyod™t) (a)p(b) — ¢(a) (o Dyog " oDyog™ ") (b)
— ¢(a)p(b) (9o D1o¢ ™ oDyod ! —poDyog  oDiog™t) (1a).
That is,
[D1, Dsl, (ab) = [D1, D2l (a)$(b) + ¢(a) [D1, D2],, (b) — ¢(a)d(b) [D1, Da] 4 (14),
for all a,b € A. O

Definition 3 ([5], Definition 14). A Hom-Lie algebra is a triple (G, [—, —],a) where G a vector
space equipped with a skew-symmetric bilinear map [—,—]: G X G — G and a linear map
a: G — G satisfying the following Hom-Jacobi identity:

[a(x), [y, 2]] + [(y), [z, z]] + [a(2), [z, y]] = O,
forall x,y,z € G.
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Proposition 4. Let ¢ : A —> A be an algebra automorphism. Define a bilinear map
(= =1y : Dif fo (A) X Dif fs (A) — Dif fy (A) as

[D1, Do)y =¢oDiod  oDyod ' —¢poDyod  oDiog"
and define a linear map oy : Dif fg (A) — Dif fy (A) as

ay (D) =¢oDog™ .

Then, the triple (Diff¢ (A),[-, —]¢ , a¢) is a Hom-Lie algebra. Furthermore, Dif fy (A) is an
A-module satisfying following identities:
(1)
g ([D1,D2]¢> = [ag(D1), ag(D2)]y, (7)
foralla € A, and D € Dif fy (A);
(2)
[D1,a- Ds]y, = ¢(a) - [D1, Dy, + [og(D1)(a) — ¢(a) - ap(D1)(1a)] - ap(D2), (8)

for alla € A, and Dy, Dy € Dif fy (A).

Proof. From (6), for all D € Diffs(A), we obtain [D, D], = 0. Thus the bracket is skew-
symmetric. From (4) and (6), for all Dy, Dy, D3 € Dif fy (A), we obtain

[Dl,D2]¢,a¢(D3) . = ¢2 oD;o gb*l oDy o gf)*l oDgo (qul)Q

,¢20D3o¢_loDlo¢_loD20((;5_1)2
_¢20D20¢_10D10¢_10D30(¢_1)2
+¢20 D506 oDyog o Dyo (¢71),

Thus, grouping relevant terms together, we get

[1D1. D]y 6D+ (Do, Dal 6]+ (D3 D]y cu(D)] | =0

(1) From (4) and (6), for all Dy, Dy € Dif f4 (A),
[ag(D1), ag(D2)], = ¢*oDiog  oDyo (¢7)’
~¢*>0Dyo¢ o Dyo(¢71)°.

Thus, we obtain (7).
(2) For all a,b € A, and Dy, Dy € Dif fy (A), we have

[Dy,a- Dy, (b) = (¢oDiog " o(a-Dy)og™ ") (b)
— ((;5 o(a-Dsg)o gb_l oDjo ¢—1) (b)
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= ¢oDi[¢7 (a) ¢~ (D2 (7' (1)))]
—¢(a)- ¢ (D2 optoDiog! (b)) .

Since Dy € Dif fy (A), then

[D1,a- Dy, (b) = ¢o[Di(¢7"(a))-

That is

[D1,a-Ds], (b) = ¢(a)-[D1,D2], (b)

+(poDiog™")(a)- (poDyog™")(b)
—¢(a) - ¢[D1(14)]- (po Daoo™") (b),

Since 14 = ¢! (14) and ay (D) = ¢po Do ¢!, then
[D1,a- Do, (b) = ¢(a) - [D1, Do, (b) + [ag(D1)(a) — ¢(a) - ag(D1)(14)] - ap(D2) (),

for all b € A. Thus, we obtain (8). O

3 Hom-Jacobi algebras

Definition 4 ([10], Definition 1.1). Let A be a vector space over an algebraically closed field K
of characteristic 0. A Hom-associative algebra is a triple (A, -, ) consisting of a vector space
A, a bilinear map - : A X A — A and a vector space homomorphism o : A — A satisfying

a(a) - (b-¢) = (a-b)-a(o),

for all a,b,c € A. A Hom-associative algebra for which x -y = y - x is called a commutative
Hom-associative algebra. A commutative Hom-associative algebra (A, -, «) is said to be regular
if a is invertible.

Let us now make the following definition.

