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Abstract. A Lie-Yamaguti algebra bundle is a type of algebra bundles with fibres being Lie-
Yamaguti algebras, and appears naturally from geometric considerations in the work of M.
Kikkawa. The aim of the present paper is to introduce the notion of generalized Reynolds
operators, O-operators and Nijenhuis operators in the context of Lie-Yamaguti algebra bundle
and find their applications. We also study abelian extensions of Lie-Yamaguti algebra bundles
and investigate its relationship with its cohomology.
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1 Introduction

Algebra bundles are vector bundles with fibres a type of algebras, and they play a crucial role in
geometry and physics. For example, associative algebra bundles [6], Lie algebra bundles [14,16],
etc. A Lie-Yamaguti algebra bundle is a type of algebra bundles with fibres being Lie-Yamaguti
algebras, and appears naturally from geometric considerations in the work of M. Kikkawa. In [10]
we introduced Lie-Yamaguti algebra bundles and defined cohomology groups of a Lie-Yamaguti
algebra bundle with coefficients in a representation.

Various notions of operators, like, Rota-Baxter operators, O-operators and generalized Reynolds
operators have been studied on a large class of algebras in order to address problems arising from
mathematical physics. In 1960, G. Baxter first introduced the notion of Rota-Baxter operators
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for associative algebras. A. Das [8] studied deformations of associative Rota-Baxter operators.
The Rota-Baxter operators have several applications in probability [1], combinatorics [2,11,19]
and quantum field theory [5]. In the 1980s, the notion of Rota-Baxter operator of weight 0
was introduced in terms of the classical Yang-Baxter equation for Lie algebras. Later on, B.
A. Kupershmidt [15] defined the notion of O-operators as generalized Rota-Baxter operators to
understand classical Yang-Baxter equations and related integrable systems. In [17], the authors
studied O-operators on hom-Lie algebras. Recently, in [4], the authors studied deformations of
O-operators on Lie triple systems. See [20], for Lie-Yamaguti algebra case. Reynolds numbers
were introduced by O. Reynolds [18] in his study of fluctuation theory in fluid dynamics to
classify fluid flow. In [13], Kampé de Fériet and S. I. Pai coined the concept of the Reynolds op-
erator as a mathematical object in general. Generalized Reynolds operators (also called twisted
Rota-Baxter operators) are algebraic analogue of twisted Poisson structure and was introduced
by K. Uchino [23] in the context of associative algebras (see [7] for the Lie algebra case). The
notion of a Nijenhuis operator on a Lie algebra was used in [9] to characterize infinitesimal de-
formations which are trivial. We refer [21,22], for similar study in the context of Lie-Yamaguti
algebras. It is then natural to investigate such operators in the context of Lie-Yamaguti algebra
bundles.

In the present article, we introduce generalized Reynolds operators, O-operators and Ni-
jenhuis operators on Lie-Yamaguti algebra bundle and discuss their utility. We also introduce
abelian extensions of Lie-Yamaguti algebra bundles, and investigate their relationship with suit-
able cohomology group, generalizing the work of M. Kikkawa for Lie-Yamaguti algebras.

Organization of the paper: In §2, we set up notations, recall some known definitions and re-
sults. In §3, we introduce the notion of O-operator, generalized Reynolds operator and Nijenhuis
operator on a Lie-Yamaguti algebra bundle and show that they give rise to new Lie-Yamaguti al-
gebra bundle out of the given one. Finally, in §4, we study (abelian) extensions of Lie-Yamaguti
algebra bundles and establish its connection to cohomology.

2 Preliminaries

The aim of this section is to recall some basic definitions and set up notations to be followed
throughout the paper. Let K be a given field.

Definition 1. A Lie- Yamaguti Algebra (g,[ , ],{ , , }) is a vector space g equipped with a
K-bilinear and a trilinear operation

[, ]:gxg—g and {,, }:gxgxg—g
such that for all x,y, z,u,v,w € g the following relations hold:

{xvyvz} = _{ywrvz}; (LYQ)
EO(I,y,z)([[‘% y]a Z] + {$7 Y, Z}) = O; (LY3)
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Zo(x,y,z){[xa y]v Z, ’U,} = 0; (LY4)
{z,y, [u, 0]} = [{z, y, ul, 0] + [u, {z,y, v}]; (LY5)
{z,y,{w, v, w}} = {{=z,y, u}, v, w} + {u{z,y, v}, w} +{v,v,{z,y, w}}. (LY6)

Here, X5, y,2) denotes the sum over cyclic permutations of z, y, and z.

Let M be a smooth manifold (Hausdorff and second countable, hence, paracompact). Let
C*°(M) be the algebra of smooth functions on M. For a (smooth) vector bundle p : L — M,
often denoted by £ = (L,p, M), we denote the space of smooth sections of L by I'L. It is well-
known that I'L is a C°°(M)-module. For any m € M, we denote the fibre of the vector bundle

& over m by L,, or sometimes by &,,. Henceforth, we will work in the smooth category and with
K=R.

Next, we recall the notion of a Lie-Yamaguti algebra bundle, and its associated cohomology
groups.

Definition 2. Let ¢ = (L,p, M) be a (real) vector bundle and Hom(£2* &) be the real vector
space of vector bundle maps from £®F to the vector bundle &, k > 1. Observe that Hom(£%F, )
is a vector bundle over M. Let { ,---, ) be a section of the bundle Hom(¢%F,€). We call such
a section a k-field of (K-multilinear) brackets in . Thus, a k-field of brackets in £ is a smooth
assignment

m= (oo dm  &m X X & = &)

of multilinear operation on &,, m € M.

Definition 3. A Lie-Yamaguti algebra bundle is a vector bundle & = (L,p, M) together with a
2-field and a 3-field of brackets

m—=[,|m and m—{,, }ym, meM

which make each fibre &, m € M a Lie- Yamaguti algebra.