Definition 5. Let (A,-,«) be a commutative Hom-associative algebra. A skew-symmetric A-
multilinear map Q : A X A X --- x A — A of degree k is a skew-symmetric a-derivation of
degree k if

Qa-ba(a),...,a(ar)) =al(a)...Q (byaz,...,ar) + a(b)-Q(a,az,...,ax),

for all a,b,a; € A, i € {2,...,k}.
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Example 1. If (A,-,{—,—},«) is a Hom-Poisson algebra (see [7, Definition 1.4]), then the
bracket {—, —} : A x A — A is a skew-symmetric a-derivation of degree 2, that is,

{a(a),b-ct = a(d)-{a,c} +{a,b} - a(c)
and
{b-c,a(a)} =a(b)-{a,ct +{a,b}-a(e),
for all a,b,c € A.
Definition 6. Let (A,-,«) be a commutative Hom-associative algebra. A skew-symmetric A-

multilinear map p : AXAX---xA — A of degree k is a skew-symmetric first-order a-differential
operator of degree k if

pla-balaz),...,alay)) = ala) - @(bag,...,ax)
+a(b)-p(a,az,...,a)
—a(a)-ab) -p(la,az,...,a;),

for all a,b,a; € A, i€ {2,...,k}.
We introduce the notion of Hom-Jacobi algebra structure:

Definition 7. A Hom-Jacobi algebra is a quadruple (A, -, {—, =}, a), where (A, -, &) is a commu-
tative Hom-associative algebra and (A,{—, =}, ) is a Hom-Lie algebra, satisfying the generalized
Hom-Leibniz identity:

{a(a),b-c} =a(b) {a,c}+{a,b} - a(c) —a(b) - a(c) {a la},
for all a,b,c € A.

When 14 € Z(A), that is, {a,14} = 0, we recover the notion of Hom-Poisson algebras
given in [11, Definition 1.4]. When « = idy4, we recover the notion of Jacobi algebras given
in [4,6,9,13)].

Example 2. Let (A4,-4,{, }a,a4) and (B,-p,{, }B,ap) be two Hom-Jacobi algebras. Then
(A® B, aeB,{— —}aeB,0a ® ap) is a Hom-Jacobi algebra, where the bracket {—, —}aen,
the product - 45 and oy @ ap are respectively given by

{a +x,b+ y}AEBB = {aa b}A + {xvy}Ba

(a+z) a0 (b+y)=a-ab+z-BY,
(ca®ap)(a+z)=aa(a)+ap(z),

for all a,b,c € A and z,y,z € B, Indeed, the commutative Hom-associative algebra structure
of (A® B, -aep, a4 ® ap) follows immediately from the Hom-associative algebra structure of
(A,-a,a4) and (B, -p,aB).

Likewise, the Hom-Lie algebra structure of (A @ B,{—, —}aqp,aa @ ap) follows immedi-
ately from the Hom-associative algebra structure of (A, {, }4,@4) and (B, {, } B,aB).
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For the generalized Hom-Leibniz identity, for all a,b,c € A and for all x,y, z € A, we have

{laca®ap)(a+),(b+y) aep (c+ 2)}agp ={aa(a) +ap (z),b-ac+y B 2}asp
={ag(a),b-acta+{ap(z),yB2}B.

On the one hand, since (A, -4,{, }a,a4) and (B, -, {, } B, ap) are two Hom-Jacobi algebras, for
all a,b,c € A and z,y,z € B, we have

{laa®ap)(a+x),(b+y) aes(c+2)}aap

= ag(b)-af{a,clatas(c) af{a,bla—aa(b) -aaa(c)-a{a,la}ta
+ap (y) B {z,2}p +ap(2) B {z,y}B
—ap(y) -pap(2) p{z,1p}B.

On the other hand, for all a,b,c € A and x,y, z € B, we have
(aa@ap) (b+y) aep{atz,ctztyop =aa(d) a{a,cta+ap(y) p{z 2}s,

(aa®ap)(c+2) aepla+2,0+y}agp =aalc) a{abla+ap(z) s{z,y}s,

and

(aA EBOJB) (b+y) *A®B (CKA EBCVB) (C+ Z) ‘AGB {a—i—m, 14+ 1B}A@B
= aa(b)-aaa(c)-a{a,lata+ap(y) pap(z) s{z, 1}5.

Thus, the bracket {—, —}aqp satisfies the generalized Hom-Leibniz identity.
Therefore, (A® B, agn,{—, —}aeB, ¥4 ® ap) is a Hom-Jacobi algebra.

Definition 8. Let (A,-, ) be a Hom-associative algebra. A submodule I C A is called a
Hom-associative ideal of A ifx-y€l,y-x €l forallzel,ye A, and a(I)C 1.

Definition 9 ([2], Definition 2.9). Let (G, [—,—],ag) be a Hom-Lie algebra. A Hom-Lie subal-
gebra (H,ay) of (G,[—,—],ag) is a linear subspace H of G, which is closed for the bracket and
invariant by ag, that is,

a) [z,y] € H, for all z,y € H,

b) ag(x) € H, for allz € H, (ay = aig).

A Hom-Lie subalgebra (H,ay) of (G,[—,—],ag) is said to be a Hom-ideal if [x,y] € H, for
allz e H,yeq.

Definition 10. A Hom-Jacobi ideal of a Hom-Jacobi algebra (A, -, {—, =}, a) is a linear subspace
I which is both an ideal with respect to the Hom-associative product and Hom-Lie bracket.

Proposition 5. If I is a Hom-Jacobi ideal of (A,-,{—,—},a), then A/I inherits a Hom-Jacobi
algebra structure.

Proof. Let us define the product -4/ : A/I — A/I, the bracket {—, =}/, : A/IXA/T — A/I
and ay @ A/I — A/I respectively by

(a4 1) a0+ 1) =a-b+1, 9)



On Hom-Jacobi algebra structures 57

{a+1,b+1},, ={a, b} +1, (10)
agr(a+1I)=ala)+1. (11)
For all a,b,c € A,
aqr(a+1) a1 [(b+[) AT (c+1)} = (a(a)+I)(b-c+1)

= afa)-(b-c)+ 1.
By Hom-associativity, (9) and (11), for all a,b,c € A, we have
aap(at+I)apr [(0+1) ayr(c+ D] =(a-b) ale)+1
=[(a+1)-ay (b+1)] -araay(c+1).

Thus, (A/I, “A/I OéA/I) is a commutative Hom-associative algebra.
By (10), for all a € A, we have

{fa+Ta+ 1}y, ={aa}+1

Since the bracket {—, —} is skew-symmetric, then {a+1I,a+ I}, = I = 04;. Thus, the
bracket {—, =}, is skew-symmetric.
By (10) and (11), for all a,b,c € A, we have

{awi@+1), b+ L+ I}A/I}A/I = {a(a), {bc}} + 1.

Thus, for all a,b,c € A,

Oab,c {aA/[ (a—}-I),{b—i—I,c—i—I}A/I}A/I =Oape{a(a),{b,c}}+1.

where Ogp . denotes summation over the cyclic permutation on a, b, c. By Hom-Jacobi identity,

we have Ogpc {a (a), {b,c}} = 0. Which implies that O . {aA/I (a+ 1), {b+1,c+ I}A/I}A/I €

I =047 Thus, (A/I7 {-, _}A/I>aA/I> is a Hom-Lie algebra.
For the generalized Hom-Leibniz identity, for all a,b,c € A, we have

{aay(@+1),(b+1) 41 c—i—I}A/] = {a(a)+Lb-c+ 1T}y,
= {a(a),b-c} + 1.

By Hom-Leibniz identity, for all a,b,c € A, we have

{aA/](a+I),(b+I) AT (c+I)}A/I = «a()-{a,c} +{a,b} alc)
—a(b)-a(c)-{a,1a}+ 1.

That is,

{aa(a+1),(b+1)-asr (c+1) }A/I ((b) +1) a1 {a,ct +1)
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+ ({a,b} + 1) -ay1 (a(c) + 1)
—(a(b)+1) a1 (a(c)+ 1) a1 {a,1a} +1).
Which implies that
{owr(a+ D), (0+1) - ayr(c+ D}, =capb+I)-ariatlct I}y,
taay(etI)ap{at+Ib+1},,
— oy 0+ 1) aypapr(c+1)-ayr {fa+1, 1A/I}A/I-
O

Definition 11. Let (A,-,{,}a,a4) and (B,*,{, }B,ap) be two Hom-Jacobi algebras. A linear
map f: A — B is called a homomorphism of Hom-Jacobi algebras if ap (f (a)) = f(aa(a)),

fla-b) = f(a)+f(b) and f({a,b}a) = {f(a), f(0)}B, for all a,b € A.

If gy = ids and ap = idp, we recover the notion of Jacobi homomorphisms given in [1,9].