Definition 4. Let (g,[, ]g,{ , , }g) be a given Lie-Yamaguti algebra. A locally trivial Lie-
Yamaguti algebra bundle is a vector bundle & = (L,p, M) together with a 2-field and a 3-field of
brackets

m—=[,|lm and m—{,, }ym, meM

such that M admits an open covering {U;} equipped with local trivializations {1; : U; x g —
pTV(U)} for which each iy, m € M (i restricted to each fibre &) is a Lie-Yamaguti
algebra isomorphism.

Remark 1. Thus, for a Lie- Yamaguti algebra bundle as defined above each fibre &, = p~1(m), m €
M, together with the binary operation [ , | and the ternary operation { , , }m is a Lie- Yamaguti
algebra isomorphic to g, and the assignments

me=l, lm m—={,, In

varies smoothly over M.
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In other words, a locally trivial Lie-Yamaguti algebra bundle over M is a vector bundle over
M such that each fibre of the bundle has a Lie-Yamaguti algebra structure isomorphic to g. For
more details about Lie-Yamaguti algebra bundles and examples, we refer the readers to [10].

Definition 5. Let £ = (L,p, M) and & = (L',p/, M’) be two Lie-Yamaguti algebra bundles.
A homomorphism ¢ : € — £ is a vector bundle morphism (p,¢), where ¢ : L — L' is the
morphism between total spaces and ¢ : M — M’ is a morphism between base spaces such that
¢~)|Lm 2 Ly, — L;S(m) 1s a Lie- Yamaguti algebra homomorphism for any m € M.

A homomorphism ¢ : £ — & of two Lie-Yamaguti algebra bundles over the same base space
M is a vector bundle morphism ¢ : & — & such that ¢|e,, : &m — &, is a Lie-Yamaguti algebra
morphism for all m € M. Moreover, if ¢|¢,, is a linear bijection then & = (L,p, M) is said to be
isomorphic to & = (L', p', M).

Definition 6. A Lie-Yamaguti algebra bundle & is said to be trivial if it is isomorphic to a
product Lie-Yamaguti algebra bundle.

Next, we recall from [10, Definition 4.1, pg 16] the notion of representation of Lie-Yamaguti
algebra bundles.

Definition 7. Let & = (L,p, M) be a Lie- Yamaguti algebra bundle and n = (E,q, M) be a vector
bundle. A representation of & on the vector bundle n consists of vector bundle morphisms

p:§&— Endn), D, 0:{®&— End(n)
such that these maps restricted to each fibre
Pm = P|§m 2&m — End(nm)a Dy, = D|§ma Om = 9|§m 2&m X Em — End(nm)7

satisfy the conditions

Don(8,5) + 00 1) — (b, @) = [ (@), pra (D) — pro[a, 1) (RIYB1)
Om(a, [b, clm) — pm(D)Om(a, c) + pm(c)Om(a,b) =0 (RLYB2)
Om([a, blm, €) — Om(a, €)pm (b) + 0 (b, ¢) pm(a) = 0; (RLYB3)
O (¢, d)0m(a,b) — O (b, d)0m(a, c) — O (a, {b, c,d}m) + D (b, ¢)0m(a,d) = 0; (RLYB4)
[Dn(0:8), pon(@)]m = pm ({2, o) (RIYB3)
[D (@, b), 0 (¢, d)]m = Om({a, b, ctm, d) + Om(c, {a,b,d}n); (RLYB6)

for anym € M and a,b,c,d € &p,.

We shall denote a representation of a Lie-Yamaguti algebra bundle £ on a vector bundle
as described above by (n; p, D, 0). A representation (n; p, D, 0) of a Lie-Yamaguti algebra
bundle € is also called a £&-module.

Remark 2. Like a representation of a Lie-Yamaguti algebra [2]], given a representation
(n; p, D, 0) of a Lie-Yamaguti algebra bundle &, we have for every m € M

Dun([a, Bl €) + Dun([b, €|, @) + Din([c, alm, b) = 0, (RLYBY)

for any a, b, c € &,,.



Operators and extensions of Lie- Yamaguti algebra bundle 143

Example 1. Given a Lie-Yamaguti algebra bundle £ over M, we may consider £ as a £&-module
which gives us the adjoint representation of £ on itself. Explicitly, for each m € M, pn,, D, O
are given by

pm(a) : b [a,blm; Dm(a,b):c— {a,b,c}m; Om(a,b):c— {c,a,b}m,
for any a, b, ¢ € &

Given a Lie-Yamaguti algebra bundle together with a representation we construct a new
Lie-Yamaguti algebra bundle as follows.

Example 2. Let £ = (L, p, M) be a given Lie-Yamaguti algebra bundle and let (n; p, D, 6) be
a representation of £. Then, £ @ n becomes a Lie-Yamaguti algebra bundle with respect to the
following 2 and 3-fields of brackets

[z 4w,y + 0y, = [T, Y]m + pm(2)v — pim(y)u (1)

{z+u,y+v,z+w}l)y = {x,y,2}m+ Dn(z,y)w — 0y (y, 2)u (2)

for all x,y,z € &, and u,v,w € ny,. This bundle is called the semi-direct product bundle of ¢
and n and is denoted by & x 7.

Moreover, a representation of n of a Lie-Yamaguti algebra bundle ¢ is characterized by the
semi-direct product construction in the following sense.

Proposition 1. Let £ = (L,p, M) be a given Lie-Yamaguti algebra bundle and n = (E,q, M) be
a vector bundle together with vector bundle morphisms p : £ — End(n), D, 0:&®& — End(n).
Then, (n; p, D, 0) is a representation of & if and only if the Whitney sum bundle £ ®n becomes
a Lie-Yamaguti algebra bundle with respect to the following 2-fields and 3-fields of brackets

[+ w,y + 0l = [2,ylm + pm(@)0 = pm(y)u (3)

{z+wy+vz+why, = {z,y,2}m + Dl y)w — On(y, 2)u (4)
for all x,y,z € &y and u, v, w € ny,.

We now briefly recall from [10] the definition of cohomology groups of a Lie-Yamaguti algebra
bundle with coefficients in a given representation.

Definition 8. Let { = (L,p, M) be a Lie- Yamaguti algebra bundle and (n; p, D, 0) be a {-module.
Let C™(&;m) be the space of all vector bundle morphisms f : €™ — 1 such that for each m € M
it satisfies fm(x1,...,T2-1,%2,...,2y) = 0 whenever xo;_1 = x9;, where i = 1,...,[n/2]. Let
CY(&;m) be the subspace spanned by the diagonal elements (f, f) € CY(&;n) x CL(€,m) and for
p>1, set

O (&) := C* (&) x CPH (& ).

Any element (f,g) € CCP2PtD (¢:n) is called a (2p,2p + 1)-cochain. For p > 1, we have a
coboundary operator

§ = (87,617) : C(2p,2p+1)(£; n) —> C/(2p+2,2p+3) ().
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Additionally, for p =1 we have another operator
6% = (65, 87) : C¥V (& m) — CBY (&),

Furthermore, there also exist an operator & : C°(&;m) — c23) (&;m). For an explicit description
of the operators § and 6* we refer the readers to [10, Definition 5.1, pg 18]. Thus, we obtain a
cochain complex depicted as follows (cf [10]):

CO(&;m) —2 ORI (&) —2m CUD (&) 2 -

l(;*

CBA(&n)

Definition 9. Let & be a Lie- Yamaguti algebra bundle and n be a representation of €. Forp > 2,
define the (2p,2p + 1)-cohomology group of & with coefficients in n as follows:

Z@p2r+1) (g
HEP2 (€)= B(2p,2p+1)ég; 77; ’

where ZP2+1) (&:0) = Ker(6) and B2+ (&;n) = Im(d). Forp=1

7(2,3) :
HE) (57 77) = B(23) EZ: Z; )

where Z33)(&;n) := Ker(8) N Ker(6*) and B®3) (&;n) = {6(f, f)|f € CY(&:n)}.

Let £ = (L, p, M) be a Lie-Yamaguti algebra bundle and (n; p, D, ) be a &-module. Also, let
7= (f,9) € Z®3(&:n) be a given (2,3)-cocycle. Then, one can construct a new Lie-Yamaguti
algebra bundle as described below.

Example 3. Consider the vector bundle £ & 7 and define a 2-field of brackets and a 3-field of
brackets as follows: For any m € M

[T+ u,y + 0], = 2, Ylm + pm(2)0 = p(Y)u + fin(2,9) (5)

{l’ + u,y + v,z + w}T = {x7yv Z}m + Dm(l‘a y)w - em(y7 Z)u + gm(x7y7 Z) (6)

for all z,y,z € &, and u,v,w € 1. Then, using the fact that 7 is a cocycle it can be checked
that equipped with these fields of brackets the bundle & @ n becomes a Lie-Yamaguti algebra
bundle. We call this new Lie-Yamaguti algebra bundle the twisted semi-direct product of £ and
n with respect to 7 = (f, g), and is denoted by & x, 7.
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3 Generalized Reynolds operators on Lie- Yamaguti algebra bun-
dle

The aim of this section is to introduce generalized Reynolds operators on a Lie-Yamaguti algebra
bundle and show that they are connected to the twisted semi-direct product bundle as defined in
Example 3. We obtain few special classes of generalized Reynolds operators on a Lie-Yamaguti
algebra bundle which are provided by Reynolds operators, O-operators and Rota-Baxter oper-
ators on a Lie-Yamaguti algebra bundle. The results of this section generalize existing results
related to such operators in the context of a type of algebra, for example, Lie algebra, Lie triple
system or Lie-Yamaguti algebra.

Let & = (L, p, M) be a Lie-Yamaguti algebra bundle and (n; p, D, 0) be a &-module. Also, let
= (f,9) € Z33(&;n) be a given (2, 3)-cocycle.

Definition 10. A wvector bundle morphism R : n — £ is said to be a generalized Reynolds
operator if for each m € M the restriction Ry, : Ny — &n of R satisfies the following:

(Bt Rl = R (pin( Bist) (0) = pa( Bin) (@) + i (Bont, Rov) )

{Rnu, Rpyv, Rpyw}y,, = Ry <Dm(Rmu, Ryv)w + 0 (Rppv, Ryyw)u
=0 (R, Rpyyw)v + g (R, Ryyv, me))
for all u,v,w € ny,.

Remark 3. In the above definition if we take n as the adjoint representation & (cf. Example 1)
and 7= (=], ],={, , }) then, we obtain the definition of a Reynolds operator on . as defined
below.

Definition 11. A vector bundle morphism R : £ — & is called a Reynolds operator if R restricted
to each fiber, Ry, : Em — Em, m € M satisfies the following: for all u,v,w € &y,

[Rnu, Ryv]m = Ry, ([Rmu, Vlm + [ty Rn0]m — [Rim, Rmv]m)

{Rmu, Rpyv, Rpyw}y, = Rm<{Rmu, Rov, whn + {u, Rpv, Ryywlm,
+{Rnu,v, Rpyw}y, — {Rnu, Ryv, me}m>.

Next, in absence of any twisting by a (2, 3)-cocycle (that is, taking 7 to be 0) in the definition
of generalized Reynolds operator, we obtain the definition of an O-operator on a Lie-Yamaguti
algebra bundle &.