Definition 12. A generalized Hom-Poisson algebra is a quadruple (A,-,{—,—},«a), where
(A, -, ) is a Hom-associaitve algebra and (A, {, },«) is a Hom-Lie algebra, satisfying:

fab-c} = a(®)-{a,c} +{a,b} - a(c) +a(b)-a(e)- D(a),
where D is an a-derivation of (A,-) and « is a homomorphism, for all a,b,c € A.

Example 3. Any commutative Hom-associative algebra (A, -, &) equipped with an a-derivation
D is a generalized Hom-Poisson algebra with respect to

{a,b} =a(a)-D(b) —a(b)-D(a). (12)
Indeed, for all a,b,c € A, we have
{a,b-¢} = a(a)-D(b-¢c)—a(b-c)-D(a)
= a(a)-a(b)-D(c)+ala)-alc)-D(b)
—a(b)-a(c)- D(a).

On the other hand, by (12), for all a,b,c € A, we get
a(b) - {a,c} +{a,b} -a(c) +a(b)-a(c)- D(a)
= afa)-ad)-D(c)+aa) -alc)-Db)—ad) a(c)- Da).
For the Hom-Jacobi identity, by (12), for all a,b,c € A, we have

{a(a),{b,c}} = a(a) (a(a (b)) D(D(c) +a(D(c) D (a(b))
—a(a)(a(a(e) D (D)) +a(D®)D(a(c)))
—a(a(d))a(D(c)D(a(a)) +ala(c)a(D (b)) D(a(a)).
By commutative Hom-associative algebra of (A, -, a), we get {«(a),{b,c}} + {a(b),{c,a}} +

{a(c),{a,b}} =0.

By (12), for all a € A, {a,a} = 0. Thus, the bracket {—, —} is skew-symmetric.
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We introduce the notion of purely Hom-Jacobi algebra structure:

Definition 13. A purely Hom-Jacobi algebra is a quadruple (A,-,{,},a), where (A,-) is a
commutative associative algebra, (A,{, }, a) is a Hom-Lie algebra and if, for all a € A, the inner
derivation ad (a) : A — A, b —— {a,b} is a first-order a-differential operator of commutative
associative algebra (A,-), that is,

{a,b-c} =a(b)-{a,c} +{a,b} - a(c)—ad) - a(c)-{a,1a},
for allb,c € A.

When 14 € Z (A), that is, {a,14} = 0 and we recover the notion of purely Hom-Poisson
algebras given in [7, Definition 2.7]. When « = id4, we recover the notion of Jacobi algebras
given in [6].

Any purely Hom-Jacobi algebra is a generalized Hom-Poisson algebra, where D = ad (—14).

Proposition 6. Let (A, -, {—,—}) be a Jacobi algebra and oo : A — A a Jacobi endomorphism,
then (A,-,{—,—}, =ao{—,—},a) is a purely Hom-Jacobi algebra.

Proof. For all a,b,c € A, we have {a,b-c}, = a({a,b-c}). Since (4,-,{—,—}) is a Jacobi
algebra,

{a,;b-¢c}, = a-{a,c}+{a,b}-c—b-c-{a,14})
a(b)-a({a,c}) +a({a,b}) - a(c)
—a(b)-a(c)-a({a,1a}).
Thus,
{a,b-cly = a () {a,c}y + (a0} - a (0) — a(B) - @ (0) - {a, La}a,
for all b,c € A. O
Example 4. Let M be a Jacobi manifold. Then (C* (M),-,{—,—}) is a Jacobi algebra where
- is the usual product on C* (M) (see [6,9]). Let ¢ : M — M be a smooth map. Then

the pullback map ¢* : C*° (M) — C*® (M), f — ¢*(f) = f o ¢ is a homomorphism of the
function ring C* (M), that is,

e (f-9)=¢"(f) »"(9),
for all f,g € C*° (M). Indeed, for all p € M, we have
™ (f-9)(p)=[(f-9)ov] ) =(f 9e®]=fle®)] gle)].

That is,
" (f-9)] () =[(fow)-(gow)](p)=[e"(f)-¢"(9)](p),

for all p € M. Under these conditions, (COO (M), {— =}t =¢" o {—, —},gp*) is a purely
Hom-Jacobi algebra.
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4 Canonical form of purely Hom-Jacobi algebra

4.1 Universal property of first-order Hom-differential operators

Let A be a commutative associative algebra with unity 14, and let & : A — A be an algebra
automorphism. The map f: A — AQ A,a — a® 14 is a homomorphism of algebras. Thus,
K

A Q) A is equipped with the structure of A-module defined by f. We consider the A-submodule
K
I of AQ) A generated by the elements of the form a (a) ® 14 — 14 ® a(a), that is, for all z € I,
K

2= > aia®d)®1la—1a@a (b)),

i€ J: finite

with a;,b; € A. We denote by Q (A) the module of Kéhler differentials of commutative algebra
A, that is, the quotient space Q, (A) = I/I?. For a € A, we denote by a (a) ® 14 — 14 ® a (a)
the class of a (a) ® 14 — 14 ® o (a) in Q4 (A).