Definition 12. A vector bundle morphism R : n — £ is said to be a O-operator if for each
m € M the restriction Ry, : Nm — &n of R satisfies the following: for all u,v,w € npy,

(Butt, Bohs = Bon (oo (Bint) (0) = pon (B (w))
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{Rnu, Rpyv, Rpyw}ty, = Rp (Dm(Rmu, Ryv)w + 0, (Rpv, Rpyw)u
—O0m (Ru, me)v) :

Remark 4. In the above definition if we take n as the adjoint representation £ (cf. Example
1), then we obtain the definition of a Rota-Baxter operator on &. Thus, O-operators are the
generalization of Rota-Baxter operators.

Next, we prove a characterization of a generalized Reynolds operator on a locally trivial Lie-
Yamaguti algebra bundle. Let £ = (L, p, M) be a locally trivial Lie-Yamaguti algebra bundle and
(m;:p, D, 6) be a &-module. Let 7 = (f,g) € ZZ3)(&;n) be a given (2,3)-cocycle and R : i — £
be a vector bundle morphism. Define

Graph (R) ={Rnu+u € &{mn @ M : U € Py, VM € M} C U({m@nm).

m
Then, it is easy to see that Graph (R) is a sub-bundle of £ @ 7, called the graph of R.
Proposition 2. A wvector bundle morphism R : n — £ is a generalized Reynolds operator if
and only if its graph Graph (R) = {Rnpu+u : u € 0,V m € M} is a Lie-Yamaguti algebra
sub-bundle of the twisted semi-direct product Lie- Yamaguti algebra bundle & X, n as defined in
Ezample 3.

Proof. Let (Ru,u), (Rv,v), (Rw,w) € Graph (R). Since £ x,n is a Lie-Yamaguti algebra bundle
then, for each m € M, R,, satisfies

[Rmu + u, Rpv + U]m = [RmuaRmU]m + pm(Rmu)U - pm(Rm’U)U + fm(Rmu7RmU)

{Rnu+ u, Ryv+ v, Rpw + w} = {Rpu, Rpv, Rpyw}y, + Dy (R, Ryv)w — Oy (Ripv, Ryyw)u
+ gm(Rmu, Ryv, Ryw).

Assuming that Graph (R) is a sub-algebra bundle of £ x; 7, we have:

(R, Ryv]p = R(pm(Rmu)v — pm(Rmv)u + f (R, Rmv))

{Rmu +u, Rpv + v, Rppw + w} = R (Dm(RmUa Rmv)w - em(Rmva me)u + gm(Rmua Ry, me)> .

It follows that R is a generalized Reynolds operator. Similarly, if R is a generalized Reynolds
operator, a reverse computation shows that the sub-bundle Graph (R) of £x,7 is a Lie-Yamaguti
algebra bundle. O

Finally, we introduce Nijenhuis operator on a Lie-Yamaguti algebra bundle. In [9], I. Dorfman
used the notion of a Nijenhuis operator to characterize an infinitesimal deformation of a Lie
algebra which is trivial. In [21,22], the authors studied infinitesimal deformations and extensions
of Lie-Yamaguti algebras and used Nijenhuis operators on Lie-Yamaguti algebras to characterize
trivial infinitesimal deformations. We introduce Nijenhuis operators on Lie-Yamaguti algebra
bundles and show that they give rise to generalized Reynolds operators.
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Definition 13. Let £ = (L,p, M) be a Lie- Yamaguti algebra bundle. A vector bundle morphism
N : £ — £ is called a Nijenhuis operator on & if for all m € M, Nl¢,, := Ny, satisfies:

[Npu, Nppvlp, = Nm<[Nmu, Vlm + [ty Njpvlim — N [u, v]m),
{Npu, Npv, Njyw}y, = Ny, ({Nmu, Npv, iy + {Npu, v, Npw}tp,
+{u, Ny, wa}m> — N2 ({Nmu, VW b,
+{u, Npyv, wh, + {u, v, wa}m>
+N3 {u, v, whm

for all u,v,w € &

Now, we will show that a Nijenhuis operator on Lie-Yamaguti algebra bundle gives rise to a
generalized Reynolds operator on a Lie-Yamaguti algebra bundle.

Let £ = (L, p, M) be a Lie-Yamaguti algebra bundle. We denote its 2-field of brackets and 3-field
of brackets by
mH[’]m? mH{?’}m?meM'

Let N : £ — £ be a given Nijenhuis operator. On ¢ define a new 2-field of brackets and a 3-field
of brackets

me [ lm om0
as follows. For any m € M
[w, vl = [Nontt, 0] + [, Non0lims = Ny [tt, 0], (7)
{uv v, w}% = {Nmu7 Ny, w}m + {Nmuy v, wa}m

+{u7 Npv, wa}m + N, ({Nmu7 v, w}m

+{u, Nyyv, wh, + {u, v, wa}m)
+N31{u, VW

for all u,v,w € &,,. Then, a routine verification shows that the bundle (¢,[, |V, {, , }V)isa
Lie-Yamaguti algebra bundle which we call a deformed Lie-Yamaguti algebra bundle and denote
it by &N.

Lemma 1. Let N be a Nijenhuis operator on a Lie-Yamaguti algebra bundle & = (L,p, M).
We consider € as a vector bundle and define the vector bundle maps pV : ¢V — End(¢), and
DN, ON ¢ ® ¢ — End(€) as follows. For each m € M

p]mv(u)a = [Nmuv (1], D%(“) U)a = {Nmuv va) CL}, (8)
0N (u,v)a == {a, Nypu, Ny} 9)

for all u,v € €Y and a € &,. Then, the vector bundle € is a representation of the deformed
Lie-Yamaguti algebra bundle €N with the representation maps being (p”, DN, 6N).
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Proof. We need to show that the vector bundle morphisms p, DY, 6" restricted to each fibres
satisfy the relations (RLYB1)-(RLYB6). To check that the relation (RLYB1) and (RLYB2)
holds, note that

DN (u,v)a — 0% (v, u)a + 6N (u,v)a

+ i ([us vlim)a — p (W) p (V)a + py (v) pp (w)a

= {Nnu, Npyv,a}tmy — {a, Nyyv, Npyutn, + {a, Ny, Npv'tn
+ [N, Nyl @l — [Nty [N, @l ] m
+ [Npv, [N, alm]m

=0.

Dy ([u, v], w)a + Dy ([v, wly, w)a + Dy ([w, ]y, v)a

= [N, Npyvlm, Npyw, @, + { [N v, Npyw)m, Nppt, atn,
+ {[Nmw, Nyl Nppv, atm

=0.

Verification of the remaining four relations are similar, so we omit the details. Hence, (¢, p™¥, DV, 6")
is a representation of the deformed Lie-Yamaguti algebra bundle ¢V. O

Next we show that Nijenhuis operators on Lie-Yamaguti algebra bundle can also be viewed
as Reynolds operators on the deformed Lie-Yamaguti algebra bundle.

Theorem 1. Let N be a Nijenhuis operator on a Lie-Yamaguti algebra bundle & = (L,p, M).
Define vector bundle maps fN : €N @ N — € and gV : €N @ N @ N — € as follows. For any
me M

f,g(u,v) = —Np,[u, v] (10)
g%(u, v,w) = —N({Nmu, v, Wy + {u, Npv,whn,
+{u, v, Nyyw}p, — Nm{u,v,w}m) (11)

for all u,v € €N and w € €. Then (fN,gV) € Z@3 (N ¢€), that is, (fN,g") is a (2,3)-
cocycle of N with coefficients in (€, p’, DNV, ON). Moreover, the identity morphism & — €N is a
generalized Reynolds operator on &N with respect to the representation (&, p~, DN, 0N) and with
= (", g").

Proof. Toshow that (fN,gN) € CZ3)(eN;€)isa (2,3)-cocycle, we need to verify that §(fV, gVV) =
0=6*(fN,g"). Let m € M, then for any a,b,c,d,e € Y we observe that

51(fN)(a,b,c,d) = ph(c)gh (a,b,d) + ph(d)gh (a,b,c) + g (a, b, [, d]Y)

+ DN (a,b) N (e, d) — [N ({a, b, e}, d) — £ (c, {a, b, d} D)
=0.

311 (gm)(a,b,c,d,e) = =05 (d, e)gm (a, b, ¢) + b3 (¢, €) g (a, b, d) + Dy (a,b) g (. d €)
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- D7]7\z](67 d)gn]\;(av bv 6) - gn]\;({aa b, 0}7]7\]17 d? 6) - gn]\mf(ca {aa b: d}%a 6)
- gn]\lf(ca dv {av b7 6}%) + g%(aa bv {C, d7 6}%)
=0.

By a similar computation one can check that

07 (fm) = 0=0671(gm).

As a result, we see that (£, gV) is a (2, 3)-cocycle. Moreover, it is straightforward to verify that
the identity vector bundle map Id : £ — &V is a generalized Reynolds operator (cf. Definition
10) with respect to the representation (&, o™, DV, V), and with 7 = (fV, g™V). O]

4 Extensions of Lie-Yamaguti algebra bundles

C. Chevally and S. Eilenberg [3] showed that extensions of algebras can be interpreted in terms of
certain Hochschild cohomology group. Later, D. K. Harrison [12] showed that certain Harrison
cohomology group of commutative algebras can be related to extensions of commutative algebras.
In the same spirit, Yamaguti showed that that (2, 3)-cohomology of a Lie-Yamaguti algebra with
coefficients in a representation may be interpreted in terms of isomorphism classes of extensions
of the Lie-Yamaguti algebra. The aim of this section is to introduce the notion of extension of
Lie-Yamaguti algebra bundles and relate isomorphism classes of extensions in terms of (2, 3)-
cohomology of such bundle as introduced in the previous section. We begin with some definitions.

Definition 14. Let & = (L,p, M) be a Lie- Yamaguti algebra bundle. An ideal of & is a sub-bundle
n of the vector bundle & such that for allm € M, v € ny, a, b € &y,

['Ua a]m € Ny and {Uv a, b}m € Nm, {a) b, U}m € Nm.-
An ideal  of & is said to be abelian if for all m € M, u,v € Ny, and a € &y,
[U, a]m =0, {U7U7a}m = {’LL, G,U}m = {CL,U,’U}m =0.

Definition 15. Let £ = (L,p,M) and n = (E,q, M) be Lie-Yamaguti algebra bundles. An
extension of Lie-Yamaguti algebra bundle over M is a short exact sequence in the category of
Lie-Yamaguti algebra bundles over M

0——np—sf-—Ts¢ 0,

We call € an extension of € by 1, and denote it by Ea:té. An extension as above is said to be

abelian if n is an abelian ideal of €.

Throughout in this section, we will consider only abelian extensions.

A section of the vector bundle map j : £ — £ is a vector bundle map o : § — € such that
joo =ide. Note that if o is a splitting as above then § may be viewed as as a Whitney sum of
¢ and 7. Here, we identify 1 with its image i(n).
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In other words, £ = £ & . Since we are concerned with smooth vector bundles over smooth
manifolds (paracompact), any short exact sequence splits.

We now introduce the notion of equivalence of two extensions.

Definition 16. Two extensions of € by 1, say Ea:tg~ 00— AN 3 EN & — 0 and Ea:té :0—>n AN

f i{f — 0, are said to be equivalent, if there exists a Lie- Yamaguti algebra bundle isomorphism
f & — & such that the following diagram is commutative.

J

0 y oy —s € ¢ > 0
idJ fl J@'d
0——n—§—>&—0
{ J

Note that, any extension & of & by 7, is isomorphic to & @ n as vector bundles.

Next, we show that any given extension E:mfé~ :0—n AN 3 EN & — 0 induces a representa-
tion of the Lie-Yamaguti algebra bundle on the vector bundle 7. It turns out that equivalent
extensions induce the same representation on 7.