Proposition 7. The map dyx : A — Qq (A) such that, for all a € A,

dak (@) =a(a)®14— 14 ®a(a)
is an a-derivation. Moreover, the image of d/x generates the A-module Qq (A).

Proof. For all a,b € A, we have

(a(a)®la—1a®@a(a)(ad)®@ls—1a@ad)) =(a(a) a(d) ®1s—a(a)®a(b)
—a()@a(a)+14® (a(a)-a(b)).

Since I is generated by the elements of the form a (a) ® 14 — 14 ® a (a), for all a,b € A, we have
(a(a)®@1a—1a@a(a)) (a(d)®1a—14 @ (b)) € I that is,

(a(a) - ad)®@ls—a(a)@ad) —a(d)@a(a)+1a® (a(a)-a(b)=D0.

Thus, for all a,b € A,

dag(a-b) = ala-b)@1y—-14®a(a-b)

= (a(a)-a(h) @14 —14® (a(a) a (D))
+(a(a)-a®)@la—ale)®

+14® (a(a) a(b) —a(b)®

Which implies that

da/r(a-b) = (a(a) a(®)®ls—1a® (a(a) a(b))
+(a(a) - a(b)®@1ls—a(a)®a(d)
+1a @ (a(a)-a(b) —a () ®a(a).
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Therefore, for all a,b € A,

dasi(a-b) = (a(a)-a(b) ®1ls—ala)®alb)
=a(a) (a(b)®1lg—14®@ (b))
=(a(a)®1s—1a®a(a)) - a(b)
=dy/g(a) a(b)+a(a) dar(d).

+ (a(a) (b)) ®1a—a(b) ®al(a)
(a(a)®@1g4—1g®@a(a)) - a(d)
a(a)- (a(b) ®1a—1a®a(d))

_|._
_l’_

As d/k is clearly K-linear, we conclude that d 4k is an a-derivation. The map d4 i is surjective

by definition, that is, da/x(A) = Qq (A) = I/1?. Since I is generated by the elements of the

form a(a) @14 —1a®a(a), thenforall z €I, z= > ai(a(b)®14—14 a(b;)), with
i€J: finite

ai,b; € A. Thus, 2 € Q, (A) = 1/1?,

i Y w®ea-lavab)= S adagb).

i€ J: finite i€ J: finite
O

Lemma 1. Let M be an A-module, A x M be the semi-direct product and d : A — M be an
a-derivation, then the map d : A —s A x M given by d(a) = (a,d (ofl(a))) , fora € A, is an
algebra homomorphism with w1 o d = Id, where m (a,m) = a.

Conversely, for an algebra homomorphism h : A —s A x M satisfying m od = Ida, there is

a um’gue a-derivation d : A — M with
=d.

Proof. Let a,b € A. From the definition of d and 7 we get
d(ab) = (ab,d (a"*(ab))) = (a,d (a" (a)))(b,d ("' (b)) = d(a)d(b),

and 7 o d= Id,.

Conversely, let h : A — A x M be an algebra homomorphism satisfying 71 o d = Idy4.
Then for a € A, we can write h(a) = (a, hi(a)) where hy : A — M is a K -linear map. Define
d: A — M by d(a) = hi(p(a)) for a € A. It follows that d is an a-derivation and the map
d=h. O

In the following theorem, we give the universal property of the couple (Qa (A),dy /IK)-

Theorem 1 ([12]). For any A-module M and for any a-derivation ¢ : A — M, there exists a
unique homomorphism ¢ : Qo (A) — M of A-modules such that ¢ o da/x = .

Proof. Let M be an A-module and ¢ : A — M be an a-derivation. According to Lemma 1, we
have an algebra homomorphism ¢ : A — A x M given by ¢(a) = (a,¢ (a!(a))) for a € A.
If we consider the map i : A — A x M defined by i(a) = (a,0), then we get an R-algebra
homomorphism h: A® A — A x M defined by

h(a @ b) = ¥(a)i(b) = (ab, by (a™'(a)));
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for all a,b € A. So, for z = a(a) ® 1 —1® a(a) € I, we have h(x) = (0, ¢(a)). Thus h vanishes
on I? C A® A. So it induces an A-module homomorphism ¢ : I/1? = Q, (A) — M such that

P(dask (@) = p(a),
for all a € A. O
Therefore, the map
Homa(Q (A), M) — Derq(A, M), — 1 odyx
is an isomorphism of A-modules. In particular, Q, (A)* ~ Der,(A).