Let Eaztg~ :0—=n AN fi> & — 0 be a given extension of £ by 7, that is,

0—n—sé—tse—50

and o : € — £ be a section of j : £ — &. Let us denote the associated 2-field and 3-field of
brackets of the Lie-Yamaguti algebra bundle £ by

m= [, ]

and m—{,, },, meM,

respectively.

Define vector bundle morphisms p : £ — End(n) and D,0 : £ ® £ — End(n) fibre-wise as
follows. Let m € M. For any a,b € &,, and v € np,

pm(a)(v) = [om(a), vly, (12)
Din(a,b)(v) := {om(a), om(b), v}y, (13)
O (a,b)(v) = {v, 0m(a), om ()} (14)

Proposition 3. The above data yield a representation (n; p, D, 6) of £&. Furthermore,

1. The definition of p, D, and 6 does not depend on the choice of the section o, that is, given
any two sections of j, say o', and o2, we have

[om(@), 0] = [om(a),v]™

{om(a),om(0), v}~ = {op.(a),07,(b),v}~
{v.0m(a), ' (0} = {v,07,(a), 07, (b)}"™.
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2. Fquivalent extensions induce the same representation on n, that is, given any two equiva-
lent extensions, say E:Eté and Emté with induced representations being (n; p, D, 0) and

(n; p', D', 0') respectively. Then p=p', D=D', 6 =4¢".

Proof. Let m € M, a,b,c,d € &y and v € . Let 0 : & — € be a given section of j : & — £.
Then from (LY3) of &, we get

Z [lom(a), om (b)), 0]~ + Z {om(a),om(b),v}™ =0

O(om(a),om(b),v) O(om(a),om(b),v)
which reduces to (RLYB1):
Dy (a,b) + 6m(a,b) — O (b, a) = [pm(a), pm(D)lm — pm([a, blm).

By (LY5) of € we get the following equality

{om(a), v, [om (D), om(c)]m,
= Hom(a),v,0m(0)} s om (O] + [om(b); {om(a), v, 0m(e)}lm

which reduces to (RLYB2):
Om(a, (b, clm) = pm(0)0m(a, c) — pm(c)0m(a,b).

By (LY4) of &,, we get

S {lom(@), o5 v om(@)}y = 0

O(om(a),om(b),v)
which reduces to (RLYB3):

Om([a, blm, ¢) = Om(a, c)pm(b) — Om (b, c)pm(a).
By (LY6) of Em we get

{v,om(a), {om(b), om(c); om(d) 1 }m
= {{v,0m(a), om(0) }1n, o (€), om(d) }1,
+ {om(b), {v, om(a),om(c) _m™, om(d)}y,
+ {om(b), om(c); {v,0m(a), om(d) }mim

which reduces to (RLYBA4):
Om (a,{b,c,d}m) = O (c,d)0m(a,b) — 0 (b, d)0pm(a, c) + Dy, (b, ¢)0p(a, d).
By (LY5) of Em we get

{om(a), om(b), lom(c), vl tm

= Hom(a), om(b), om(e) s vl + [om(€); {om(@), om (), v}m]m
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which reduces to (RLYB5):

Dm(a7 b>pm(c) - pm(C)Dm(CL, b) + pm({av b, C}m)
By (LY6) of Em we get
{om(a),om(b), {v,om(c),om(d)}r}m
= {{Um(a)7 Um(b)a U};ﬂ am(c), Um(d)};z
+ {0, {om(a), om (), om(c) } s om(d) 1
+{v, om(c), {om(a), om(b), om(d) } i}

which reduces to (RLYB6):
Dy, (a,b)0p,(c,d) = 0 (c,d)Dp(a,b) + 0, ({a, b, ctm, d) + O (c,{a,b,d}n).

Therefore, (n;p, D, 0) is a representation of £&. Hence any extension of £ by 7 gives a represen-
tation of £ on n.

Next we show that the definition of 6 is independent of the choice of the section. The proofs
that the definitions of p and D do not depend on the choice of the section ¢ are similar, hence,
we omit the details.

Let o, o’ : £ = € be two sections of j : £ — £. Let m € M. Then, for any a € &,

jlom(a) — oy, (a)) = 0.

Therefore, o, (a) — o, (a) € Ker(j) = i, so that o,,(a) = o},(a) + v, for some v, € y,. Since
we are considering abelian extension, for any v € n,, a, b € &, we have

{v.om(a), om(b)}y, = {v, 07, (@) + va, 07, (b) + vp )7
= {v,00 (a),al,(b) + v }r + {v, V4, 00, (b) + vp )
= {v, 00, (a), 07, ()}, + {v. o (@), v}y,
= {v,00,(a), o7, (D) } .-

Finally, we show that two equivalent extensions of £ by 7 induce the same representation.
Suppose that E:ctg~ and Ea:té are two equivalent extensions of £. Let us denote the associated

2-field and 3-field of brackets of the Lie-Yamaguti algebra bundle é by

N
m

A

m—1[, ], and m—{,, }, meM,

respectively. Let f : fN — é be a Lie-Yamaguti algebra isomorphism satisfying f o4 = ¢ and
j o f =j. Thus, the following diagram is commutative.

J

0 > n U 5 & > 0
id fl lid
0 - ¢ ¢ y 0

i j
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Let 0: & — §~ and o’ : £ — é be sections of j and j respectively. Then, for any a € &,, m € M

we have
/

jo flom(a)) =jo(om(a)) =a= jo (o, (a))
= j(f(om(a)) — op,(a)) = 0.

This implies f(om(a)) — o', (a) € Ker(jm) = nm, that is, f(om(a)) = o’ (a) + v, for some
Uq € M. Thus, we have for any a,b € &, and v € 1,

F{v,om(a),om(0)}5) = {f(v), flom(a), flom(b)}n, = {v, o1,(a), 07, (D)},

Note that f(v) = v follows from the commutativity of first box in the diagram. Therefore,
equivalent extensions induce the same #. Similarly one can show that equivalent extensions
induce the same D and p. O

As of now, we have seen that any extension Ea;tg

0—n—sé—tse—10

of £ by n, induces a representation (n; p, D, 6) of &, where the vector bundle maps p, D, and ¢ are
defined by (12)- (14) in terms of a section o : { — £ of j : £ — &. Therefore, we have a cochain
complex of the Lie-Yamaguti algebra bundle ¢ with coefficients in the induced representation
(n; p, D, 0) of £ as discussed in Section 2.

Our next goal is to attach a (2,3)-cocycle of this cochain complex to Eazté. Fix a section
og:&—Eof j:&— & Define two maps; f:£®E —nand g: E®ER®E — 7 in the following
way. Let m € M. Denote by f,, and g,, the resulting bilinear and trilinear maps obtained by
restricting f and g to the fibres (£ ® £),, and (£ ® £ ® £),, respectively. For all aq, as, as € &y,
define

fm(ar,a2) := [om(ar), om(az)ly, — om([ar, azlm) (15)

gm(a1,a2,a3) = {om(a1),om(az),om(as)}y, — om({a, az, az}m) (16)
Note that (f,g) € CZ3)(&;n).

Proposition 4. For any given abelian extension Extg of € by n, the cochain (f,g) € C33)(&:n)
as defined above is a (2,3)-cocycle.

Proof. To show that (f,g) is a (2, 3)-cocycle, we need to show

6(f,9) =0 and 6*(f,g) =0,

that is, ;f = 0, 6779 =0 and 67f = 0, 67;9 = 0. Recall that the representation induced by
the given extension are given by the vector bundle morphisms p, D, and 6, where for a,b € &,
and v € Ny, m € M,

pm(a)(v) = lom(a), o],
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Dy(a,b)(v) = {om(a),om(b), v}y,
Hm(av b)(’U) = {v,am(a),am(b)}fn.

Let a; € &, 1 < i < 5. By the definitions of § and §* we obtain the following equality:

(5I)mfm(a1,02,a3,a4)

= —pm(a3)gm(ai, az,as) + pm(as)gm(a, az,a3) + gm(a1, a2, [a3, aslm)
+ Dm(ala a2)fm(a3aa4) - fm({CLl,aQ,CLS}m, 04) - f(ag, {al, as, a4}m)

—0,

where we have used the definition of representation as given above and (LY5). Similarly, we
obtain using (LY6)

(011)mgm(a1, az, as, as, as)
= —0Op(aq, a5)gm(a1, a2, a3) + O (as, as)gm(ai, az, ayg)
+ Dy, (a1, a2)gm(as, as, as) — Dip(as, ag)gm(ai, az, as)
— gm({a1, a2, a3}m, as,as) — gm(as, {a1, az, as}m, as)
— gm(as,aq,{a1,a2,as5}tm) + gm(a1, a2, {as, as, as}m)
=0.

Moreover, from the above definition of representation, (LY3), and (LY4) we get

(D mfmlar,az,a3) = = > pmlar) fmlaz,az) + D fml(ar, a2lm, a3)
O(a1,a2,a3) O(a1,a2,a3)
+ > gmlar,az,a3)
O(a1,a2,a3)
-0,

(070)mgm (a1, az, a3, as) = Oy (a1, aq) fm(az, az) + O0m(az, as) fm(as, as)
+ 0 (as, aq) fm(a1, a2) + gm([a1, a2lm, as, asq)
+ gm(laz, aslm, a1, as) + gm([as, a1]m, a2, as)
=0.

Thus, (f,g) € C?3)(&;n) is a (2, 3)-cocycle. O]
By a routine calculation we obtain the following result.

Corollary 1. Ifo,0’ : € — £ are any two chosen sections of j : € — & and (f,g), (f',g') are the
corresponding cocycles as obtained in Proposition 4, then (f,g) and (f',g") are cohomologous.
Hence, the extension Exts~ of € by n determines uniquely an element of H(3) (&mn).
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On the other hand, given a Lie-Yamaguti algebra bundle £ equipped with a representation
(n; p, D, 6), any (2,3)-cocycle in Z>3)(&;7) determines an abelian extension of & by 7 which is
unique up to equivalence.

Let £ = (L, p, M) be a given Lie-Yamaguti algebra bundle and (n; p, D, #) be a representation
of £. Also, let (f,g) € Z*3)(&;n). Then, we have the following result.

Lemma 2. The vector bundle é = £ & n becomes a Lie-Yamaguti algebra bundle, where the
associated 2-field and 3-field

m—=[, ;e m—={,, n, meM
are given by

la1 4+ w1, ag + waly, = [a1, a2lm + fm(a1,a2) + pm(ar)(w2) — pm(az)(wr)

{a1 + w1, a2 + wa, a3 + w3}y, = {a1,a2, az}tm + gm(a1, a2, a3) + Dy, (a1, az)(ws)
— Om(a1,a3)(w2) + O (az, az)(wr)

where a1, a2, a3 € &, and wy,wa, w3 € Nm. It is convenient to denote this Lie- Yamaguti algebra
bundle by § ®(y,g) 1 to emphasize that it is induced by the given cocycle.

Proof. Clearly the assignments

~

m

me [, ] m—{,, n, meM

as defined in the statement are smooth. So, it is enough to show that for any m € M, ém isa
Lie-Yamaguti algebra. Let m € M. It is easy to see that (LY1) and (LY2) holds for [, ], and
{, , }, defined above. To verify (LY6) proceed as follows.