Proposition 8. The map Da/x : A — A® Qq (A) such that, for all a € A,

Dyk (a) = a(a) +dyk (a)
s a first-order a-differential operator.

Proof. For all a,b € A, we have

D4k (ab) — a(a) Dy (b) — a(b) D gk (@) + o (a) o (b) Dajx (14)
= ( ) (b) + dA/K (ab) — a(a) (a (b) + da/k (b))
(b) (a (@) + dasx (a))
+04( )a(b) (o (1) + dask (14))
= dyk (ab) —a(a)dy/k (b) —a(b) dyx (a).

Since d4/k (@) is an a-derivation, we get

D gk (ab) = a(a) D gk (b) + a (b) Dk (a) — a(a) a (b) Dk (1a),
for all a,b € A. Thus, Dy/k € Dif fo (A, AD Q0 (A)). O

Forallz € A®Qy (A), x= > a;Dyx(bi), with a;,b; € A, that is, the image of D 4k
1€J: finite
generates the A-module A ® Q, (A).
In the following theorem, we give the universal property of the couple (A ® N (A),Dy /K).

Theorem 2. For any A-module M and for any first-order a-differential operator p : A — M,
there exists a unique homomorphism ¢ : A©Q, (A) — M of A-modules such that poD 4k = ¢

Proof. Since ¢ : A — M is first-order a-differential operator, according to Proposition 1,
the map ¢ — L,1,) : A — M is an a-derivation. By the Theorem 1, there exists a unique
homomorphism 1 : Q (A) — M such that 9od/x = ¢ — Ly ,). The map @ : A®Q, (A) —
M such that, for all @ € A and = € Q, (A),

¢a+z)=ap(la)+¢(z)
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satisfies

¢ (a(a) +dyx (a))
a(a)p(la) +odyx (a)
a(a) e (la)+ (¢ — Lya ) (a) .

¢ oDy (a)

It follows that
Po Dy (a) =ala)p(la)+¢(a) —ala)p(la) = ¢(a),
for all a € A. Thus, po D4k = . O

Definition 14 ([10]). Let K be an algebraically closed field of characteristic 0 and A be a vector
space over K. A Hom-algebra is a triple (A, -, «) consisting of a vector space A, a bilinear map
-1t Ax A— A and a vector space homomorphism o : A — A.

We introduce the following definition.

Definition 15. Let (A,-,«) be a Hom-algebra and let M be an A-module. A skew-symmetric
A-multilinear map Q : AX AX -+ x A — M of degree k is a skew-symmetric a-derivation of
degree k if

Q(a’lb7a27-"7ak) = a(al)Q(bua/Qa"':a’k) +Oé(b)Q(a17a27...7ak)
forallb,a; € A, i€ {1,...,k}.
Example 5. If (A4,-,{—, —},a) is a purely Hom-Poisson algebra ( [7, Definition 2.7]), then the
bracket {—,—}: A x A — A is a skew-symmetric a-derivation of degree 2, that is,

{b'caa} = Oé(b) ’ {CL,C}+ {a‘ub} ‘O[(C)7

for all a,b,c € A. When a = idy4, we recover the notion of Poisson algebras given in [6,8,9,13].

Definition 16. Let (A,-,«) be a Hom-algebra and let M be an A-module. A skew-symmetric
A-multilinear map ¢ : A X A X -+ x A — M of degree k is a skew-symmetric first-order
a-differential operator of degree k if

()O(albaa27-"7ak) = Oé(al)@(b,ag,...,ak)+Oé(b)g0<a17a27...,ak)
—a(a1) a(d) ¢ (la,az,...,ax),

forallb,a; € A, i€ {1,...,k}.