{a1 + wi,a0 + wa, {b1 + v1, b2 + vo, b3 + 03}%};
= {a1 + w1, az 4+ wa, {b1,b2,b3}m + gim (b1, b2, b3)
Dy (b1, b2)(v3) = Om (b1, b3) (v2) + O (b2, b3)(v1) }
= {a1, a2, {b1,b2,b3}m }m + gm(a1, az, {b1,b2,b3})
+ Dip(a1, az)gm (b1, b2, b3) + Din(a1, az) Dm (b1, b2)(v3)
— Dpy(a1,a2)0m(b1,b3)(v2) + Dy (a1, az)0pm (b2, bs)(v1)
— O (a1, {b1, b2, b3}m)(wa2) + O, (ag, {b1, b2, b3 }m)(w1)

{{a1 +w1,az + wa, by + v1} 5, by + v2, b3 + v3}
= {{a1,a2,b1}m + gm(a1,a2,b1) + Di(a1, az)(v1)
— Om (a1, br)(wa) + Om(az, br)(wr), by +va, b3+ w3}
= {{a1, a2,b1}m, b2, b3}m + gm({a1, az, b1}m, b2, b3)
+ Dy ({a1,a2,b1}m, b2)(v3) — O ({a1, a2, b1 }m, b3) (v2)
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+ em(b27 b3>gm(a17 ag, bl) + em(b27 b3)Dm(a'17 ag)(’l)l)
— O (b2, b3)0m (a1, b1)(w2) + Oy (b2, b3)0m (a2, by)(wr)

{b1+v1,{a1 + w1, a2 + wa, by + v2}7y,, b3 + v3}
= {b1 4+ v1, {a1,a2,b2}m + gm (a1, az,b2) + Dy (a1, a2)(v2)
— Om (a1, b2) (wa) + Om (az, ba)(w1), b3 + v3}
= {b1,{a1,a2,b2}m,b3}m + gm (b1, {a1, a2, b2}m, b3)
Dy, (b1,{a1,a2,b2}m)(v3) + O ({a1, a2, b2 }m, b3)(v1)
— 0, (b1,b3)gm (a1, az,b2) — 0, (b1, b3) Dy (a1, a2)(ve)
+ 01 (b1, b3)0m (a1, b2) (w2) — O (b1, b3) 0 (az, be)(wr)

{b1 +v1,b2 + v2, {a1 + w1, ap + wa, by + v3}y }
= {b1 4+ v1, ba +v2, {a1,a2,b3}m + gm(a1,az,bs)
+ Dpn(a1, a2)(v3) — Om (a1, az)(wz) + Om(az, az)(w)}
= {b1, b2, {a1,a2,b3}m}m + gm (b1, b2, {a1,a2,b3}m)
Dy (b1,b2)gm (a1, az2,b3) + Dy, (b1,b2) D (a1, a2)(vs)
— Dy (b1,02)0m (a1, a3)(w2) + Dy (b1, b2)0p, (a2, as)(wq)
— 0 (b1,{a1,a2,b3})(v2) + Oy, (b2, {a1, a2, b3})(v1)

Using (RLYBG6), (RLYB4) and the definition of coboundary maps we can show
{a1 + wi,a2 + wa, {b1 +v1, b2 + v2, b3 + vz} }
= {{a1 + w1, a2 + wa, by + v}y, b2 + v2, b3 + vz}

+ {b1 + v1, {a1 + w1, az + wy, by + v2} 5, b3 + v3}
+ {b1 + vy, by —1—1)2,{(11 +wi, az + wa, b3 +U3};1}:n

giving us (LY6). Other relations, (LY3), (LY4), (LY5) can also be obtained in the same way.
Thus making £ ©(; ) n a Lie-Yamaguti algebra bundle. O

Observe that the Lie-Yamaguti algebra brackets of the fibres of £ &y 4) n makes 7 an abelian
ideal in £ ®(y4) 7 and we have the following extension of £ by 7:

Oﬁn%ﬁ@(f,g)n$§*>0

where ¢ is the inclusion map and j is the projection map. Furthermore, if (h, k) € Z(23) (&m) is
another cocycle. Then, we have the following result.

Lemma 3. Two extensions 0 = n — S gn — & —>0and 0 = n — EBpp) — § — 0 are
equivalent iff (f,g), (h,k) € Z33)(&;n) are cohomologous.
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Proof. Let the two extensions 0 — 7 SN D19 M e 0and0— n SN §EDhk) N 2y € —0be
equivalent through a Lie-Yamaguti algebra isomorphism

Y:EDrg) M= EBhp) N

Then for each m € M we have the following equivalence of abelian extension.

0 > Nm gm @(fm,gm) Nm gm > 0
Z’dj 'le lid
0 > Nim, > Em ®(hm,km) Tim Em > 0

To show that (f,g) and (h, k) are cohomologous it is enough to show for each m € M, (fp,, gm)
and (hu,, k) are cohomologous, that is,

(fmagm) - (hrm km) € B(273) (§m7 77m)

We define a map A\, : & — 9m by Am(a) = vm(a) — a by which one can show

fm - hm = (5I)m()\m) and Im — km = (5ll)m(>\m)

Conversely, assume that for each m € M, (fn,,g9m) and (hp, ky,) are in the same cohomology

class, that is, (fm, 9m) — (hm, km) = (0)m(Am). Then, v, : &n D(f,9) Mm — Em D(hk) Mm defined
by

Ym(a+v) =a+ A\p(a) +v
gives the required isomorphism. O
By summarizing the above observations we have the following theorem.
Theorem 2. To each equivalence class of abelian extensions of & by n there corresponds an
element of H(2’3)(§;77). Suppose £ is a given Lie-Yamaguti algebra bundle over M equipped

with a representation (n; p, D,0). To each cohomology class [(f,g)] € H®3(&;n), there is an
extension of & by n

oﬁn%g@(ﬁg)n%gﬁo

which is unique up to equivalence of extensions.
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