We denote the A-module of all skew-symmetric first-order a-differential operators of degree
k on A with coefficients in M by Diff¥ (A, M) and we denote by £F, (A @ Q, (A), M) the

sks
A-module of all skew-symmetric A-multilinear maps of degree k on A with coefficients in M.
Consider the map DXC/)K =Dy X Dajg X+ x Dy : AF s (AD Q, (A))k such that

DXC/)K (a1,a2,...,ax) = Dajx (a1) X Dajx (a) X - X Dyyg (ax)

for all a1, as,...,a; € A.
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Theorem 3. For any A-module M and for any skew-symmetric first-order a-differential op-
erator p : AF — M of degree k, there exists a unique skew-symmetric A-multilinear map
3: (A Qq (A)* — M of degree k such that

¢ (Dajk (a1),...,Dajk (ax)) = ¢ (a1, ..., a),
for all ai,as,...,ar € A.

Proof. By definition of skew-symmetric first-order a-differential operator ¢ : A¥ — M of degree
k, the map ¢ : A — M, such that

cpi(ai) =@ (al, A2y ..oy Aj—1,Q5, Aj41y - -« ,ak)

is a first-order a-differential operator, for all, a; € A, ¢ € {1,...,k}. According to Theorem 2,

there exists a unique homomorphism ¢’ : AGQ, (A) — M of A-modules such that p?o Dy /g =
@', that is,

@ [DA/K (ai)] = @i(az’) = (a1, a2,...,ai-1,0;,0it1,...,a5)

We deduce the existence and uniqueness of the skew-symmetric A-multilinear map @ : (A ® Qq (4))F
— M of degree k such that

gE(DA/]K (al),...,DA/K(ak)) = (ay,...,ax)

for all a1, as,...,a € A. O

4.2 Canonical form of purely Hom-Jacobi algebra

If (A,-,{—,—}, ) is a purely Hom-Jacobi algebra, then the map £ : A — A,a —— {14,a} is
an a-derivation. Indeed, for all a,b € A, £(a-b) = {14,a-b}. By the definition of a purely
Hom-Jacobi algebra, for all a,b € A, we have

E(a-b) = ala)-{la,b}+{la.a}-a(®)—a®)-a®)-{Ls,1a}
= ala)-£(0) +a)-&(a).

Theorem 4. The following statements are equivalent:
(1) (A,,{—,—},a) is a purely Hom-Jacobi algebra.
(2) There exists a unique skew-symmetric 2-form
wA:[ABQu(A)] x [ABQ, (A)] — A
such that, for all a,b € A,
{a,b} = wa(Da/x(a), Dajr(b)) (13)

defines a Hom-Lie algebra structure on A.



On Hom-Jacobi algebra structures 65

(3) There exists a skew-symmetric 2-form
T: Qe (A) X Qy(A) — A
and there exists an a-derivation & of A such that, for all a,b € A,
{a,b} = n(dayi(a), daje(b)) + a (a) €b) — o (b) £(a) (14)
defines a Hom-Lie algebra structure on A.

Proof. (1) = (2) If (A,-,{—,—},«) is a purely Hom-Jacobi algebra, the bracket {—,—} is a
skew-symmetric first-order a-differential operator of degree 2. According to Theorem 3, there
exists a unique wy € £ (A& Q4 (A), A) such that {a,b} = wa(Da/x(a),Da/x(b)), for all
a,b € A.

(2) = (3) If there exists a skew-symmetric 2-form w4 such that, for all a,b € A, {a,b} =
wa(Dayr(a), Dk (b)), then

{a,b} =wala(a) +da/k(a),a(b) +dax(b))
=a(a) - wa(la,da/k (b)) +a(b) waldajk(a),1a))
+waldask(a),dajk(b)).

Since for all a € A,
wa(la, o (a)) +wa(la,dajk(a)) = wa(la, Dajx(a)) = {1a,a} = ad(14)(a),
then there exists an a-derivation £ = ad(14) such that, for all a € A,
§(a) = ad(14)(a) = {14, a} = wa(la,ds/k(a)), (15)

and there exists a skew-symmetric 2-form 7 = wxj0, (4)x0a(4)  Qa (A) X Qo (A) — A, such
that, for all a,b € A,

{a,b} = w(dak(a),dajx(b)) + a(a) wa(la,dajx(d)) + a(b) - walda/x(a),14))
— r(dayila), daji(®) + o (a) B) — a (b) ().

Here, 7 is the restriction of wy : [A® Q4 (A)] X [A® Q4 (A)] — A to Q, (A), that is
m(da/k(a),da/k (b)) = wa(da/k(a), da/x (D))

(3) = (1) If the bracket {—, —}, such that, for all a,b € A,
{a,b} = w(da/k(a), da/x (b)) + a(a)§(b) —a(b)é(a) =wa(Dy/x(a), Dk (b)),

defines a Hom-Lie algebra structure on A, then the bracket satisfies the Hom-Jacobi identity.
For all a,b,c € A, we have

{a,b-c} = wa(Dyx(a), Dask(b-c)).
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Since D4k is a first-order a-differential operator, for all a,b,c € A,
{a,b-c} = a(b) -wa(Dax(a),Dax(c))+a(c) walDajx(a), Dask(c))
—a () - a(c) - wa(Dak(a), Da/x(la))
= a(b)-{a,c}+{a,b} -a(c)—a(®d) alc)- {a,1a},

that is, ad(a) is a first-order a-differential operator. Therefore, (A,-,{—,—},«) is a purely
Hom-Jacobi algebra. O

In this case, we say that wy or the pair (7,&) defines a purely Hom-Jacobi structure on A
and the pair (A,w4) or the triple (4,7, &) is a purely Hom-Jacobi algebra. The pair (m,§) is
called purely Hom-Jacobi pair. If £ = 0, the pair (A, ) is called purely Hom-Poisson algebra.
The skew-symmetric 2-form w4 on A @ Q, (A) is called canonical purely Hom-Jacobi 2-form of
purely Hom-Jacobi algebra.

When wy is a purely Hom-Jacobi 2-form, the map i; ,wa : A®Qy (A) — A,z — wa (z,14)
is called 1-form of purely Hom-Jacobi algebra.

Proposition 9. If (A,-,{—,—},«a) is a purely Hom-Jacobi algebra, then for a € A, the map
O,:A— A br— {a,b} —a(b){a,1a} is an a-derivation.
Moreover, the map X : A — Der,, (A),a — ®, is a first-order a-differential operator.

Proof. For all a,b,c € A,
D,(b-c)—a(b) Py(c)—alc) P, (b) ={a,b-c}+a(b-c){a,14} —a () ({a,c} —a(c){a,14})
—a(c)- ({a,0} —a(b){a,1a}).
By generalized Hom-Leibniz identity, we get
D, (b-c)—a(b) P,(c)—ale) P,(b) =0.
For all a,b € A, we have
X (a) (b) = wa (Dask(a),da/x(d)) - (16)
Indeed, for all a,b € A, X (a) (b) = @, (b)) = {a,b} — a(b){a,14}. By (13), we have
X (a)(b) = wa(Dax(a),Dax(b)) —a(b)wa (Dajx(a),Da/x(1a))
= wa (Dax(a), Dyjx(b) — (b))

For all a,b,c € A, we have X (a-b) (¢) = wa (Dajx(a-b),da/x(c)). Since D4k is a a first-order
a-differential operator, then

X (a-b)(c) = a(b) wa(Dajx(a),dak(c)) +a(a) wa (D b),dajx(c))
—a(a) a®) wa(Dax(la),dajx(c)).
Thus, for all a,b,c € A,

X (a-b)(c) = (a(b) - X (a) + a(a) - X (b) —a(a) - a(b)- X (14)) (c)
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Since the map X : A — Der, (A),a — P, is a first-order a-differential operator, then
according to Theorem 2, there exists a unique A-linear map X : A @ Qq, (4) — Der, (A) such
that B

XoDyg=X. (17)

Proposition 10. If (A,wa) is a purely Hom-Jacobi algebra, then

X (@))(a) = wale, dajx(a), (18)
[ad(@)] (a) = wa (2. Dajx (@), (19)
[ad(@)] (9) = wa(z, ), (20)

foralla,be A and z,y € AD Qqy (A).

Proof. Since the image of D,k generates the A-module A @ €, (A), for z € A © Q, (4),
@ = bD 4k (c) with b,c € A. We have [X(2)](a) = [b- (X 0 D4/x)(c))](a). By (17), [X(2)](a) =
[b- X (c)](a), for all a,b € A. By (16),

[(X(2)](a) = b-wa(Dask(c),dajx(a))
= wal(z,dy/k(a)).

For (19), for all @ € A and for all z € A @ Q4 (A), z = bD 4k (c) with b,c € A, we have

|ad(@)] (@) = [ (ad o Daje(e))] (a) = b [ad(e)) (a)]

That is,
[ad(@)] (@) = b+ wa (Dajx(e), Dajie(@) =wa (2, Daj(a))
For (20), by (18) and (19), for all 7,y € A® Qq (A), = a1Dyx(b1),y = azD 4/x(b2) with

P

a1, az,b1,by € A, we get [ad(z)](y) = araswa (Dajx(b1), Dasx(bs)), that is, [Elz(x)} (y) =
WA(.’L',y)- O
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